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Background and Motivation. Topological indices are numerical graph invariants
computed from the structure of a molecular graph, it plays a central role in mathe-
matical chemistry and combinatorics. Among distance and degree-based indices, the
Gutman index Gut(G) = >y, 3 dudy dist(u,v) has attracted substantial research
attention since its introduction in 1994, with well-known extremal results on trees
characterised by paths and stars. A natural and increasingly active direction is to
replace polynomial weightings by exponential ones. In this paper, we study the
exponential Gutman index

HGut(G) = Y (2% + dist(u,v)),
uv € E(G)

where the sum is taken over the edges of the graph. This index is far more sensitive to
high-degree adjacencies than its polynomial counterparts, giving rise to a markedly
different extremal theory.

The paper focuses on the class of trees on n vertices and makes the following con-
tributions.

1. Minimum tree (Theorem 3.3). We prove by strong induction that the
path P, is the unique minimiser of HGut among all trees on n > 5 vertices,
with HGut(P,,) = 16n — 40.

2. Maximum tree (Theorem 3.5). We prove that the balanced double star
DS(|n/2],[n/2]) is the unique maximiser of HGut among all trees on n > 5
vertices, with

HGut(DS(a,b)) =2+ (a—1)-2°+ (b—1)-2°, a=[n/2], b= [n/2].

The significant tool is a sharp edge degree-product bound, in any tree on n



vertices, every edge (u,v) satisfies d,d, < [n/2][n/2]. We emphasise that the
star K ,_; the maximiser for many classical indices is far from optimal for
HGut, underscoring the fundamentally different extremal structure that the
exponential weighting produces.

3. Complete binary trees (Lemma 3.6). and Analytic bounds (Lem-
mas 3.7—-3.8). We establish a lower bound via Jensen’s inequality (HGut(G) >
m - 2M2(@)/m where My is the second Zagreb index) and an upper bound via
the Moore bound.

We believe this manuscript is well suited to Siberian FElectronic Mathematical Re-
ports. The results are complete, all proofs are rigorous, and the exposition is self
contained.
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