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Abstract: Operators of the commutant of the system D0 of partial
backward shift operators in the Fr�echet space of all holomorphic
functions on a polycylindrical domain Ω in CN containing the point
0 are studied. An integral representation for them and a criterion of
their invertibility are proved. It is established that for the product
of circular domains, every such operator is an operator of in�nite
order with constant coe�cients. When the characteristic function
of an operator of the commutant of the system D0 is a nonzero
function with separable variables, we prove the possibility of the
synthesis in its kernel and the existence of a continuous linear right
inverse to this operator.

Keywords: convolution operator, backward shift operator, space
of holomorphic functions.

1 Ââåäåíèå

Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj , 1 ≤ j ≤ N , � îäíîñâÿçíûå îáëà-
ñòè â C, ñîäåðæàùèå 0; H(Ω) � ïðîñòðàíñòâî âñåõ ãîëîìîðôíûõ â Ω
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ôóíêöèé, íàäåëåííîå òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàê-
òàõ Ω. Â äàííîé ðàáîòå èçó÷àþòñÿ ëèíåéíûå íåïðåðûâíûå îïåðàòîðû â
H(Ω), ïåðåñòàíîâî÷íûå ñî âñåìè îïåðàòîðàìè ÷àñòíîãî îáðàòíîãî ñäâè-

ãà Dj,0(f)(t) =
f(t)−f(t1,...,tj−1,0,tj+1,...,tN )

tj
, 1 ≤ j ≤ N . Â [1] áûëî ïîëó÷åíî

èõ ïðåäñòàâëåíèå â âèäå îáîáùåííîé ñâåðòêè. Èìåííî, â [1] óñòàíîâëå-
íî, ÷òî âñå îíè (è òîëüêî îíè) èìåþò âèä Bϕ(f)(z) = ϕ(Tz(f)), z ∈ Ω,
f ∈ H(Ω), ãäå ϕ � ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë íà H(Ω), à Tz
� îïåðàòîðû, àññîöèèðîâàííûå ñ ñèñòåìîé D0. Îòìåòèì, ÷òî îïåðàòîðû
îáðàòíîãî ñäâèãà, Tz, Bϕ òåñíî ñâÿçàíû ñ èíòåðïîëèðóþùåé ôóíêöèåé
À.Ô. Ëåîíòüåâà, èñïîëüçóåìîé â òåîðèè ðÿäîâ ýêñïîíåíò è ïðè èññëåäî-
âàíèè îïåðàòîðîâ ñâåðòêè, çàäàâàåìûõ îáû÷íûìè ñäâèãàìè, ñ ïðîèçâå-
äåíèåì Äþàìåëÿ (ñì. [1], [2]).
Â ýòîé ñòàòüå óïîìÿíóòîå âûøå ïðåäñòàâëåíèå Bϕ êîíêðåòèçèðîâà-

íî â èíòåãðàëüíîé ôîðìå. Ïðè ýòîì èñïîëüçóåòñÿ ðåàëèçàöèÿ òîïîëî-
ãè÷åñêîãî ñîïðÿæåííîãî ê H(Ω) ïðîñòðàíñòâà H(Ω)′ ñ ïîìîùüþ ïðå-
îáðàçîâàíèÿ Êîøè â âèäå ïðîñòðàíñòâà ðîñòêîâ H0(CΩ) ãîëîìîðôíûõ
ôóíêöèé íà CΩ = (C\Ω1)× · · · × (C\ΩN ), äîêàçàííàÿ Õ. Òèëüìàíîì [3].
Ïîëó÷åííîå èíòåãðàëüíîå ïðåäñòàâëåíèå ÿâëÿåòñÿ îñíîâíûì àíàëèòè÷å-
ñêèì ñðåäñòâîì èññëåäîâàíèÿ îïåðàòîðîâ Bϕ. Åñëè H(Ω)′ îòîæäåñòâèòü
ñH0(CΩ), òî ñîïðÿæåííûì ê Bϕ ÿâëÿåòñÿ îïåðàòîð óìíîæåíèÿ íà ôóíê-
öèþ t1 · · · tN ϕ̃(t), ãäå ϕ̃ � ïðåîáðàçîâàíèå Êîøè ôóíêöèîíàëà ϕ. Äàííûé
ôàêò ïîçâîëÿåò ïðèìåíèòü ñòàíäàðòíûå ðåçóëüòàòû î äåëèìîñòè ôóíê-
öèé ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ, ãîëîìîðôíûõ íà îòêðûòîì ìíî-
æåñòâå â CN . Ñïåöèôèêà ðàññìàòðèâàåìîé ñèòóàöèè ñîñòîèò â òîì, ÷òî
â íåé âîçíèêàåò ïðîáëåìà äåëåíèÿ ðîñòêîâ ãîëîìîðôíûõ ôóíêöèé íà

