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ÏÅÐÅÑÅ×ÅÍÈÉ {7(n− 1), 6(n− 2), 4(n− 4); 1, 6, 28}

È.Í. Áåëîóñîâ, Ì.Ï. Ãîëóáÿòíèêîâ, À.À. Ìàõíåâ

Abstract. There is in�nite sequence of formally self-dual classical distan-
ce-regular graphs Γ with b = 2, α = 1, β = n − 1, v = n3 (n > 5)
(A. Brouwer). Graph Γ has intersection array {7(n− 1), 6(n− 2), 4(n−
4); 1, 6, 28} and realized when n is a power of 2 by a biliniar forms
graph. We suggested that Γ does not exist if n is not a power of 2. It
is true if n ≥ 71. Finally distance-regular graph with intersection array
{56, 42, 20; 1, 6, 28} does not exist, if some local subgraph is 7× 8-grid.

Keywords: distance-regular graph, formally self-dual graph, geometric
graph, biliniar forms graph.

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðåáåð.
Äëÿ âåðøèíû a ãðàôà Γ ÷åðåç Γi(a) îáîçíà÷èì i-îêðåñòíîñòü âåðøèíû a, òî
åñòü, ïîäãðàô, èíäóöèðîâàííûé Γ íà ìíîæåñòâå âñåõ âåðøèí, íàõîäÿùèõñÿ íà
ðàññòîÿíèè i îò a. Ïîëîæèì [a] = Γ1(a), a⊥ = {a} ∪ [a].

Ãðàô Σ íàçûâàåòñÿ r-íàêðûòèåì ãðàôà Γ, åñëè èìååòñÿ ãîìîìîðôèçì ϕ,
îòîáðàæàþùèé Σ íà Γ, ïðè êîòîðîì |ϕ−1(u)| = r äëÿ îþáîé âåðøèíû u ∈ Γ è
äëÿ w ∈ ϕ−1(u) ãðàô ϕ(Σ(w)) èçîìîðôåí Γ(u).

Åñëè âåðøèíû u,w íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ, òî ÷åðåç bi(u,w) (÷å-
ðåç ci(u,w)) îáîçíà÷èì ÷èñëî âåðøèí â ïåðåñå÷åíèè Γi+1(u) (Γi−1(u)) ñ [w].
Ãðàô Γ äèàìåòðà d íàçûâàåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ñ ìàññèâîì ïåðå-
ñå÷åíèé {b0, b1, . . . , bd−1; c1, . . . , cd}, åñëè çíà÷åíèÿ bi(u,w) è ci(u,w) íå çàâèñÿò
îò âûáîðà âåðøèí u,w íà ðàññòîÿíèè i â Γ äëÿ ëþáîãî i = 0, ..., d. Ïîëîæèì

Belousov, I.N., Golubyatnikov M.P., Makhnev, A.A., On distance-regular graphs

with intersection arrays {7(n− 1), 6(n− 2), 4(n− 4); 1, 6, 28}.
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ai = k − bi − ci. Çàìåòèì, ÷òî äëÿ äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà b0 � ýòî
ñòåïåíü ãðàôà, c1 = 1. Äàëåå, ÷åðåç plij(x, y) îáîçíà÷èì ÷èñëî âåðøèí â ïîäãðà-
ôå Γi(x) ∩ Γj(y) äëÿ âåðøèí x, y, íàõîäÿùèõñÿ íà ðàññòîÿíèè l â ãðàôå Γ. Â
äèñòàíöèîííî ðåãóëÿðíîì ãðàôå ÷èñëà plij(x, y) íå çàâèñÿò îò âûáîðà âåðøèí

x, y, îáîçíà÷àþòñÿ plij è íàçûâàþòñÿ ÷èñëàìè ïåðåñå÷åíèé ãðàôà Γ [1].
Ïîðÿäîê êëèêè â äèñòàíöèîííî ðåãóëÿðíîì ãðàôå ñòåïåíè k, èìåþùåì íàè-

ìåíüøåå ñîáñòâåííîå çíà÷åíèå −m íå áîëüøå 1 + k/m. Êëèêà K ñ 1 + k/m âåð-
øèíàìè íàçûâàåòñÿ êëèêîé Äåëüñàðòà. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô íàçû-
âàåòñÿ ãåîìåòðè÷åñêèì, åñëè îí ñîäåðæèò òàêîå ñåìåéñòâî S êëèê Äåëüñàðòà,
÷òî êàæäîå ðåáðî ãðàôà ñîäåðæèòñÿ â åäèíñòâåííîé êëèêå èç S.

Äèñòàíöèîííî ðåãóëÿðíûé ãðàô íàçûâàåòñÿ ôîðìàëüíî ñàìîäóàëüíûì, åñëè
ïåðâàÿ è âòîðàÿ ìàòðèöû åãî ñîáñòâåííûõ çíà÷åíèé ñîâïàäàþò.

Ïóñòü V = F d, W = F e, d ≤ e è B � ëèíåéíîå ïðîñòðàíñòâî ðàçìåðíîñòè de
íàä ïîëåì F = Fq áèëèíåéíûõ ôîðì f èç V ×W â F . Íóëåâîå ïðîñòðàíñòâî
f â V � ýòî {v ∈ V | f(v,W ) = 0}. Ðàíãîì ôîðìû f íàçûâàåòñÿ ïðîèçâåäåíèå
êîðàçìåðíîñòåé íóëåâûõ ïðîñòðàíñòâ â V è W . Ôîðìû f è g ñìåæíû â ãðàôå
áèëèíåéíûõ ôîðì Hq(d, e), åñëè ðàíã f − g ðàâåí 1.

