
Bounds for the success probability in the Odds Theorem associated with a given
optimal stopping time

A.M. Kabaeva, A.V. Logachov and A.A. Yambartsev

Abstract. Bruss’s odds theorem [3] addresses the problem of determining the optimal
stopping time for sequences of independent indicator functions. In this note, we derive upper
and lower bounds for the success probability associated with a given optimal stopping time.
These bounds depend on the number of independent events under consideration and on a
deterministic index specifying the stopping time. Moreover, the bounds are sharp: we provide
explicit examples in which the corresponding inequalities are attained with equality.

1 Introduction and main results

In February 1960, Martin Gardner published the following problem (Problem 3) in his Math-
ematical Games column in Scientific American, under the title A Fifth Collection of “Brain-
Teasers” [1]. On page 150, he wrote:

Ask someone to take as many slips of paper as he pleases, and on each slip write a different
positive number. The numbers may range from small fractions of one to a number the
size of a “googol” (1 followed by a hundred zeros) or even larger. These slips are turned
face-down and shuffled over the top of a table. One at a time you turn the slips face-up.
The aim is to stop turning when you come to the number that you guess to be the largest
of the series. You cannot go back and pick a previously turned slip. If you turn over all
the slips, then of course you must pick the last one turned.

In the English-speaking mathematical literature, this problem has become known as the famous
secretary problem, even though the word “secretary” does not appear in this Problem 3. After
turning past two consecutive pages of advertisements (151 and 152), we reach page 153, where
the text reads as follows:

The game has many interesting applications. For example, a bachelor girl decides to
marry before the end of the year. She estimates that she will meet 10 men who can be
persuaded to propose, but once she has rejected a proposal, the man will not try again.
What strategy should she follow to maximize her chances of accepting the top man of the
10, and what is the probability that she will succeed?

This is likely the reason the problem is also referred to as the marriage problem. It should
be noted, however, that in contemporary English-language literature (including arXiv, as well
as journals in algorithmic theory, operations research, and economics), the term “marriage
problem” is almost exclusively used to denote the Stable Matching Problem. This problem
concerns the construction of stable pairwise matchings between two sets (such as students and
universities, or men and women), based on priorities and preferences. It is unrelated to the
single-choice maximum selection problem commonly referred to as the secretary problem.
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In the Soviet Union, and subsequently in the broader Russian-language popular science
literature, this problem acquired a second designation, the “marriage problem”. The literal
rendering of its Russian counterpart is the problem of the choosy bride, and this terminology
has remained in use ever since.

For more historical issues about this problem, we refer the reader to [2] and the good review
[4]. It is unclear whether a modern survey of this problem is feasible, given the vast and nearly
unbounded literature on optimal stopping problems related to it and its generalizations. Such
a survey would undoubtedly be of interest and is still awaiting its author.

The modern formulation of this problem no longer relies on uniformly random permutations;
instead, it is posed (and solved) in a more general framework of a sequence of independent
indicator variables (see [4, 3, 5]), a formulation that we adopt in this paper. Consider mutually
independent events A1, . . . , An, n ∈ N, defined on a probability space (Ω,F,P), and let their
indicators be Ij := I(Aj) with success probabilities pj := P(Ij = 1), for 1 ≤ j ≤ n. We
assume that n is fixed and the distributions of the random variables Ij, 1 ≤ j ≤ n, are known.
This corresponds to the so-called full-information framework. In the context of the secretary
problem, Ij = 1 means that the jth item is better than all of the previous j − 1 items, and
hence pj =

1
j
.

The strategy is to first observe and reject the initial s items (candidates), and then to accept
the first one that is better than all previous items. We observe the indicator values sequentially,
keeping track of all past and current values but without knowledge of future ones, and the goal
is to stop at the last “success” (i.e., if τ is the stopping time, then the desired outcome is
Iτ = 1, Iτ+1 = 0, . . . , In = 0). If we succeed, we say that we “win”. In the case of the secretary
problem, Lindley [6] solved it by identifying the index s as

s = arg{k : ak−1 ≥ 1 > ak},

where

ak =
1

k
+

1

k + 1
+ · · ·+ 1

n− 1
.