êîìïàêòíîì ïîäìíîæåñòâå CN ñ ïåðåìåííîé îáëàñòüþ ãîëîìîðôíîñòè.
Â íàñòîÿùåé ðàáîòå äîêàçàíà ñþðúåêòèâíîñòü ëþáîãî íåíóëåâîãî îïå-

ðàòîðà Bϕ è â òåðìèíàõ ïîâåäåíèÿ ôóíêöèè ϕ̃ óñòàíîâëåí êðèòåðèé
îáðàòèìîñòè Bϕ â H(Ω). Ââåäåíû îïåðàòîðû áåñêîíå÷íîãî ïîðÿäêà ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè èç êîììóòàíòà. Åñëè Ω ÿâëÿåòñÿ ïðîèç-
âåäåíèåì îòêðûòûõ êðóãîâ â C ñ öåíòðîì â òî÷êå 0, òî îí ñîñòîèò â
òî÷íîñòè èç îïåðàòîðîâ Bϕ òàêîãî âèäà.
Â ñëó÷àå, êîãäà ϕ̃(t) ÿâëÿåòñÿ ôóíêöèåé ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-

íûìè, ïîêàçàíà âîçìîæíîñòü ñèíòåçà â ÿäðå Bϕ. Äëÿ òàêîãî íåíóëåâîãî
ôóíêöèîíàëà ϕ äîêàçàíî òàêæå íàëè÷èå ëèíåéíîãî íåïðåðûâíîãî ïðà-
âîãî îáðàòíîãî ó Bϕ : H(Ω) → H(Ω). Ýòî ñëåäóåò èç äîïîëíÿåìîñòè
ãëàâíîãî èäåàëà, ïîðîæäåííîãî ôóíêöèåé t1 · · · tN ϕ̃(t) â ïðîñòðàíñòâå
H0(CΩ).
Ðàññìîòðåíèå â ýòîé ñòàòüå êëàññà (òîëüêî) ïîëèöèëèíäðè÷åñêèõ îá-

ëàñòåé Ω ñóùåñòâåííî ñâÿçàíî ñî ñëåäóþùèì îáñòîÿòåëüñòâîì. Ïðè îïðå-
äåëåíèè îïåðàòîðîâ Tz òðåáóåòñÿ, ÷òîáû äëÿ ëþáûõ òî÷åê t, z ∈ Ω âñÿêàÿ
òî÷êà èç CN , êàæäàÿ êîîðäèíàòà êîòîðîé ðàâíà ñîîòâåòñòâóþùåé êîîð-
äèíàòå t èëè z, òàêæå ïðèíàäëåæàëà Ω. Ýòî òàê â òîì è òîëüêî â òîì
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ñëó÷àå, êîãäà îáëàñòü Ω ïîëèöèëèíäðè÷åñêàÿ. Êðîìå òîãî, â äàííîé ðà-
áîòå ñèñòåìàòè÷åñêè èñïîëüçóåòñÿ àíàëîã äâîéñòâåííîñòè Ñèëâû�Êåòå�
Ãðîòåíäèêà ïðîñòðàíñòâ ãîëîìîðôíûõ ôóíêöèé îäíîé êîìïëåêñíîé ïå-
ðåìåííîé. Îí îñíîâàí íà ìíîãîìåðíîì ïðåîáðàçîâàíèè Êîøè, ïðèìåíè-
ìîì â ñëó÷àå ïîëèöèëèíäðè÷åñêèõ îáëàñòåé.

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïðèâåäåì ñâåäåíèÿ îá îïåðàòîðàõ ÷àñòíîãî îáðàòíîãî ñäâèãà è ïåðå-
ñòàíîâî÷íûõ ñ íèìè îïåðàòîðàõ èç [1], [2]. Äàëåå äëÿ N ∈ N ñèìâîë PN
îáîçíà÷àåò ìíîæåñòâî {1, · · · , N} ïåðâûõ N íàòóðàëüíûõ ÷èñåë. Äëÿ
ïðîèçâîëüíûõ t, z ∈ CN , σ ⊂ PN ââåäåì òî÷êó tσ,z ∈ CN :

(tσ,z)j :=

{
tj , j ∈ PN\σ,
zj , j ∈ σ.

Åñëè σ = {j}, òî tj,z := tσ,z; t∅,z = t.