Èìååòñÿ áåñêîíå÷íîå ñåìåéñòâî ôîðìàëüíî ñàìîäóàëüíûõ äèñòàíöèîííî ðå-
ãóëÿðíûõ ãðàôîâ Γ ñ êëàññè÷åñêèìè ïàðàìåòðàìè b = 2, α = 1, β = n − 1,
v = n3 (n > 5) ([1, ñòð. 425]). Ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {7(n− 1), 6(n−
2), 4(n − 4); 1, 6, 28} è ðåàëèçóåòñÿ êàê ãðàô áèëèíåéíûõ ôîðì H2(3, e), êîãäà
n = 2e. Ãðàôû Hq(d, e) îõàðàêòåðèçîâàíû ìàññèâîì ïåðåñå÷åíèé (Ìåòø, 1999)
â ñëó÷àÿõ q = 2, e ≥ d+ 4 è q ≥ 3, e ≥ d+ 3 [2]. Ãàâðèëþê è Êóëåí ðàññìîòðåëè
ñëó÷àé q = 2, e = d [3]. Òàêèì îáðàçîì, ãðàôûHq(3, e) ðàñïîçíàþòñÿ ïî ìàññèâó
ïåðåñå÷åíèé, çà èñêëþ÷åíèåì ñëó÷àåâ e ∈ {4, 5, 6} (ñëó÷àåâ n ∈ {16, 32, 64}).

Ïðè n = 6 ïîëó÷èì ìàññèâ ïåðåñå÷åíèé {35, 24, 8; 1, 6, 28}, à ïðè n = 7
ïîëó÷èì ìàññèâ ïåðåñå÷åíèé {42, 30, 12; 1, 6, 28}. Ñ ïîìîùüþ òðîéíûõ ÷èñåë
ïåðåñå÷åíèé áûëî äîêàçàíî, ÷òî îáà ãðàôà íå ñóùåñòâóþò ([4] è [5] ñîîòâåò-
ñòâåííî). Ãàâðèëþê è Êóëåí ñ ïîìîùüþ èçó÷åíèÿ ñîáñòâåííûõ çíà÷åíèé ëî-
êàëüíûõ ïîäãðàôîâ ïîëó÷èëè íîâîå äîêàçàòåëüñòâî íåñóùåñòâîâàíèÿ ãðàôà
ñ ìàññèâîì ïåðåñå÷åíèé {35, 24, 8; 1, 6, 28} [3, òåîðåìà 5.1]. Â (ñì. [3, ðàçäåë
5]) äîêàçàíî, ÷òî â äèñòàíöèîííî ðåãóëÿðíîì ãðàôå ñ ìàññèâîì ïåðåñå÷åíèé
{7(n − 1), 6(n − 2), 4(n − 4); 1, 6, 28} îêðåñòíîñòü íèêàêîé âåðøèíû íå ìîæåò
áûòü 7× (n− 1)-ðåøåòêîé â ñëó÷àÿõ n = 6 è n = 7.

Ïðåäëîæåíèå 1. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé
{7(n− 1), 6(n− 2), 4(n− 4); 1, 6, 28} èìååò ñïåêòð (7n− 7)1, (3n− 7)7n−7, (n−
7)7(n−1)(n−2),−7(n−1)(n−2)(n−4), âòîðóþ ìàòðèöó ñîáñòâåííûõ çíà÷åíèé

Q =


1 7n− 7 7(n− 1)(n− 2) (n− 1)(n− 2)(n− 4)
1 3n− 7 (n− 2)(n− 7) −(n− 2)(n− 4)
1 n− 7 −3n+ 14 2n− 8
1 −7 14 −8

 ,

è ÷èñëà ïåðåñå÷åíèé
(1) p111 = n + 4, p121 = 6n − 12, p122 = 3(n + 1)(n − 2), p132 = 4(n − 2)(n − 4),

p133 = (n− 2)(n− 4)(n− 5);
(2) p211 = 6, p221 = 3n+ 3, p222 = n2 + 24n− 86, p231 = 4n− 16, p232 = 6(n− 4)2,

p233 = (n2 − 9n+ 22)(n− 4);
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(3) p321 = 28, p322 = 42n − 168, p331 = 7n − 35, p332 = 7n2 − 63n + 154, p333 =
n3 − 14n2 + 70n− 128.

Ïî ïðåäëîæåíèþ 1 ëþáîé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7(n − 1), 6(n −
2), 4(n−4); 1, 6, 28} èìååò íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå−7 è ïîðÿäîê êëèêè
Äåëüñàðòà â íåì ðàâåí n. Åñëè C � êëèêà Äåëüñàðòà, òî ëþáàÿ âåðøèíà âíå
C ñìåæíà ñ 0 èëè n− b1/(θ3 + 1) = 2 âåðøèíàìè èç C ([1, ïðåäëîæåíèå 4.4.6]).

Ãèïîòåçà 1. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7(n−
1), 6(n− 2), 4(n− 4); 1, 6, 28} íå ñóùåñòâóåò, åñëè n íå ÿâëÿåòñÿ ñòåïåíüþ 2.

Â [3] îòìå÷àåòñÿ, ÷òî ãèïîòåçà ñïðàâåäëèâà, åñëè n ≥ 134. Ñëåäóþùèé ðå-
çóëüòàò ïîêàçûâàåò, ÷òî ãèïîòåçà ñïðàâåäëèâà, åñëè n ≥ 94.

