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Abstract. Â ðàáîòå ðàññìîòðåí íåêîòîðûé êëàññ àíèçîòðîïíûõ ýë-
ëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè ïîêàçàòåëÿ-
ìè íåëèíåéíîñòåé è ëîêàëüíî ñóììèðóåìîé ïðàâîé ÷àñòüþ. Â àíèçî-
òðîïíûõ ïðîñòðàíñòâàõ Ñîáîëåâà ñ ïåðåìåííûìè ïîêàçàòåëÿìè óñòà-
íîâëåíû ñâîéñòâà è åäèíñòâåííîñòü ëîêàëüíûõ ðåíîðìàëèçîâàííûõ
ðåøåíèé çàäà÷è Äèðèõëå â ïðîèçâîëüíûõ îáëàñòÿõ. Ðàíåå, äëÿ áîëåå
øèðîêîãî êëàññà óðàâíåíèé, àâòîðîì áûëî äîêàçàíî ñóùåñòâîâàíèå
òàêèõ ðåøåíèé.

Keywords: àíèçîòðîïíîå ýëëèïòè÷åñêîå óðàâíåíèå, ïåðåìåííûé ïî-
êàçàòåëü, ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå, íåîãðàíè÷åííàÿ îá-
ëàñòü, åäèíñòâåííîñòü ðåøåíèÿ.

1. Ââåäåíèå

Ðåíîðìàëèçîâàííûå ðåøåíèÿ ïðåäñòàâëÿþò ñîáîé êëþ÷åâîé ïîäõîä ê àíàëè-
çó øèðîêèõ êëàññîâ âûðîæäàþùèõñÿ ýëëèïòè÷åñêèõ óðàâíåíèé, ïðàâûå ÷àñòè
êîòîðûõ çàäàþòñÿ ìåðàìè. Äëÿ óðàâíåíèÿ ñ p−ëàïëàñèàíîì, ìåðîé Ðàäîíà è
ïîãëîùåíèåì

−∆pup + |u|p0−1u = µ, p ∈ (1, n), 0 < p− 1 < p0.

Ì.Ô. Áèäî-Âåðîí [1] ïðåäëîæèëà ïîíÿòèå ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðå-
øåíèÿ.

L.M. Kozhevnikova Uniqueness of a local renormalized solution to an anisotropic

elliptic equation with variable growth.
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2 Ë.M. ÊÎÆÅÂÍÈÊÎÂÀ

Â ðàáîòå [1] äîêàçàí ðåçóëüòàò îá óñòîé÷èâîñòè è êàê ñëåäñòâèå â Rn óñòà-
íîâëåíî ñóùåñòâîâàíèå ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ ðàññìàòðè-
âàåìîãî óðàâíåíèÿ c µ ∈ L1,loc(Rn).

Âîïðîñû åäèíñòâåííîñòè ýíòðîïèéíûõ è ðåíîðìàëèçîâàííûõ ðåøåíèé àíè-
çîòðîïíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ñ ïåðåìåííûìè íåëèíåéíîñòÿì ñ äàííûìè
èç L1 èëè â âèäå ìåðû â íåîãðàíè÷åííûõ îáëàñòÿõ ðàññìàòðèâàëèñü â ðàáîòàõ
[2], [3]. Ë.Ì. Êîæåâíèêîâîé â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Ñîáîëåâà ñ ïåðå-
ìåííûìè ïîêàçàòåëÿìè óñòàíîâëåíû íåêîòîðûå ñâîéñòâà è åäèíñòâåííîñòü êàê
ýíòðîïèéíûõ, òàê è ðåíîðìàëèçîâàííûõ ðåøåíèé çàäà÷è Äèðèõëå â ïðîèçâîëü-
íûõ îáëàñòÿõ. Êðîìå òîãî, â ðàáîòå äîêàçàíà ýêâèâàëåíòíîñòü ýíòðîïèéíûõ è
ðåíîðìàëèçîâàííûõ ðåøåíèé ðàññìàòðèâàåìîé çàäà÷è (ñì. [2]).

Ìåòîäîì Ñ.Í. Êðóæêîâà (óäâîåíèÿ âðåìåííîé ïåðåìåííîé) â ðàáîòå [4] Ô.Õ.
Ìóêìèíîâ äîêàçàë åäèíñòâåííîñòü ðåíîðìàëèçîâàííîãî ðåøåíèÿ ïåðâîé ñìå-
øàííîé çàäà÷è äëÿ íåêîòîðîãî êëàññà àíèçîòðîïíûõ ýëëèïòèêî-ïàðàáîëè÷åñêèõ
óðàâíåíèé ñ äâîéíûìè ïåðåìåííûìè íåëèíåéíîñòÿìè â íåîãðàíè÷åííûõ (ïî
ïðîñòðàíñòâåííûì ïåðåìåííûì) öèëèíäðè÷åñêèõ îáëàñòÿõ.

Â íàñòîÿùåé ðàáîòå â ïðîèçâîëüíîé îáëàñòè Ω ⊆ Rn = {x = (x1, x2, . . . , xn)},
n ≥ 2, äëÿ àíèçîòðîïíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïåðå-
ìåííûì ðîñòîì è ëîêàëüíî ñóììèðóåìîé ôóíêöèåé f ðàññìîòðèâàåòñÿ çàäà÷à
Äèðèõëå

(1) −
n∑

i=1

(ai(x, uxi
))xi

+ b(x, u) = f, x ∈ Ω,

(2) u = 0, x ∈ ∂Ω.

Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøå-
íèÿ êàê äëÿ èçîòðîïíîãî ñëó÷àÿ (ñì. [5], [6]), òàê è äëÿ àíèçîòðîïíîãî (ñì. [7])
â íåîãðàíè÷åííûõ îáëàñòÿõ íàéäåíû Ë.Ì. Êîæåâíèêîâîé. Â íàñòîÿùåé ðàáîòå
íàéäåíû äîñòàòî÷íûå óñëîâèÿ åäèíñòâåííîñòè ëîêàëüíîãî ðåíîðìàëèçîâàííî-
ãî ðåøåíèÿ çàäà÷è (1), (2). Çàìåòèì, ÷òî ðàíåå âîïðîñû åäèíñòâåííîñòè òàêèõ
ðåøåíèé â íåîãðàíè÷åííûõ îáëàñòÿõ â ëèòåðàòóðå ðàíåå íå ðàññìàòðèâàëèñü.