Ïîëîæèì ∂j := ∂
∂zj

, j ∈ PN ; N0 := N ∪ {0}. Äëÿ α = (αj)
N
j=1, β =

(βj)
N
j=1 ∈ NN0 áóäåì ïèñàòü α ≤ β, åñëè αj ≤ βj , 1 ≤ j ≤ N . Êàê îáû÷íî,

ïîëàãàåì zα := zα1
1 · · · z

αN
N (ñ÷èòàåì, ÷òî c0 = 1 äëÿ ëþáîãî c ∈ C),

|α| := α1 + · · ·+ αN , α! := α1! · · ·αN !, z ∈ CN , α ∈ NN0 .
Íèæå Ω � ïîëèöèëèíäðè÷åñêàÿ îáëàñòü â CN : Ω = Ω1 × · · · × ΩN ,

ãäå Ωj , j ∈ PN , � îáëàñòè â C, ñîäåðæàùèå 0; H(Ω) � ïðîñòðàíñòâî
âñåõ ãîëîìîðôíûõ â Ω ôóíêöèé ñ òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè
íà êîìïàêòíûõ ïîäìíîæåñòâàõ Ω. Äëÿ f ∈ H(Ω), j ∈ PN , t ∈ Ω ïóñòü

Dj,0(f)(t) :=

{
f(t)−f(tj,0)

tj
, tj 6= 0,

∂jf(tj,0), tj = 0.

Âñå îïåðàòîðûDj,0, j ∈ PN , ëèíåéíû è íåïðåðûâíû âH(Ω). Îíè ïîïàðíî
ïåðåñòàíîâî÷íû. Ïîëàãàåì Dα

0 := Dα1
1,0 · · ·D

αN
N,0, z ∈ Ω, α ∈ NN0 .

Äëÿ ìîíîìîâ fβ(t) := tβ , t ∈ CN , β ∈ NN0 , â H(Ω) âûïîëíÿþòñÿ ðàâåí-
ñòâà Dα

0 (fβ) = fβ−α, åñëè α ≤ β, è Dα
0 (fβ) = 0 â ïðîòèâíîì ñëó÷àå.

Ñ ñèñòåìîé D0 ìîæíî àññîöèèðîâàòü îïåðàòîðû Tz, z ∈ Ω (ýòà èäåÿ
âîñõîäèò, â ÷àñòíîñòè, ê Ç. Áèíäåðìàíó [4]): äëÿ j ∈ PN , f ∈ H(Ω)

Tj,z(f)(t) :=

{
tjf(t)−zjf(tj,z)

tj−zj , tj 6= zj ,

zj∂jf(tj,z) + f(tj,z), tj = zj ,

è Tz = T1,z · · ·TN,z. Îïåðàòîðû Tj,z, Tz, j ∈ PN , z ∈ Ω, ëèíåéíû è íåïðå-
ðûâíû â H(Ω).
Îïðåäåëèì ôóíêöèîíàëû

ϕα(f) := ∂αf(0), f ∈ H(Ω), α ∈ NN0 ,

ãäå ∂α := ∂|α|

∂z
α1
1 ···∂z

αN
N

. ßñíî, ÷òî ϕα ∈ H(Ω)′ äëÿ ëþáîãî α ∈ NN0 . Ñèìâîë
|σ| îáîçíà÷àåò êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà σ ⊂ PN . Ñ÷èòàåì, ÷òî
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|∅| = 0. Â äàëüíåéøåì 1 � ìóëüòèèíäåêñ, êàæäàÿ êîîðäèíàòà êîòîðîãî
ðàâíà 1,

Ëåììà 1. [1, ëåììû 2.3, 2.4] (i) Ïóñòü îáëàñòè Ωj, j ∈ PN , îäíîñâÿçíû
è ñîäåðæàò 0. Òîãäà äëÿ ëþáûõ α ∈ NN0 , f ∈ H(Ω), z ∈ Ω ñïðàâåäëèâî
ðàâåíñòâî

Dα
0 (f)(z) =

1

α!
ϕα(Tz(f)).

(ii) Tz(f)(t) = 1
(t−z)1

∑
σ⊂PN

(−1)|σ|t1σ,zf(tσ,z), f ∈ H(Ω), t, z ∈ Ω, tj 6= zj,

j ∈ PN .
Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà E ÷åðåç L(E) îáîçíà÷èì ïðî-

ñòðàíñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â E, ñèìâîëîì E′ �
òîïîëîãè÷åñêîå ñîïðÿæåííîå ê E, à ÷åðåç E′b � ñèëüíîå ñîïðÿæåííîå ê E
ïðîñòðàíñòâî. Ïóñòü KΩ(D0) � ìíîæåñòâî âñåõ îïåðàòîðîâ B ∈ L(H(Ω))
òàêèõ, ÷òî BDj,0 = Dj,0B â H(Ω) äëÿ ëþáîãî j ∈ PN . ßñíî, ÷òî KΩ(D0)
ñîâïàäàåò ñ ìíîæåñòâîì âñåõ îïåðàòîðîâ B ∈ L(H(Ω)), ïåðåñòàíîâî÷-
íûõ ñ êàæäûì îïåðàòîðîì Dα

0 , α ∈ NN0 . Íèæå KΩ(T ) � ìíîæåñòâî âñåõ
îïåðàòîðîâ B ∈ L(H(Ω)), äëÿ êîòîðûõ BTz = TzB â H(Ω) äëÿ ëþáîãî
z ∈ Ω.

