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Abstract: A novel class of non-convex contact problems for a
cracked Kirchhoff–Love plate is considered. The variational model
is formulated under nonpenetration conditions on the crack faces,
which are allowed to come into contact with each other and with a
wedge-shaped obstacle. The variational formulation involves non-
convexity in the set of admissible displacements. The existence of
a non-unique solution to the non-convex problem is established by
purchasing the weak closedness of the admissible set. Furthermore,
within this approach, four possible configurations of crack faces in
the equilibrium state of the plate are examined. For these special
cases, the minimization problem is stated over convex sets of admis-
sible functions. Accordingly, optimality and boundary conditions
are obtained under the assumption of regularity for the unique
solutions of the corresponding variational problems. The modeling
is actual for fracture of biological materials like cortical bones.
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1 Introduction

Nonlinear contact problems in the mechanics of deformable solids merit
significant interest among researchers, focusing on both the qualitative proper-
ties of solutions and their implications for engineering [1, 2, 3, 4]. Given the
wide application of thin-walled structures, such as plates and shells, across
various technological processes, numerous contact problems associated with
these structures have been extensively studied in the scientific literature
[5, 6, 7]. The modeling by cracked plates contacting obstacles is motivated
by description of fracture due to cutting indentation with a hard, sharp
wedge [8]. It is of significance for surgical procedures involving bone tissues
and bio-ceramics implants; see [9, 10, 11]. In particular, the interactions
along the frontal surfaces of plates in contact with non-deformable obstacles
have been examined in references [12, 13], while the contact by their lateral
cylindrical surfaces has been analyzed in [14, 15]. The case of contact inter-
action between plates and inclined undeformable obstacles we refer to [17,
18]. For numerical solution, a semi-smooth Newton method was formulated
within the framework of a generalized gradient and developed for the Timo-
shenko plate in [16].

A number of prior works are related to contact problems for bodies of
different dimensions, which also include studies of plates contacting thin
elastic beams [19, 20, 21]. Applying the method of fictitious domains, these
problems in the case of the contact with nondeformable rigid obstacles are
qualitatively connected with crack problems under non-penetration conditions
of inequality type [14, 22, 23]. The study of crack problems in elastic plates
often involves Signorini-type interface conditions to consistently describe the
physical non-penetration between opposite crack surfaces. For example, see
contact modeling of homogeneous plates [24], inhomogeneous plates with
delaminated inclusions [25, 26], and composite bodies with delaminated
junctions [27, 28, 29]. In addition to non-penetration constraints, problems
allowing for finite penetration [30], as well as describing nonlinear indentation
[31] are also of research interest. It is worth noting that some variational
models of solids mechanics have non-convex structure of sets of admissible
functions [32, 33].

In this paper, we continue the research started in [34] for the Timoshenko
plates. Here we adopt the approach of the mentioned paper to investigate
a crack in a Kirchhoff–Love plate interacting with a wedge-shaped obstacle.
The geometric singularity of the contact interactions under consideration
leads to non-convexity of the corresponding set of admissible displacements.
Employing the Weierstrass theorem, the existence of a solution to this non-
convex problem is established. Subsequently, for special four cases of known
plate and obstacle configurations in the equilibrium state, the admissible
sets become convex. In these particular instances, optimality conditions are
derived, assuming additional regularity of the unique solutions for the
corresponding variational problems.
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2 Formulation of a variational problem

Let us describe a spacial configuration of a Kirchhoff–Love plate containing
a throughout crack. We assume that the plate has the uniform thickness
2h and its midplane coincides with the plane Ox1x2 in the reference state.
We introduce a bounded simply connected domain Ω ⊂ R2 with a smooth
boundary Γ such that a straight line segment

γ = {(x1, x2) |x1 = q, a ≤ x2 ≤ b}

lies strictly inside Ω, where a < b and q are some real numbers. Assume that
Γ consists of two curves: Γ0 and Γ1 such that Γ = Γ0 ∪ Γ1 and Γ0 ∩ Γ1 = ∅.
In addition, in order to satisfy the conditions of Korn’s inequality, we require
that Ω can be partitioned into two simply connected Lipschitz subdomains
Ω̂1 and Ω̂2 by extending the curve γ so that meas(∂Ω̂i ∩ Γ0) > 0, i = 1, 2,
and γ ⊂ ∂Ω̂1 ∩ ∂Ω̂2, Ω = Ω̂1 ∪ Ω̂2.