In the more general setting considered in this note, the solution was provided by Bruss [3] in
a paper whose title directly refers to the determination of the threshold step s: Sum the Odds
to One and Stop. Let L denote the set of all stopping times, that is, a random variable t ∈ L if
{t = k} ∈ Fk for every 1 ≤ k ≤ n, where Fk is the σ-algebra generated by the random variables
I1, . . . , Ik. In [3], the problem of selecting an optimal stopping time was solved; namely, a
random variable τ ∈ L such that

P
(
Iτ = 1, Iτ+1 = 0, . . . , In = 0

)
= max

t∈L
P
(
It = 1, It+1 = 0, . . . , In = 0

)
.

For the reader’s convenience, we now state this result. Let I1, . . . , In be independent indicator
random variables, with pj = EIj, qj = 1− pj, and odds rj =

pj
qj
, for 1 ≤ j ≤ n.

Theorem 1 ([3], Bruss’ odds theorem of optimal stopping) An optimal stopping
rule τ ∈ L is to stop at the first index k ≥ s (if such exists) with Ik = 1, where

s = max

{
1, max

{
l :

n∑
j=l

rj ≥ 1

}}
, (1.1)
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with the convention max{∅} = −∞. The corresponding probability of “winning” is

Vn := P(Iτ = 1, Iτ+1 = 0, . . . , In = 0) =
n∏

j=s

qj

n∑
l=s

rl. (1.2)

In the classical setting of optimal stopping with independent Bernoulli trials, the odds
algorithm provides a complete solution: it yields both the optimal stopping index s and the
corresponding success probability when the parameters pi are known; see [3, 5].

In some situations of practical and theoretical interest, however, the stopping index s is
determined at a design stage and then fixed, while the exact sequence of success probabilities
is either unknown or subject to perturbations. This occurs, for instance, when the parameters
pi are estimated from data, and a plug-in rule is implemented. Such settings are standard in
modern formulations of optimal stopping under partial information, where the decision rule is
constructed from samples, and its performance is evaluated via explicit guarantees rather than
exact optimal values; see, e.g., [8].

Related considerations also arise in variants of the secretary problem and related models,
where additional constraints, strategic effects, or limited information prevent the direct imple-
mentation of the optimal rule, and quantitative performance bounds play an important role;
see, for instance, [7] and subsequent developments, as well as recent work on secretary problems
with sampling or competition [9, 10, 11].

In such settings, the problem is to evaluate the performance of a stopping rule with a given
index s. In particular, it is of interest to understand how the success probability depends on
the value of s and on the magnitude of the associated odds sum.

The present work is devoted to establishing upper and lower bounds for the success proba-
bility Vn. Our results reveal how different regimes of the odds sum, relative to a critical value
(see Theorem 3), lead to slight changes in the lower bounds. To begin with, we recall two
well-known lower bounds from [5] and [7].

1. In [5] Bruss showed that, if
n∑

j=1

rj ≥ 1, then

Vn >
1

e
.

2. The work [7] provides a generally sharp lower bound: if
n∑

j=1

rj ≥ 1, then

Vn ≥
(
1− 1

n+ 1

)n

,

with equality when p1 = · · · = pn =
1

n+ 1
.

Unlike these known lower bounds, which depend only on n, our results concern both lower
and upper bounds that also take into account the threshold index s defined by (1.1), i.e., the
index from which one stops at the first success. Each bound we provide in this paper is sharp:
there are examples of sequences Ij, 1 ≤ j ≤ n, for which the corresponding inequality is
attained as an equality.
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Before formulating the main results, we introduce the notation for the sum of odds:

Rl :=
n∑
j=l

rj, 1 ≤ l ≤ n.

The main results of this paper are summarized in the following two theorems. Recall that the
threshold index s defined by (1.1), can now be expressed in the new notation as

s = max
{
1, max {l : Rl ≥ 1}

}
.

Theorem 2 (Upper bound on the success probability in the odds theorem) The
success probability (1.2) satisfies

Vn ≤ Rs

1 +Rs

.

This upper bound is attained only for the sequence of indicator-function probabilities given by

ps =
Rs

1 +Rs

, pj = 0 for all j ̸= s. (1.3)

Theorem 3 (Lower bounds on the success probability in the odds theorem) The
following lower bounds hold depending on the value of Rs:

1. If 0 ≤ Rs < 1 and s = 1, then

Vn ≥ R1

(
1 +

R1

n

)−n

.

Equality is attained when

p1 = · · · = pn =
R1

n+R1

. (1.4)

2. If 1 ≤ Rs ≤ 1 + 1
n−s

, then

Vn ≥
(
1 +

1

n− s+ 1

)−(n−s+1)

.

Equality holds if

ps = · · · = pn =
1

n− s+ 2
. (1.5)

3. If Rs > 1 + 1
n−s

, then

Vn >

(
1 +

1

n− s

)−(n−s)

.

By choosing ps, . . . , pn sufficiently close to
1

n− s+ 1
the success probability Vn can be

made arbitrarily close to

(
1 +

1

n− s

)−(n−s)

.
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Corollary 1 If only n and s ≥ 2 are known and there is no information about the value of
Rs, then the following lower bound holds:

Vn ≥
(
1 +

1

n− s+ 1

)−(n−s+1)

.

Remark 1 Theorem 2 and Theorem 3 imply that, if Rs = 1, then

1

e
<

(
1 +

1

n

)−n

≤
(
1 +

1

n− s+ 1

)−(n−s+1)

≤ Vn ≤ 1

2
.

Remark 2 The inequalities in cases 2 and 3 depend on the value of s. As s increases,
the lower bound for the success probability under the optimal stopping strategy increases. In
particular, setting s = 1 in the lower bound of case 2 yields the lower bound from [7] mentioned
before.

Remark 3 The main difference between cases 2 and 3 is that, in case 3, we always have
s < n and the equality

rs = · · · = rn =
Rs

n− s+ 1

is impossible. Indeed, if this equality were satisfied, one could easily check that Rs+1 > 1 in this
case:

Rs+1 = (n− s)
Rs

n− s+ 1
> (n− s)

1 + 1
n−s

n− s+ 1
= 1,

which contradicts the definition of s.
Consequently, the proof of the lower bound in case 3 is reduced to finding of infimum of a

function of two variables, Rs and Rs+1, on the domain

Rs > 1 +
1

n− s
, 0 ≤ Rs+1 < 1,

whereas the lower bound in case 2 is obtained by finding the infimum of a function of one
variable, Rs, on the interval

1 ≤ Rs ≤ 1 +
1

n− s
.

2 Proof of main results

In all proofs, we regard the success probability Vn as the function V (rs, . . . , rn) of n − s + 1
variables on the domain rj ≥ 0, s ≤ j ≤ n, subject to the constraint

∑n
j=s rj = Rs. Standard

methods of calculus are then used to determine the maximum and minimum of V on this
domain.

2.1 Proof of Theorem 2

The success probability Vn, see (1.2), can be represented in the following alternative form

Vn ≡ V (rs, . . . , rn) :=
Rs∏n

j=s(1 + rj)
. (2.6)
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Using the exp–log representation, the function can be written as

V (rs, . . . , rn) = Rs exp

{
−

n∑
j=s

ln(1 + rj)

}
,

The upper bound (2.7) from Lemma 1 (see below) implies the upper bound for the success
probability

V (rs, . . . , rn) ≤ Rs exp

{
− ln

(
1 +

n∑
j=s

rj

)}
=

Rs

1 +Rs

.

Note that the equality holds if and only if

n∏
j=s

(1 + rj) = 1 +Rs.

It is straightforward to observe that this occurs only when rs = Rs and rj = 0 for all j ̸= s,
which corresponds precisely to (1.3). This finishes the proof of the theorem. □

To complete the proof, we now establish Lemma 1.

Lemma 1 For fixed two numbers k ∈ N and a ≥ 0, consider the following domain

Da :=

{
(x1, . . . , xk) ∈ Rk : xj ≥ 0, 1 ≤ j ≤ k,

k∑
j=1

xj = a

}
.

Then the following upper bound holds,

sup
(x1,...,xk)∈Da

(
−

k∑
j=1

ln(1 + xj)

)
≤ − ln(1 + a). (2.7)

Equality in (2.7) is attained when xi = a and xj = 0 for all j ̸= i.

Proof of Lemma 1: The final claim of the lemma can be verified by noting that if xi = a for
some i, and xj = 0 for all j ̸= i, then

−
k∑

j=1

ln(1 + xj) = − ln(1 + a).

We will prove (2.7) by induction on k, k ≥ 1. For the base case k = 1, the statement is
immediate: the domain is Da := {x1 ∈ R : x1 = a} and for any a ≥ 0 we have

sup
x1∈Da

(− ln(1 + x1)) = − ln(1 + a).