Òåîðåìà 1. [1, òåîðåìà 3.1] Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj, j ∈
PN , � îäíîñâÿçíûå îáëàñòè â C, ñîäåðæàùèå 0. Ñëåäóþùèå óñëîâèÿ
ðàâíîñèëüíû:
(i) B ∈ KΩ(D0).
(ii) B ∈ KΩ(T ).
(iii) Ñóùåñòâóåò ôóíêöèîíàë ϕ ∈ H(Ω)′ òàêîé, ÷òî

B(f)(z) = ϕ(Tz(f)), z ∈ Ω, f ∈ H(Ω).

Äëÿ ëþáîãî îïåðàòîðà B ∈ KΩ(D0) = KΩ(T ) ôóíêöèîíàë ϕ ∈ H(Ω)′,
êàê â (iii), åäèíñòâåíåí.

Îñíîâíàÿ öåëü äàííîé ðàáîòû � èçó÷åíèå ñâîéñòâ îïåðàòîðîâ ñâåðòêè

Bϕ(f)(z) = ϕ(Tz(f)), z ∈ Ω, f ∈ H(Ω), ϕ ∈ H(Ω)′.

3 Èíòåãðàëüíîå ïðåäñòàâëåíèå, ñþðúåêòèâíîñòü è
îáðàòèìîñòü îïåðàòîðîâ Bϕ â H(Ω)

3.1. Èíòåãðàëüíîå ïðåäñòàâëåíèå îïåðàòîðîâ Bϕ â H(Ω). Îäíèì
èç îñíîâíûõ àíàëèòè÷åñêèõ ñðåäñòâ èññëåäîâàíèÿ îïåðàòîðîâ èç KΩ(D0)
ÿâëÿåòñÿ èõ èíòåãðàëüíîå ïðåäñòàâëåíèå. Äëÿ êðèâûõ Lj , j ∈ PN , â C
ââåäåì èõ ïðÿìîå ïðîèçâåäåíèå L := L1× · · · ×LN . Åñëè γ � çàìêíóòàÿ
æîðäàíîâà êðèâàÿ â C, òî Int γ � âíóòðåííîñòü γ, à Ext γ � âíåøíîñòü
γ â C = C ∪ {∞}. Ñ÷èòàåì âñþäó äàëåå çàìêíóòûå æîðäàíîâû êðèâûå
îðèåíòèðîâàííûìè ïîëîæèòåëüíî. Äëÿ çàìêíóòûõ æîðäàíîâûõ êðèâûõ
Lj , j ∈ PN , â C ïîëàãàåì

IntL := IntL1 × · · · × IntLN , ExtL := ExtL1 × · · · × ExtLN .
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Åñëè Lj � ñïðÿìëÿåìûå êðèâûå, òî äëÿ ôóíêöèè f , ãîëîìîðôíîé â
íåêîòîðîé îêðåñòíîñòè L = L1 × · · · × LN â CN ,∫

L

f(t)dt :=

∫
LN

· · ·
∫
L1

f(t)dt1 · · · dtN

(ýòîò èíòåãðàë ïîíèìàåòñÿ êàê ïîâòîðíûé). Èç ñâîéñòâà ãîëîìîðôíîé
çàâèñèìîñòè èíòåãðàëà îò ïàðàìåòðà (ñì., íàïðèìåð, [5, ÷àñòü II, ãë. 1,
� 3, ï. 6, ëåììà] ñëåäóåò, ÷òî îí ñóùåñòâóåò. Èç òåîðåìû Ôóáèíè âû-
òåêàåò, ÷òî îí íå çàâèñèò îò ïîðÿäêà èíòåãðèðîâàíèÿ. (Ýòî âåðíî äëÿ
êóñî÷íî�ãëàäêèõ êðèâûõ, à àïïðîêñèìàöèÿ êóñî÷íî�ãëàäêèìè êðèâûìè
ïîçâîëÿåò óñòàíîâèòü òàêóþ íåçàâèñèìîñòü è äëÿ ïðîèçâîëüíûõ ñïðÿì-
ëÿåìûõ êðèâûõ Lj .)
Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj , j ∈ PN , � îäíîñâÿçíûå îáëàñòè