2. Ïðîñòðàíñòâà

Â ýòîì ïàðàãðàôå áóäóò ïðèâåäåíû íåîáõîäèìûå ñâåäåíèÿ èç òåîðèè ïðî-
ñòðàíñòâ ñ ïåðåìåííûìè ïîêàçàòåëÿìè [8]. Ïóñòü Q ⊆ Ω, îáîçíà÷èì Ïîëîæèì
C+(Q) = {p ∈ C(Q)

∣∣ 1 < p ≤ p̂ < +∞}, ãäå p = inf
x∈Q

p(x), p̂ = sup
x∈Q

p(x). Ïóñòü

p(·) ∈ C+(Q), îïðåäåëèì ëåáåãîâî ïðîñòðàíñòâî Lp(·)(Q) ñ ïåðåìåííûì ïîêàçà-
òåëåì êàê ìíîæåñòâî èçìåðèìûõ íà Q âåùåñòâåííîçíà÷íûõ ôóíêöèé v òàêèõ,
÷òî:

ρp(·),Q(v) =

∫
Q

|v(x)|p(x)dx < ∞,

ñ íîðìîé Ëþêñåìáóðãà

∥v∥Lp(·)(Q) = ∥v∥p(·),Q = inf
{
k > 0

∣∣∣ ρp(·)(v/k) ≤ 1
}
.

Ïðè p > 1 cïðàâåäëèâî íåðàâåíñòâî Þíãà:

(3) |zy| ≤ |y|p(x) + |z|p
′(x), z, y ∈ R, p′(·) = p(·)

p(·)− 1
, x ∈ Q.
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Èçâåñòíî, ÷òî åñëè ìîäóëü íåïðåðûâíîñòè ïîêàçàòåëÿ p(x) óäîâëåòâîðÿåò
óñëîâèþ:

(4) |p(x)− p(y)| ≤ − K

ln |x− y|
, x, y ∈ Q, |x− y| ≤ 1

2
,

ãäå K > 0 � êîíñòàíòà, òî ãëàäêèå ôóíêöèè ïëîòíû â W̊ 1
p(·)(Q) = {v ∈ W̊ 1

1 (Q) :

ρp(·),Q(|∇v|) < ∞} (ñì. [9]).
Äëÿ äâóõ îãðàíè÷åííûõ ôóíêöèé q(·), r(·) ∈ C(Q) áóäåì ïèñàòü q(·) < r(·),

åñëè inf
x∈Q

(r(x)− q(x)) > 0.

Îáîçíà÷èì −→p (·) = (p1(·), p2(·), . . . , pn(·)) ∈ (C+(Q))n è îïðåäåëèì

p+(x) = max
i=1,n

pi(x), p−(x) = min
i=1,n

pi(x), x ∈ Q.

Òàêæå áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ: ∂v
∂xi

= vxi
, i = 1, . . . , n. Îïðåäåëèì

àíèçîòðîïíûå ïðîñòðàíñòâà ñ ïåðåìåííûìè ïîêàçàòåëÿìè Ëåáåãà L−→p (·)(Q) =

{v = (v1, v2, . . . , vn), vi ∈ Lpi(·)(Q), i = 1, . . . , n} ñ íîðìîé

∥v∥−→p (·),Q =

n∑
i=1

∥vi∥pi(·),Q

è Ñîáîëåâà W 1−→p (·)(Q) = {v ∈ Lp+(·)(Q), ∇v ∈ L−→p (·)(Q)} ñ íîðìîé

∥v∥1−→p (·),Q = ∥v∥p+(·),Q + ∥∇v∥−→p (·),Q.

Ïðîñòðàíñòâà W̊ 1−→p (·)(Q) = W̊ 1
1 (Q) ∩W 1−→p (·)(Q), W 1−→p (·)(Q) ÿâëÿþòñÿ ðåôëåêñèâ-

íûìè áàíàõîâûìè [10].
Îïðåäåëèì ñðåäíåå ãåîìåòðè÷åñêîå p(·) è ïîêàçàòåëü Ñîáîëåâà p∗(·) :

p(x) = n

(
n∑

i=1

1/pi(x)

)−1

, p∗(x) =

{
np(x)

n−p(x) , p(x) < n,

+∞, p(x) ≥ n.

Äàëåå ïðåäïîëàãàåì, ÷òî ôóíêöèè pi, p0 + 1 ∈ C+(Ω), i = 1, n, p(·) < n

è pi, i = 1, n, óäîâëåòâîðÿþò óñëîâèþ (4). Îïðåäåëèì L∞,loc(Ω), L1,loc(Ω),

W̊ 1−→p (·),loc(Ω) êàê ïðîñòðàíñòâà, ñîñòîÿùèå èç ôóíêöèé v, îïðåäåëåííûõ â Ω,

äëÿ êîòîðûõ ïðè ëþáîé îãðàíè÷åííîé Q ⊊ Ω èìååò ìåñòî ïðèíàäëåæíîñòü
v ∈ L∞(Q), L1(Q), V̊ 1−→p (·)(Q) = W̊ 1−→p (·)(Ω) ∩W 1−→p (·)(Q), ñîîòâåòñòâåííî.

Ìåðó Ëåáåãà èçìåðèìîãî ìíîæåñòâà Q áóäåì îáîçíà÷àòü meas (Q). Íîðìà
Ëîðåíöà ∥u∥q,∞,Q (òàêæå íàçûâàåìàÿ ñëàáîé Lq-íîðìîé) äëÿ 0 < q < ∞ îïðå-
äåëÿåòñÿ ñëåäóþùèì îáðàçîì:

∥v∥q,∞,Q = sup
t>0

t
(
meas({x ∈ Q : |v(x)| > t})

)1/q
.