Òåîðåìà 1. Åñëè äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ ñ ìàññèâîì ïåðåñå÷åíèé
{7(n−1), 6(n−2), 4(n−4); 1, 6, 28} ñóùåñòâóåò è n ≥ 94, òî n = 2e è Γ � ãðàô
áèëèíåéíûõ ôîðì H2(3, e).

Ñëåäñòâèå 1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðå-
ñå÷åíèé {7(n− 1), 6(n− 2), 4(n− 4); 1, 6, 28}. Åñëè n > 70 èëè n > 60 è ïîðÿäîê
êîêëèêè â îêðåñòíîñòÿõ âåðøèí ãðàôà Γ íå áîëüøå 7, òî Γ ÿâëÿåòñÿ ãåîìåò-
ðè÷åñêèì.

Ìîäèôèöèðóÿ ðàññóæäåíèÿ Ìåòøà èç äîêàçàòåëüñòâà ïðåäëîæåíèÿ 2.2 [2],
ïîëó÷èì ñëåäóþùèé ðåçóëüòàò

Òåîðåìà 2. Ïóñòü Γ � ãåîìåòðè÷åñêèé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7(n−
1), 6(n − 2), 4(n − 4); 1, 6, 28}. Åñëè n > 42, òî n = 2e è Γ � ãðàô áèëèíåéíûõ
ôîðì H2(3, e).

Çàìåòèì, ÷òî ïî ñëåäñòâèþ 1 ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7(n− 1), 6(n−
2), 4(n−4); 1, 6, 28} ÿâëÿåòñÿ ãåîìåòðè÷åñêèì, åñëè n > 70 èëè n > 60 è îêðåñò-
íîñòè âåðøèí â Γ íå ñîäåðæàò 8-êîêëèê. Òàêèì îáðàçîì, âûïîëíÿåòñÿ

Ñëåäñòâèå 2. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðå-
ñå÷åíèé {7(n−1), 6(n−2), 4(n−4); 1, 6, 28}. Åñëè n > 70, òî n = 2e è Γ � ãðàô
áèëèíåéíûõ ôîðì H2(3, e).

Äàëåå, ðàññìàòðèâàåòñÿ äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå-
÷åíèé {56, 42, 20; 1, 6, 28}.

Òåîðåìà 3. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ ñ ìàññèâîì ïåðåñå÷åíèé {56,
42, 20; 1, 6, 28} íå ñîäåðæèò âåðøèí, îêðåñòíîñòè êîòîðûõ ÿâëÿþòñÿ 7 × 8-
ðåøåòêàìè.

Îòìåòèì, ÷òî â [3, òåîðåìà 1.2] äîêàçàíî, ÷òî äëÿ ñâÿçíîãî ëîêàëüíî m× n-
ðåøåò÷àòîãî ãðàôà Γ, m ≤ n ñ b2 = 4(m − 2)(n − 2) è c2 = 6 âåðíû ðàâåíñòâà
m = 2d−1, n = 2e−1, è ãðàô áèëèíåéíûõ ôîðìH2(d, e) ÿâëÿåòñÿ íàêðûâàþùèì
ãðàôîì äëÿ Γ.

Â äîêàçàòåëüñòâå òåîðåìû 2 èñïîëüçóþòñÿ òðîéíûå ÷èñëà ïåðåñå÷åíèé [4].
Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d. Åñëè u1, u2, u3 �

âåðøèíû ãðàôà Γ, r1, r2, r3 � íåîòðèöàòåëüíûå öåëûå ÷èñëà, íå áîëüøèå d,

òî
{

u1u2u3

r1r2r3

}
� ìíîæåñòâî âåðøèí w ∈ Γ òàêèõ, ÷òî d(w, ui) = ri,

[
u1u2u3

r1r2r3

]
=

|
{

u1u2u3

r1r2r3

}
|. ×èñëà

[
u1u2u3

r1r2r3

]
íàçûâàþòñÿ òðîéíûìè ÷èñëàìè ïåðåñå÷åíèé. Äëÿ
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ôèêñèðîâàííîé òðîéêè âåðøèí u1, u2, u3 âìåñòî
[
u1u2u3

r1r2r3

]
áóäåì ïèñàòü [r1r2r3].

Ê ñîæàëåíèþ, äëÿ ÷èñåë [r1r2r3] íåò îáùèõ ôîðìóë. Îäíàêî, â [4] ïðåäëîæåí
ìåòîä âû÷èñëåíèÿ íåêîòîðûõ ÷èñåë [r1r2r3].

Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, W = d(u, v), U = d(v, w), V = d(u,w).
Òàê êàê èìååòñÿ òî÷íî îäíà âåðøèíà x = u òàêàÿ, ÷òî d(x, u) = 0, òî ÷èñëî
[0jh] ðàâíî 0 èëè 1. Îòñþäà [0jh] = δjW δhV . Àíàëîãè÷íî, [i0h] = δiW δhU è
[ij0] = δiUδjV .

Äðóãîå ìíîæåñòâî óðàâíåíèé ìîæíî ïîëó÷èòü, ôèêñèðóÿ ðàññòîÿíèå ìåæäó
äâóìÿ âåðøèíàìè èç {u, v, w}, è ñîñ÷èòàâ ÷èñëî âåðøèí âñåõ ðàññòîÿíèé îò
òðåòüåé, ïîëó÷èì:∑d

l=1[ljh] = pUjh − [0jh],
∑d

l=1[ilh] = pVih − [i0h],
∑d

l=1[ijl] = pWij − [ij0].

Ïðè ýòîì íåêîòîðûå òðîéêè èñ÷åçàþò. Ïðè |i− j| > W èëè i+ j < W èìååì
pWij = 0, ïîýòîìó [ijh] = 0 äëÿ âñåõ h ∈ {0, ..., d}.

Ïîëîæèì Sijh(u, v, w) =
∑d

r,s,t=0QriQsjQth

[
uvw
rst

]
. Åñëè ïàðàìåòð Êðåéíà

qhij = 0, òî Sijh(u, v, w) = 0.

1. Õàðàêòåðèçàöèÿ ãðàôîâ áèëèíåéíûõ ôîðì H2(3, e)

Ñëåäóþùèé ðåçóëüòàò ïîëó÷åí Ìåòøåì (ñì. ïðåäëîæåíèå 2.2 èç [2]).

Ïðåäëîæåíèå 2. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô c êëàññè÷åñêè-
ìè ïàðàìåòðàìè (d, q, α, β), d ≥ 3, r = qd − 1 è α = q − 1 ≥ 1. Ïðåäïîëîæèì,
÷òî ñóùåñòâóåò öåëîå ÷èñëî s ≥ r òàêîå, ÷òî

(1) åñëè q = 2 è d = 3, òî s = r = 7,
(2) (s+ 1)(λ+ 1)− s(s+ 1)(q2 + q − 1)/2 > rβ,
(3) λ+ 1 > s(q3 + q2 + 2q − 1)− q2(q2 + q + 1).
Òîãäà q � ñòåïåíü ïðîñòîãî ÷èñëà, β = qe−1 è Γ � ãðàô áèëèíåéíûõ ôîðì

Hq(d, e).

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7(n −
1), 6(n−2), 4(n−4); 1, 6, 28}. Òîãäà a1 = n+4 è Γ èìååò êëàññè÷åñêèå ïàðàìåòðû
(3, 2, 1, n − 1). Äàëåå, s = r = 7. Åñëè n ≥ 94, òî âûïîëíåíû íåðàâåíñòâà
8(n+ 5)− 140 > 7(n− 1), n+ 5 > 7(8 + 4 + 4− 1)− 4(4 + 2 + 1) è ïî ïåäëîæåíèþ
Ìåòøà n = 2e è Γ � ãðàô áèëèíåéíûõ ôîðì H2(3, e).

2. Ãåîìåòðè÷íîñòü íåêîòîðûõ ãðàôîâ ñ ìàññèâîì ïåðåñå÷åíèé

{7(n− 1), 6(n− 2), 4(n− 4); 1, 6, 28}

Ñëåäóþùèé ðåçóëüòàò ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñëåäñòâèÿ 1.3 èç [6].

Ïðåäëîæåíèå 3. Ïóñòü Γ � ðåáåðíî ðåãóëÿðíûé ãðàô c ïàðàìåòðàìè
(v, k, λ), e, s � íåîòðèöàòåëüíûå öåëûå ÷èñëà, è ìàêñèìàëüíàÿ êëèêà C ñ |C| ≥
λ+ 2− (s− 1)e íàçûâàåòñÿ ïðÿìîé. Åñëè âûïîëíÿþòñÿ óñëîâèÿ:

(1) |[u] ∩ [y] ∩ [z]| ≤ e äëÿ ëþáûõ äâóõ íåñìåæíûõ âåðùèí y, z è äþáîé
âåðøèíû u ∈ [y] ∩ [z],

(2) λ+ 1 > (2s− 1)e,
(3) ëèáî ïîðÿäîê êîêëèêè â îêðåñòíîñòè ëþáîé âåðøèíû íå áîëüøå s, ëèáî

k < (s+ 1)(λ+ 1)− s(s+ 1)e/2,
òî êàæäàÿ âåðøèíà ãðàôà Γ ëåæèò íà s ïðÿìûõ, à êàæäîå ðåáðî ãðàôà Γ

ëåæèò íà åäèíñòâåííîé ïðÿìîé.
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Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7(n −
1), 6(n− 2), 4(n− 4); 1, 6, 28}.

Ëåììà 1. Ïóñòü d(u,w) = 2. Òîãäà âûïîëíÿòñÿ ñëåäóþùèå óòâåðæäåíèÿ:
(1) åñëè u⊥ ñîäåðæèò ñåìü êëèê Äåëüñàðòà, òî ñòåïåíü ëþáîé âåðøèíû â

ãðàôå [u] ∩ [w] íå áîëüøå 3;
(2) åñëè [u] ÿâëÿåòñÿ 7 × (n − 1)-ðåøåòêîé, òî [u] ∩ [w] ÿâëÿåòñÿ øåñòè-

óãîëüíèêîì;
(3) åñëè [u] ÿâëÿåòñÿ 7 × (n − 1)-ðåøåòêîé, z ∈ [w] ∩ Γ2(u), òî [u] ∩ [w] ∩

[z] ÿâëÿåòñÿ ïóñòûì ãðàôîì èëè îáúåäèíåíèåì íå áîëåå äâóõ èçîëèðîâàííûõ
ðåáåð.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî [w] ñîäåðæèò ïî äâå âåðøèíû â òðåõ êëèêàõ
Äåëüñàðòà L1, L2, L3 èç u

⊥. Âåðøèíà èç L1 ñìåæíà ñ åäèíñòâåííîé âåðøèíîé èç
L1∩ [w] è íå áîëåå ÷åì ñ îäíîé âåðøèíîé èç L2∩ [w] è èç L3∩ [w]. Óòâåðæäåíèå
(1) äîêàçàíî.

Ïóñòü [u] ÿâëÿåòñÿ 7 × (n − 1)-ðåøåòêîé. Î÷åâèäíî, ÷òî [u] ∩ [w] ÿâëÿåòñÿ
øåñòèóãîëüíèêîì. Ïóñòü z ∈ [w] ∩ Γ2(u) è [u] ∩ [w] ∩ [z] � íåïóñòîé ãðàô.
Òîãäà z ëåæèò â ìàêñèìàëüíîé êëèêå èç [w], ñîäåðæàùåé ðåáðî øåñòèóãîëüíèêà
[u] ∩ [w]. Åñëè z ëåæèò åùå â îäíîé ìàêñèìàëüíîé êëèêå èç [w], ñîäåðæàùåé
ðåáðî øåñòèóãîëüíèêà [u] ∩ [w], òî [u] ∩ [w] ∩ [z] ÿâëÿåòñÿ îáúåäèíåíèåì äâóõ
èçîëèðîâàííûõ ðåáåð. �

Ëåììà 2. Âûïîëíÿòñÿ ñëåäóþùèå óòâåðæäåíèÿ:
(1) åñëè ñòåïåíü âåðøèíû â ëþáîì µ-ïîäãðàôå ãðàôà Γ íå áîëüøå 2, òî â

ñëó÷àå n ≥ 22 ãðàô Γ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì;
(2) åñëè ñòåïåíü âåðøèíû â ëþáîì µ-ïîäãðàôå ãðàôà Γ íå áîëüøå 3, òî â

ñëó÷àå n ≥ 38 ãðàô Γ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì;
(3) åñëè ñòåïåíü âåðøèíû â ëþáîì µ-ïîäãðàôå ãðàôà Γ íå áîëüøå 4, òî â

ñëó÷àå n ≥ 66 ãðàô Γ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì.

Äîêàçàòåëüñòâî. Ïîëîæèì s = 7. Åñëè e = 2, òî íåðàâåíñòâà n + 5 > 26 è
7(n−1) < 8(n+5)−56 âûïîëíÿþòñÿ ïðè n ≥ 22. Â ýòîì ñëó÷àå ïî ïðåäëîæåíèþ
4 ãðàô Γ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì.

Åñëè e = 3, òî íåðàâåíñòâà n+ 5 > 39 è 7(n−1) < 8(n+ 5)−84 âûïîëíÿþòñÿ
ïðè n ≥ 38. Â ýòîì ñëó÷àå ïî ïðåäëîæåíèþ 4 ãðàô Γ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì.

Åñëè e = 4, òî íåðàâåíñòâà n+5 > 52 è 7(n−1) < 8(n+5)−112 âûïîëíÿþòñÿ
ïðè n ≥ 66. Â ýòîì ñëó÷àå ïî ïðåäëîæåíèþ 4 ãðàô Γ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì.

�

Ëåììà 3. Ïóñòü ìàêñèìàëüíûé ïîðÿäîê êîêëèêè â îêðåñòíîñòÿõ âåðøèí
ãðàôà Γ ðàâåí t. Åñëè n > 70 èëè t ≤ 7 è n > 60, òî ãðàô Γ ÿâëÿåòñÿ ãåîìåò-
ðè÷åñêèì.

Äîêàçàòåëüñòâî. Ïóñòü s = 8. Òîãäà íåðàâåíñòâî n > 70 ðàâíîñèëüíî n+ 5 >
5(2s − 1), à n > 64 ðàâíîñèëüíî 7(n − 1) < (s + 1)(n + 5) − 5s(s + 1)/2. Ïî
ïðåäëîæåíèþ 4 ãðàô Γ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì, åñëè n > 70

Ïóñòü s = 7. Òîãäà íåðàâåíñòâî n > 60 ðàâíîñèëüíî n + 5 > 5(2s − 1), à
n > 93 ðàâíîñèëüíî 7(n − 1) < (s + 1)(n + 5) − 5s(s + 1)/2. Åñëè t ≤ 7, òî ïî
ïðåäëîæåíèþ 4 ãðàô Γ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì ïðè n > 60. �

Ïî ëåììå 3 âûïîëíÿåòñÿ ñëåäñòâèå 1.



Î ÃÐÀÔÀÕ Ñ ÌÀÑÑÈÂÎÌ ÏÅÐÅÑÅ×ÅÍÈÉ {7(n− 1), 6(n− 2), 4(n− 4); 1, 6, 28} 149

3. Î ãåîìåòðè÷åñêèõ ãðàôàõ ñ ìàññèâàìè ïåðåñå÷åíèé

{7(n− 1), 6(n− 2), 4(n− 4); 1, 6, 28}

Â ýòîì ðàçäåëå ìû äîêàæåì òåîðåìó 2. Äîêàçàòåëüñòâî ïðîâîäèòñÿ ìîäè-
ôèêàöèåé ðàññóæäåíèé Ìåòøà èç äîêàçàòåëüñòâà ïðåäëîæåíèÿ 2.2 [2]. Èìååì
q = 2, d = 3, s = r = 7, β = n − 1, íåðàâåíñòâî (3) ðàâíîñèëüíî n > 42, à
íåðàâåíñòâî (2) íå èñïîëüçóåòñÿ. Äëÿ ñìåæíûõ âåðøèí u,w ÷åðåç uw îáîçíà-
÷èì åäèíñòâåííóþ ïðÿìóþ (êëèêó Äåëüñàðòà), ïðîõîäÿùóþ ÷åðåç u,w. Åñëè
d(u,w) = 2, òî ÷åðåç [u,w] îáîçíà÷èì ìíîæåñòâî ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç u
è ïåðåñåêàþùèõ [w].

Ëåììû 2.3�2.9 èç [2] ïðîâåðÿþòñÿ íåïîñðåäñòâåííî, ïðè ýòîì íåðàâåíñòâî
n > 42 íå èñïîëüçóåòñÿ.

Ëåììà 4. Ðàññìîòðèì âåðøèíó p ∈ Γ è ïðÿìóþ L ñ d(p, L) = 1. Òîãäà [p, u] =
[p, w] äëÿ ëþáûõ âåðøèí u,w ∈ L ∩ Γ2(p).

Äîêàçàòåëüñòâî. Ïîâòîðÿåì äîêàçàòåëüñòâî ëåììû 2.10 èç [2]. �

Çäåñü èñïîëüçóåòñÿ íåðàâåíñòâî (3) èç ïðåäëîæåíèÿ 2.2 [2], ðàâíîñèëüíîå
n > 42.

Ëåììà 5. Åñëè âåðøèíû v, v′ ∈ Γ ñìåæíû, òî ïîäãðàô [v]∩ [v′]−vv′ ÿâëÿåòñÿ
êëèêîé.

Äîêàçàòåëüñòâî. Ïóñòü âåðøèíû v, v′ ∈ Γ ñìåæíû, X = [v]∩ [v′]−vv′ è x ∈ X.
Ïîëîæèì L = vx. Òîãäà íàéäåòñÿ âåðøèíà p ∈ L ñ d(p, v′) = 2. Åñëè x′ ∈ X,
d(p, x′) = 2, òî âåðøèíû x, x′ ñìåæíû (ïîâòîðåíèå ðàññóæäåíèé èç äîêàçà-
òåëüñòâà ëåììû 2.11 [2]). Òàê êàê äëÿ ëþáîé âåðøèíû x′ ∈ X − {x} íàéäåòñÿ
âåðøèíà p ∈ L ñ d(p, v′) = d(p, x′) = 2, òî X ÿâëÿåòñÿ êëèêîé. �

Ïî ëåììå 5 ãðàô Γ ÿâëÿåòñÿ ðåøåò÷àòûì è ïî òåîðåìå 1.2 èç [3] èìååì n = 2e

è Γ � ãðàô áèëèíåéíûõ ôîðì H2(3, e). Òåîðåìà 2 äîêàçàíà.

4. Ñîáñòâåííûå çíà÷åíèÿ ãðàôà ñ ìàññèâîì ïåðåñå÷åíèé

{56, 42, 20; 1, 6, 28}

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7(n −
1), 6(n− 2), 4(n− 4); 1, 6, 28}, n ≥ 9.

Ïî [3, ïðåäëîæåíèå 2.3] ìíîãî÷ëåí Òåðâèëëèãåðà ãðàôà Γ ðàâåí

T2(λ) = −3(λ− n+ 3)(λ+ 1)(λ+ 3)(λ− 5).

Ëåììà 6. Ïóñòü u � âåðøèíà ãðàôà Γ, ∆ = [u], η � íåãëàâíîå ñîáñòâåííîå
çíà÷åíèå ãðàôà ∆. Òîãäà âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

(1) −3 ≤ η ≤ −1 èëè 5 ≤ η ≤ n− 3;
(2) åñëè n = 9, òî ìíîæåñòâî öåëûõ ñîáñòâåííûõ çíà÷åíèé ãðàôà ∆ ñîäåð-

æèòñÿ â {13, 6, 5,−1,−2,−3};
(3) ñïåêòð 7× 8-ðåøåòêè ðàâåí {131, 66, 57,−242}.

Äîêàçàòåëüñòâî. Ïî [3, ëåììà 4.1] èìååì −3 ≤ η ≤ −1 èëè 5 ≤ η ≤ n− 3.
Åñëè n = 9, òî ïî óòâåðæäåíèþ (1) ìíîæåñòâî öåëûõ ñîáñòâåííûõ çíà÷åíèé

ãðàôà ∆ ñîäåðæèòñÿ â {13, 6, 5,−1,−2,−3}.
Çàìåòèì, ÷òî a × b-ðåøåòêà ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì a-êëèêè è

b-êëèêè, ïîýòîìó ñïåêòð a × b-ðåøåòêè ðàâåí {(a + b − 2)1, (a − 2)b−1, (b −
2)a−1,−2ab−a−b+1}. �
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5. Òðîéíûå ÷èñëà ïåðåñå÷åíèé

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {56, 42,
20; 1, 6, 28}. Ïî ïðåäëîæåíèþ Γ èìååò ñïåêòð 561, 2056, 2392,−7280, âòîðóþ ìàò-
ðèöó ñîáñòâåííûõ çíà÷åíèé

Q =


1 56 392 280
1 20 14 −35
1 2 −13 10
1 −7 14 −8

 ,

è ÷èñëà ïåðåñå÷åíèé
(1) p111 = 13, p121 = 42, p122 = 210, p132 = 140, p133 = 140;
(2) p211 = 6, p221 = 30, p222 = 211, p231 = 20, p232 = 150, p233 = 110;
(3) p321 = 28, p322 = 210, p331 = 28, p332 = 154, p333 = 97.
Îòñþäà ãðàô Γ2 ñèëüíî ðåãóëÿðåí ñ ïàðàìåòðàìè (729,392,211,210) è ñîá-

ñòâåííûìè çíà÷åíèÿìè 392,14, -13. Ìàêñèìàëüíûé ïîðÿäîê êëèêè â Γ2 íå áîëü-
øå 31.

Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, [rst] =
[
uvw
rst

]
.

Ëåììà 7. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 1. Òîãäà [011] = [101] = [110] =
1, [111] = r1, è äëÿ òðîéíûõ ÷èñåë ïåðåñå÷åíèé âûïîëíÿþòñÿ ðàâåíñòâà:

(1) [112] = [121] = [211] = −r1 + 12, [122] = r1 + 30;
(2) [211] = −r1 + 12, [212] = [221] = r1 + 30, [222] = 9r1 + 60, [223] = [232] =

[322] = −10r1 + 120, [233] = −10r1 + 120;
(3) [323] = [332] = 10r1 + 20, [333] = −10r1 + 120,
ãäå r1 ∈ {0, 1, 2, ..., 12}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ìàòðèöû Q è
ñ ó÷åòîì ðàâåíñòâ S313(u, v, w) = S331(u, v, w) = S133(u, v, w) = 0. �

Ëåììà 8. Ïóñòü d(u, v) = 2, d(u,w) = d(v, w) = 1. Òîãäà [021] = [110] = [201] =
1, [111] = r2, è äëÿ òðîéíûõ ÷èñåë ïåðåñå÷åíèé âûïîëíÿþòñÿ ðàâåíñòâà:

(1) [112] = −r2 + 5, [121] = [211] = −r2 + 13, [122] = r2 + 17, [132] = 20;
(2) [211] = −r2 + 13, [212] = r2 + 17, [221] = r2 + 28, [222] = 9r2 + 93,

[223] = −10r2 + 90, [232] = −10r2 + 100, [233] = 10r2 + 50;
(3) [312] = 20, [322] = −10r2 + 100, [323] = 10r2 + 50, [332] = 10r2 + 20,

[333] = −10r2 + 90,
ãäå r2 ∈ {0, 1, ..., 5}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ìàòðèöû Q è
ñ ó÷åòîì ðàâåíñòâ S313(u, v, w) = S331(u, v, w) = S133(u, v, w) = 0. �

Ëåììà 9. Ïóñòü d(u, v) = 1, d(u,w) = d(v, w) = 2. Òîãäà [012] = [102] =
[220] = 1, [111] = r3, [232] = r4 è äëÿ òðîéíûõ ÷èñåë ïåðåñå÷åíèé âûïîëíÿþòñÿ
ðàâåíñòâà:

(1) [112] = r4 + 9r3 − 87, [113] = −r4 − 10r3 + 100, [121] = [211] = −r4 + 6,
[122] = −r4 − 9r3 + 116, [123] = r4 + 10r3 − 80;

(2) [211] = −r3 + 6, [212] = −r4 − 9r3 + 116, [213] = r4 + 10r3 − 80, [221] =
2r4 + 21r3 − 176, [222] = 9r3 + 95, [223] = −2r4 − 30r3 + 290, [231] = [231] =
−2r4 − 20r3 + 200, [233] = r4 + 20r3 − 60;

(3) [321] = −2r4 − 20r3 + 200, [322] = r4, [323] = r4 + 20r3 − 60, [331] =
2r4 + 20r3 − 180, [332] = −r4 + 150, [333] = −r4 − 20r3 + 170,
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ãäå r3 ∈ {0, 1, 2, ..., 6}, 33 ≤ r4 ≤ 100.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ìàòðèöû Q è
ñ ó÷åòîì ðàâåíñòâ S313(u, v, w) = S331(u, v, w) = S133(u, v, w) = 0. �

Ïî ëåììå 9 èìååì 90 ≤ 10r3 + r4 ≤ 100 è 87 ≤ 9r3 + r4. Â ñëó÷àå r3 = 0
èìååì 90 ≤ r4 ≤ 100, â ñëó÷àå r3 = 1 èìååì 80 ≤ r4 ≤ 90, â ñëó÷àå r3 = 2 èìååì
70 ≤ r4 ≤ 80, à â ñëó÷àå r3 = 3 èìååì 60 ≤ r4 ≤ 70.

Åñëè [u] ÿâëÿåòñÿ 7×8-ðåøåòêîé, òî r1 ∈ {5, 6}, r2 = 2, r3 ∈ {0, 2, 4} (ïðè÷åì
ãðàô [u] ∩ [v] ∩ [w] ÿâëÿåòñÿ ïóñòûì èëè îáúåäèíåíèåì íå áîëåå äâóõ èçîëèðî-
âàííûõ ðåáåð).

Ïîäñ÷èòàåì ÷èñëî d ïàð âåðøèí y, z íà ðàññòîÿíèè 2 â ãðàôå Γ, ãäå y ∈
{

uv
11

}
è z ∈

{
uv
22

}
. Ñ îäíîé ñòîðîíû, p111 = 13, [222] = 9r1 + 60, ïî ëåììå 7 èìååì

d = 13(9r1 + 60) è 780 = 13 · 60 ≤ d ≤ 13 · 168 = 2184. Ñ äðóãîé ñòîðîíû,
p122 = 210, [112] = r4 + 9r3 − 87, è ïî ëåììå 9 èìååì 0 ≤ d ≤ 67 · 210, ïîýòîìó
780 ≤

∑
i r

i
4 + 9

∑
i r

i
3 − 87 · 210 ≤ 2184. Îòñþäà 19050 = 18270 + 780 ≤

∑
i r

i
4 +

9
∑

i r
i
3 ≤ 18270 + 2184 = 20454.

Ëåììà 10. Ïóñòü d(u, v) = 1, d(u,w) = 2 è d(v, w) = 3. Òîãäà [012] = [103] =
[230] = 1, [213] = r5 è äëÿ òðîéíûõ ÷èñåë ïåðåñå÷åíèé âûïîëíÿþòñÿ ðàâåí-
ñòâà:

(1) [112] = r5 − 15, [113] = r5 + 28, [121] = 6, [122] = −r5 + 45, [123] = r5 − 9;
(2) [212] = −r5 + 42, [221] = 2r5 − 30, [222] = 111, [223] = −2r5 + 129,

[231] = −2r5 + 60, [232] = r5 + 58, [233] = r5 + 21;
(3) [321] = −2r5 + 52, [322] = r5 + 54, [323] = r5 + 34, [331] = 2r5 − 32,

[332] = r5 + 96, [333] = −r5 + 76,
ãäå r5 ∈ {16, 17, ..., 26}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ìàòðèöû Q è
ñ ó÷åòîì ðàâåíñòâ S313(u, v, w) = S331(u, v, w) = S133(u, v, w) = 0. �

Ïîäñ÷èòàåì ÷èñëî f ïàð âåðøèí y, z íà ðàññòîÿíèè 2 â ãðàôå Γ, ãäå y ∈{
uv
23

}
è z ∈

{
uv
22

}
. Ñ îäíîé ñòîðîíû, p123 = 140, [222] = 111 è ïî ëåììå 10

èìååì f = 140 · 111. Ñ äðóãîé ñòîðîíû, p122 = 210, [232] = r4 è ïî ëåììå 9
èìååì 33 · 210 ≤ f ≤ 100 · 210, ïîýòîìó

∑
i r

i
4 = 140 · 111 = 15540. Îòñþäà

3510 = 19050− 15540 ≤ 9
∑

i r
i
3 ≤ 20454− 15540 = 4914 è 390 ≤

∑
i r

i
3 ≤ 546.

Ëåììà 11. Ïóñòü d(u, v) = 1, d(u,w) = 3, d(v, w) = 3. Òîãäà [013] = [103] =
[330] = 1, [231] = r6 è äëÿ òðîéíûõ ÷èñåë ïåðåñå÷åíèé âûïîëíÿþòñÿ ðàâåí-
ñòâà:

(1) [112] = −r6/2 + 12, [113] = r6/2 + 1, [122] = [212] = r6/2 + 16, [123] =
−r6/2 + 26;

(2) [212] = r6/2 + 16, [213] = −r6/2 + 26, [221] = −r6 + 28, [222] = 114,
[223] = r6 + 68, [232] = [322] = −r6/2 + 80, [233] = −r6/2 + 60;

(3) [321] = r6, [322] = −r6/2 + 80, [323] = −r6/2 + 60, [331] = −r6 + 28,
[332] = r6/2 + 74, [333] = r6/2 + 37,

ãäå r6 ∈ {0, 2, 4, ..., 24}.
Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ìàòðèöû Q è
ñ ó÷åòîì ðàâåíñòâ S313(u, v, w) = S331(u, v, w) = S133(u, v, w) = 0. �

Ïîäñ÷èòàåì ÷èñëî e ïàð âåðøèí y, z íà ðàññòîÿíèè 3 â ãðàôå Γ, ãäå y ∈
{

uv
33

}
è z ∈

{
uv
22

}
. Ñ îäíîé ñòîðîíû, p133 = 140, [223] = r6 + 68 è ïî ëåììå 11 èìååì
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9520 = 68 ·140 ≤ e =
∑

i r
i
6 +68 ·140 ≤ 92 ·140 = 12880. Ñ äðóãîé ñòîðîíû, p122 =

210, [333] = −r4−20r3+170 è ïî ëåììå 9 èìååì 0 ≤ e = −
∑

i r
i
4−20

∑
i r

i
3+170·

210 ≤ 137 ·210 = 28770. Îòñþäà 9520 ≤ e = −
∑

i r
i
4−20

∑
i r

i
3 +170 ·210 ≤ 12880

è 364 ≤
∑

i r
i
3 ≤ 532.

Ðàíåå ìû äîêàçàëè, ÷òî 390 ≤
∑

i r
i
3 ≤ 546, ïîýòîìó 390 ≤

∑
i r

i
3 ≤ 532.

Ëåììà 12. Îêðåñòíîñòü ëþáîé âåðøèíû â Γ íå ÿâëÿåòñÿ ðåøåòêîé.

Äîêàçàòåëüñòâî. Ïóñòü [u] ÿâëÿåòñÿ 7 × 8-ðåøåòêîé, d(u, v) = 1, d(u,w) =
d(v, w) = 2 è xi � ÷èñëî âåðøèí èç

{
uv
22

}
, ñìåæíûõ òî÷íî ñ i âåðøèíàìè èç

[u] ∩ [v]. Òîãäà x0 + x2 + x4 = 210, x2 + 2x4 = 6
(
7
2

)
+ 7
(
6
2

)
= 273, ïðîòèâîðå÷èå ñ

òåì, ÷òî 364 ≤ 2x2 + 4x4 =
∑

i r
i
3 ≤ 532. �

Òåîðåìà 3 ñëåäóåò èç ëåììû 12.
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