â C, ñîäåðæàùèå 0. Ïðèâåäåì ñâåäåíèÿ î ðåàëèçàöèè ñîïðÿæåííîãî ê
H(Ω) ïðîñòðàíñòâà ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Êîøè. Ïóñòü CΩ :=
(C\Ω1)× · · · × (C\ΩN ). Ñèìâîëîì H0(CΩ) îáîçíà÷èì ïðîñòðàíñòâî âñåõ
ðîñòêîâ ãîëîìîðôíûõ íà CΩ ôóíêöèé, îáðàùàþùèõñÿ â 0 âî âñåõ òî÷-
êàõ, õîòÿ áû îäíà êîîðäèíàòà êîòîðûõ ðàâíà ∞. Åñòåñòâåííàÿ èíäóê-
òèâíàÿ òîïîëîãèÿ â H0(CΩ) ââîäèòñÿ ñëåäóþùèì îáðàçîì. Äëÿ j ∈ PN
çàôèêñèðóåì ïîñëåäîâàòåëüíîñòü çàìêíóòûõ ñïðÿìëÿåìûõ æîðäàíîâûõ
êðèâûõ γj,n, n ∈ N, îáëàäàþùèõ ñëåäóþùèìè ñâîéñòâàìè: 0 ñîäåðæèò-

ñÿ âî âíóòðåííîñòè γj,1, Int γj,n ⊂ Int γj,n+1, n ∈ N, è
⋃
n∈N

Int γj,n = Ωj

(Int γj,n � çàìûêàíèå Int γj,n â C). Òàêèå êðèâûå ñóùåñòâóþò. (Åñëè îá-
ëàñòü Ωj îòëè÷íà îò C, òî â êà÷åñòâå ýòèõ êðèâûõ ìîæíî âçÿòü îáðàçû

îêðóæíîñòåé {z ∈ C : |z| = e−1/n}, n ∈ N, ïðè îäíîëèñòíîì îòîáðàæå-
íèè êðóãà {z ∈ C : |z| < 1} íà Ωj .) Ïîëîæèì γn := γ1,n × · · · × γN,n,
Gj,n := Ext γj,n, Gn := G1,n × · · · × GN,n, n ∈ N. Ïóñòü H0(Gn), n ∈ N,
� ïðîñòðàíñòâî âñåõ ãîëîìîðôíûõ â Gn ôóíêöèé, ðàâíûõ 0 â òî÷êàõ,
õîòÿ áû îäíà êîîðäèíàòà êîòîðûõ ðàâíà ∞. Îíî íàäåëÿåòñÿ òîïîëîãèåé
ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàêòàõ Gn. Òîãäà H0(CΩ) =

⋃
n∈N

H0(Gn)

è â H0(CΩ) ââîäèòñÿ òîïîëîãèÿ èíäóêòèâíîãî ïðåäåëà ïîñëåäîâàòåëü-
íîñòè ïðîñòðàíñòâ Ôðåøå H0(Gn), n ∈ N, îòíîñèòåëüíî îòîáðàæåíèé
ρn : H0(Gn) → H0(CΩ), ãäå ρn(f) äëÿ f ∈ H0(Gn) � ðîñòîê, ñîäåðæà-
ùèé f . Ñ ýòîé òîïîëîãèåé H0(CΩ) ÿâëÿåòñÿ (DFS)�ïðîñòðàíñòâîì (ñì.
[6, ï. 2.2]). Ïî [3] (ñì. òàêæå [7, � 12]) ïðåîáðàçîâàíèå Êîøè

C(ϕ)(t) := ϕ̃(t) := ϕz

(
1

(t− z)1

)
, ϕ ∈ H(Ω)′,

ÿâëÿåòñÿ òîïîëîãè÷åñêèì èçîìîðôèçìîì H(Ω)′b íà H0(CΩ). Ïðè ýòîì
òî÷êà t ïðèíàäëåæèò íåêîòîðîé îáëàñòè Gn (n çàâèñèò îò ϕ). Èçîìîð-
ôèçì C : H(Ω)′ → H0(CΩ) èíäóöèðóåò äâîéñòâåííîñòü ìåæäó H(Ω) è
H0(CΩ). Ñîîòâåòñòâóþùåé áèëèíåéíîé ôîðìîé, çàäàþùåé åå, ÿâëÿåòñÿ

〈f, g〉Ω := C−1(g)(f), f ∈ H(Ω), g ∈ H0(CΩ).
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Åñëè g ∈ H0(Gn), òî

〈f, g〉Ω =
1

(2πi)N

∫
L

f(t)g(t)dt, f ∈ H(Ω),

äëÿ ëþáûõ çàìêíóòûõ ñïðÿìëÿåìûõ æîðäàíîâûõ êðèâûõ Lj â Ωj , j ∈
PN , òàêèõ, ÷òî Int γj,n ⊂ IntLj .
Äîêàæåì ðåçóëüòàò îá èíòåãðàëüíîì ïðåäñòàâëåíèè îïåðàòîðà Bϕ.

Íèæå äëÿ k ∈ PN , u ∈ CN

u(k) := (u1, ..., uk−1, uk+1, ..., uN ).