Î÷åâèäíî, äëÿ ëþáîãî t > 0 è v ∈ Lq,∞(Q) ñïðàâåäëèâî íåðàâåíñòâî

tq meas({x ∈ Q : |v(x)| > t}) ≤ ∥v∥qq,∞,Q.
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3. Ïðåäïîëîæåíèÿ è ôîðìóëèðîâêà ðåçóëüòàòà

Óñëîâèå P . Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè

a(x, s) = (a1(x, s1), . . . , an(x, sn)), ai(x, si) : Ω× R → R, b(x, s0) : Ω× R → R,

âõîäÿùèå â óðàâíåíèå (1), êàðàòåîäîðèåâû. Ïóñòü ñóùåñòâóþò ïîëîæèòåëüíûå
÷èñëà â, a, b òàêèå, ÷òî äëÿ ïî÷òè âñåõ x ∈ Ω, s0, t0 ∈ R, s = (s1, s2, . . . , sn), t =
(t1, t2, . . . , tn) ∈ Rn, ñïðàâåäëèâû íåðàâåíñòâà:

(5) 0 < (ai(x, si)− ai(x, ti))(si − ti) ≤ â|si − ti|pi(x), si ̸= ti, i = 1, . . . , n;

(6) |ai(x, si)| ≤ â|si|pi(x)−1, i = 1, . . . , n;

(7) a(x, s) · s ≥ aP(x, s);

(8) (b(x, s0)− b(x, t0))(s0 − t0) ≥ b|s0 − t0|p0(x)+1, p+(·)− 1 < p0(·);

(9) b(x, s0)s0 ≥ b|s0|p0(x)+1 ≥ 0.

Êðîìå òîãî, ïóñòü ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ Φ0 ∈ L1,loc(Ω),

íåïðåðûâíàÿ íåóáûâàþùàÿ ôóíêöèÿ b̂ : R+ → R+, òàêèå, ÷òî ïðè ï.â. x ∈ Ω,
äëÿ âñåõ s0 ∈ R, ñïðàâåäëèâî íåðàâåíñòâî:

(10) |b(x, s0)| ≤ b̂(|s0|)Φ0(x).

Çäåñü è íèæå èñïîëüçóþòñÿ îáîçíà÷åíèÿ P(x, s) =
n∑

i=1

|si|pi(x), s = (s1, . . . , sn), t =

(t1, . . . , tn).
Â êà÷åñòâå ìîäåëüíîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåãî óñëîâèÿì (5)�(10), ðàñ-

ñìîòðèì óðàâíåíèå
(11)

−
n∑

i=1

(|uxi
|pi(x)−2uxi

)xi
+Φ0|u|p0(x)−1u = f, pi(·) ≤ 2, i = 1, . . . , n, p0 > 1.

Ââåäåì îáîçíà÷åíèÿ: q0(·) =
p∗(·)
p′
−

, p′− =
p−

p−−1 , q3(·) = q0(·)
p+(·)−1 , q2i(·) =

q0(·)
q0(·)+1p

′
i(·), q5i(·) =

pi(·)(1+p0(·))
1+p0(·)−pi(·) i = 1, . . . , n. Ïóñòü âûïîëíåíî äîïîëíèòåëüíîå

óñëîâèå

(12) p+(·)− 1 < q0(·),

êîòîðîå âîçìîæíî ïðè

(13) p+(·) < p∗(·).

Òîãäà ìîæíî îïðåäåëèòü q′2+(·) =
q0(·)p+(·)

q0(·)+1−p+(·) .

Îïðåäåëèì ñðåçêó Tk(r) = max(−k,min(k, r)). ×åðåç Lip0(R) îáîçíà÷èì ïðî-
ñòðàíñòâî âñåõ ëèïøèöåâûõ íåïðåðûâíûõ ôóíêöèè íà R, ïðîèçâîäíàÿ êîòîðûõ
èìååò êîìïàêòíûé íîñèòåëü.
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Îïðåäåëåíèå 1. Èçìåðèìàÿ êîíå÷íàÿ ïî÷òè âñþäó ôóíêöèÿ u : Ω → R
íàçûâàåòñÿ ëîêàëüíûì ðåíîðìàëèçîâàííûì ðåøåíèåì çàäà÷è (1), (2) c f ∈
L1,loc(Ω), åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

a− loc) Tk(u) ∈ W̊ 1−→p (·),loc(Ω) ïðè ëþáîì k > 0;

b− loc) b(x, u) ∈ L1,loc(Ω);

c− loc) |uxi |pi(x)−1 ∈ Lq(·),loc(Ω), 1 ≤ q(·) < q2i(·), i = 1, . . . , n;

d− loc) |u|p+(·)−1 ∈ Lq(·),loc(Ω), 1 ≤ q(·) < q3(·);
äëÿ ëþáîé ôóíêöèè h ∈ Lip0(R) è ëþáîé φ ∈ W 1

r(·)(Ω), r(·) > q′2+(·), ñ êîìïàêòíûì

íîñèòåëåì â Ω,òàêèõ, ÷òî φh(u) ∈ W̊ 1−→p (·)(Ω), ñïðàâåäëèâî òîæäåñòâî

⟨(b(x, u)− f)h(u)φ⟩+ ⟨a(x,∇u) · (∇uh′(u)φ+∇φh(u))⟩ = 0.(14)

Çäåñü è íèæå èñïîëüçóåòñÿ îáîçíà÷åíèå: ⟨v⟩ =
∫
Ω

v(x)dx.

Ïóñòü u � ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå çàäà÷è (1), (2). Äëÿ ëþ-
áîãî k > 0 èìååì

(15) ∇Tk(u) = χ{Ω:|u|≤k}∇u ∈ L−→p (·),loc(Ω).

Èç (15), (6) ñëåäóåò, ÷òî äëÿ ëþáîãî k > 0

χ{Ω:|u|≤k}a(x,∇u) = χ{Ω:|u|≤k}a(x,∇Tk(u)) ∈ L−→p ′(·),loc(Ω).

