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Ïðåäñòàâëåíî È.Ï. Ïåòðîâûì

Abstract:

A structure with trivial group of automorphisms is called rigid.
The closeness of a structure to rigid one is described using the
concept of semantic rigidity. The similar concept of syntactic rigidity
of a structure measures the closeness of a given structure to a
structure that is the de�nable closure of an empty set.

In this paper we study all possible values of quadruples of unar
rigidity. This paper is a continuation of the paper, which described
all possible pairs of ∃-syntactic and ∃-semantic rigidity of unars,
as well as ∀-syntactic and ∀-semantic rigidity of unars.

Keywords: semantic rigidity, syntactic rigidity, degree of rigidity,
unar.

Ââåäåíèå

Ñòðóêòóðà ñ òðèâèàëüíîé ãðóïïîé àâòîìîðôèçìîâ íàçûâàåòñÿ æåñò-
êîé. Áëèçîñòü ñòðóêòóðû ê æåñòêîé îïèñûâàåòñÿ ñ ïîìîùüþ ïîíÿòèÿ
ñåìàíòè÷åñêîé æåñòêîñòè, êîòîðîå áûëî ðàññìîòðåíî â ðàáîòàõ [1, 2, 3].

Sakharov, I.A., Stepanova, A.A. Semantic and syntactic degrees of rigidity
of unars 2.
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Â ýòèõ æå ðàáîòàõ èçó÷àåòñÿ ïîíÿòèå ñèíòàêñè÷åñêîé æåñòêîñòè ñòðóê-
òóðû, êîòîðîå ïîêàçûâàåò áëèçîñòü äàííîé ñòðóêòóðû ê ñòðóêòóðå, ÿâ-
ëÿþùåéñÿ îïðåäåëèìûì çàìûêàíèåì ïóñòîãî ìíîæåñòâà.
Â äàííîé ðàáîòå ðàññìîòðåíû âñå âîçìîæíûå ÷åòâåðêè ñòåïåíåé æåñò-

êîñòåé óíàðîâ. Ýòà ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [4], â êîòîðîé
îïèñàíû âñå âîçìîæíûå ïàðû ∃-ñèíòàêñè÷åñêîé è ∃-ñåìàíòè÷åñêîé æåñò-
êîñòè óíàðîâ, à òàêæå ∀-ñèíòàêñè÷åñêîé è ∀-ñåìàíòè÷åñêîé æåñòêîñòè
óíàðîâ.

1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Èñïîëüçóåìûå â ðàáîòå ïîíÿòèÿ èç òåîðèè óíàðîâ è òåîðèè ìîäåëåé
ìîæíî íàéòè â ðàáîòàõ [4]. Äëÿ ñòðóêòóðû M ââåä¼ì îáîçíà÷åíèå (ñì.
[1]):

deg4(M) =
(
deg∃−sem

rig (M) , deg∃−sem
rig (M) , deg∀−sem

rig (M) , deg∀−synt
rig (M)

)
.

Ïðåäëîæåíèå 1. [1] Äëÿ ëþáîé ñòðóêòóðû M è ëþáîãî Q ∈ {∀,∃}

degQ−sem
rig (M) ≤ degQ−synt

rig (M) .

Ïðåäëîæåíèå 2. [1] Äëÿ ëþáîé ñòðóêòóðûM è ëþáîãî s ∈ {sem, synt}

deg∃−s
rig (M) ≤ deg∀−s

rig (M) .

Ïðåäëîæåíèå 3. [4, 5] Åñëè M � êîíå÷íàÿ ñòðóêòóðà êîíå÷íîãî ÿçû-

êà, òî degQ−sem
rig (M) = degQ−synt

rig (M), ãäå Q ∈ {∀,∃}.

Ñëåäóþùåå óòâåðæäåíèå î÷åâèäíî.

Ïðåäëîæåíèå 4. Äëÿ ñòðóêòóðû M
1) deg∃−sem

rig (M) = 0 ⇐⇒ deg∀−sem
rig (M) = 0;

2) deg∀−sem
rig (M) = 1 =⇒ deg∃−sem

rig (M) = 1;

3) deg∃−synt
rig (M) = 0 ⇐⇒ deg∀−synt

rig (M) = 0;

4) deg∀−synt
rig (M) = 1 =⇒ deg∃−synt

rig (M) = 1.