Ëåììà 2. Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj, j ∈ PN , � îäíîñâÿçíûå
îáëàñòè â C, ñîäåðæàùèå òî÷êó 0; ϕ ∈ H(Ω)′, ôóíêöèÿ ϕ̃ ãîëîìîðôíà
â îáëàñòè Gn, n ∈ N. Òîãäà äëÿ ëþáûõ çàìêíóòûõ ñïðÿìëÿåìûõ æîð-
äàíîâûõ êðèâûõ Lj, j ∈ PN , â Ωj ∩ Gj,n, äëÿ âñåõ f ∈ H(Ω), z ∈ IntL
âûïîëíÿåòñÿ ðàâåíñòâî

Bϕ(f)(z) =
1

(2πi)N

∫
L

t1f(t)ϕ̃(t)

(t− z)1
dt.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì f ∈ H(Ω). Â ñèëó ïðåäñòàâëåíèÿ îïåðà-
òîðà Tz â ëåììå 1 (ii) äëÿ z ∈ IntL

(2πi)NBϕ(f)(z) = (2πi)Nϕ(Tz(f))

=

∫
L

t1ϕ̃(t)f(t)

(t− z)1
dt+

∑
σ⊂PN ,σ 6=∅

(−1)|σ|
∫
L

t1σ,zϕ̃(t)f(tσ,z)

(t− z)1
dt.

Ïóñòü σ 6= ∅ è k ∈ σ, L(k) := L1 × · · · × Lk−1 × Lk+1 × · · · × LN . Òîãäà
äëÿ z ∈ intL∫
L

t1σ,zf(tσ,z)ϕ̃(t)

(t− z)1
dt =

∫
L(k)

(t
(k)
σ,z)1

((t− z)(k))1

∫
Lk

zkf(tσ,z)ϕ̃(t)

tk − zk
dtk

 dt(k) = 0,

ïîñêîëüêó
∫
Lk

zkf(tσ,z)ϕ̃(t)
tk−zk dtk = 0 ïî èíòåãðàëüíîé ôîðìóëå Êîøè äëÿ

íåîãðàíè÷åííîé îáëàñòè. Ñëåäîâàòåëüíî,

Bϕ(f)(z) =
1

(2πi)N

∫
L

t1f(t)ϕ̃(t)

(t− z)1
dt, z ∈ IntL.

�

Ëåììà 3. Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj, j ∈ PN , � îäíîñâÿç-
íûå îáëàñòè â C, ñîäåðæàùèå òî÷êó 0. Äëÿ ϕ ∈ H(Ω)′ ñîïðÿæåííûì
B′ϕ : H0(CΩ) → H0(CΩ) ê îïåðàòîðó Bϕ : H(Ω) → H(Ω) îòíîñèòåëü-
íî äóàëüíîé ïàðû (H(Ω), H0(CΩ)) ÿâëÿåòñÿ îïåðàòîð óìíîæåíèÿ íà
ôóíêöèþ t1ϕ̃(t).
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Äîêàçàòåëüñòâî. Íàéäåòñÿ m ∈ N, äëÿ êîòîðîãî ôóíêöèÿ g(t) := t1ϕ̃(t)
ãîëîìîðôíà â Gm. Äëÿ ëþáûõ n ≥ m, f ∈ H(Ω), h ∈ H0(Gn), s > n,
z ∈ IntLs âñëåäñòâèå ëåììû 2

〈Bϕ(f), h〉Ω =
1

(2πi)N

∫
γs

h(z)
1

(2πi)N

 ∫
γs+1

g(t)f(t)

(t− z)1
dt

 dz

=
1

(2πi)N

∫
γs+1

g(t)f(t)

 1

(2πi)N

∫
γs

h(z)

(t− z)1
dz

 dt

=
1

(2πi)N

∫
γs+1

g(t)f(t)h(t)dt = 〈f, gh〉Ω.

Òàêèì îáðàçîì, B′ϕ(h) = gh. �

3.2. Ñþðúåêòèâíîñòü è îáðàòèìîñòü îïåðàòîðà Bϕ â H(Ω). Äëÿ

t ∈ CN ïîëîæèì 1
t :=

(
1
t1
, ..., 1

tN

)
(ñ÷èòàåì, ÷òî 1

∞ = 0). Äëÿ Q ⊂ Cp (p ∈
N) ïóñòü Q−1 :=

{
1
t : t ∈ Q

}
. Ñëåäóþùèé ðåçóëüòàò î ñþðúåêòèâíîñòè

Bϕ ñîäåðæèòñÿ â [1, ñëåäñòâèå 3.2]; ïðèâåäåì åãî äîêàçàòåëüñòâî.

Òåîðåìà 2. Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj, j ∈ PN , � îäíîñâÿçíûå
îáëàñòè â C, ñîäåðæàùèå òî÷êó 0. Äëÿ ëþáîãî íåíóëåâîãî ôóíêöèîíàëà
ϕ ∈ H(Ω)′ îïåðàòîð Bϕ : H(Ω)→ H(Ω) ñþðúåêòèâåí.