Assume now, that (2.7) holds for k = l, i.e., for any a ≥ 0 the inequality

sup
(x1,...,xl)∈Da

(
−

l∑
j=1

ln(1 + xj)

)
≤ − ln(1 + a)
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is satisfied. We will show that the same inequality (2.7) holds for k = l + 1 and any a ≥ 0.
Using the inductive assumption, for any a ≥ 0 and (x1, . . . , xl+1) ∈ Da we have

−
l+1∑
j=1

ln(1 + xj) = −
l∑

j=1

ln(1 + xj)− ln(1 + xl+1)

≤ − ln

(
1 +

l∑
j=1

xj

)
− ln(1 + xl+1).

(2.8)

Denote b :=
∑l

j=1 xj. The supremum on the right-hand side of inequality (2.8) is attained
at the largest value of the function

f(b) := − ln (1 + b)− ln(1 + a− b)

on the interval b ∈ [0, a]. Elementary calculus shows that f attains its maximum over [0, a] at
the endpoints,

sup
b∈[0,a]

f(b) ≤ f(0) = f(a) = − ln(1 + a). (2.9)

Thus, (2.8) together with (2.9) yields

sup

(
−

l+1∑
j=1

ln(1 + xj)

)
⩽ − ln(1 + a),

for any a ≥ 0, (x1, . . . , xl+1) ∈ Da. This completes the proof of the lemma. □

2.2 Proof of Theorem 3

Proof of item 1. Consider the case 0 ⩽ Rs < 1. In this case, by definition of index s, this
implies that s = 1. Using the fact that the geometric mean is less than the arithmetic mean,
we obtain

Vn =
R1

n∏
j=1

(1 + rj)
≥ R1

(
1

n

n∑
j=1

(1 + rj)

)−n

= R1

(
1 +

R1

n

)−n

.

It remains to note that equality is attained if

r1 = . . . = rn =
R1

n
,

which is equivalent to the condition (1.4). □

Proof of item 2. Now, consider the case 1 ≤ Rs ≤ 1 + 1
n−s

. Using again the inequality
between the geometric and arithmetic means we obtain

Vn =
Rs

n∏
j=s

(1 + rj)
≥ Rs

(
1 +

Rs

n− s+ 1

)−(n−s+1)

. (2.10)
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Taking the logarithm of the right-hand side of inequality (2.10), we obtain

g(Rs) := ln

(
Rs

(
1 +

Rs

n− s+ 1

)−(n−s+1)
)

= lnRs − (n− s+ 1) ln

(
1 +

Rs

n− s+ 1

)
.

Let us find the point at which the function g attains its minimum value on the interval 1 ≤
Rs ≤ 1 + 1

n−s
. Observe that the following inequality holds on this interval

g′(Rs) =
1

Rs

− n− s+ 1

n− s+ 1 +Rs

=
n− s+ 1 +Rs − (n− s+ 1)Rs

Rs(n− s+ 1 +Rs)
=

n− s+ 1− (n− s)Rs

Rs(n− s+ 1 +Rs)
≥ 0.

Thus, the function g monotonically increases with Rs over the considered interval, and its
minimum is attained at Rs = 1. Substituting this value into (2.10), we obtain

Vn ≥
(
1 +

1

n− s+ 1

)−(n−s+1)

.

It is easy to see that equality is attained when

rs = · · · = rn =
1

n− s+ 1
,

which implies condition (1.5):

pi =
ri

1 + ri
=

1

n− s+ 2
, i = s, . . . , n.

□
We close this section with the following remark. The distinction in the values of Rs between

cases 2 and 3 in the theorem arises from the equation g′(Rs) = 0. This equation is equivalent
to

n− s+ 1− (n− s)Rs = 0,

which yields the separating value

Rs = 1 +
1

n− s
.

Proof of item 3. Consider now the case Rs > 1 + 1
n−s

. Once again, using the fact that the
geometric mean does not exceed the arithmetic mean, we obtain

Vn =
Rs

n∏
j=s

(1 + rj)
=

Rs

(1 +Rs −Rs+1)
n∏

j=s+1

(1 + rj)

≥ Rs

(1 +Rs −Rs+1)

(
1

n− s

n∑
j=s+1

(1 + rj)

)−(n−s)

=
Rs

(1 +Rs −Rs+1)

(
1 +

Rs+1

n− s

)−(n−s)

.

(2.11)
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Taking the logarithm of the final expression for the lower bound on the right-hand side of
inequality (2.11), we obtain

f(Rs, Rs+1) := ln

(
Rs

1 +Rs −Rs−1

(
1 +

Rs+1

n− s

)−(n−s)
)

= lnRs − ln(1 +Rs −Rs+1)− (n− s) ln

(
1 +

Rs+1

n− s

)
.

We find the infimum of the function f in the domain

D :=

{
(Rs, Rs+1) ∈ R2 : Rs > 1 +

1

n− s
, 0 ≤ Rs+1 < 1

}
.

Let us find the partial derivatives of the function f

∂f

∂Rs

=
1

Rs

− 1

1 +Rs −Rs+1

,
∂f

∂Rs+1

=
1

1 +Rs −Rs+1

− n− s

n− s+Rs+1

.

It is easy to see that ∂f
∂Rs

> 0 on the domain D. Therefore, f is a monotonically increasing
function of Rs on D.

Let us bound ∂f
∂Rs+1

from above. On the given domain D, we have the following

∂f

∂Rs+1

=
n− s+Rs+1 − (n− s)(1 +Rs −Rs+1)

(1 +Rs −Rs+1)(n− s+Rs+1)

<
n− s+Rs+1 − (n− s)Rs

(1 +Rs −Rs+1)(n− s+Rs+1)
<

n− s+Rs+1 − (n− s+ 1)

(1 +Rs −Rs+1)(n− s+Rs+1)

=
Rs+1 − 1

(1 +Rs −Rs+1)(n− s+Rs+1)
< 0.

Thus, the function f decreases monotonically in Rs+1 on the domain D. Therefore, the infimum
of the function f on the considered domain is attained at

Rs ↘ 1 +
1

n− s
, Rs+1 ↗ 1.

Substituting the obtained preliminary values into the right-hand side of inequality (2.11),
we obtain

Vn >

(
1 +

1

n− s

)−(n−s)

.

Choosing the parameter α ∈ (0, 1) sufficiently close to 1, and setting

rs = 2− 2α +
1

n− s
, rs+1 = · · · = rn =

α

n− s
,

which corresponds to the following relations for probabilities

ps =
1 + (2− 2α)(n− s)

1 + (3− 2α)(n− s)
, ps+1 = · · · = pn =

α

n− s+ α
,

we will obtain values of Vn arbitrarily close to(
1 +

1

n− s

)−(n−s)

.

This concludes the proof of the third item, and hence the proof of the theorem. □

9



Acknowledgments

This work was supported by the Russian Science Foundation (RSF), grant no. 24-28-01047.
A.Yambartsev acknowledges the support of the São Paulo Research Foundation (FAPESP),
grant 2023/13453-5.

References

[1] Gardner, M. Mathematical games. Scientific American 202 (2), p.150, 1960.

[2] Ferguson, T. S. Who solved the secretary problem?. Statistical science, 4(3), 282-289, 1989.

[3] F.T. Bruss, Sum the Odds to One and Stop, Ann. Probab., 2000, v. 28(3), pp. 1384–1391.

[4] P.R. Freeman, The secretary problem and its extensions: A review, International Statistical
Review, 1983, v. 51(2), pp. 189–206.

[5] F.T. Bruss, A note on bounds for the odds theorem of optimal stopping, Ann. Probab.,
2003, v. 31(4), pp. 1859–1861.

[6] Lindley, D. V. Dynamic programming and decision theory. Journal of the Royal Statistical
Society: Series C (Applied Statistics), 10(1), 39-51, 1961.

[7] P.C. Allaart, J.A. Islas, A sharp lower bound for choosing the maximum of an independent
sequence, J. Appl. Prob., 2016, v. 53(4), pp. 1041–1051.

[8] Correa, J., Cristi, A., Epstein, B., and Soto, J. A. Sample-driven optimal stopping: From
the secretary problem to the iid prophet inequality. Mathematics of Operations Research,
2024, 49(1), 441-475.

[9] Correa, J., Cristi, A., Feuilloley, L., Oosterwijk, T., and Tsigonias-Dimitriadis, A. The
secretary problem with independent sampling. Management Science, 2025, 71(4), 2778-
2801.

[10] Ezra, T., Feldman, M., and Kupfer, R. On a Competitive Secretary Problem with Deferred
Selections, Proceedings of the Thirtieth International Joint Conference on Artificial Intel-
ligence, IJCAI-21, International Joint Conferences on Artificial Intelligence Organization,
Zhi-Hua Zhou, Main Track. 175–181, 2021, 8.
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