Îïðåäåëåíèå 2. Èçìåðèìàÿ êîíå÷íàÿ ïî÷òè âñþäó ôóíêöèÿ u : Ω → R
íàçûâàåòñÿ ëîêàëüíûì ðåíîðìàëèçîâàííûì ðåøåíèåì çàäà÷è (1), (2) c f ∈
L1,loc(Ω), åñëè âûïîëíÿþòñÿ óñëîâèÿ: a-loc)�d-loc) è äëÿ ëþáîé ôóíêöèè w ∈
W̊ 1−→p (·)(Ω)∩L∞(Ω) ñ êîìïàêòíûì íîñèòåëåì â Ω òàêîé, ÷òî âûïîëíåíû óñëî-
âèÿ

ñóùåñòâóþò k > 0, w+∞, w−∞ ∈ W 1
r(·)(Ω), r(·) > q′2+(·),{

w = w+∞ ïî÷òè âñþäó ïðè u > k,
w = w−∞ ïî÷òè âñþäó ïðè u < −k,

ñïðàâåäëèâî ðàâåíñòâî

⟨(b(x, u)− f)w + a(x,∇u) · ∇w⟩ = 0.(16)

Ýêâèâàëåíòíîñòü îïðåäåëåíèé 1, 2 â ñëó÷àå äàííûõ â âèäå îáùåé ìåðû â
èçîòðîïíîì ñëó÷àå äîêàçàíà â [11], ýêâèâàëåíòíîñòü îïðåäåëåíèé 1, 2 óñòàíàâ-
ëèâàåòñÿ àíàëîãè÷íî.

Ïóñòü O ∈ Ω, äëÿ r > 0 ïîëîæèì Ω(r) = {x ∈ Ω| |x| < r}.

Òåîðåìà 1. Ïóñòü f ∈ L1,loc(Ω), âûïîëíåíû óñëîâèÿ P è

(17) q5− = inf
x∈Ω

q5−(·) = inf
x∈Ω

(p0(·) + 1)p−(·)
p0(·) + 1− p−(·)

> n.

Ïóñòü u1, u2 � ëîêàëüíûå ðåíîðìàëèçîâàííûå ðåøåíèÿ çàäà÷è (1), (2), óäî-

âëåòâîðÿþùèå ïðè íåêîòîðîì q′ > q̂′2+ = supx∈Ω q′2+(·) = supx∈Ω
q0(·)p+(·)

q0(·)+1−p+(·)
óñëîâèþ

(18) ∥u1 − u2∥q′,∞,Ω(r) = o(r), i = 1, 2,
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òîãäà u1 = u2 äëÿ ï.â. x ∈ Ω.

Â îòëè÷èå îò ðàáîòû [12], ãäå äëÿ àíèçîòðîïíûõ óðàâíåíèé âòîðîãî ïîðÿäêà
ñ ïåðåìåííûìè ïîêàçàòåëÿìè è ïðàâûìè ÷àñòÿìè fi ∈ Lp′

i(·),loc(Ω) äîêàçàíà
åäèíñòâåííîñòü áåç óñëîâèé íà áåñêîíå÷íîñòè, à òàêæå îò å¼ íåäàâíåãî îáîá-
ùåíèÿ [13] íà ýëëèïòè÷åñêî-ïàðàáîëè÷åñêèå óðàâíåíèÿ âûñîêîãî ïîðÿäêà, â
íàøåì ñëó÷àå (ïðè f ∈ L1,loc(Ω)) åäèíñòâåííîñòü ëîêàëüíûõ ðåíîðìàëèçî-
âàííûõ ðåøåíèé òðåáóåò äîïîëíèòåëüíîãî êîíòðîëÿ ðîñòà ðàçíîñòè ðåøåíèé:
∥u1 − u2∥q′,∞,Ω(r) = o(r).

4. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Âñå ïîñòîÿííûå, âñòðå÷àþùèåñÿ íèæå â ðàáîòå, ïîëîæèòåëüíû. Ïîëîæèì
ηR(ϱ) = min(1,max(0, R+ 1− ϱ)), ϱ ∈ R+.

Î÷åâèäíî, èç óñëîâèÿ d− loc) äëÿ èçìåðèìîé ôóíêöèè u : Ω → R è ëþáîãî
êîìïàêòà K ñëåäóåò íåðàâåíñòâî

(19) meas ({K : |u| ≥ h}) → 0, h → ∞.

Óòâåðæäåíèå 1. Ïóñòü u � ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå çàäà÷è
(1), (2), òîãäà ïðè âñåõ k > 0, h ≥ 0 è ϕ ∈ C1(Ω), ϕ ≥ 0, ñ êîìïàêòíûì
íîñèòåëåì â Ω ñïðàâåäëèâî ñîîòíîøåíèå

(20) lim
h→∞

∫
{Ω:h≤|u|<h+k}

ϕa(x,∇u) · ∇udx = 0.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèþ

Tk,h(ϱ) =


0 ïðè |ϱ| < h,

ϱ− h sign ϱ ïðè h ≤ |ϱ| < k + h,

k sign ϱ ïðè |ϱ| ≥ k + h.

Ïîëîæèâ â (14) h(u) = Tk,h(u), φ(x) = ϕ(x), áóäåì èìåòü∫
{Ω:h≤|u|<k+h}

ϕa(x,∇u) · ∇udx +

∫
{Ω:h≤|u|}

ϕb(x, u)Tk,h(u)ϕdx+

+

∫
{Ω:h≤|u|}

a(x,∇u) · ∇ϕTk,h(u)dx =

∫
{Ω:h≤|u|}

Tk,h(u)ϕfdx.

Äàëåå, èñïîëüçóÿ (6), (9), âûâîäèì∫
{Ω:h≤|u|<k+h}

a(x,∇u) · ∇uϕdx ≤

≤ k

∫
{Ω:|u|≥h}

|f |ϕdx + kâ

n∑
i=1

∫
{Ω:|u|≥h}

|ϕxi
||uxi

|pi(x)−1dx.

Ó÷èòûâàÿ ïðèíàäëåæíîñòü f, |uxi |pi(x)−1 ∈ L1,loc(Ω) è (19), âûïîëíÿÿ â ïî-
ñëåäíåì íåðàâåíñòâå ïðåäåëüíûé ïåðåõîä ïðè h → ∞, âûâîäèì (20).