Ïðåäëîæåíèå 5. [4] Ïóñòü A � áåñêîíå÷íûé ñâÿçíûé óíàð, deg∀−sem
rig (A) ̸=

0, deg∀−synt
rig (A) ̸= ∞. Òîãäà deg∀−sem

rig (A) = deg∀−synt
rig (A).

Ïðåäëîæåíèå 6. [4] Åñëè óíàð A ñâÿçíûé è ñîäåðæèò ïîëóöåïü, òî

deg∀−sem
rig (A), deg∀−synt

rig (A) ∈ {0, 1,∞}.

Ïðåäëîæåíèå 7. [4] Åñëè óíàð A ÿâëÿåòñÿ êîïðîèçâåäåíèåì äâóõ áåñ-

êîíå÷íûõ óíàðîâ, òî deg∀−sem
rig (A), deg∀−synt

rig (A) ∈ {0, 1,∞}. Ïðè÷åì åñëè

deg∀−sem
rig (A) = 1 (deg∀−synt

rig (A) = 1), òî A � êîïðîèçâåäåíèå äâóõ èçî-

ìîðôíûõ ñâÿçíûõ óíàðîâ B1,B2 òàêèõ, ÷òî deg
∀−sem
rig (B1) = deg∀−sem

rig (B2) =

0 (deg∀−synt
rig (B1) = deg∀−synt

rig (B2) = 0).
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Òåîðåìà 1. [4]
1) Äëÿ ëþáîãî u ∈ ω∪{∞} ñóùåñòâóþò óíàðû Au,Bu, Cu òàêèå, ÷òî

deg∀2 (Au) = (u, u), deg∀2 (Bu) = (u,∞) è deg∀2 (Cu) = (0, u).
2) Äëÿ ëþáîãî óíàðà A âûïîëíÿåòñÿ ñâîéñòâî (*):

deg∀2 (A) ∈ {(u, u) | u ∈ ω∪{∞}}∪{(u,∞) | u ∈ ω∪{∞}}∪{(0, u) | u ∈ ω∪{∞}}.

2 Îñíîâíîé ðåçóëüòàò

Ëåììà 1. Åñëè A � áåñêîíå÷íûé ñâÿçíûé óíàð è deg∀−sem
rig (A) ∈ ω \

{0}, òî deg∃−sem
rig (A) = 1, ïðè÷¼ì åñëè deg∀−synt

rig (A) = deg∀−sem
rig (A), òî

deg∃−synt
rig (A) = 1; åñëè deg∀−synt

rig (A) = ∞, òî deg∃−synt
rig (A) = ∞ èëè

deg∃−synt
rig (A) = 2n äëÿ íåêîòîðîãî n ∈ ω.

Äîêàçàòåëüñòâî. ÏóñòüA� áåñêîíå÷íûé ñâÿçíûé óíàð è deg∀−sem
rig (A) ≥

1. Ñëåäóþùèå ðàññóæäåíèÿ ÷àñòè÷íî ïîâòîðÿþò ðàññóæäåíèÿ, ïðèâå-
ä¼ííûå â äîêàçàòåëüñòâå ëåììû 1 èç [4]. Äëÿ ýëåìåíòîâ óíàðà A ââåäåì
îòíîøåíèå ýêâèâàëåíòíîñòè ∼ ñëåäóþùèì îáðàçîì:

a ∼ b ⇔ ∃φ ∈ Aut(A) : φ(a) = b.

Ðàññìîòðèì òðè ñëó÷àÿ.
1. Ñóùåñòâóþò a, b ∈ A, a ̸= b, a ∼ b, fa = fb. Ââåä¼ì îáîçíà÷åíèÿ:

⟨c⟩− = {c′ ∈ A | ∃n ∈ ω : fnc′ = c}, ãäå c ∈ A, Ea,b = A\(⟨a⟩− ∪
⟨b⟩−) è E = {Ea,b | a, b ∈ A, a ∼ b, a ̸= b, fa = fb}. Çàôèêñèðóåì
a, b ∈ A òàêèå, ÷òî |Ea,b| = max{ |Ec,d| | Ec,d ∈ E}. Íåòðóäíî ïî-

íÿòü, ÷òî deg∀−sem
rig (A) = |Ea,b| + 1. Ìíîæåñòâî Ea,b êîíå÷íî, ïîñêîëüêó

deg∀−sem
rig (A) ̸= ∞. Ñëåäîâàòåëüíî, ìíîæåñòâî ⟨a⟩− ∪⟨b⟩− áåñêîíå÷íî. Èç

âûáîðà ýëåìåíòîâ a, b ñëåäóåò, ÷òî â Ea,b íåò ðàçëè÷íûõ ýëåìåíòîâ c, d
òàêèõ, ÷òî fc = fd è c ∼ d. ßñíî, ÷òî ñóùåñòâóåò åäèíñòâåííûé íåòðè-
âèàëüíûé àâòîìîðôèçì óíàðà A, à èìåííî, àâòîìîðôèçì, ïåðåâîäÿùèé
a â b, ò.å. deg∃−sem

rig (A) = 1. Çàìåòèì, ÷òî âñå ýëåìåíòû èç Ea,b ëåæàò â

dcl(∅). Åñëè deg∀−synt
rig (A) ̸= ∞, òî deg∃−synt

rig (A) = 1. Ïðåäïîëîæèì, ÷òî

deg∀−synt
rig (A) = ∞. Ðàññìîòðèì ÷àñòè÷íûé ïîäóíàð ⟨a⟩−. Äîîïðåäåëèì

äåéñòâèå îïåðàöèè f íà í¼ì ñëåäóþùèì îáðàçîì: fa = a. Ïîëó÷åííûé

óíàð îáîçíà÷èì Ā. Åñëè deg∃−synt
rig (Ā) = ∞, òî deg∃−synt

rig (A) = ∞; åñëè

deg∃−synt
rig (Ā) = v ∈ ω, òî deg∃−synt

rig (A) = 2v.
2. Ñóùåñòâóþò a, b ∈ A, a ̸= b, a ∼ b, fa ̸= fb, fa, fb ∈ C, ãäå C � öèêë

â A. Ýòîò ñëó÷àé àíàëîãè÷åí ñëó÷àþ 1.
3. Ïðåäïîëîæèì, ÷òî ñëó÷àè 1, 2 íå âûïîëíÿþòñÿ è ñóùåñòâóþò a, b ∈

A òàêèå, ÷òî a ̸= b, a ∼ b, fna = fmb äëÿ íåêîòîðûõ ðàçëè÷íûõ n,m ∈ ω.
Òîãäà â A åñòü öåïü C. Ïî ïðåäëîæåíèþ 6 deg∀−sem

rig (A) = 1. Òîãäà ïî
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ïðåäëîæåíèþ 4 deg∃−sem
rig (A) = 1. ßñíî, ÷òî deg∀−synt

rig (A) ̸= ∞. Ñëåäîâà-

òåëüíî, â ñèëó ïðåäëîæåíèé 6 è 2 deg∀−synt
rig (A) = 1 è ïî ïðåäëîæåíèþ 4

deg∃−synt
rig (A) = 1. □

Ëåììà 2. Ïóñòü A óíàð. Åñëè deg∀2 (A) = (v, v), v ∈ ω, òî ñóùåñòâóåò
u ≤ v òàêîå, ÷òî deg∃2 (A) = (u, u).

Äîêàçàòåëüñòâî. ÅñëèA êîíå÷íûé, òî ïî ïðåäëîæåíèþ 3 deg∃−sem
rig (A) =

deg∃−synt
rig (A).
Ïóñòü A áåñêîíå÷íûé ñâÿçíûé. Ìîæíî ñ÷èòàòü, ÷òî v > 0. Òîãäà ïî

ëåììå 1 deg∃−sem
rig (A) = deg∃−synt

rig (A) = 1.
Ïóñòü A = A1 ⊔ A2. Ïðåäïîëîæèì, ÷òî A1,A2 � áåñêîíå÷íûå óíà-

ðû. Ïî ëåììå 7 v ∈ {0, 1,∞}. Ïî óñëîâèþ v ̸= ∞. Òîãäà v ∈ {0, 1} è
ïî ïðåäëîæåíèþ 4 u = v. Ïðåäïîëîæèì, ÷òî A1 êîíå÷íûé, A2 áåñêî-
íå÷íûé. Ìîæíî ñ÷èòàòü, ÷òî A2 � áåñêîíå÷íûé ñâÿçíûé óíàð. Òîãäà

ïî äîêàçàííîìó âûøå deg∃−sem
rig (A2) = deg∃−synt

rig (A2). Ñëåäîâàòåëüíî, ïî

ïðåäëîæåíèþ 3 deg∃−sem
rig (A) = deg∃−synt

rig (A). □

Ëåììà 3. Ïóñòü A óíàð. Åñëè deg∀2 (A) = (0, v), v ≥ 1, òî deg∃2 (A) =
(0, 1).

Äîêàçàòåëüñòâî. Èç ïðåäëîæåíèÿ 1 ñëåäóåò, ÷òî deg∃2 (A) = (0, u), u ≤ v.
Ïðåäïîëîæèì, ÷òî A � áåñêîíå÷íûé ñâÿçíûé óíàð. Åñëè â A åñòü ïî-

ëóöåïü, òî â ñèëó ïðåäëîæåíèé 6, 4 v = 1 è u = 1. Ïîêàæåì, ÷òî â óíàðåA
íåò öèêëà. Ïóñòü C � öèêë â A. Ïîñêîëüêó deg∃−sem

rig (A) = 0, âñå ýëåìåí-
òû C ôîðìóëüíûå. Èíäóêöèåé ïî k ∈ ω ïîêàæåì, ÷òî ëþáîé ýëåìåíò A
ãëóáèíû k ÿâëÿåòñÿ ôîðìóëüíûì. Ïóñòü t(b) = k è b � ôîðìóëüíûé ýëå-

ìåíò. Åñëè ó b ÷èñëî ïðîîáðàçîâ êîíå÷íî, òî, ïîñêîëüêó deg∃−sem
rig (A) = 0,

âñå ýòè ïðîîáðàçû ôîðìóëüíûå. Ïðåäïîëîæèì, ÷òî ÷èñëî ïðîîáðàçîâ b
áåñêîíå÷íî è c1, c2, . . . � ðàçëè÷íûå ïðîîáðàçû b. Òîãäà ñóùåñòâóåò ôîð-
ìóëà Φ(x, y1, . . . , yv), òàêàÿ, ÷òî Φ(A, c1, . . . , cv) = {cv+1}. Ïóñòü ôîðìóëà
Ψ(x, z) ïîëó÷àåòñÿ èç ôîðìóëû Φ(x, y1, . . . , yv) çàìåíîé òåðìîâ fyi íà z
è ïîäôîðìóë fnu = fmyi íà fn+1u = fmz. ßñíî, ÷òî {cv+1} = Ψ(A, b).
Ñëåäîâàòåëüíî, v = 0. Ïîëó÷àåì ïðîòèâîðå÷èå.
Ïðåäïîëîæèì, ÷òî A = A1⊔A2. Åñëè A1,A2 áåñêîíå÷íûå, òî ïî ïðåä-

ëîæåíèþ 7 v = 1. Òîãäà ïî ïðåäëîæåíèþ 4 u = 1. Ïóñòü A1 áåñêîíå÷íûé
ñâÿçíûé, à A2 êîíå÷íûé. Ïî äîêàçàííîìó âûøå deg4(A1) = (0, 1, 0, 1). Ïî
ïðåäëîæåíèþ 3 deg4(A2) = (0, 0, 0, 0). Òîãäà deg4(A) = (0, 1, 0, 1 + |A2|),
òî åñòü u = 1. □

Ëåììà 4. Ïóñòü A óíàð. Åñëè deg∀2 (A) = (v,∞), v ≥ 1, òî deg∃2 (A) =
(1, k), ãäå k � ïîëîæèòåëüíîå ÷åòíîå ÷èñëî èëè k = ∞.

Äîêàçàòåëüñòâî. Ïóñòü deg∀2 (A) = (v,∞), v ≥ 1 è deg∃2 (A) = (u1, u2).
Ïî ïðåäëîæåíèþ 3 A � áåñêîíå÷íûé óíàð.
Ïðåäïîëîæèì, ÷òî A ñâÿçíûé. Òîãäà ïî ëåììå 1 è ïðåäëîæåíèþ 4 u2

� ïîëîæèòåëüíîå ÷åòíîå ÷èñëî èëè u2 = ∞, à u1 = 1.



148 È.À. ÑÀÕÀÐÎÂ, À.À. ÑÒÅÏÀÍÎÂÀ

Ïðåäïîëîæèì, ÷òî A = A1 ⊔ A2, ãäå A1,A2 áåñêîíå÷íûå. Òîãäà ïî
ïðåäëîæåíèþ 7 deg∀−sem

rig (A) = 1, A1,A2 èçîìîðôíûå è deg∀−sem
rig (A1) =

deg∀−sem
rig (A2) = 0. Ïî ïðåäëîæåíèþ 4 u1 = 1. Çàìåòèì, ÷òî òàê êàê

deg∀−synt
rig (A) = ∞, òî deg∀−synt

rig (A1) = deg∀−synt
rig (A2) ̸= 0. Ïî ïðåäëîæå-

íèþ 4 deg∃−synt
rig (A1) = deg∃−synt

rig (A2) > 0. Òîãäà u2 = 2deg∃−synt
rig (A1),

åñëè deg∃−synt
rig (A1) ̸= ∞, è u2 = ∞, åñëè deg∃−synt

rig (A1) = ∞.
Ïðåäïîëîæèì, ÷òî A = A1 ⊔ A2, ãäå A1 áåñêîíå÷íûé, A2 êîíå÷íûé.

Ìîæíî ñ÷èòàòü, ÷òî A1 ñâÿçíûé. Òàê êàê deg∀−sem
rig (A) = v ∈ ω, òî

deg∀−sem
rig (A2) = 0 è ïî ïðåäëîæåíèþ 3 deg∀−synt

rig (A2) = 0. Ñëåäîâàòåëü-

íî, deg∃−sem
rig (A2) = 0 è deg∃−synt

rig (A2) = 0. Òîãäà deg∀2 (A1) = (v,∞) è

ïî äîêàçàííîìó âûøå deg∃2 (A1) = (1, k), ãäå k � ïîëîæèòåëüíîå ÷åòíîå
÷èñëî èëè k = ∞. ßñíî, ÷òî deg∃2 (A) = deg∃2 (A1). □

Ïîñòðîèì íåñêîëüêî óíàðîâ è ñåìåéñòâ óíàðîâ, êîòîðûå ïîíàäîáÿòñÿ
äëÿ äîêàçàòåëüñòâà îñíîâíîãî ðåçóëüòàòà.
Îïðåäåëèì ñåìåéñòâî óíàðîâ Pi (i ∈ ω∪{∞}). Â óíàðå P0 ñóùåñòâóþò

ðàçëè÷íûå ýëåìåíòû c, a ∈ P0, óäîâëåòâîðÿþùèå óñëîâèÿì: fc = c, fa =
c, äëÿ ëþáîãî i ∈ ω ýëåìåíò a èìååò ðîâíî îäèí õâîñò äëèíû i, è, êðîìå
òîãî, a èìååò îäèí áåñêîíå÷íûé õâîñò; äðóãèõ ýëåìåíòîâ â P0 íåò. Óíàð
P ′
i, i ∈ ω\{0}∪{∞} ïîëó÷àåòñÿ èç óíàðà P0 äîáàâëåíèåì õâîñòà äëèíû i

ê ýëåìåíòó c, åñëè i ∈ ω, èëè áåñêîíå÷íîãî õâîñòà, åñëè i = ∞. Ïîëàãàåì
Pi =

∐
j≤i

P ′
i.

Îïðåäåëèì ñåìåéñòâî óíàðîâ Qi (i ∈ ω ∪ {∞}) ñëåäóþùèì îáðàçîì: â
óíàðå Qi åñòü ïåòëÿ, êîòîðàÿ èìååò i+ 1 õâîñò äëèíû 1, åñëè i ∈ ω, èëè
ω õâîñòîâ äëèíû 1, åñëè i = ∞; äðóãèõ ýëåìåíòîâ â Qi íåò.
Îïðåäåëèì ñåìåéñòâî óíàðîâ Ri (i ∈ ω ∪ {∞}) ñëåäóþùèì îáðàçîì:

R0 � ïåòëÿ, ïðè i ∈ ω óíàð Ri � ïåòëÿ ñ åäèíñòâåííûì õâîñòîì äëèíû
i, óíàð R∞ � ïåòëÿ ñ åäèíñòâåííûì áåñêîíå÷íûì õâîñòîì.
Îïðåäåëèì ñåìåéñòâî óíàðîâ Si,j (i, j ∈ ω ∪ {∞}, i ≤ j) ñëåäóþùèì

îáðàçîì: Si,j = Qi ⊔ Pj−i.
Îïðåäåëèì ñåìåéñòâî óíàðîâ Ti (i ∈ ω ∪ {∞}). Ïîëàãàåì T0 = P0 è

T1 = T0 ⊔ T0. Äëÿ u ∈ ω, u ≥ 2, óíàð T ′
u îïðåäåëèì ñëåäóþùèì îáðàçîì:

T ′
u = {ci | 0 ≤ i ≤ u− 2} ∪ {a1, a2}, fc0 = c0, fci = fci−1 ïðè i > 0, fa1 =

fa2 = cu−2, |T ′
u| = u + 1. Óíàð Tu ïîëó÷àåòñÿ èç óíàðà T ′

u äîáàâëåíèåì
ê ýëåìåíòàì a1, a2 ðîâíî ïî îäíîìó õâîñòó äëèíû l äëÿ ëþáîãî l ∈ ω è
îäíîìó áåñêîíå÷íîìó õâîñòó.
Îïðåäåëèì ñåìåéñòâî óíàðîâ Ui (i ∈ ω\{0}∪{∞}). Ñíà÷àëà îïðåäåëèì

÷àñòè÷íûå óíàðû Vn è ýëåìåíòû vn ∈ Vn, n ∈ ω, òàê, ÷òî f îïðåäåëåíà
íà ìíîæåñòâå Vn\{vn}. Ïóñòü

V0 = {v0, s01},

ãäå fs01 = v0. Ïðåäïîëîæèì, ÷òî ÷àñòè÷íûé óíàð Vn−1 è ýëåìåíò vn−1

îïðåäåëåíû, V1
n−1 � êîïèÿ Vn−1, ýëåìåíò v1n−1 ∈ V1

n−1 � êîïèÿ vn−1 ∈
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Vn−1. ×àñòè÷íûé óíàð Vn îïðåäåëÿåì ñëåäóþùèì îáðàçîì:

Vn = {vn, sn1 , sn2 , . . . , snn} ∪ Vn−1 ∪ V1
n−1,

fsn1 = vn, fs
n
i = sni−1 (2 ≤ i ≤ n), fvn−1 = vn, fv

1
n−1 = snn. Ïîëàãàåì

V =
⋃
n∈ω

Vn.

ßñíî, ÷òî V � óíàð. Ïîëàãàåì U1 = V, U2 � êîïðîèçâåäåíèå V è ïåòëè,
Ui = V

∐
Ri−2 äëÿ i ≥ 3.

Îïðåäåëèì ñåìåéñòâî óíàðîâ Wi,j (i ∈ ω ∪ {∞}, j ∈ ω\{0}). Ïóñòü
W0,j = Tj . Äëÿ i > 0 ïîëîæèì w1

k, w
2
k � ðàçëè÷íûå ëèñòüÿ óíàðà Tj , 1 ≤

k ≤ i, òàêèå, ÷òî fkw1
k = a1, f

kw2
k = a2. Òîãäà Wi,j ïîëó÷àåòñÿ èç Tj

äîáàâëåíèåì êî âñåì w1
k, w

2
k ïî îäíîìó õâîñòó äëèíû l äëÿ âñåõ l ∈ ω è

ïî îäíîìó áåñêîíå÷íîìó õâîñòó.

Òåîðåìà 2. Îïðåäåëèì ìíîæåñòâî D4 ⊂ (ω∪{∞})4 ñëåäóþùèì îáðà-
çîì:

D4 = {(u1, u1, v1, v1) | u1, v1 ∈ ω, u1 ≤ v1}∪
∪{(u1, u2,∞,∞) | u1, u2 ∈ ω ∪ {∞}, u1 ≤ u2}∪

∪{(1, u2, v1,∞) | u2 � ïîëîæèòåëüíîå ÷åòíîå ÷èñëî, v1 ∈ ω\{0}}∪
∪{(0, u2, 0,∞) | u2 ∈ ω ∪ {∞}}∪

∪{(0, 1, 0, v2) | v2 ∈ ω\{0}}.
Òîãäà
1) äëÿ ëþáîãî d4 ∈ D4 ñóùåñòâóåò óíàð A òàêîé, ÷òî deg4(A) = d4;
2) äëÿ ëþáîãî óíàðà A deg4(A) ∈ D4.

Äîêàçàòåëüñòâî.
1) Ïóñòü d4 ∈ {(u1, u1, v1, v1) | u1, v1 ∈ ω, u1 ≤ v1}. Åñëè u1 = v1, òî

â êà÷åñòâå A âîçüì¼ì êîïðîèçâåäåíèå u1 + 1 ïåòëè. Ðàññìîòðèì ñëó÷àè,
êîãäà u1 < v1. Åñëè u1 = 0, v1 = 1, òî A = V; åñëè u1 = 0, v1 > 1, òî â
êà÷åñòâå A âîçüì¼ì êîïðîèçâåäåíèå V è ïåòëè ñ åäèíñòâåííûì õâîñòîì
äëèíû v1 − 1. Åñëè u1 ≥ 1, v1 = u1 + 1, òî â êà÷åñòâå A âîçüì¼ì ïåòëþ
ñ u1 + 1 õâîñòîì äëèíû 1; åñëè v1 = u1 + k, ãäå k > 1, òî â êà÷åñòâå A
âîçüì¼ì êîïðîèçâåäåíèå u1 + 1 ïåòëè è ïåòëè ñ õâîñòîì äëèíû k − 1.
Ïóñòü d4 ∈ {(u1, u2,∞,∞) | u1, u2 ∈ ω∪{∞}, u1 ≤ u2}. Òîãäà â êà÷åñòâå

A âîçüì¼ì óíàð Su1,u2 .
Ïóñòü d4 ∈ {(1, u2, v1,∞) | u2 � ïîëîæèòåëüíîå ÷åòíîå ÷èñëî , v1 ∈

ω\{0}}. Òîãäà â êà÷åñòâå A âîçüì¼ì óíàð W(u2−2)/2,v1 .
Ïóñòü d4 ∈ {(0, u2, 0,∞) | u2 ∈ ω ∪ {∞}}. Òîãäà â êà÷åñòâå A âîçüì¼ì

óíàð Pu2 .
Ïóñòü d4 ∈ {(0, 1, 0, v2) | v2 ∈ ω\{0}}. Òîãäà â êà÷åñòâå A âîçüì¼ì óíàð

Uv2 .
2) Ïî òåîðåìå 1

deg∀2 (A) ∈ {(u, u) | u ∈ ω∪{∞}}∪{(u,∞) | u ∈ ω∪{∞}}∪{(0, u) | u ∈ ω∪{∞}}.
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Åñëè deg∀2 (A) = (u, u), u ∈ ω, òî ïî ëåììå 2 deg∃2 (A) = (v, v), v ≤ u.
Ïóñòü deg∀2 (A) = (u,∞), u ∈ ω. Åñëè u ̸= 0, òî ïî ëåììå 4 deg∃2 (A) =

(1, v), v � ïîëîæèòåëüíîå ÷åòíîå ÷èñëî èëè v = ∞; åñëè u = 0, òî â ñèëó
ïðåäëîæåíèé 1, 2 deg∃2 (A) = (0, v), v ∈ ω ∪ {∞}.
Ïóñòü deg∀2 (A) = (0, u), u ∈ ω ∪ {∞}. Åñëè u ∈ ω\{0}, òî ïî ëåììå 3

deg∃2 (A) = (0, 1). Cëó÷àè, êîãäà u ∈ {0,∞}, ðàññìîòðåíû âûøå. □
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