Äîêàçàòåëüñòâî. Ñîïðÿæåííûé ê Bϕ îïåðàòîð B′ϕ : H0(CΩ)→ H0(CΩ)

óìíîæåíèÿ íà g(t) = t1ϕ̃(t) (ñì. ëåììó 3) èíúåêòèâåí. Ïîêàæåì, ÷òî åãî
îáðàç çàìêíóò â H0(CΩ). Ïðåîáðàçîâàíèå h 7→ h( 1

u1
, ..., 1

uN
) ÿâëÿåòñÿ òî-

ïîëîãè÷åñêèì èçîìîðôèçìîìH0(CΩ) íà ïðîñòðàíñòâîH0((CΩ)−1) ðîñò-
êîâ âñåõ ôóíêöèé, ãîëîìîðôíûõ íà êîìïàêòå (CΩ)−1 := (CΩ1)−1×· · ·×
(CΩN )−1 â CN , ðàâíûõ íóëþ â òî÷êå, åñëè õîòÿ áû îäíà åå êîîðäèíàòà
ðàâíà 0. Ïðè ýòîìH0((CΩ)−1) íàäåëÿåòñÿ òîïîëîãèåé èíäóêòèâíîãî ïðå-
äåëà ïîñëåäîâàòåëüíîñòè ïðîñòðàíñòâ Ôðåøå H0((Gn)−1), ãäå (Gn)−1 :=
(G1,n)−1 × · · · × (GN,n)−1. Ñ íåé îíî ÿâëÿåòñÿ (DFS)�ïðîñòðàíñòâîì.

Ïóñòü w(u) := g
(

1
u1
, ..., 1

uN

)
, S(f)(u) := w(u)f(u), f ∈ H0((CΩ)−1).

Íàéäåòñÿ m ∈ N òàêîå, ÷òî w ∈ H0((Gm)−1). Òàê êàê òîïîëîãèÿ êàæ-
äîãî ïðîñòðàíñòâà H0((Gn)−1) ìàæîðèðóåò òîïîëîãèþ ïîòî÷å÷íîé ñõî-
äèìîñòè âñåõ ïðîèçâîäíûõ, òî S(H0((CΩ)−1))

⋂
H0((Gn)−1) çàìêíóòî â

H0((Gn)−1) äëÿ ëþáîãî n ≥ m (ñì., íàïðèìåð, [8, ïðåäëîæåíèå 3, ãë. 1,
�1]). Îòñþäà ñëåäóåò [6, ïï. 2.9, 2.14] çàìêíóòîñòü îáðàçà îïåðàòîðà S â
H0((CΩ)−1). Çíà÷èò, B′ϕ(H0(CΩ)) çàìêíóòî âH0(CΩ). Â ñèëó [9, 8.6.13] è
òîãî, ÷òî H(Ω) ÿâëÿåòñÿ ìîíòåëåâñêèì ïðîñòðàíñòâîì Ôðåøå, îïåðàòîð
Bϕ : H(Ω)→ H(Ω) ñþðúåêòèâåí. �
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Òåîðåìà 3. Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj, j ∈ PN , � îäíîñâÿçíûå
îáëàñòè â C, ñîäåðæàùèå òî÷êó 0. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíî-
ñèëüíû:
(i) Îïåðàòîð Bϕ : H(Ω)→ H(Ω) îáðàòèì.
(ii) Ôóíêöèÿ t1ϕ̃(t) íå èìååò íóëåé â CΩ.

Äîêàçàòåëüñòâî. Ïóñòü g(t) := t1ϕ̃(t), w(u) := g
(

1
u1
, ..., 1

uN

)
. Îïåðàòîð

Bϕ : H(Ω) → H(Ω) îáðàòèì òîãäà è òîëüêî òîãäà, êîãäà îáðàòèì îïå-
ðàòîð S(f)(u) = w(u)f(u) â H0((CΩ)−1). Îáðàòèìîñòü S âëå÷åò, ÷òî w
íå îáðàùàåòñÿ â 0 â (CΩ)−1, à çíà÷èò, ôóíêöèÿ t1ϕ̃(t) íå èìååò íóëåé â
CΩ. Íàîáîðîò, åñëè w 6= 0 â (CΩ)−1, òî íàéäåòñÿ îòêðûòàÿ îêðåñòíîñòü
(CΩ)−1, â êîòîðîé ôóíêöèÿ w ãîëîìîðôíà è íå ðàâíà 0. Îòñþäà ñëåäóåò
îáðàòèìîñòü S.

�

Ïðèâåäåì ïðèìåðû ôóíêöèîíàëüíîãî ïðåäñòàâëåíèÿ îïåðàòîðîâ èç
KΩ(D0), ÿâëÿþùèõñÿ îñíîâîé äàííûõ êîíñòðóêöèé.