We can parametrize the line segment γ by t ∈ I, I = [a, b] (in the
sequel we will remark generalization to curvilinear lines). The normal vector
ν = (ν1, ν2)(t) pointed from negative to positive direction distinguishes two
opposite crack faces γ+ and γ−. We denote the jump of functions across the
crack

[[v]] := v+ − v−, v± := v|γ± ,

for some vector functions v defined in Ωγ = Ω\γ.
Denote by χ = χ(x) = (W , w) the displacement vector of the mid-plane

points x ∈ Ωγ , by W = (w1, w2) the displacements in the plane {x1, x2},
and by w the displacements along the axis z. The strain and integrated stress
tensors are denoted by εij = εij(W ), σij = σij(W ), respectively:

εij(W ) =
1

2
(
∂wj

∂xi
+

∂wi

∂xj
), σij(W ) = aijklεkl(W ), i, j = 1, 2,

where {aijkl} is the given elasticity tensor, assumed to be symmetric and
positive definite:

aijkl = aklij = ajikl, i, j, k, l = 1, 2, aijkl ∈ L∞(Ωγ),

aijklξijξkl ≥ c0|ξ|2, ∀ξ, ξij = ξji, i, j = 1, 2, c0 = const > 0.

A summation convention over repeated indices is used here and in the sequel.
Next we denote the bending moments by formulas

mij(w) = −dijklw,kl , i, j = 1, 2, (w,kl =
∂2w

∂xk∂xl
)

where the tensor {dijkl} has the same symmetry and positive definiteness
properties as the tensor {aijkl}. Let B(· , ·) be a bilinear form defined by

B(χ, χ̄) =

∫
Ωγ

{
σij(W ) εij(W̄ )−mij(w)w̄,ij

}
dx,
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for functions χ = (W , w), χ̄ = (W̄ , w̄). The potential energy functional of
the plate has the following representation [12]:

Π(χ) =
1

2
B(χ,χ)−

∫
Ωγ

F · χdx,

with the vector F = (f1, f2, f3) ∈ L2(Ω)
3 describing external forces.

Introduce the Sobolev spaces

H1,0(Ωγ) =
{
v ∈ H1(Ωγ)

∣∣∣ v = 0 on Γ0

}
,

H2,0(Ωγ) =
{
v ∈ H2(Ωγ)

∣∣∣ v = ∂v
∂n = 0 on Γ0

}
,

H(Ωγ) = H1,0(Ωγ)
2 ×H2,0(Ωγ),

where n = (n1, n2) is a unit normal to the external boundary Γ. Hence,
for the displacement function χ = (W , w) belonging to H(Ωγ) we have the
following clamping condition at the outer boundary of the plate

W = 0, w =
∂w

∂n
= 0 on Γ0. (1)

Note that the coercivity inequality

B(χ,χ) ≥ c∥χ∥2 ∀ χ ∈ H(Ωγ), (∥χ∥ = ∥χ∥H(Ωγ))

with a constant c > 0 independent of χ holds for the bilinear form B(·, ·); see
[12]. In order to define an obstacle, we introduce two families of generatrices.
We assume that for each fixed t ∈ I, L(t) is a straight line given by the
following relations recalling the normal ν

L(t) = {x = (x1, x2) | (x1, x2) = γ(t) + aν(t), a ∈ R},
where γ(t) =

(
γ1(t), γ2(t)

)
is some point of the parametrized curve γ. We

introduce a curvilinear wedge O of the obstacle lying over the crack γ ×
[−h, h]. To construct opposite boundaries of O, we define the generatrix for
the positive surface:

(x− γ(t)) · ν(t) = k+(t)(z − h) for t ∈ I, x ∈ L(t),

(x− γ(t)) · ν(t) ≥ 0, (2)

where 0 < k+ < ∞, and by the generatrix for the negative surface, respectively:

(x− γ(t)) · ν(t) = k−(t)(z − h) for t ∈ I, x ∈ L(t),

(x− γ(t)) · ν(t) ≤ 0, (3)

where −∞ < k− < 0, see Figure 1.

Remark 1. According to the proposed reasoning, we can generalize the
approach of the obstacle construction for sufficiently smooth simple curve
γ ⊂ Ω. It is obvious that generatrices for both negative and positive surfaces
can be constructed with respect to the normal ν to γ and taking into account
the equations (2), (3). As an example, we can provide a crack curve by an arc
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Fig. 1. a) Domain with a cut. b) Obstacle generatrices for a
rectilinear γ.

of a circle, for this case obstacle faces can be specified by two different conical
surfaces. Note that similar approaches of describing obstacles or cracks were
previously used in the framework of plates in [16, 35].

Since the obstacle touches the crack in the reference state, it is necessary
to impose non-penetration conditions describing possible contact of crack
edges with the obstacle. Following the approach applied for a Timoshenko
plate [16, 34], we will specify Signorini-type boundary conditions on γ to
exclude penetration of plate points into the rigid obstacle, and the mutual
penetration between opposite crack faces. Taking into account the reference
configuration of γ and O, we distinguish four cases of possible interactions
between crack faces and obstacle. In so doing, we suppose that there are four
measurable parts γi of the curve γ, i = 1, 2, 3, 4, such that γi ∩ γj = ∅, i ̸= j,
where certain geometries are realized. Assume that on γ1 the plate does not
contact with the obstacle, so we state a non-penetration condition for crack
[12] and two conditions for deflections w+, w− on both sides of γ1:

w+ ≤ 0, w− ≤ 0, [[W · ν]] ≥ h|[[∂w
∂ν

]]| on γ1. (4)

As the second case of possible interactions of crack faces with the obstacle
surfaces we consider the geometry when the positive crack edge may come
into contact with the obstacle, and other (negative) crack edge does not
contact with the obstacle. Moreover, opposite crack faces may also interact
with each other subject to the non-penetration condition:

w+ ≥ 0, w− ≤ 0, W+ · ν − h
∂w+

∂ν
≥ k+w+,

[[W · ν]] ≥ h|[[∂w
∂ν

]]| on γ2. (5)
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Note that the third inequality in (5)

W+ · ν − h
∂w+

∂ν
≥ k+w+

was used in [36] for a nonlinear model describing contact of a plate with
an inclined obstacle. The third case is analogous to the previous. Namely, a
part of the negative crack edge may come into contact with the obstacle, and
other (positive) crack edge does not interact with the obstacle. It is obvious
that, by changing the direction of the normal vector ν, third case can be
interpreted similar to the previous one:

w− ≥ 0, w+ ≤ 0, W− · ν − h
∂w−

∂ν
≤ k−w−,

[[W · ν]] ≥ h|[[∂w
∂ν

]]| on γ3. (6)

Now we describe the most involved case where both crack edges may contact
with the obstacle as well as with each other. In so doing, we impose nonlinear
constraints given by the following set of inequalities

w+ ≥ 0, w− ≥ 0, [[W · ν]] ≥ h|[[∂w
∂ν

]]|,

W− · ν − h
∂w−

∂ν
≤ k−w−, W+ · ν − h

∂w+

∂ν
≥ k+w+ on γ4. (7)

We observe that, the fulfillment of the last two inequalities in (7) yields non-
penetration for crack points lying on the top plate surface. Indeed, in view
of w+ ≥ 0, w− ≥ 0, k+ > 0, k− < 0, we have

W− · ν − h
∂w−

∂ν
≤ 0, W+ · ν − h

∂w+

∂ν
≥ 0 on γ4,

and, as a consequence,

[[W · ν − h
∂w

∂ν
]] ≥ 0 on γ4.

The last inequality specifies nonpenetration of points lying on crack faces
with coordinates (x, h), x ∈ γ4, i.e. on the frontal plate surface. Therefore,
it suffices to require instead of the relation [[W · ν]] ≥ h|[[∂w∂ν ]]| on γ4, the
following inequality

[[W · ν]] + h[[
∂w

∂ν
]] ≥ 0 on γ4,

that holds for points lying on the bottom plate surface, where z = −h. This
allow us to reduce (7) as follows

w+ ≥ 0, w− ≥ 0, W− · ν − h
∂w−

∂ν
≤ k−w−,

W+ · ν − h
∂w+

∂ν
≥ k+w+, [[W · ν]] ≥ −h[[

∂w

∂ν
]] on γ4. (8)
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Following the free-boundary approach, parts γi, i = 1, 2, 3, 4, are unknown
and may be empty in general. In view of this circumstance, we can assume
that at least one of the four conditions (4), (5), (6), (8) holds true. Namely,
we require that the following relations are valid almost everywhere on γ:

w+ ≤ 0, w− ≤ 0, [[W · ν]] ≥ h|[[∂w
∂ν

]]| or (9)

w+ ≥ 0, w− ≤ 0, W+ · ν − h
∂w+

∂ν
≥ k+w+,

[[W · ν]] ≥ h|[[∂w
∂ν

]]| or (10)

w− ≥ 0, w+ ≤ 0, W− · ν − h
∂w−

∂ν
≤ k−w−,

[[W · ν]] ≥ h|[[∂w
∂ν

]]| or (11)

w+ ≥ 0, w− ≥ 0, W− · ν − h
∂w

∂ν
≤ k−w−,

W+ · ν − h
∂w+

∂ν
≥ k+w+, [[W · ν]] ≥ −h[[

∂w

∂ν
]]. (12)

This means that for each point of the set γ\B (where B has zero measure),
at least one of the four set of relations (9)–(12) is true. By this, the non-
penetration condition [[W · ν]] ≥ h|[[∂w∂ν ]]| for crack holds on γ for all four
sets. As can be noted, values of the deflection function w, taken near the
crack curve γ, determine possibility of contact with the obstacle. According
to the physical sense, for non-negative deflection values, we should impose
inequalities preventing possible penetration into the obstacle. For the other
case of non-positive deflections, contact with the obstacle does not happen.

Consider the following set of admissible displacements

K = {χ = (W , w) ∈ H(Ωγ) |
χ satisfies at least one of the relations (9) − (12)}.

Here we treat the constraints written in K in the following sense. We say
that a function χ(x) belongs to K if at least one of relations (9)–(12) is
fulfilled at points x on the crack. The set K is evidently non-empty. One can
note that K is not convex. Since the restriction describing non-penetration
for the crack holds, we have the inclusion K ⊂ Kc, where

Kc = {χ = (W , w) ∈ H(Ωγ) | [[W · ν]] ≥ h|[[∂w
∂ν

]]| on γ}

is a convex set formulated for a Kirchhoff–Love plate with a crack earlier in
[12].
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Let us give a variational formulation of the equilibrium problem. It is
required to find a function ξ = (U , u) ∈ K, such that

Π(ξ) = inf
χ∈K

Π(χ). (13)

Theorem 1. The minimization problem (13) has a solution.

Proof. We will prove the existence of a solution to the problem with the help
of the Weierstrass theorem [37]. The energy functional Π has the quadratic
form obeying coercivity and weak lower semicontinuity on H(Ωγ). Below we
justify that the set K is weakly closed in H(Ωγ); see details in [34].

Let a sequence of functions {χn} ⊂ K, χn = (W n, wn), n ∈ N, be
such that χn → χ weakly in the space H(Ω) as n → ∞. By virtue of the
embedding theorems, this implies that there exist subsequences {χn}, {∂wn

∂ν }
still denoted in the same way, that converge almost everywhere on the whole
crack curve to χ, ∂w

∂ν , respectively. For an arbitrarily fixed point x ∈ γ, we
get that one of the conditions (9)–(12) is fulfilled for the limiting function
χ. Then the limit function χ also belongs to K. □

Remark 2. In order to simplify the mathematical model for a plate contacting
a thin rigid obstacle, we can put k− = k+ = 0 in non-penetration conditions
(9)–(12). In this case we have a thin non-deformable obstacle defined by the
cylindrical surface

{(x, z) | x ∈ γ, z ∈ [h,+∞)}.

It is obvious, that the assertion of the Theorem 1 can be extended for values
k− = k+ = 0 in (9)–(12).

3 Optimality conditions for particular cases of known
contact zones

In this section, we assume that the crack interacts with the obstacle
according to previous configurations. Namely, we consider the four cases of
possible geometries leading to separate problems. Each problem deals with a
convex set of possible displacements and, as a consequence, the corresponding
problem yields optimality condition in the form of a variational inequality.
Assuming regularity of its solution allows us to derive equilibrium equations
in the domain Ωγ , and complementary boundary conditions satisfied on γ.

Suppose that crack γ can be extended to a closed curve Σ so that the
domain Ωγ is divided into two Lipschitz subdomains Ω1, Ω2 with boundaries
of class C1,1 and ∂Ω1 = Σ, Ω̄1 ⊂ Ω, ∂Ω2 = Σ ∪ Γ. For simplicity, within
the current section, we assume that Γ0 coincides with Γ. Previously defined
possible contact configurations fit certain signs of deflection function w on γ+

and γ−. Namely, we suppose that four cases under consideration correspond
to appropriate non-penetration conditions (4), (5), (6), (8) holding on the
whole γ. Then, assuming that γi = γ, i = 1, 2, 3, 4, we introduce the sets of
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admissible displacements as follows

K1 = {χ = (W , w) ∈ H(Ωγ) |χ satisfies (4)},
K2 = {χ = (W , w) ∈ H(Ωγ) |χ satisfies (5)},
K3 = {χ = (W , w) ∈ H(Ωγ) |χ satisfies (6)},
K4 = {χ = (W , w) ∈ H(Ωγ) |χ satisfies (8)}.

One can see that all Ki, i = 1, 2, 3, 4, are convex and closed. In the following
case study we formulate variational problems over sets Ki, i = 1, 2, 3, 4
and obtain optimality conditions under the assumption of the additional
regularity of solutions.
3.1. Case of the set K1. Due to the convexity of the set K1, the following
minimization problem

Π(ξ) = inf
χ∈K1

Π(χ) (14)

is equivalent to the variational inequality

ξ ∈ K1, B(ξ,χ− ξ) ≥
∫
Ωγ

F · (χ− ξ)dx ∀χ ∈ K1. (15)

Observe that problem (15) admits unique solution ξ ∈ K1. Suppose that the
solution ξ = (U , u) ∈ K1 is sufficiently regular. Testing (15) with functions
χ = ξ ± χ̃, χ̃ ∈ C∞

0 (Ωγ)
3, we obtain the equilibrium equations

−σij,j(U) = fi −mij,ij(u) = f3 in Ωγ . (16)

With the help of Green’s formulas holding for Lipschitz domains Ω1, Ω2, we
have∫

Ωγ

σij(U) εij(W̄ )dx = −
∫
Ωγ

σij,j(U)w̄i dx−

−
∫
γ

[[
σν(U)W̄ · ν + στ (U)W̄ τ

]]
dγ, (17)

∫
Ωγ

mij(u)w̄,ij dx =

∫
Ωγ

mij,ij(u) w̄ dx−
∫
γ

[[
tν(u)w̄ −mν(u)

∂w̄

∂ν

]]
dγ, (18)

σν(U) = σij(U)νiνj , mν(u) = −mijνiνj ,

στ (U) = (σ1
τ (U), σ2

τ (U)) = (σ1j(U)νj , σ2j(U)νj)− σν(U)ν,

tν(u) = −mij,kτkτjνi −mij,jνi, τ = (−ν2, ν1),

W̄ · ν = w̄iνi, W̄ τ = (W̄
1
τ , W̄

2
τ ), w̄i = (W̄ · ν)νi + W̄

i
τ , i = 1, 2,



NON-CONVEX PROBLEM FOR A KIRCHHOFF–LOVE PLATE 153

for χ = (W , w) ∈ H(Ωγ); see [12]. Transforming (15) with the help of (16)–
(18), we have∫
γ

[[
σν(U)

(
(W −U) · ν

)
+ στ (U)

(
W τ −Uτ

)
+

+tν(u)(w − u)−mν(u)
∂(w − u)

∂ν

]]
dγ ≤ 0 for all χ ∈ K1.(19)

Since for an arbitrary test function χ = (W , w) ∈ K1 the values W τ do not
affect validity of the non-penetration inequalities (5), we get

σ±
τ (U) = 0 on γ±. (20)

Substituting χ = 2ξ and χ = 0 in (19), due to (20), we obtain∫
γ

{
[[σν(U)U · ν]] + [[tν(u)u]]− [[mν(u)

∂u

∂ν
]]
}
dγ = 0.

Inserting in (19) the test functions χ = (W , w) ∈ K1 with the properties
W = U , ∂w

∂ν = ∂u
∂ν on γ, we get

I =

∫
γ
t+ν (u)(w

+ − u+)− t−ν (u)(w
− − u−)

}
dγ ≤ 0 (21)

for all w+ ≤ 0 and w− ≤ 0 on γ, w ∈ H2
0 (Ωγ). Then taking in (21) test

functions w+ = u+ + w̃+, w̃+ ≤ 0 and w̃− = u− on γ for w̃ ∈ H2
0 (Ωγ), we

obtain
t+ν (u) ≥ 0 on γ. (22)

By analogous reasoning one can show that

t−ν (u) ≤ 0 on γ. (23)

Using standard variational arguments for test functions χ = (W , w) ∈ K1

with properties W ∈ H1
0 (Ω)

2, w ∈ H2
0 (Ω), we arrive at

[[σν(U)]] = [[mν(u)]] = 0 on γ. (24)

The last equations allow us to represent (19) as follows∫
γ

{
σν(U)[[W−U ]]·ν −mν(u)[[

∂(w − u)

∂ν
]]
}
dγ ≤ 0 for all χ ∈ K1. (25)

From (25) we obtain

|mν(u)| ≤ −hσν(U) on γ. (26)

In view of (22)–(24) and the last inequality, we get the equality

σν(U)[[U · ν]] + tν(u)[[u]]−mν(u)[[
∂u

∂ν
]] = 0 on γ. (27)

Following the scheme of the proof in [12, 35], we can establish the converse
assertion. Namely, assuming that for some regular function ξ ∈ K1 the
equilibrium equations (16) and boundary conditions (20), (22)–(24), (26),
(27) are fulfilled, this follows the variational inequality (15).
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3.2. Case of the set K2. Now we consider the problem

Π(ξ) = inf
χ∈K2

Π(χ) (28)

for the set K2 subject to the following constraints on γ

w+ ≥ 0, w− ≤ 0, (W+ · ν − h
∂w+

∂ν
) ≥ k+w+, [[W · ν]] ≥ h|[[∂w

∂ν
]]|.

As in the previous case the solution is unique. Furthermore, we can derive
from the equivalent variational inequality

ξ ∈ K2, B(ξ,χ− ξ) ≥
∫
Ωγ

F · (χ− ξ)dx ∀χ ∈ K2, (29)

the equilibrium equations (16), and the inequality∫
γ

[[
σν(U)

(
(W −U) · ν

)
+ στ (U)

(
W τ −Uτ

)
+

+tν(u)(w − u)−mν(u)
∂(w − u)

∂ν

]]
dγ ≤ 0 for all χ ∈ K2. (30)

Applying the arguments of the previous subsection, one can show that

σ±
τ (U) = 0 on γ±. (31)

Comparing two inequalities obtained from (30) by substitution χ = 0, χ =
2ξ, we obtain in view of (31) that∫

γ

[[
σν(U)U · ν + tν(u)u−mν(u)

∂u

∂ν

]]
dγ = 0, (32)

∫
γ

[[
σν(U)W · ν + tν(u)w −mν(u)

∂w

∂ν

]]
dγ ≤ 0 for all χ ∈ K2. (33)

One can observe that the integrand of (33) can be expressed as

σ+
ν (U)W+ · ν − σ−

ν (U)W− · ν + t+ν (u)w
+ − t−ν (u)w

− −

−m+
ν (u)

∂w+

∂ν
+m−

ν (u)
∂w−

∂ν
= [[σν(U)]]W+ · ν + σ−

ν (U)[[W · ν]] +

+ [[tν(u)]]w+ + t−ν (u)[[w]]− [[mν(u)]]
∂w+

∂ν
−m−

ν (u)[[
∂w

∂ν
]].

Then we restrict test functions χ ∈ K2 in (33) by relations

W+ · ν − h
∂w+

∂ν
≥ 0, [[W ]] = 0, [[

∂w

∂ν
]] = w = 0 on γ.

This provides the following inequality∫
γ

(
[[σν(U)]]W+ · ν − [[mν(u)]]

∂w+

∂ν

)
dγ ≤ 0
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leading to relations

[[σν(U)]] ≤ 0, [[mν(u)]] ≤ 0, h[[σν(U)]]− [[mν(u)]] = 0 on γ. (34)

We can substitute in (33) test functions χ ∈ K2 satisfying

[[W · ν]] ≥ h|[[∂w
∂ν

]]|, W+ = 0,
∂w+

∂ν
= w = 0 on γ,

and obtain ∫
γ

(
σ−
ν (U)[[W · ν]]−m−

ν (u)[[
∂w

∂ν
]]
)
dγ ≤ 0,

which yields

σ−
ν (U) ≤ 0, hσ−

ν (U)−m−
ν (u) ≤ 0, hσ−

ν (U)+m−
ν (u) ≤ 0 on γ. (35)

Choosing test functions χ ∈ K2 such that

W+ · ν = k+w+, [[W ]] = 0, w+ ≥ 0, w− = 0,
∂w

∂ν
= 0 on γ,

from (33) we get ∫
γ

(
[[σν(U)]]W+ · ν + t+ν (u)w

+
)
dγ ≤ 0,

which means that
t+ν (u) ≤ −[[σν(U)]]k+ on γ. (36)

Therefore, by (34) we conclude with

t+ν (u) ≤ −k+
[[mν(u)]]

h
on γ.

It is evident that if test function satisfies W = 0, w+ = 0, w− ≤ 0, ∂w
∂ν = 0

on γ, then we obtain
t−ν (u) ≤ 0 on γ. (37)

In view of the obtained relations, (32) provides

[[σν(U)]]U+ · ν − [[mν(u)]]
∂u+

∂ν
+ t+ν (u)u

+ = 0 on γ,

σ−
ν (U)[[U · ν]]−m−

ν (u)[[
∂u

∂ν
]] = 0, t−ν (u)u

− = 0 on γ.

Gathering the previous formulas necessitates equilibrium and boundary conditions
stated in the following theorem.

Theorem 2. A sufficiently smooth solution of the variational inequality (29)
is equivalent to the following boundary value problem: find ξ = (U , u) ∈ K2

such that
−σij,j(U) = fi in Ωγ (i = 1, 2), (38)

−mij,ij(u) = f3 in Ωγ , (39)
[[σν(U)]] ≤ 0, [[mν(u)]] ≤ 0, h[[σν(U)]]− [[mν(u)]] = 0 on γ,

σ−
ν (U) ≤ 0, hσ−

ν (U)−m−
ν (u) ≤ 0, hσ−

ν (U) +m−
ν (u) ≤ 0 on γ,
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σ±
τ (U) = 0, t−ν (u) ≤ 0, t+ν (u) ≤ −[[σν(U)]]k+ on γ,

[[σν(U)]]U+ · ν − [[mν(u)]]
∂u+

∂ν
+ t+ν (u)u

+ = 0 on γ,

σ−
ν (U)[[U · ν]]−m−

ν (u)[[
∂u

∂ν
]] = 0, t−ν (u)u

− = 0 on γ.

Proof. Conversing necessity assertion, it remains to prove sufficiency of the
above conditions. We start with multiplying equilibrium equations (38) by
(wi − ui), i = 1, 2, and (39) by w − u, where χ = (W , w) ∈ K2. Then
summing up and integrating over the domain Ωγ , we obtain

−
∫
Ωγ

(
σij,j(U)(wi − ui) +mij,ij(u)(w − u)

)
dx =

=

∫
Ωγ

(
fi(wi − ui) + f3(w − u)

)
dx. (40)

Applying Green’s formulas (17)–(18) allows to express (40) as follows

B(ξ,χ− ξ) +

∫
γ

[[
σν(U)

(
(W −U) · ν

)
+ στ (U)

(
W τ −Uτ

)
+

+ tν(u)(w − u)−mν(u)
∂(w − u)

∂ν

]]
dγ =

∫
Ωγ

F · (χ− ξ) dx.

Bearing in mind (31) we reduce the last equation to

B(ξ,χ− ξ)−
∫
Ωγ

F · (χ− ξ) =

= −
∫
γ

[[
σν(U)W · ν + tν(u)w −mν(u)

∂w

∂ν

]]
dγ , (41)

where the integral in the right side of (41) can be represented in the form∫
γ

[[
σν(U)W · ν + tν(u)w −mν(u)

∂w

∂ν

]]
dγ =

=

∫
γ

(
σ+
ν (U)W+ · ν − σ−

ν (U)W− · ν −m+
ν (u)

∂w+

∂ν
+

+m−
ν (u)

∂w−

∂ν
+ t+ν (u)w

+ − t−ν (u)w
−
)
dγ. (42)
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The inequality (36) together with the last equality in (34) admits the following
estimation of the integrand in (42)

[[σν(U)]]W+ · ν + σ−
ν (U)[[W · ν]]− [[mν(u)]]

∂w+

∂ν
−

−m−
ν (u)[[

∂w

∂ν
]] + t+ν (u)w

+ − t−ν (u)w
− ≤

≤ [[σν(U)]]W+ · ν + σ−
ν (U)[[W · ν]]− [[σν(U)]]h

∂w+

∂ν
−

−m−
ν (u)[[

∂w

∂ν
]]− [[σν(U)]]k+w+ − t−ν (u)w

− ≤

≤
(
[[σν(U)]](W+ · ν − h

∂w+

∂ν
− k+w+)

)
+

+
(
σ−
ν (U)[[W · ν]]−m−

ν (u)[[
∂w

∂ν
]]
)
+ (−t−ν (u)w

−). (43)

One can note that each term in the right side of (43) in brackets is nonpositive
due to (34), (35), (37) and relations (5) for test functions χ = (W , w) ∈ K2.
Therefore, recalling (41), we have proved the equivalence of both problem
formulations. □

3.3. Case of the set K3. The problem for the set K3 can be treated as
in the previous case (28) for K2. It suffices to change the selected direction
of the normal vector ν, which in turn implies the interchange between the
positive and negative faces of γ.

3.4. Case of the set K4. In this section we study the interaction model,
where both crack faces may come into contact with the obstacle as well as
with each other. We impose the following inequality type conditions on γ

w+ ≥ 0, w− ≥ 0, [[W · ν]] ≥ −h[[
∂w

∂ν
]],

W− · ν − h
∂w−

∂ν
≤ k−w−, W+ · ν − h

∂w+

∂ν
≥ k+w+,

together with the clamping boundary conditions on Γ. Let us assume that
the variational inequality

ξ ∈ K4, B(ξ,χ− ξ) ≥
∫
Ωγ

F · (χ− ξ)dx ∀χ ∈ K4 (44)

holds for smooth solution ξ = (U , u) ∈ K4. As in the previous sections
we can show that variational inequality (44) is equivalent to the following
integral inequality over γ∫

γ

[[
σν(U)

(
(W −U) · ν

)
+ στ (U)

(
W τ −Uτ

)
+

+tν(u)(w − u)−mν(u)
∂(w − u)

∂ν

]]
dγ ≤ 0 for all χ ∈ K4. (45)
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Varying χ in (45), one can prove that

σ±
τ (U) = 0 on γ±,

as well as ∫
γ

[[
σν(U)U · ν + tν(u)u−mν(u)

∂u

∂ν

]]
dγ = 0,

∫
γ

[[
σν(U)W · ν + tν(u)w −mν(u)

∂w

∂ν

]]
dγ ≤ 0 for all χ ∈ K4. (46)

At first, we consider (46) along with test functions χ ∈ K4 satisfying

W+ ·ν−h
∂w+

∂ν
= 0, [[W ]] = 0, w+ = 0, w− = 0, [[

∂w

∂ν
]] = 0 on γ.

Since the term W+ · ν = h∂w+

∂ν can take negative and positive values, we
obtain ∫

γ

(
h[[σν(U)]]W+ · ν − [[mν(u)]]W

+ · ν
)
dγ ≤ 0,

that is
h[[σν(U)]]− [[mν(u)]] = 0 on γ. (47)

Now, we substitute into (46) test functions χ = (W , w) ∈ K4 having the
properties W− = 0, w− = ∂w−

∂ν = 0 on γ− and

W+ · ν ± h
∂w+

∂ν
= 0, W+ · ν ≥ 0, w+ = 0

on γ+. This leads to inequality∫
γ

(
hσ+

ν (U)W+ · ν ±m+
ν (u)W

+ · ν
)
dγ ≤ 0,

and therefore,
hσ+

ν (U)±m+
ν (u) ≤ 0 on γ. (48)

Then, substitution in (46) of the functions χ = (W , w) ∈ K4 with properties

W− = 0, w− =
∂w−

∂ν
= 0, W+ · ν = −h

∂w+

∂ν
≥ 0, 2W+ · ν = k+w+,

yields∫
γ

(
hk+σ+

ν (U)W+ · ν + k+m+
ν (u)W

+ · ν + 2t+ν (u)W
+ · νh

)
dγ ≤ 0.

From there we conclude that the following upper bound takes place

hk+σ+
ν (U) + k+m+

ν (u) + 2t+ν (u)h ≤ 0 on γ. (49)

By analogous arguments it is possible to extract relations

hσ−
ν (U)±m−

ν (u) ≤ 0, hk−σ−
ν (U)+k−m−

ν (u)+2t−ν (u)h ≥ 0 on γ (50)



NON-CONVEX PROBLEM FOR A KIRCHHOFF–LOVE PLATE 159

from (46) for test functions χ = (W , w) ∈ K4 having zero values on γ+. For
further analysis, we represent the integrand in (46) as follows

1

2

(
σ+
ν (U)−m+

ν (u)

h

)
(W+·ν+h

∂w+

∂ν
)−1

2

(
σ−
ν (U)−m−

ν (u)

h

)
(W−·ν+h

∂w−

∂ν
)+

+
1

2

(
σ+
ν (U) +

m+
ν (u)

h

)
(W+ · ν − h

∂w+

∂ν
− k+w+)−

−1

2

(
σ−
ν (U) +

m−
ν (u)

h

)
(W− · ν − h

∂w−

∂ν
− k−w−)+

+
(k+

2
σ+
ν (U) +

m+
ν (u)k

+

2h
+ t+ν (u)

)
w+−

−
(k−

2
σ−
ν (U) +

m−
ν (u)k

−

2h
+ t−ν (u)

)
w−. (51)

One can observe that the sum of the first and the second terms of (3.4) is
nonpositive. Indeed, due to the non-penetration condition for the crack and
equality (47) it holds

1

2

(
σ+
ν (U)−m+

ν (u)

h

)
(W+·ν+h

∂w+

∂ν
)−1

2

(
σ−
ν (U)−m−

ν (u)

h

)
(W−·ν+h

∂w−

∂ν
) =

=
1

2

(
σ+
ν (U)− m+

ν (u)

h

)
[[W · ν + h

∂w

∂ν
]] ≤ 0 on γ.

Other terms of (3.4) are also nonpositive in view of the relations (48)–(50)
and the non-penetration condition for the obstacle.

Finally, we note that the obtained optimality conditions on γ are sufficient
to give a boundary value formulation for (44). In so doing, a smooth function
ξ = (U , u) of the set K4 satisfying

−σij,j(U) = fi in Ωγ (i = 1, 2),

−mij,ij(u) = f3 in Ωγ ,

σ±
τ (U) = 0 on γ±,

h[[σν(U)]]− [[mν(u)]] = 0 on γ,

hσ−
ν (U)−m−

ν (u) ≤ 0, hσ−
ν (U) +m−

ν (u) ≤ 0 on γ,

hσ+
ν (U)−m+

ν (u) ≤ 0, hσ+
ν (U) +m+

ν (u) ≤ 0 on γ,

hk−σ−
ν (U) + k−m−

ν (u) + 2t−ν (u)h ≥ 0 on γ,

hk+σ+
ν (U) + k+m+

ν (u) + 2t+ν (u)h ≤ 0 on γ,

[[σν(U)U · ν + tν(u)u−mν(u)
∂u
∂ν ]] = 0 on γ

provides solution to the variational problem (44). This finishes the case study.
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4 Discussion

The new nonlinear mathematical model describing equilibrium of the
Kirchhoff–Love plate is proposed as the minimization problem (13). The
plate has a crack touching by a wedge-shaped obstacle. For consistency, we
impose inequality constraints providing non-penetration of opposite crack
faces and conditions of possible frictionless contact between the crack faces
and the obstacle edges. The main difficulty of the problem (13) is that the
corresponding set of admissible displacements is not convex. By identifying
four cases with a pre-defined configuration between the crack and the obstacle,
particular cases of the problem with convex sets Ki, i = 1, 2, 3, 4, for admissible
functions are studied in Section 2. Convexity of these single sets allows us to
obtain complementary optimality conditions and boundary value formulations
for the four variational problems.

The rigorous mathematical results obtained for this model can be used
as from viewpoint of applications, as well as from the point of view of non-
convex optimization theory. In particular, further studies would be considerable
with respect to numerical simulations, uniqueness issues, optimal control,
inverse problems, etc.
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