□
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Óòâåðæäåíèå 2. Ïóñòü u � ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå çàäà÷è
(1), (2), òîãäà êàæäîãî ϕ ∈ C1(Ω), ϕ ≥ 0, ñ êîìïàêòíûì íîñèòåëåì â Ω
ñïðàâåäëèâî ñîîòíîøåíèå

(21) lim
k→∞

1

k

∫
{Ω:|u|<k}

ϕP(x,∇u)dx = 0.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì k > 0, ïóñòü σ > k. Ïîëîæèì â (14) h(u) =
ησ(|u|)Tk(u), φ(x) = ϕ(x), ïîëó÷èì

J1 + J2 + J3 + J4 = ⟨a(x,∇u)ησ(|u|) · ∇Tk(u)ϕ(x)⟩+
+ ⟨a(x,∇u)η′σ(|u|)sign(u) · ∇uTk(u)ϕ(x)⟩+ ⟨a(x,∇u)ησ(|u|)Tk(u) · ∇ϕ(x)⟩+

+ ⟨b(x, u)ησ(|u|)Tk(u)ϕ(x)⟩ = ⟨fησ(|u|)Tk(u)ϕ(x)⟩ .(22)

Îöåíèì êàæäûé èíòåãðàë. Ïðèìåíÿÿ (7), âûâîäèì íåðàâåíñòâî

J1 =

∫
Ω

a(x,∇u)ησ(|u|) · ∇Tk(u)ϕ(x)dx ≥
∫

{Ω:|u|<k}

P(x,∇u)ϕ(x)dx,(23)

|J2| ≤
∫

{Ω:σ≤|u|≤σ+1}

|Tk(u)|a(x,∇u) · ∇uϕ(x)dx ≤ k

∫
{Ω:σ≤|u|≤σ+1}

a(x,∇u) · ∇uϕ(x)dx.

(24)

Èñïîëüçóÿ (6), ïîëó÷àåì íåðàâåíñòâî

|J3| ≤ â

n∑
i=1

∫
Ω

|uxi
|pi(x)−1|Tk(u)||∇ϕ(x)|dx.(25)

Ïðèìåíÿÿ (9), âûâîäèì íåðàâåíñòâî

J4 =

∫
Ω

b(x, u)ησ(|u|)Tk(u)ϕ(x)dx ≥ kb

∫
{Ω:|u|≥k}

|u|p0(x)ησ(|u|)ϕ(x)dx.(26)

Ñîåäèíÿÿ (22)�(26), óñòàíàâëèâàåì íåðàâåíñòâî

kb

∫
{Ω:|u|≥k}

|u|p0(x)ησ(|u|)ϕdx + a

∫
{Ω:|u|<k}

P(x,∇u)ϕdx ≤

≤
∫
Ω

ϕ|f ||Tk(u)|dx + k

∫
{Ω:σ≤|u|<σ+1}

a(x,∇u) · ∇uϕdx+

+â

n∑
i=1

∫
Ω

|uxi
|pi(x)−1|∇ϕ||Tk(u)|dx.
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Ïðèìåíÿÿ ëåììó Ôàòó, ïåðåéäåì ê ïðåäåëó ïðè σ → ∞, ó÷èòûâàÿ (19), (20),
ïîëó÷èì íåðàâåíñòâî

b

∫
{Ω:|u|≥k}

|u|p0(x)ϕdx +
a

k

∫
{Ω:|u|<k}

P(x,∇u)ϕdx ≤

≤
∫
Ω

(
|f |ϕ+ â|∇ϕ|

n∑
i=1

|uxi
|pi(x)−1

)
|Tk(u)|

k
dx.

Ïîñêîëüêó |Tk(u)|
k ≤ 1, Tk(u)

k → 0 ï.â. â Ω ïðè k → ∞ è |f |+ â
∑n

i=1 |uxi
|pi(x)−1 ∈

L1,loc(Ω), òî âûïîëíÿÿ ïðåäåëüíûé ïåðåõîä â ïîñëåäíåì íåðàâåíñòâå âûâîäèì
(21). □

5. Äîêàçàòåëüñòâî òåîðåìû åäèíñòâåííîñòè

Äîêàçàòåëüñòâî òåîðåìû 1. Ïîëîæèì

hσ(ϱ) = η1(|ϱ|/σ) =


0 ïðè |ϱ| ≥ 2σ,

1 ïðè |ϱ| ≤ σ,
2σ−|ϱ|

σ ïðè σ < |ϱ| < 2σ.

Ïóñòü ϕ ∈ C1(Ω), ϕ ≥ 0, ñ êîìïàêòíûì íîñèòåëåì â Ω(r). Çàïèøåì ðàâåíñòâî

(16) äëÿ u1 è u2 c w = hσ(u
1)hσ(u

2)Tk(u
1 − u2)ϕθ ∈ W̊ 1−→p (·)(Ω) ∩ L∞(Ω), θ > 0,

çàòåì âû÷òåì èç ïåðâîãî âòîðîå, ïîëó÷èì ðàâåíñòâî

J1 + J2 + J3 + J4 + J5 =
〈(
a(x,∇u1)− a(x,∇u2)

)
· ∇Tk(u

1 − u2)hσ(u
1)hσ(u

2)φθ
〉
+

+
〈(
a(x,∇u1)− a(x,∇u2)

)
· ∇u1Tk(u

1 − u2)h′
σ(u

1)hσ(u
2)ϕθ

〉
+

+
〈(
a(x,∇u1)− a(x,∇u2)

)
· ∇u2Tk(u

1 − u2)hσ(u
1)h′

σ(u
2)ϕθ

〉
+(27)

+
〈(
b(x, u1)− b(x, u2)

)
Tk(u

1 − u2)hσ(u
1)hσ(u

2)ϕθ
〉
+

+θ
〈(
a(x,∇u1)− a(x,∇u2)

)
· ∇ϕϕθ−1Tk(u

1 − u2)hσ(u
1)hσ(u

2)
〉
= 0.

Îöåíèì êàæäûé èíòåãðàë, äëÿ ïåðâîãî èìååì:

J1 =

∫
{Ω:|u1−u2|<k}

(
a(x,∇u1)− a(x,∇u2)

)
· ∇(u1 − u2)hσ(u

1)hσ(u
2)ϕθdx.(28)

Ó÷èòûâàÿ (6), âûâîäèì íåðàâåíñòâî

|J2| ≤
k

σ

n∑
i=1

∫
{Ω:σ≤|u1|<2σ,|u2|<2σ}

(
|ai(x, u1

xi
)|+ |ai(x, u2

xi
)|
)
|u1

xi
|ϕθdx ≤

≤ kâ

σ

n∑
i=1

∫
{Ω:σ≤|u1|<2σ,|u2|<2σ}

(|u1
xi
|pi(x)−1 + |u2

xi
|pi(x)−1)|u1

xi
|ϕθdx.