Ïðèìåð 1. Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj , j ∈ PN , � îäíîñâÿçíûå
îáëàñòè â C, ñîäåðæàùèå òî÷êó 0.
(i) Äëÿ z ∈ Ω ïîëàãàåì δz(f) := f(z), f ∈ H(Ω). ßñíî, ÷òî δz ∈ H(Ω)′

äëÿ âñåõ z ∈ Ω.
Åñëè ϕ = δz, z ∈ Ω, òî Bϕ = Tz. Äåéñòâèòåëüíî, äëÿ f ∈ H(Ω), t ∈ Ω

Bϕ(f)(t) = (δz)u(Tt(f)(u)) = Tt(f)(z) = Tz(f)(t)

(íèæíèé èíäåêñ ó ôóíêöèîíàëà ïîêàçûâàåò, ïî êàêèì ïåðåìåííûì îí
äåéñòâóåò).
(ii) Åñëè α ∈ NN0 , ϕ(f) = 1

α!ϕα(f) = 1
α!∂

αf(0), òî Bϕ = Dα
0 â ñèëó ëåììû

1. Îòìåòèì, ÷òî ϕ̃α(t) := α!
tα+1 .

Äëÿ ϕ =
∑
α

cα
α!ϕα, cα ∈ C (ñóììà êîíå÷íà) Bϕ =

∑
α
cαD

α
0 . Â � 4 áóäóò

ââåäåíû îïåðàòîðû òàêîãî òèïà áåñêîíå÷íîãî ïîðÿäêà.

4 Àëãåáðà (H(Ω)′,~), åå ïðåäñòàâëåíèå â H(Ω) è
îïåðàòîðû áåñêîíå÷íîãî ïîðÿäêà

Íèæå èñïîëüçóåòñÿ àëãåáðà àíàëèòè÷åñêèõ ôóíêöèîíàëîâ (H(Ω)′,~),
åñòåñòâåííî âîçíèêàþùàÿ â ñâÿçè ñ òåîðåìîé 1. Ïî-ïðåæíåìó Ω = Ω1 ×
· · ·×ΩN , ãäå Ωj , j ∈ PN , � îäíîñâÿçíûå îáëàñòè â C, ñîäåðæàùèå òî÷êó
0. Îïðåäåëèì îïåðàöèþ ~: äëÿ ϕ,ψ ∈ H(Ω)′

(ϕ~ ψ)(f) := ϕz(ψ(Tz(f))) = ϕ(Bψ(f)), f ∈ H(Ω).

Îòìåòèì åå ñâîéñòâà.

Ïðåäëîæåíèå 1. [10, òåîðåìû 1, 2] (i) ~ � áèíàðíàÿ îïåðàöèÿ â H(Ω)′.
(ii) (H(Ω)′b,~) � óíèòàëüíàÿ àññîöèàòèâíàÿ è êîììóòàòèâíàÿ òîïî-
ëîãè÷åñêàÿ àëãåáðà, íå èìåþùàÿ äåëèòåëåé íóëÿ.
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(iii) Äëÿ âñåõ ϕ,ψ ∈ H(Ω)′ âûïîëíÿåòñÿ ðàâåíñòâî

C(ϕ~ ψ)(t) = t1C(ϕ)(t)C(ψ)(t), t ∈ CΩ.

Ïóñòü KΩ(D0)b � ïðîñòðàíñòâî KΩ(D0) ñ òîïîëîãèåé, èíäóöèðîâàííîé
òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà îãðàíè÷åííûõ ïîäìíîæåñòâàõ
H(Ω) (îãðàíè÷åííîé ñõîäèìîñòè) â L(H(Ω)) (ñì. [11, ãë. IV, � 2]).

Ïðåäëîæåíèå 2. [10, òåîðåìà 4] (i) Îòîáðàæåíèå ρ(ϕ) = Bϕ, ϕ ∈
H(Ω)′, ÿâëÿåòñÿ èçîìîðôèçìîì àëãåáðû (H(Ω)′,~) íà àëãåáðó KΩ(D0)
ñ óìíîæåíèåì � êîìïîçèöèåé îïåðàòîðîâ.
(ii) ρ � òîïîëîãè÷åñêèé èçîìîðôèçì H(Ω)′b íà KΩ(D0)b.

Ñëåäñòâèå 1. Ïóñòü ϕ,ϕk ∈ H(Ω)′, 1 ≤ k ≤ n, n ∈ N, è ϕ̃(t) =
(t1)n−1ϕ̃1(t) · · · ϕ̃n(t) â íåêîòîðîé îòêðûòîé îêðåñòíîñòè CΩ. Òîãäà â
H(Ω) âûïîëíÿåòñÿ ðàâåíñòâî Bϕ = Bϕ1 · · ·Bϕn.

Äëