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Abstract: This article concerns the notion of weak circular mi-
nimality being a variant of o-minimality for circularly ordered
structures. Algebras of binary isolating formulas are studied for
Ng-categorical 1-transitive non-primitive weakly circularly minimal
theories of convexity rank greater than 1 with a trivial definable
closure having a piecewise monotonic-to-left function to the de-
finable completion of a structure. On the basis of the study, we
present a description of these algebras. It is shown that for this case
there exist only non-commutative algebras. A strict s-deterministi-
city of such algebras for some natural number s is also established.
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1 Preliminaries

Algebras of binary formulas are a tool for describing relationships between
elements of the sets of realizations of an one-type at the binary level with
respect to the superposition of binary definable sets. A binary isolating
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formula is a formula of the form ¢(x,y) such that for some parameter a
the formula ¢(a,y) isolates a complete type in S({a}). The concepts and
notations related to these algebras can be found in the papers [22, 23|. In
recent years, algebras of binary formulas have been studied intensively and
have been continued in the works [1], [6]-[15].

Let L be a countable first-order language. Throughout we consider L-
structures and assume that L contains a ternary relational symbol K, inter-
preted as a circular order in these structures (unless otherwise stated).

The circular order is described by a ternary relation K satisfying the
following conditions:

(col) VaVyVz(K(x,y, z) = K(y,z,7));

(co2) VaVyVz(K(x,y,z2) NK(y,z,2) @z =yVy=2zVz=urx),

(co3) VaVyVz(K (z,y, z) = Vt{K (z,y,t) V K(t,y, 2)]);

(cod) VaVyVz(K(x,y,z) V K(y, z, 2)).

The following observation relates linear and circular orders.

Fact 1. [3] (i) If (M, <) is a linear ordering and K is the ternary relation
derived from < by the rule

K(r,y,2) & (x<y<z)V(Er<r<y V(y<z< 1)

then K is a circular order relation on M.
(i) If (N,K) is a circular ordering and a € N, then the relation <,
defined on M = N\ {a} by the rule y <, z :< K(a,y, z) is a linear order.

Thus, any linearly ordered structure is circularly ordered, since the relation
of circular order is (-definable in an arbitrary linearly ordered structure.
However, the opposite is not true. The following example shows that there
are circularly ordered structures not being linearly ordered.

Example 1. [4, 5] Let Qb := (Q2, K, L) be a circularly ordered structure,
where L = {03,0%}, for which the following conditions hold:

(i) its domain Q9 is a countable dense subset of the unit circle, no two
points making the central angle m;

(ii) for distinct a,b € Qg

(a,b) € 0p & 0 < arg(a/b) < m, (a,b) € 01 & 7 < arg(a/b) < 2,

where arg(a/b) means the value of the central angle between a and b clock-
wise. Indeed, one can check that the linear order relation is not ()-definable
in this structure.

The notion of weak circular minimality was studied initially in [16]. Let
A C M, where M is a circularly ordered structure. The set A is called convex
if for any a,b € A the following property is satisfied: for any ¢ € M with
K(a,c,b),c € Aholds, or for any ¢ € M with K (b, c,a), c € Aholds. A weakly
circularly minimal structure is a circularly ordered structure M = (M, K, ...)
such that any definable (with parameters) subset of M is a union of finitely
many convex sets in M. The study of weakly circularly minimal structures
was continued in the papers [2], [16]-[18].
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Let M be an Ny-categorical weakly circularly minimal structure, G :=
Aut(M). Following the standard group theory terminology, the group G

is called k-transitive if for any pairwise distinct a1, ao,...,ax € M and
pairwise distinct by,bg,...,by € M there exists ¢ € G such that g(a1) =
b1,g(az) = ba,...,g(ar) = bg. A congruence on M is an arbitrary G-invariant

equivalence relation on M. The group G is called primitive if G is 1-transitive
and there are no non-trivial proper congruences on M.

Notation 1. (1) Ko(x,y,2) := K(z,y,2) Ny Zax ANy # zANx # 2.

(2) K(u1,...,uy,) denotes a formula saying that all subtuples of the tuple
(uy,...,up) having the length 3 (in ascending order) satisfy K; similar
notations are used for K.

(3) Let A, B, C be disjoint convex subsets of a circularly ordered structure
M. We write K(A, B,C) if for any a,b,c € M witha € A, b€ B, ce C
we have K(a,b,c). We extend naturally that notation using, for instance,
the notation Ky(A,d, B,C) ifd ¢ AUBUC and Ky(A,d,B) A Ko(d, B,C)
holds.

Further we need the notion of the definable completion of a circularly
ordered structure, introduced in [16]. Its linear analog was introduced in
[21]. A cut C(z) in a circularly ordered structure M is maximal consistent
set of formulas of the form K(a,x,b), where a,b € M. A cut is said to be
algebraic if there exists ¢ € M that realizes it. Otherwise, such a cut is said
to be non-algebraic. Let C(z) be a non-algebraic cut. If there is some a € M
such that either for all b € M the formula K (a,z,b) € C(x), or for all b € M
the formula K (b, z,a) € C(x), then C(x) is said to be rational. Otherwise,
such a cut is said to be irrational. A definable cut in M is a cut C(x) with
the following property: there exist a,b € M such that K(a,z,b) € C(z)
and the set {c € M | K(a,c,b) and K(a,z,c) € C(x)} is definable. The
definable completion M of a structure M consists of M together with all
definable cuts in M that are irrational (essentially M consists of endpoints
of definable subsets of the structure M).

Notation 2. [16] Let F(x,y) be an L-formula such that F'(M,b) is convex
infinite co-infinite for each b € M. Let F*(y) be the formula saying y is a left
endpoint of F'(M,y):

Fz1322[Ko(21, Y, 22) AVEL(K (21,01, y) At # y — = F (1, 9)A
Vo (K (y, t2, 22) Nta # y — F(t2,y))].
We say that F'(z,y) is convex-to-right if
M | Vyva[F(z,y) — F'(y) AV2(K(y, 2,2) = F(z,9))].
If Fi(z,y), Fa(x,y) are arbitrary convex-to-right formulas we say Fb is bigger
than Fy if there is a € M with Fy(M,a) C F>(M,a). If M is 1-transitive and

this holds for some a, it holds for all a. This gives a total ordering on the
(finite) set of all convex-to-right formulas F'(z,y) (viewed up to equivalence

modulo Th(M)).
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Consider F(M,a) for arbitrary a € M. In general, F'(M,a) has no the
right endpoint in M. For example, if dcl({a}) = {a} holds for some a € M
then for any convex-to-right formula F(z,y) and any a € M the formula
F(M,a) has no the right endpoint in M. We write f(y) := rend F(M,y),
assuming that f(y) is the right endpoint of the set F(M,y) that lies in
general in the definable completion M of M. Then f is a function mapping
M in M.

Notation 3. Let F(z,y) be an (—definable equivalence relation partitioning

M into infinite convex classes. Suppose that y lies in M (non-obligatory in
M). Then

E*(z,y) == 3y13elyr # y2 AVUE (y1,t,y2) — E(t,x)) A Ko(y1,y,y2)]-

Let M, N be circularly ordered structures. The 2-reduct of M is a circularly
ordered structure with the same universe of M and consisting of predicates
for each (-definable relation on M of arity < 2 as well as of the ternary
predicate K for the circular order, but does not have other predicates of
arities more than two. We say that the structure M is isomorphic to N up
to binarity or binarily isomorphic to N if the 2-reduct of M is isomorphic to
the 2-reduct of V.

Let f be a unary function from M to M. We say that f is monotonic-to-
right (left) on M if it preserves (reverses) the relation Ky, i.e. for any a, b, c €
M suchthat Ko(a,b,c), we have Ko(f(a), f(b), £(¢)) (Ko(f(c), £(b), £(a))).

We also say that f is piecewise monotonic-to-right (left) on M if there
exists an (-definable non-trivial equivalence relation E(x,y) partitioning M
into finitely many infinite convex classes so that f is monotonic-to-right on
each E-class and f is not monotonic-to-left (right) on M/E, where by M/FE
we denote the set of representatives of F-classes in M.

Example 2. [17] Let M := (M, K, E?, f!) be a circularly ordered structure,
where M is a disjoint union of Q1, Qq, ..., Qg, where Q; is a copy of the
ordering of rational numbers Q. The symbol E interprets an equivalence
relation on M as follows: E(a,b) iff there is 1 < ¢ < 6 with a,b € Q;.
The symbol f interprets a function on M as follows: f(Q;) = Q;43 for each
1<i<3, f(Qj) =Qj_3 for each 4 < j <6, and f(¢q) = —q for all g € Q.

It can be proved that M is an Rg-categorical 1-transitive weakly circularly
minimal structure, f is a bijection on M so that f?(a) = a for all a € M,
f is monotonic-to-left on each E-class and f is monotonic-to-right on M/E,
i.e. f is piecewise monotonic-to-left on M.

The following definition can be used in a circular ordered structure as well.

Definition 1. [19], [20] Let 7" be a weakly o-minimal theory, M be a
sufficiently saturated model of T, A C M. The rank of convexity of the
set A (RC(A)) is defined as follows:

1) RC(A)=—-1if A=0.
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2) RC(A) =0 if A is finite and non-empty.
3) RC(A) > 1if A is infinite.
4) RC(A) > a + 1 if there exist a parametrically definable equivalence
relation E(x,y) and an infinite sequence of elements b; € A, € w, such that:

e For every i, j € w whenever ¢ # j we have M |= —E(b;,b;);
e For every i € w, RC(E(x,b;)) > o and E(M,b;) is a convex subset
of A.
5) RC(A) > § if RC(A) > « for all a < §, where § is a limit ordinal.
If RC(A) = « for some «, we say that RC(A) is defined. Otherwise (i.e.
if RC(A)) > a for all a), we put RC(A) = oo.
The rank of convezity of a formula ¢(x,a), where a € M, is defined as the
rank of convexity of the set ¢(M,a), i.e. RC(¢(x,a)) := RC(p(M,a)).
The rank of convexity of an 1-type p is defined as the rank of convexity of
the set p(M), i.e. RC(p) := RC(p(M)).

In particular, a theory has convexity rank 1 if there is no definable (with
parameters) equivalence relations with infinitely many infinite convex classes.

The following theorem characterizes up to binarity Rg—categorical 1-transi-
tive non-primitive weakly circularly minimal structures M of convexity rank
greater than 1 having both a trivial definable closure and a convex-to-right
formula R(z,y) such that r(y) := rend R(M,y) is piecewise monotonic-to-
left on M:

Theorem 1. [18] Let M be an No—categorical 1-transitive non-primitive
weakly circularly minimal structure of convexity rank greater than 1, del({a})
= {a} for some a € M. Suppose that there exists a convex-to-right formula
R(z,y) such that r(y) := rend R(M,y) is piecewise monotonic-to-left on
M. Then M is isomorphic up to binarity to

Mé,m,k = (M, K3,E%,E%,.. E2 Es+17R2>a

where M is a circularly ordered structure, M 1is densely ordered, s > 1;
FEq11 1s an equivalence relation partitioning M into m infinite convex classes
without endpoints; E; for every 1 < i < s is an equivalence relation par-
titioning every F;y1-class into infinitely many infinite conver E;-subclasses
without endpoints so that the induced order on E;-subclasses is dense without
endpoints; R(M,a) has no right endpoint in M and r*(a) = a for alla € M
and some k > 2, where r*(y) = r(r* = (y)); for every 1 <i < s+ 1 and any
ae M

M{ i = 2E (a,7(a)) AVY(Ei(y, @) = FulE] (u,r(a) A B (u,m(y))]),

m >4, k is even and k divides m; r is monotonic-to-left on every Esy1-class
and r is monotonic-to-right on M/Es;1.

In [12] algebras of binary isolating formulas are described for Ry-categorical
weakly circularly minimal theories of convexity rank 1 with a 1-transitive
non-primitive automorphism group and a non-trivial definable closure. In
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[13]-[14] algebras of binary isolating formulas are described for Ny-categorical
weakly circularly minimal theories of convexity rank greater than 1 with a
1-transitive non-primitive automorphism group and a non-trivial definable
closure. In [15] algebras of binary isolating formulas are described for No-
categorical weakly circularly minimal theories of convexity rank 1 with a 1-
transitive non-primitive automorphism group and a trivial definable closure.
Here we describe algebras of binary isolating formulas for Ny-categorical
weakly circularly minimal theories of convexity rank greater than 1 with a 1-
transitive non-primitive automorphism group and a trivial definable closure
having a piecewise monotonic-to-left function to the definable completion of
a structure for arbitrary s and m = k = 4.

2 Results

Let M be an 1-transitive structure. We denote every binary isolating
formula acting in M by a label u € pps, where pys denotes the set of all
labels for the algebra Py of binary isolating formulas of the structure M.

Definition 2. [23] The algebra Py; is said to be deterministic if uy - ug is a
singleton for any labels uy,us € pps.

Generalizing the last definition, we say that the algebra Py, is m-deter-

ministic if the product u; - us consists of at most m elements for any labels
ui,ug € py. We also say that an m-deterministic algebra Pys is strictly
m-deterministic if it is not (m — 1)-deterministic.
Example 3. Consider the structure M{,, := (M,K?* E? E3, R?) from
Theorem 1 with the condition that the function r(y) := rend R(M,y) is
piecewise monotonic-to-left on M.

We assert that T'h(Mj 4 ,) has seventeen binary isolating formulas:

Oo(z,y) =z =y,
01(z,y) :== Ko(z,y,7(x)) A Er(z,y),
O2(x,y) == Ko(z,y,7(x)) A E2(x,y) AN ~E1(2,y),
O3(z,y) == Ko(z,y,7(x)) A E3(y,r(z)) A ~Ef(y,r(x)),
Os(2,y) := Ko(z,y,7(2)) A E] (y,r(z)),
05(z,y) = Ko(r ( )y, 72 () A B (y, ()
Os(x,y) := Ko(r(x),y,r*(x)) A B3 (y, () A =B ( ,
O7(x,y) == Ko(r(z),y,r*(x ))AEz(y, (x)) A=Ef(y,r(z)),
Os(z,y) == Ko(r ( )Y ( ) A Ex(y,r*(x)),
O9(z,y) := Ko(r (%‘),y, (a ))AEl(y r?(x)),
O10(x,y) = Ko(r*(z),y,7*(x)) A E5(y,r*(x)) A =Ef (y,7*(x)),
011 (2,y) = KO(T'Q() 3(1’))AE§(% (x)) A —E; (y, 7% (),
O12(,y) = ( (@), y,7°(x)) A Ef (y, (),
br3(x,y) == Ko(r*(z),y,2) A By (y,7°(x)),

)s
y,r(x))
2
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Ora(z,y) = Ko(r’(w),y,2) A B3 (y,r°(2)) A=Eq (y,1°(2)),
015(z,y) = Ko(r’(z),y, ) A Ba(2,y) A ~E1(z,y),
O16(x,y) == Ko(r®(x),y,z) A Ey(z,y)
and the following holds for any a € M:
Ko(0o(a, M),01(a, M),02(a, M), ...,014(a, M), b15(a, M), b16(a, M)).
It can be proved that the algebra M, is non-commutative and strictly

5-deterministic.

Theorem 2. The algebra ‘BM; s of binary isolating formulas with piecewise

momnotonic-to-left function r has 85+9 labels, 1s non-commutative and strictly
(2s + 3)-deterministic for every s > 1.

Proof. We assert that the algebra 3 M, has 8s+9 binary isolating formulas:

(90(.%',2/) =T =Y,
91(‘T7 y) = Ko(IE, Y, T(:E)) N Ey (CL’, y)a
0, (x,y) := Ko(z,y,m(x)) N Ey (z,y) AN —=Ej,—1(x,y), where 2 <[} <s+1,
O (,9) 1= Ko(@, 5, 7(2)) A g1y (957(2)) A iy (0, 7(2)),
where s +2 <[y <2541,
02s+2(xa y) = K()(.’L', Y, 7“(.212‘)) N Eik(y? 74('1‘))7
928+3($7 y) = K()(T’(.%'), Y, r2(x)) N Ef(yv r(x)),
913 (.’B, y) = Ko(?“(.%'), Y, Tz(m)) A Elt,f(2s+2) (y7 7“(33)) A ;;,7(25+3) (y7 7'(37)),
where 25 +4 < I3 < 3s 4+ 3,
914 (l’, y) = KO(T(x)v Y, T2(x)) N E;lks+5—l4 (y7 TQ(x)) N _‘EZs+4—l4 (yv TQ((IZ)),
where 3s +4 <[y < 4s+ 3,
H4s+4($7 y) = Ko(T(QZ'), Y, 7"2(33)) N Eik(yv 7"2(.7})),
04s+5(x7 y) = Ko(’l"Q(l'), Y, 7,,3(3:.)) N Ef(ya TQ(x))7
01y (,9) = Ko(r2(z), g, (2) A By g0y (0 12(@)) A By 3015y 72()).
where 45 + 6 <[5 < bs + 5,
O1a (,1) = Ko(r?(@),9 (@) A Bger (927 (0)) A By (0:7(2),
where 5s + 6 < lg < 65+ 5,
965+6($a y) = KO(TQ(x)a Y, rg(x)) A Ef(yv T3($)),
068+7($7 y) = KU(Tg(J:)? Y, l’) A Eik(yv Tg(x))a
9l7 (ZL', y) = KO(T?)(:E)v Y, :E) A El*7—(63+6) (ya 7,,3(1,)) A _'El*7—(65+7) (ya T3(ZE)),
where 65 +8 < [l; < 7s+ 7,
O (2,y) := Ko(r*(2), y,2) A Essyo-1(y,7) A ~Egsss_15(y,7),
where 7s + 8 < lg < 8s+ 7,
988+8(x5 ?/) = KO(Tg(I)a Y, I) A El(.’E, y)
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Thus, we have 24+ 2s+24+2s4+2+25+2+2s+1 = 8549 binary isolating
formulas. Moreover, we have defined the formulas so that for any a € M the
following holds:

KO(HO(av M)? 91(&, M)792(Q7M>7 ceey 988+6(a7 M)798s+7(a7 M)> 9854—8(@7 M))

Prove now that the algebra 3 M, is non-commutative and strictly (2s+
3)-deterministic for every s > 1.

Firstly, obviously that 0-1=1-0= {l} for any 0 <1 < 8s+ 8.

Suppose further that I; > 0 and I, > 0. Consider the following formula:

[0, (x,t) A O, (¢, y)]-

Case 1: 11 = 1.

We have: Ko(z,t,r(z)) and Ey(x,t). Let also lo = 1, i.e. Ko(t,y,r(t)) and
Eq(t,y), whence we obtain: Ko(z,y,r(x)) A E1(z,y), i.e. Iy - lo = {l2}.

Let now 2 < Iy < s+ 1, i.e. Ko(t,y,7(t)) A E,(t,y) N —E,_1(t,y). We
have: I - lo = {l2}. Similarly, we have that Iy - [ = {l2}.

Let now s +2 < lp < 2s + 1, ie. Ko(t,y,7(t)) A B3 5, (y,7(t)) A
“E5 o 1, (y,7(t)). We have: [;-lo = {l2}. Similarly, we have that ly-l; = {l2}.

Let now ly = 2s + 2, i.e. Ko(t,y,r(t)) A Ef(y,r(t)). We have: [} - lp =
{2s 4+ 2}. Consider Iy - ;. We have that I - I3 = {2s + 2,2s + 3}.

Thus, we conclude that 3 M, is not commutative for every s > 1.

Let now Iy = 2s + 3, i.e. Ko(r(t),y,r%(t)) A Ef(y,r(t)). We have: [ - Iy =
{2s + 2,25 + 3}. Consider 3 - I;. We have that Iy - 13 = {2s + 3}.

Let now 25 +4 <[y < 3s+4 3, i.e.

Ko(r(t),y,r%(t)) A B}, 9512y (U m(8)) A B} (9543 (Y, (1))

We have: [y - Iy = {l2}. Similarly, we have that Iy - [ = {l2}.
Let now 3s +4 <[y <4s+4 3, i.e.

KO (T(t)7 Y, 7"2 (t)) A EZs+5—l2 (y? TQ (t)) A _'Ezlks+4—l2 (yv T2 (t))
We have: [y - Iy = {l2}. Similarly, we have that Iy - [ = {l2}.
Let now ly = 4s+4, i.e. Ko(r(t),y,72(t)) A Ef(y,7%(t)). We have: Iy - Iy =
{4s+4,4s + 5}. Consider la - ;. We also have that Iy - I} = {4s+ 4,45+ 5}.
Let now Iy = 4s+5, i.e. Ko(r2(t),y,73(t)) A B} (y,72(t)). We have: [1 -1y =
{4s + 5}. Consider Iy - I;. We also have that Iy - [ = {4s + 5}.
Let now 4s + 6 < ly < 5s+ 5, i.e.

Ko(r?(t),y,7° (1)) A By, (4542) (W () A ~Ep,_(4545) (Y5 r2(t)).
We have: [y - lo = {l2}. Similarly, we have that Iy - [ = {l2}.
Let now 55 +6 < Iy < 65+ 5, i.e.
KO (TQ (t)? Y, T3 (t)) A Egs+7flg (y7 T3 (t)) A _'Egs+6fl2 (ya TS (t))

We have: [y - lo = {l2}. Similarly, we have that Iy - [ = {l2}.
Let now ly = 65+ 6, i.e. Ko(r2(t),y,73(t)) A Ef(y,73(t)). We have: l1 -l =
{65+ 6}. Consider I - I;. We have that ls -1} = {6s+ 6,65 + 7}.
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Let now Iy = 65 + 7, i.e. Ko(r3(t),y,t) A Ef(y,r3(t)). We have: Iy - Iy =
{65+ 6,65 + 7}. Consider Iy - ;. We have that Iy -l = {6s + 7}.
Let now 65 +8 <y < 7s+ 7, i.e.

Ky (Tg (t)7 Y, t) A El*zf(ﬁs%»ﬁ) (y? rd (t)) N _‘El*zf(6s+7) (y7 rd (t))

We have: [y - lo = {l2}. Similarly, we have that Iy - [ = {l2}.

Let now 7s + 8 < Iy < 85+ 7, ie. Ko(r®(t),y,t) A Egsyo_1,(y,t) A
—Fgsis—1,(y,t). We have: I - lo = {l2}. Similarly, we have that ls - I} = {l2}.

Let now Iy = 8s + 8, i.e. Ko(r3(t),y,t) A E1(t,y). We have: Iy - Iy =
{0,1,8s + 8}. Consider I3 - [;. We have that I - [; = {0,1,8s + 8}.

Case 2:2 <13 <s+1.

We have: Ko(x,t,r(x)) A By, (x,t) A =E—1(x, ).

Let also 2 <y < s+1,i.e. Ko(t,y,7(t))NE,(t,y) N—E,_1(t,y). Then we
have the fOHOWiIlg: if ll 2 l2 then ll . lQ = {ll}; if ll < l2 then ll . lQ = {lg}

Let now s +2 <ly <2s+41, i.e.

Ko(t,y,r(t)) A Esgyz1, (4, m(t) A = Easioi,(y,r(1)).

We have the following: if I} < 2s+ 3 —ly then Iy - Iy =19 - 11 = {l2}.

Ifly =25s+3— 1y then Iy - [y :{lg} and [y - [1 = {ZQ,...,4S+5—l2}.

Ifly >2s+3—lathenly - lo={2s+3 -1} and la-l; ={2s+2+ 11}

Let now ly = 2s+2,i.e. Ko(t,y,r(t))ANES(y,7(t)). Then ly-lo = {2s+3—11}
and lo-l; = {25+2+11}. Let now Iy = 25+3, i.e. Ko(r(t),y,72(t))AE; (y,7(t)).
Also, then Iy - lp ={2s+3 -1} and ly- 1 = {25+ 2+ 11 }.

Let now 25 +4 <[y < 3s+ 3, i.e.

Ko(?’(t), Y, T’Z(t)) N El*gf(28+2) (y7 T’(t)) A _|El*27(28+3) (y7 T(t))'

We have the following: if I} < lo — (254 2) then Iy - lo = lo - 13 = {l2}.

If 4 :lgf(28+2) then [y 'l2:{28+3*l1,...,l2} and [ - [y :{ZQ}
If 4 >l2—(25+2) then ll'l2:{28+3—l1} and [y - [q :{28—|—2+l1}
Let now 3s +4 <[y <4s+ 3, i.e.

Ko(r(t),y,7* (1)) A Efgrs 1, (77 (8)) A =Eig g g, (9,77 (1)).

We have the following: if I} < 4s+ 5 —lg then Iy - lo =l - 11 = {l2}.

Ifly =4s+5—1Ils thenly - lo =15 13 :{lg,...,88+9—l2}.

Ifly >4s+5—1Ils thenly - lo =15 -1y :{4S+4+l1}.

Let now ly = 4s + 4, i.e. Ko(r(t),y,72(t)) A Ef(y,7%(t)). Then Iy - I =
ly-ly = {4s+4+11}. Let now lp = 4s+5, i.e. Ko(r?(t),y,r3(t)) AEF (y,r2(t)).
Also, then I - lo =1y - 11 = {48 +4+ ll}.

Let now 45 +6 < Iy < 5s+ 5, i.e.

Ko(r?(t),y,7° (1)) A By, (4542) (W () A ~Ep,_(4545) (Y5 r2(t)).

We have the following: if I <ly — (4s+4) then Iy - lo = lo - Iy = {l2}.
Ifly > 1y — (48+4) then iy -lo =1y 11 = {484—44—11}.
Let now 55 +6 < Iy < 65+ 5, i.e.

Ko(r?(8), 5,7 (8)) A Biaq 1, (5,7 (8)) A 2By 61, (4,7 (1)),
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We have the following: if I} < 65+ 7 — Iy then Iy - lo =19 - 11 = {l2}.

If [{ =65+ 7 — 19 then ll'lgz{lg} and Iy - Iy :{lz,...,68+6+l1}.

If Iy >6s+7—1y then Iy - Iy :{65—|—7—l1} and Iy - [q :{6S—|—6—|—l1}.

Let now Iy = 65 + 6, i.e. Ko(r2(t),y,73(t)) A Ef(y,r3(t)). Then Iy - Iy =
{65+7—l1} and Iy - [q :{6S—|—6—|—l1}

Let now ly = 65 + 7, i.e. Ko(r3(t),y,t) A Ef(y,73(t)). Then also [; -l =
{65+7*l1} and Iy - [q :{6S+6+l1}

Let now 65 +8 <y < 7s+ 7, i.e.

Ky (?"3 (t)? Y, t) A E;;—(Gs-s-()‘) (yv r’ (t)) A= IZ—(65+7) (ya r’ (t))

We have the following: if Iy < Iy — (6s + 6) then Iy -l =g - 13 = {l2}.
Ifll :lg—(68+6) then l1-l2:{68+7—11,...,l2} and lQ‘ll :{lg}.
If iy >l2—(68+6) then ll-l2:{68+7—ll} and Iy - [1 :{68+6+l1}.
Let now 7s + 8 <y < 8s+ 7, i.e.

KO (r3 (t)v Y, t) A E85+9—l2 (ya t) A _'E8S+8—l2 (yv t)

We have the following: if [ < 854+ 9 — Iy then l; - Iy = la - Iy = {l2}. If
l1 = 85+9—Iy then l1-ly = l9-l; = {lg, ..., 8548,0,1,..., ll}. If 1 > 8s+9—1I5
then Iy -lp = Iy - 11 = {l1}. Let now Iy = 85+ 8, i.e. Ko(r3(t),y,t) A E1(t, ).
Then we have l1 . lg = l2 . ll = {ll}

Case 8. s +2 <1l <2s+1.
We have: Ko(z,t,r(x)) A E5 5 (t,7(x) A=ES 5 (t,7(z)).
Let also s +2 <1y <2s+1,1ie.

Ko(t,y,m(t)) N Egg3_1,(y, 7(1)) A ~E5g 94, (y,7(1))-

Then we have the following: if Iy < lg then [ -ly = {6s+ 7 — 11} and
lo-l1 = {28+2+l1} Ifl =l thenly-lo =15-11 = {28—|—2—|—l1, ce ,6S—|—7—l1}.
If Iy > Iy then [y - I5 = {28+2+l2} and [y - [§ = {65+7*l2}

Let now lp = 25+ 2, i.e. Ko(t,y,r(t)) A Ej(y,r(t)). Then we have l; - [y =
{6s+7—0L}tand lo-1l1 ={2s+2+11}.

Let now Iy = 25+ 3, i.e. Ko(r(t),y,7%(t)) A Ef(y,7(t)). Then we also have
li-log={6s+7—1li}and lo- 11 ={2s+2+ 11 }.

Let now 25 +4 <[y < 3s+ 3, i.e.

Kolr(t),0,7(5) A B, assa) (0 7(0) A I3 (07 (1))

We have the following: if 2s+3—1; = lo—(2s+2) then {1 -ly = {6s+7—1;}
and ls - [4 :{28+2+l1,...,68—|—7—l1}. If2s+3—-1 <l2—(28+2) then
l1-1s :{25+2+l2} and Iy - Iy :{65—1—7—[2}. If2s+3—-1; > l2—(28+2)
then ll'l2:{65—|—7—ll} and Iy - [q :{2S+2+l1}.

Let now 3s +4 <[y <4s+ 3, ie.

Ko(r(t),y, (1)) A Efsis_g, (4,72 () A =Efga g, (y,72(1).
We have the following: if 2s+3 —1; = 4s+5—1Is then [1 -l = {25+ 2+ 19}
and Iy - 1] = {25+2+l1,...,108+11—l2}.
If 2s4+3—1; < 4s+5—Is thenl;-ls = {25+2+l2} and ly-l; = {108+11—l2}.
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If2s+3—11 >4s+5—Ily thenly - la =15 14 :{4S+4+ll}

Let now Iy = 4s + 4, i.e. Ko(r(t),y,72(t)) A Ef(y,72(t)). Then we have
ll 'lQ :lg 'll = {454-4—1—[1}

Let now ly = 4s + 5, i.e. Ko(r?(t),y,r3(t)) A Ef(y,72(t)). Then we also
have l1 - lo =1y - [1 = {48+4+l1}

Let now 45 +6 <y < 55+ 5, i.e.

KO(TQ(LL)v Y, T3(t)) N El*gf(48+4) (y7 TQ(t)) N _|El*27(45+5)(y7 TQ(t))'

We have the following: if 2s +3 — 13 > lo — (4ds+4) then [ - la =1y - |1 =
{45—|—4+l1} If 2S—|—3—l1 = lg—(48—|—4) then ll-lg = {4S+4+l1, RN 28—|—2+l2}
and ly-ly = {4s+4+11}. If 254311 < lo—(4s+4) then ly-lo = {2s+2+1s}
and l2 . ll = {108 + 11 — l2}

Let now 55 +6 <[y < 65+ 5, i.e.

KO(TQ (t)7 Y, 7'3 (t)) A Egs+7flg (y7 TS (t)) A _'Egs+6fl2 (ya 713 (t))

We have the following: if 2s+3—1; > 6s+7—1ls then 1 - Iy = {2s+3—1;}
and Iy - 1 2{68+6+11}. If2s4+3 -1 =6s+7—1lgthenly-lo=1y -1 =
(25 +2+10s,...,85+8,0,1,...,65+7—1lo}. If 25 +3 —I; < 65+ 7 — I then
11'12:{28+2+l2} and Iy - |3 :{634-7—[2}.

Let now Iy = 65 + 6, i.e. Ko(r?(t),y,73(t)) A E}(y,r3(t)). Then we have
11'12:{28+3—l1} and ls - |3 :{68+6+l1}.

Let now Iy = 6s + 7, i.e. Ko(r®(t),y,t) A Ef(y,73(t)). Then we also have
l1'12:{28—|—3—l1} and Iy - |3 :{6$+6+l1}.

Let now 65 +8 <y < T7s+ 7, i.e.

Ko (T3 (t)’ Y, t) A E;;—(ﬁs-‘rﬁ) (y7 rd (t)) N _‘El*z—((}s—s—?) (y7 r’ (t))
We have the following: if 2s+3—1; > lo— (65+6) then l;-ls = {2s+3—11}
and ly-l; = {6$+6+l1}. If2s+3—-1; < lg—(68+6) then l1-ls = {lz—(68+6)}

and Iy - l; = {14s + 15 — l2}.
Let now 7s +8 <y <8547, i.e.

Ko(r®(t),y,t) A Efoyo 1, (5, 1) A ~Eoys 1, (4, ).

We have the following: if 2s+3 —1; > 8s+9—1Is then l;-ly = {2s+3—1;}
and Iy - 1 = {ll} If2s+3—-101 =8 +9—1Iy then [ -l = {l1} and
lo-l; = {ll, L. ,48+5—11}. If 2s4+3—11 < 8s+9—Iy thenl;-ls = {lQ—(65+6)}
and lg - I3 = {10s + 11 — l2}.

Let now Iy = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [y - Iy =
lo -l ={l1}.

Case 4. 11 =2s+ 2.

We have: Ko(z,t,r(z)) A Ef(t,r(z)).

Let also lp = 25+ 2, i.e. Ko(t,y,7(t)) A Ef(y,7(t)). Then we have [; - la =
{4s+4,4s5+5}. Let now Iy = 25+3, i.e. Ko(r(t),y,72(t)) AE;(y,(t)). Then
we have [1 - lo = {4s+ 5} and Iy - Iy = {4s + 4}.

Let now 25 +4 <y < 3s+ 3, i.e.

Ko(r(t),y,r%(t)) A B}, (9512) (1 (8)) A B} (9543 (Y, 7(1))-
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We have the following: I - lo = {2s+2+1Ils} and Iy - l; = {6s+ 7 — l2}.
Let now 3s +4 <[y <4s+ 3, i.e.

Ko(r(t),y,7(0) A g1, (4,72 (1) A =Ejyyq, (y,7°(2))-

We have the following: I1 - lo = {2s +2+l2} and I3 - I3 = {10s + 11 — I3 }.

Let now ly = 4s + 4, i.e. Ko(r(t),y,7%(t)) A Ef(y,72(t)). Then we have
li-lg={6s+6} and Iz - [ = {6s + 6,65 + 7}.

Let now Iy = 4s + 5, i.e. Ko(r?(t),y,72(t)) A Ef(y,72(t)). Then we have
li-lg ={65+6,6s+ 7} and Iy - [; = {65 + 6}.

Let now 45 +6 <y < 55+ 5, i.e.

Ko(r2(8), 57 (0) A By sy (s 72(8)) A~y gy (05 72(0)):

We have the following: I; - lo = {2s+2+ 12} and I - [; = {10s + 11 — 2 }.
Let now 5s +6 < Iy < 6s+ 5, i.e.

Ko(r(8), 3,7 (8)) A By, (4,7 (1) A ~Eyo1, (.7 (1))
We have the following: l; - lo = {2s+ 2+ lo} and o - [; = {65 + 7 — l2}.
Let now Iy = 65 + 6, i.e. Ko(r?(t),y,73(t)) A E}(y,r3(t)). Then we have
li - lg = Iy - 1l = {85 +8,0,1}. Let now Iy = 65 + 7, i.e. Ko(r3(t),y,t) A
E3(y,r3(t)). Then we have Iy - lo = {1} and I - [; = {8s + 8}.
Let now 65 +8 <y < T7s+ 7, i.e.

Ko (T3 (t)’ Y, t) A E;;—(ﬁs-‘rﬁ) (y7 r’ (t)) N _‘El*z—((}s—s—?) (y7 rd (t))

We have the following: [; -ly = {la — (65 +6)} and Iy - {1 = {145+ 15— [2}.
Let now 7s +8 < ly <85+ 7, i.e.

Ko(r3(t),y,t) A Bssyo-1,(y,t) A ~Bssis—1, (Y, t).

We have the following: 11 -lo = {lo — (654 6)} and Iy -1 = {10s+ 11 —I2}.
Let now Il = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have Iy - Iy =
{2s+2} and o - [ = {2s + 2,25 + 3}.

Case 5. 11 = 2s + 3.

We have: Ko(r(x),t,72(z)) A Ef(t,7()).

Let also ls = 2s + 3, i.e. Ko(r(t),y,7%(t)) A Ef(y,r(t)). Then we have
l1-lg={4s+ 4,45+ 5}. Let now 2s +4 < ls < 3s+ 3, i.e.

Ko(r(t), 5,7 (t)) A Bjy_ag40) (05 7(0)) A B 95 (4, 7(1))-

We have the following: I - lo = {2s+2+1ls} and Iy - 1 = {6s+ 7 — l2}.
Let now 3s +4 <[y <4s+ 3, i.e.

Ko(r(),y,7*(t)) A Biaps1,(y,7° (8)) A =~Eiaya1, (5,7 (2)).

We have the following: I1 - lo = {25+ 2+ l2} and I3 - I3 = {10s + 11 — [5}.

Let now ly = 4s + 4, i.e. Ko(r(t),y,7%(t)) A Ef(y,72(t)). Then we have
l1-lg ={65s+6,6s+ 7} and Iy - [; = {65+ 7}.

Let now Iy = 4s + 5, i.e. Ko(r?(t),y,72(t)) A Ef(y,72(t)). Then we have
li-lg={6s+ 7} and Iz - [ = {6s + 6,65+ 7}.
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Let now 45 +6 <[y < 55+ 5, i.e.
KO(TQ (t)v Y, rg(t)) N E;;—(45+4) (y7 TQ(t)) A _\E;;—(48+5) (y7 7”‘2 (t))

We have the following: I; - lo = {25 +2+lo} and Iz - [ = {10s + 11 — 2 }.
Let now 55 +6 < Iy < 6s+ 5, i.e.

Ko(r?(t), 4,75 (6) A By 71, (1,7 (0) A= Egy-1, (4,7 (1))
We have the following: I - lo = {25+ 2+ ls} and Iy - [} = {6s+ 7 — l2}.
Let now ly = 6s + 6, i.e. Ko(r?(t),y,m3(t)) A Ef(y,73(t)). Then we have
ll . lg = {8S+8} and l2 . l1 = {1}
Let now ly = 65+7, i.e. Ko(r3(t),y,t) AE;(y,73(t)). Then we have [ -ly =
lo 13 ={8s+8,0,1}. Let now 6s +8 <y < 7s+7, i.c.

KO (,r3 (t)) Y, t) A El*g—(65+6) (y7 Ts (t)) A ﬁ‘E‘l>'<2—(6$-t,-7) (ya 7,,3 (t))

We have the following: 11 -lo = {lo — (654 6)} and la -1 = {145+ 15— l2}.
Let now 7s +8 <y <8547, i.e.

KO (7,,3 (t)v Y, t) A E85+9—l2 (y’ t) A _'E8S+8—l2 (yv t)

We have the following: 11 -lo = {lo — (654 6)} and la -1 = {10s+ 11 — 2 }.
Let now Il = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have Iy - Iy =
{2s+2,25s+ 3} and l2 - [ = {2s + 3}.

Case 6. 2s +4 <11 <3s+ 3.
We have: Ko(r(x),t,r%(z)) A B} _(9542) (t,r(z)) A Bl _(2543) (t,r(z)).
Let also 2s +4 < ly < 3s+ 3, i.e.

Ko(r(t),y,72(t)) A B (2s42) 0T (8)) A B 9545)(y,7(1))

We have the following: if Iy = Iy then Iy -ly = {6s+T7—1la,...,25+2+15}.
If <y thenll‘l2:{28+2+l2} and l2'11:{68+7—l2}.

Ifl > [y thenll‘l2:{68—|—7—l1} and l2'11:{28+2+l1}.

Let now 3s +4 <y <45+ 3, i.e.

Ko(r(t),y,7*(t)) A Bisys1,(y,7° (8)) A ~Biaya 1, (5,7 (2).

We have the following: if [ — (2s+2) < 4s+5—1I3 then I3 -ls = {25s+2+19}
and Iy - 1 = {1084—11—12}. Ifll—(28—|—2) =4s+ 5 — Iy then [; - Iy =
{25+2+l2, e 108+11—l2} and lz-ll = {48+4—|—l2} Ifll—(25—|—2) > 45+5—l2
then [ - Iy = {45+4+l1} and [y - 1 = {88—|—9—l1}.

Let now ly = 4s + 4, i.e. Ko(r(t),y,72(t)) A Ef(y,72(t)). Then we have
li-lo=1l-l1 = {4S+4+l1}

Let now ly = 4s + 5, i.e. Ko(r?(t),y,r3(t)) A Ef(y,72(t)). Then we also
have l1 - lo =1y - [1 = {48+4+l1}.

Let now 45 +6 <y < 55+ 5, i.e.

Ko(r*(£), 5,7 (6) A Bjy a0y (0,72 (D) A =B, (4515 (0,7 (8).

We have the following: if I} —(25+2) < lo—(4s+4) then l1-lo = {25+2+13}
and lo-ly = {10s-+11—lp}. If [ —(2542) = lo—(4s-+4) then Iy -l = {254+2+15}
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and lg -1 = {10s + 11 —la,...,2s + 2+ lo}. If Iy — (25 + 2) > Iy — (4s + 4)
thenll-l2:lg-l1:{454—4—{—[1}.
Let now 5s +6 <[y < 65+ 5, i.e.

Ko(r?(8), 5,7 (8)) A Bia iz 1, (5,7 (8)) A =By 61, (4,7 (1)),

We have the following: if [ — (2s+2) < 65s+7—1y then l;-ls = {25s+2+12}
and lp-l; = {6s+7—12}. If [} —(25+2) > 65+7—Iy then [;-lo = {10s+11—11}
and Iy -l = {l1 — (2s+2)}.

Let now ly = 6s + 6, i.e. Ko(r?(t),y,m3(t)) A Ef(y,73(t)). Then we have
ll . l2 = {108+ 11— ll} and l2 . l1 = {l1 — (28 —|-2)}. Let now l2 = 6s +7, i.e.
Ko(r3(t),y,t) A Ef(y,r3(t)). Then we also have [; -l = {10s + 11 — 1} and
lo-li ={l1 — (25 +2)}. Let now 6s +8 < ly < Ts+ 7, i.e.

Ko(r?(t),y,t) A E},_6s+6) (Y () A ~Ep, 6541 (Y5 r3(t)).

We have the following: if {1 — (25 +2) < Iy — (6s + 6) then [; - Iy =
{lg — (68+6)} and Iy - [ = {14S+ 15 — lg}. Ifl, — (28 —|-2) =1y — (68 +6)
then l1-lo = 1511 = {108+11—l1, N | R (28+2)}. If 14 — (28+2) >
log — (68 + 6) then {7 - I = {108 + 11 — ll} and Iy - 11 = {ll — (28 + 2)}

Let now 7s +8 <y <8547, i.e.

Ko(r3(t),y,t) A Bssyo-1,(y,t) A =Bssis—1,(y,t).

We have the following: if [} —(2s+2) < 8s+9—Iy then [1-ly = {la—(65+6)}
and Iy - 1 = {108+11—l2}. Ifll—(28+2) =8s+9—1Iy then [; - Iy =
{4s+5—11,...;1i} and lo - Iy = {l1}. If l; — (2s +2) > 8+ 9 — I3 then
ll . lg = {108 + 11— ll} and lg . ll = {ll}

Let now ly = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [y - I =
lo- 1 ={l1}.

Case 7. 3s +4 <1 <4s+ 3.
We have: Ko(r(z),t,7(x)) A Bl s, (, r2(z)) A By, (@t r2(z)).
Let also 3s +4 <y < 4s+4 3, i.e.

Ko(r(t),y,7*(t)) A Bisys1,(y,7° (8)) A ~Eiaya 1, (y,7°(2).

We have the following: if I} <o then ly -lo =1y -1y ={4s+4+11}.

Ifly >lp then ly - ls =1y - 11 = {48—{—4—1—[2}.

Let now ly = 4s + 4, i.e. Ko(r(t),y,72(t)) A Ef(y,72(t)). Then we have
li-la=1l-[1 = {45+4+l1}

Let now ly = 4s + 5, i.e. Ko(r?(t),y,r3(t)) A Ef(y,72(t)). Then we also
have I - lo =la- 11 = {4s+ 4+ 11}. Let now 4s + 6 < Iy < 5s+ 5, i.e.

Ko(r2(t),y,73()) A By, (4510 r2(t)) A Bl (1545 (Y5 r2(t)).

We have the following: if 4s+5—11 < lo—(4s+4) then l1-ls = {14s+5—12}
and Iy 1] = {ZQ*(4S+4)} Ifd4s+5—-1 =1y — (48+4) thenly-lo =111 =
{4s+4+1;,...,40,0,...,4s+5—11}. If 4s+5— 11 > ly — (45 + 4) then
li-lb=10 -4 :{4S+4+l1}.
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Let now 55 +6 <[y < 65+ 5, i.e.

Ko(r?(1), 4,7 (1)) A Eggrr_g, (47 () A ~Egsig, (4,72 (1))

We have the following: if 4s +5—1; < 6s+ 7 —ls thenl; -lo =111 =
{lg—(48—|—4)}. If 4s+5—11 = 65+7—I9 thenly-ly = {lg—(4$+4), .. ,6S+7—l1}
and ly-1] = {lg—(48—|—4)}. If4s+5—11 > 6s+T7—Iy thenl;-ly = {68+7—l1}
and ly - 11 = {ll — (28 + 2)}

Let now Iy = 6s + 6, i.e. Ko(r?(t),y,r3(t)) A Ef(y,r3(t)). Then we have
- l2—{68+7—l1} and Iy - |3 —{ll—(2

s+2)}.
Let now ly = 6s + 7, i.e. Ko(r3(t),y,t) A Ef(y,7*(t)). Then we also have
li-lpg= {68+ 7T — ll} and lo - 11 = {ll — (23—|—2)}

Let now 65 +8 <y < T7s+ 7, i.e.

Ko(r®(t),y,t) N Ej, (65+6) (> () A - lo—(6547) (Y5 ri(t)).

We have the following: if 4s+5 —1; <lo — (6s+6) then l; - la =1y -] =
{lz—(48+4)}. If4s+5—1 :lg—(68+6) then [y - Iy = {lg—(48+4)} and
lo-ly ={8s+9—1lg,..., 1o — (4s+4)}. lf 4s+ 5 — 13 > ls — (6s + 6) then
11‘12:{68+7—l1} andlg-llz{ll—(ZS-l-Q)}.

Let now 7s +8 <y <8547, i.e.

Ko(r*(t),y,t) A Bss19-1,(y,t) A = Essis—1,(y,1).

We have the following: if 4s +5 — 11 < 8+ 9 — Iy thenly -lo =19 -1 =
{lg— (4S—|—4)} Ifds+5—11 >8s+9—Ilythenly-ls =1y -1; = {ll}

Let now Iy = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [y -l =
lo -1y ={li}.

Case 8. 11 = 4s + 4.

We have: Ko(r(x),t,r%(z)) A B (t,72(z)).

Let also Iy = 4s + 4, i.e. Ko(r(t),y,r%(t)) A E’f(y, ( )). Then we have
Iy -l = {85+ 8}. Let now ly = 4s + 5, i.e. Ko(r?(t),y,73(t)) A Ef (y,r2(t)).
Then we have Iy - Iy = {0,1,85 4+ 8} and ls - [; = {2s + 2}.

Let now 45 +6 < Iy < 5s+ 5, i.e.

KO(TQ (t)v Y, rg(t)) N E;;f(45+4) <y7 TQ(t)) A _|El*27(48+5) (y7 TQ (t))

We have the following: {1 - lp = {65+ 7 —la} and Iy - I} = {lo — (4s +4)}.
Let now 55 +6 < Iy < 65+ 5, i.e.

KO (TQ (t)7 Y, T3 (t)) A Egs+7—lg (yv ’1“3 (t)> A _'Eéks—i-(i—lg (ya T3 (t))
We have the following: I3 -lo = {la — (4s+4)} and la- 1} = {lo — (3s+2)}.
Let now ly = 6s + 6, i.e. Ko(r?(t),y,m3(t)) A Ef(y,73(t)). Then we have
li-1l9g = {28+2,28+3} and Iy - 11 = {28+2}.
Let now Iy = 65+7, i.e. Ko(r3(t),y,t) AE;(y,r3(t)). Then we have [; Iy =
{2s+3} and ls - 1} = {25+ 2,25 + 3}.
Let now 65 +8 <y < T7s+ 7, i.e.

Ko (T3 (t)’ Y, t) A E;;—(ﬁs-‘rG) (y7 rd (t)) N _‘El*z—(68+7) (y7 rd (t))
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We have the following: Iy - lo = lo -1y = {lo — (4s + 4)}.
Let now 7s +8 <[y <85+ 7, i.e.

Ko(r®(),y,t) A Bssyo-1,(y,t) A ~Egsis-1,(y, ).

We also have the following: I3 - lo =l - 11 = {lo — (4s + 4)}.

Let now lp = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [y -l =
lg- 11 = {45 —|—4}

Case 9. 11 = 4s + 5.

We have: Ko(r?(x),t,r3(z)) A Ef(t,r72(z)).

Let also Iy = 4s + 5, i.e. Ko(r?(t),y,m3(t)) A Ef(y,7%(t)). Then we have
l1-lg ={1}. Let now 4s + 6 < Iy < 5s+ 5, i.e.

Ko(r2(8), 4 7(0) A By a0y (s 72(0)) A~y 4y 5y (05 72(0)):

We have the following: Iy - lo =1lo -1y = {la — (4s + 4)}.
Let now 55 +6 <y < 65+ 5, i.e.

Eo(r?(t),y,m° () A Egorq_, (4,7 (8)) A =By, (4, 7°(1)).
We have the following: Iy - lo = ls -1y = {lo — (4s +4)}.
Let now Iy = 65 + 6, i.e. Ko(r?(t),y,r3(t)) A Ef(y,73(t)). Then we have
li-la={2s+2} and ls - [ = {25 + 2,25 + 3}.
Let now ly = 65+7,1.e. Ko(r3(t),y,t) AE;(y,r3(t)). Then we have [ -l =
{254+ 2,25+ 3} and Iz - [; = {25 + 3}.
Let now 6s + 8 <y < 7s+ 7, i.e.

KO(T?)(t)? Y, t) A El*zf(65+6) (yv T3(t)) A= 1*27(65+7) (ya Tg(t))'
We have the following: Iy - lo =lo -1y = {lo — (4s + 4)}.
Let now 7s +8 <[y <85+ 7, i.e.
KO (TS (t)7 Y, t) A E88+97l2 (y7 t) A _‘E§s+8—12 (y7 t)

We have the following: Iy - lo = ls -1y = {ly — (4s +4)}.

Let now Iy = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [ -l =
lz . ll = {4S+4,4S+5}.

Case 10. 4s +6 <1 < 5Hs+ 5.

We have: Ko(r?(x),t,73(x)) A E} _(4514) (t,r2(z)) A Bl (4s45) (t,r%(z)).

Let also 4s + 6 <y < bs+ 5, i.e.

KO(T2 (t)v Y, Ts(t)) A E;;—(48+4) (y7 TQ(t)) A _\E;;—(48+5) (y7 TZ (t))

We have the following: if Iy < I then Iy -lo = {lo — (ds+4)}, if Iy > Io

then l; - log = {l1 — (4s +4)}. Let now 55+ 6 < ly < 65+ 5, i.e.
Ko(r?(t),y,7°(6) A By 71, (1,7 (0) A= Egy-1,(y,7°(1))-

We have the following: if i —(4s+4) < 6s+7—Il then l1-la = {la—(4s+4)},
if {1 — (48+4) >6s+7—1Iythenly Iy = {ll — (38+4)}

Let now Iy = 65 + 6, i.e. Ko(r?(t),y,73(t)) A Ef(y,r3(t)).

We have: Iy - lo ={l1 — (3s+4)}and lo - 11 = {l1 — (25 + 2)}.
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Let now Iy = 65+ 7, i.e. Ko(r3(t),y,t) A Ef(y,r3(t)).
We have: Iy - lo ={l1 — (8s+4)} and ly - [y = {6s+ 7 — l2}.
Let now 65 +8 <[y < 7s+ 7, i.e.

KO (,r?) (t)7 Y, t) A E;;—(Gs-t,-ﬁ) (ya TS (t)) N _'ElZ—(65+7) (ya TS (t))

We have the following: if I3 — (4s +4) = Iy — (6s 4+ 6) then [ - Iy =
{ll — (4s+3),l1 —(4s+2),.... 14 —(28+2)} and lo - [y :{lg—(48+4)}.

Ifll—(48+4) <l2—(6$—|—6) then i1 -lo =1y 11 :{12—(48+4)}.

Ifll—(48-|—4) > l2—(6$+6) then Iy - l9 = {65+7—11} and Iy - l1 =
{12 — (28—1—2)}.

Let now 7s +8 <[y <85+ 7, i.e.

KO(TS(t)> Y, t) A E§s+97l2 (yv t) A _'Egs+87lg (y7 t)'

We have the following: if I} — (4s+4) =8s+9 —la then ly - lo =1y - 11 =
{8s+9—11,85+8—11,...,11}.

If [y —(4S+4) <8 +9—Ilsthenly-lo=1y-11 = {ZQ—(4S+4)}.

If Iy —(4S+4) >85+9—Ilsthenly-lo=1y-11 = {ll}

Let now Iy = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [y - I =
lo-li ={l1}.

Case 11. 5bs+6 <1y <6s+ 5.

We have: Ko(r?(x),t,73(z)) A Ego 7, (8, r2(x)) A —Eg, 6.1, (, r2(z)).

Let also 5s +6 <y < 65+ 5, i.e.

KO (T2 (t)7 Y, T3 (t)) A Egs+7—lg (yv T2 (t)> A _|E§S+6—l2 (ya T2 (t))

We have the following: if I; = lo then l; - lo = {10s + 11 — 11 }. If [; < lo
then 1 - Iy = {108 + 11 — ll}. Ifly >y then ly - l9g = {ll — (28 + 2)}

Let now Iy = 6s + 6, i.e. Ko(r?(t),y,r3(t)) A Ef(y,r3(t)).

We have: [ - lp = {108 + 11 — ll} and Iy - 11 = {ll — (28 + 2)}

Let now Iy = 65+ 7, i.e. Ko(r3(t),y,t) A Ef(y,r3(t)).

We have: [ -l = {108 + 11 — ll} and Iy - 11 = {ll — (28 + 2)}

Let now 65 +8 <y < T7s+4 7, i.e.

Ko(T?)(t), Y, t) A E;;—(65+6) (y7 T3(t)) A= 1*27(65+7) (ya T3(t))'

We have the following: if 6s+7—11 = lo—(65+6) then l1-lo = {10s+11—1;}
and lo-ly = {l1—(2s+2) }. If 6s4+7—11 < loa—(65+6) then [1-lo = {lo—(25+2)}
and la-ly = {10s+11—Is}. If 6s+7—11 > lo—(65+6) then l;-lo = {10s+11—11}
and ly - 11 = {ll — (23 + 2)}

Let now 7s +8 <y <8547, i.e.

KO(TS(t), Y, t) A E§s+97l2 (yv t) A _‘Egs+8712 (ya t)'

We have the following: if 654+7—1; = 8s+9—19 then l1-ly = {10s+11—1;}
and ly-l] = {ll, Lh+1,..., 148+15—l2(125—|—13—l1)}. If6s+7—11 < 8s+9—1I5
then Iy -ly = {lg*(28+2)} and l5-l] = {14S+15*l2} If 6s+7—11 > 8s+9—1Is
then [ - Iy = {ll} and Iy - 1] = {ll — (28 + 2)}

Let now Iy = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [y -l =
lo-li ={l1}.
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Case 12. 11 = 6s + 6.

We have: Ko(r?(x),t,r3(z)) A Ef(t,r3(x)). Let also ls = 6s + 6, i.e.
Ko(r?(t),y,r3(t)) A Ef(y,73(t)). Then we have Iy - lo = {4s +4,4s + 5}.

Let now Iy = 65+ 7, i.e. Ko(r3(t),y,t) A Ef(y,r3(t)).

We have the following: l1 - lo = {4s+ 5} and ls - I} = {4s + 4}.

Let now 65 +8 <y < T7s+ 7, i.e.

KO(T3(t)7 Y, t) A El*Q—(ﬁsJ,-G) (ya Tg(t)) A _|El*2—(65+7) (ya rg(t))

We have the following: 11 -lo = {lo — (2s4+2)} and I - [ = {10s+ 11 — 2 }.
Let now 7s +8 <y <8547, i.e.

Ko(r*(t),y,t) A Esgig-15)(y,t) A ~Essrs1,(y, ).
We have the following: 11 -lo = {lo — (254 2)} and I - [; = {14s+ 15— 2 }.
Let now Il = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have Iy - Iy =

{6s+6} and Iz -1} = {6s+ 6,65 + 7}.

Case 13. 11 = 6s+ 7.
We have: Ko(r3(x),t,z) A Ef(t,r3(x)). Let also ly = 65 + 7,
i.e. Ko(r3(t),y,t) A Ef(y,m3(t)). Then we have Iy - Iy = {4s + 4,45 + 5}.
Let now 65 +8 <[y < 7s+ 7, i.e.

Ky (r3 (t)7 Y, t) A El*zf(ﬁs%»ﬁ) (y? rd (t)) N _‘El*zf(6s+7) (y7 r’ (t))

We have the following: [; -l = {la — (25 +2)} and Iy - {1 = {10s+ 11 — 2 }.
Let now 7s +8 <[y <85+ 7, i.e.

Ko(r(t), y,t) A Egs19-1,) (Y, t) A " Essis-1,(y, 1)
We have the following: [; -l = {la — (25s+2)} and Iy - {1 = {145+ 15— [2}.
Let now Iy = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [ -l =
{65+ 6,65+ 7} and Iy - [} = {65 + 7}.

Case 14. 6s+8 <11 <T7s+7T7.
We have: Ko(r3(x),t,2) A E} _(6s+6) (t,r3(z)) A Bl (6s47) (t,r3(z)).
Let also 65+ 8 <y <7s+ 7, i.e.

Ko (Tg (t)7 Y, t) A E;;—(ﬁS—FG) (y? rd (t)) N _‘El*z—(6s+7) (y7 rd (t))

We have the following: if [; = la then l1-lo = {10s+11—13,...,l1—(25+2)}.

If [y <lp thenly - l9g = {ZQ — (28 + 2)} and ly - ] = {105 + 11 — lg}.

If Iy > Iy then ly - l5g = {105 + 11 — lz} and ly - 1] = {ZQ — (28 + 2)}

Let now 7s +8 <[y <85+ 7, i.e.

Ko(r®(t),y,t) A Esgig_15)(y,t) A ~Essrs1,(y, t).

We have the following: if [ — (6s + 6) = 85+ 9 — o then [3 - I = {12s +
13—14,... ,ll} and Iy 1] = {14S—|—15—l2}. If [ —(68—|—6) < 85+9—1I5 then
l1-15 = {l2f(28+2)} and ly-1] = {14S+15*12} Ifl1*(65+6) > 8s+9—15
then ll . l2 = l2 . ll = {ll}

Let now lo = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [y -l =
{108 + 11— ll} and 12 . ll = {ll}
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Case 15. Ts +8 <11 <8+ 1T.
We have: Ko(r3(z),t,x) A Egsio_1,)(t,7) A ~Egsys—i, (t, 7).
Let also 7s + 8 <y < 8s+ 7, i.e.

KO (Tg (t)a Y, t) A E85+9—l2) (yv t) A _‘E85+8—12 (y, t)'

We have the following: if I; = lo then Iy - ly = {l1}. If I; < Iy then
l1-1ly = {lz} If I >y then [y - Iy = {ll}

Let now Iy = 8s + 8, i.e. Ko(r3(t),y,t) A E1(y,t). Then we have [y - I =
lo -l ={lh}.

Case 16. 11 = 8s + 8.

We have: Ko(r3(x),t, ) AE1(t, z). Let also lp = 85+8, i.e. Ko(r3(t),y,t)A
Eq(y,t). Then we have [y - Iy = {l1}.

Thus, we established that the algebra 3, is commutative and strictly

s,m,k

(2s 4 3)-deterministic for all valid values s, m and k. O

3 Conclusion

We investigated algebras of binary isolating formulas for Ng-categorical
1-transitive non-primitive weakly circularly minimal theories of convexity
rank greater than 1 with a trivial definable closure having a non-trivial
piecewise monotonic-to-left function acting on the universe of a structure
with an arbitrary s and m = k = 4. We also proved their non-commutativity
and established their strict [-deterministicity for some natural [. It would
now be interesting to describe the corresponding algebras for such theories
having arbitrary s, m and k.
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