Ïðèìåíÿÿ (3), óñòàíîâèì íåðàâåíñòâî

|J2| ≤
3kâ

σ

∫
{Ω:|u1|<2σ}

P(x,∇u1)ϕθdx +
kâ

σ

∫
{Ω:|u2|<2σ}

P(x,∇u2)ϕθdx.
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Áëàãîäàðÿ (21), èìååì

(29) lim
σ→∞

|J2| = 0.

Àíàëîãè÷íî óñòàíàâëèâàåòñÿ, ÷òî

(30) lim
σ→∞

|J3| = 0.

Ïîëüçóÿñü óñëîâèåì (8), âûâîäèì

(31) J4 ≥ b

∫
{Ω:|u1−u2|<k}

|u1 − u2|p0(x)+1hσ(u
1)hσ(u

2)ϕθdx.

Îöåíèì èíòåãðàë J5:

|J5| ≤ θ

n∑
i=1

∫
{Ω:|u1−u2|<k}

∣∣ai(x, u1
xi
)− a(x, u2

xi
)
∣∣ |ϕxi

|ϕθ−1|u1 − u2|hσ(u
1)hσ(u

2)dx+

+θk

n∑
i=1

∫
{Ω:|u1−u2|≥k}

∣∣ai(x, u1
xi
)− ai(x, u

2
xi
)
∣∣ |ϕxi

|ϕθ−1hσ(u
1)hσ(u

2)dx = J51 + J52.

(32)

Ïðèìåíÿÿ ïîñëåäîâàòåëüíî íåðàâåíñòâà (3), (5), âûâîäèì

J51 ≤ ε

n∑
i=1

∫
{Ω:|u1−u2|<k}

ϕθhσ(u
1)hσ(u

2)
∣∣ai(x, u1

xi
)− a(x, u2

xi
)
∣∣p′

i(x) dx+

+C1(ε)

n∑
i=1

∫
{Ω:|u1−u2|<k}

ϕθhσ(u
1)hσ(u

2)|u1 − u2|pi(x)

(
|ϕxi |
ϕ

)pi(x)

dx ≤

≤ ε

n∑
i=1

∫
{Ω:|u1−u2|<k}

ϕθhσ(u
1)hσ(u

2)
∣∣ai(x, u1

xi
)− ai(x, u

2
xi
)
∣∣ ∣∣u1

xi
− u2

xi

∣∣ dx+
+ε

∫
{Ω:|u1−u2|<k}

ϕθhσ(u
1)hσ(u

2)|u1 − u2|p0(x)+1dx+(33)

+C2(ε)

n∑
i=1

∫
Ω

ϕθ

(
|∇ϕ|
ϕ

) pi(x)(p0(x)+1)

p0(x)+1−pi(x)

dx.
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Ïðèìåíÿÿ ïîñëåäîâàòåëüíî íåðàâåíñòâà (9), (3), (6), äëÿ q > 1 ïîëó÷àåì

J52 ≤
n∑

i=1

∫
{Ω:|u1−u2|≥k}

θ
∣∣u1

xi
− u2

xi

∣∣(pi(x)−1)q
ϕθdx+

+θ

n∑
i=1

∫
{Ω:|u1−u2|≥k}

ϕθkq
′
(
|ϕxi

|
ϕ

)q′

dx ≤

≤ C3

n∑
i=1

∫
{Ω:|u1−u2|≥k}

(
|u1

xi
|(pi(x)−1)q + |u2

xi
|(pi(x)−1)q

)
ϕθdx+(34)

+nθ

∫
{Ω:|u1−u2|≥k}

ϕθkq
′
(
|∇ϕ|
ϕ

)q′

dx.

Ââèäó ñïðàâåäëèâîñòè âëîæåíèÿ

{Ω(r) : |u1 − u2| > k} ⊂ {Ω(r) : |u1| > k} ∪ {Ω(r) : |u2| > k},

ïðèìåíÿÿ (19), ïðè ôèêñèðîâàííîì r > 0 óñòàíàâëèâàåì ñîîòíîøåíèå

meas({Ω(r) : |u1 − u2| > k}) → 0, k → ∞.(35)

Âîçüìåì q′ > q̂′2+, òîãäà q < q2i(·). Òîãäà, ïðèìåíÿÿ (35) è óñëîâèå c − loc),
èìååì

(36) lim
k→∞

n∑
i=1

∫
{Ω(r):|u1−u2|≥k}

2∑
j=1

|uj
xi
|(pi(x)−1)qdx = 0.

Ñîåäèíÿÿ (27), (28), (31)-(34), âûáèðàÿ ε ≤ min(1, b)/2, ïåðåõîäÿ ê ïðåäåëó
ïðè σ → ∞, ïîëüçóÿñü (29), (30), óñòàíàâëèâàåì íåðàâåíñòâî

b

2

∫
{Ω:|u1−u2|<k}

|u1 − u2|p0(x)+1ϕθdx+

+
1

2

∫
{Ω:|u1−u2|<k}

(
a(x,∇u1)− a(x,∇u2)

)
· ∇(u1 − u2)ϕθdx ≤

≤ C3

n∑
i=1

∫
{Ω:|u1−u2|≥k}

(
|u1

xi
|(pi(x)−1)q + |u2

xi
|(pi(x)−1)q

)
ϕθdx+

+nθ

∫
{Ω:|u1−u2|≥k}

ϕθkq
′
(
|∇ϕ|
ϕ

)q′

dx + C2

∫
Ω

ϕθ

(
|∇ϕ|
ϕ

)q5i(x)

dx.(37)

Ïóñòü r0 > 1 � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî. Çàôèêñèðóåì r > r0,
ðàññìîòðèì ñðåçàþùóþ ôóíêöèþ ζr(x) = 1

r (r
2 − |x|2) äëÿ |x| < r, ζr(x) = 0

äëÿ |x| ≥ r. Î÷åâèäíî, ζr(x) ≥ r − r0 ïðè |x| ≤ r0, |∇ζr| ≤ 2. Âïåðâûå òàêàÿ
ôóíêöèÿ áûëà ââåäåíà Õ. Áðåçèñîì â [14].

Ïîëàãàÿ â íåðàâåíñòâå (37) ϕ = ζr|Ω è θ > max{q′, q̂5+}, ïðèìåíÿÿ (5), ïîëó-
÷àåì íåðàâåíñòâî
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(
r − r0

r

)θ ∫
{Ω(r0):|u1−u2|<k}

|u1 − u2|p0(x)+1dx ≤

≤ C4

n∑
i=1

∫
{Ω(r):|u1−u2|≥k}

(
|u1

xi
|(pi(x)−1)q + |u2

xi
|(pi(x)−1)q

)
dx+

+C5

∫
{Ω(r):|u1−u2|≥k}

(
k

r

)q′

dx + C6r
n−q5− ≤

≤ C4

n∑
i=1

∫
{Ω(r):|u1−u2|≥k}

(
|u1

xi
|(pi(x)−1)q + |u2

xi
|(pi(x)−1)q

)
dx+

+C5∥u1 − u2∥q
′

q′,∞,Ω(r)r
−q′ + C6r

n−q5− .

Ïåðåõîäÿ ê ïðåäåëó ñíà÷àëà ïðè k → ∞, çàòåì ïðè r → ∞, ïîëüçóÿñü ñîîòíî-
øåíèåì (36) è óñëîâèÿìè (17), (10), óñòàíàâëèâàåì ðàâåíñòâî∫

Ω(r0)

|u1 − u2|p0(x)+1dx = 0

èç êîòîðîãî, ââèäó ïðîèçâîëüíîñòè r0 ñëåäóåò, ÷òî u1 = u2 ï.â. â Ω.
□

6. Àíàëèç ðåçóëüòàòîâ

Ïðîàíàëèçèðóåì óñëîâèÿ òåîðåìû 1 íà ñîâìåñòíîñòü. Ðàññìîòðèì èçîòðîï-
íûé ñëó÷àé ñ ïîñòîÿííûìè ïîêàçàòåëÿìè: pi(x) = p, i = 1, n, p ∈ (1, n),
p0(x) = p0, p0 + 1 > p. Óñëîâèÿ (12), (13) âûïîëíÿþòñÿ àâòîìàòè÷åñêè. Äëÿ
ìîäåëüíîãî óðàâíåíèÿ (11) óñëîâèÿ (5), (8) ñïðàâåäëèâû ïðè p ∈ (1, 2) è p0 ≥ 1.
À óñëîâèå (17) ïðèíèìàåò âèä: p0 + 1 < np

n−p .

Íà ðèñóíêàõ 1,2 èçîáðàæåíî ìíîæåñòâî ïîêàçàòåëåé (p, p0 + 1), óäîâëåòâî-
ðÿþùèõ ïåðå÷èñëåííûì óñëîâèÿì ïðè n = 2 è n > 2, ñîîòâåòñòâåííî.

Òàêèì îáðàçîì, ìíîæåñòâî ðàññìàòðèâàåìûõ ïîêàçàòåëåé íå ïóñòî è ïðè
n = 2 ÿâëÿåòñÿ íàèáîëåå øèðîêèì.

Óñëîâèå (18) âîçíèêàåò èìåííî äëÿ ëîêàëüíûõ ðåíîðìàëèçîâàííûõ ðåøå-
íèé â íåîãðàíè÷åííûõ îáëàñòÿõ è ñâÿçàíî ñ íåîáõîäèìîñòüþ êîíòðîëèðîâàòü
ïîâåäåíèå ðàçíîñòè íà áåñêîíå÷íîñòè. Â îòëè÷èå îò ãëîáàëüíûõ ðåíîðìàëè-
çîâàííûõ ðåøåíèé èëè ëîêàëüíûõ ñëàáûõ ðåøåíèé, çäåñü îíî íåèçáåæíî. Â
ñòàòüå íå óòâåðæäàåòñÿ, ÷òî âñå ïîñòðîåííûå ðàíåå ëîêàëüíûå ðåíîðìàëèçî-
âàííûå ðåøåíèÿ åìó óäîâëåòâîðÿþò; òåîðåìà âûäåëÿåò ïîäêëàññ ðåøåíèé, â
êîòîðîì åäèíñòâåííîñòü èìååò ìåñòî. Âîïðîñ î òîì, âûïîëíåíî ëè (18) äëÿ
ðåøåíèé, ïîñòðîåííûõ â [5]-[7], îñòà¼òñÿ îòêðûòûì è òðåáóåò äàëüíåéøåãî èñ-
ñëåäîâàíèÿ.

Â îòëè÷èå îò ðàáîòû [2], ãäå äëÿ àíèçîòðîïíûõ ýëëèïòè÷åñêèõ óðàâíåíèé
ñ ïåðåìåííûìè ïîêàçàòåëÿìè è ïðàâîé ÷àñòüþ µ = f + f0 ñ f ∈ L1(Ω), f0 ∈
Lp′

0(·)(Ω) äîêàçàíà åäèíñòâåííîñòü ýíòðîïèéíûõ è ðåíîðìàëèçîâàííûõ ðåøå-
íèé áåç óñëîâèé íà áåñêîíå÷íîñòè, â íàñòîÿùåé ñòàòüå ïðàâàÿ ÷àñòü ïðåä-
ïîëàãàåòñÿ ëèøü ëîêàëüíî ñóììèðóåìîé (f ∈ L1,loc(Ω)). Â ýòîé áîëåå îáùåé
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Ðèñ. 1

Ðèñ. 2

ñèòóàöèè åäèíñòâåííîñòü ëîêàëüíûõ ðåíîðìàëèçîâàííûõ ðåøåíèé òðåáóåò äî-
ïîëíèòåëüíîãî êîíòðîëÿ ðîñòà ðàçíîñòè ðåøåíèé: ∥u1 − u2∥q′,∞,Ω(r) = o(r) ïðè
r → ∞. Òàêèì îáðàçîì, ïîëó÷åííûé ðåçóëüòàò äîïîëíÿåò [2], ðàñïðîñòðàíÿÿ
åãî íà áîëåå ñëàáûé êëàññ ïðàâûõ ÷àñòåé öåíîé ïîÿâëåíèÿ åñòåñòâåííîãî óñëî-
âèÿ íà ðîñò.
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Çàìåòèì, ÷òî òåîðåìà 1 ñïðàâåäëèâà è äëÿ Ω = Rn, n ≥ 2, ïðè ýòîì ãðàíè÷-
íîå óñëîâèå (2) îïóñêàåòñÿ. Èç óñëîâèÿ (18) òåîðåìû 1 èìååì:

∥u1 − u2∥q′,∞,B(r) = o(r), B(r) = {x ∈ Rn : |x| < r},

ãäå q′ > q′2+, à q
′
2+ > n â ñèëó ñâîéñòâ ïîêàçàòåëåé. Ïðåäïîëîæèì, ÷òî ðàçíîñòü

ðåøåíèé äîïóñêàåò ïîòî÷å÷íóþ îöåíêó

|u1(x)− u2(x)| ≤ C |x|α, α ≥ 0, |x| → ∞.

Òîãäà äëÿ øàðà B(r) ñïðàâåäëèâî íåðàâåíñòâî

∥u1 − u2∥q′,∞,B(r) ≤ C1r
α+n/q′ .

Äëÿ âûïîëíåíèÿ óñëîâèÿ (18) äîñòàòî÷íî, ÷òîáû

α+
n

q′
< 1 ⇐⇒ α < 1− n

q′
.

Ïîñêîëüêó ÷èñëî q′ ìîæåò áûòü âûáðàíî ïðîèçâîëüíî, íî ôèêñèðîâàíî, è q′ >
q′2+, íàèáîëåå ñèëüíîå îãðàíè÷åíèå âîçíèêàåò ïðè q′ → q′2+:

α < 1− n

q′2+
.

Â ÷àñòíîñòè, äëÿ ðåøåíèé ñ ïîòî÷å÷íîé îöåíêîé |ui(x)| ≤ C|x|αi óñëîâèå (18)
âûïîëíÿåòñÿ, åñëè

α := max(α1, α2) < 1− n

q′2+
.

Ïðè α ≥ 1 − n/q′2+ óñëîâèå (18) ìîæåò íå âûïîëíÿòüñÿ, è òîãäà òåîðåìà 1 íå
äà¼ò çàêëþ÷åíèÿ î åäèíñòâåííîñòè.

Ïðèìåð 1. Ðàññìîòðèì Ω = R3 (n = 3) è óðàâíåíèå

−
3∑

i=1

(
|uxi |pi−2uxi

)
xi

+ |u|p0−1u = f(x),

ñ ïîñòîÿííûìè ïîêàçàòåëÿìè

p1 =
4

3
, p2 =

3

2
, p3 =

5

3
, p0 =

6

5
,

è ïðàâîé ÷àñòüþ f ∈ L1,loc(R3).

Ïðîâåðêà óñëîâèé òåîðåìû 1:

1°. Óñëîâèÿ Ð (5)-(10). Äëÿ ai(s) = |s|pi−2s è b(u) = |u|p0−1u âñå íåðàâåí-
ñòâà âûïîëíÿþòñÿ ñ ïîäõîäÿùèìè êîíñòàíòàìè.

2°. Ãåîìåòðè÷åñêîå ñðåäíåå è ñîáîëåâñêèé ïîêàçàòåëü.

3∑
i=1

1

pi
=

3

4
+

2

3
+

3

5
=

121

60
,

p = n
(∑ 1

pi

)−1

=
180

121
,

p∗ =
np

n− p
=

3 · 180
121

3− 180
121

=
180

61
.
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3°. Óñëîâèÿ (12), (13).

p− = min(p1, p2, p3) =
4

3
, p′− =

p−
p− − 1

=
4/3

1/3
= 4,

q0 =
p∗

p′−
=

180/61

4
=

45

61
.

p+ = max(pi) =
5

3
, p+ − 1 =

2

3
,

2

3
=

122

183
, q0 =

45

61
=

135

183
,

p+ − 1 < q0 � (12) âûïîëíåíî.

p+ =
5

3
< p∗ =

180

61
� (13) âûïîëíåíî.

4°. Óñëîâèå (17).

q̄5− =
(p0 + 1)p−
p0 + 1− p−

=

(
6
5 + 1

)
· 4
3

6
5 + 1− 4

3

=
44

13
> 3.

5°. Óñëîâèå (18) (îöåíêà ðîñòà ðàçíîñòè). Âû÷èñëèì q′2+:

q′2+ =
q0 p+

q0 + 1− p+
=

45
61 · 5

3
45
61 + 1− 5

3

=
225

13
.

Ïîëîæèì, íàïðèìåð, q′ = 18. Òàê êàê 18 >
225

13
, óñëîâèå q′ > q′2+ âûïîë-

íåíî. Ïóñòü u1, u2 � äâà ëîêàëüíûõ ðåíîðìàëèçîâàííûõ ðåøåíèÿ, äëÿ
êîòîðûõ ðàçíîñòü v = u1 − u2 ïðè |x| → ∞ óäîâëåòâîðÿåò ïîòî÷å÷íîé

îöåíêå |v(x)| ≤ C|x|α ñ α <
5

6
. Òîãäà äëÿ ëþáîãî r > 0

∥v∥q′,∞,Ω(r) ≤ C1r
α+3/q′ = C1r

α+1/6.

Ïîñêîëüêó α + 1/6 < 1, ïîëó÷àåì ∥v∥q′,∞,Ω(r) = o(r). Ñëåäîâàòåëüíî,
óñëîâèå (18) âûïîëíåíî äëÿ ýòîãî q′.

Âñå óñëîâèÿ òåîðåìû 1 âûïîëíåíû. Òàêèì îáðàçîì, äëÿ ëþáîé ïàðû ðåøåíèé
ñ óêàçàííûì îãðàíè÷åíèåì íà ðîñò ðàçíîñòè òåîðåìà 1 ãàðàíòèðóåò u1 = u2.
Ñëåäîâàòåëüíî, äëÿ äàííîãî óðàâíåíèÿ ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå
åäèíñòâåííî â êëàññå ôóíêöèé, óäîâëåòâîðÿþùèõ (18). Ïðèâåä¼ííûé ïðèìåð
äåìîíñòðèðóåò, ÷òî ïðè n = 3 ñóùåñòâóåò íåïóñòîå ìíîæåñòâî òî÷íûõ ðàöèî-
íàëüíûõ ïîêàçàòåëåé, äëÿ êîòîðûõ òåîðåìà ïðèìåíèìà.
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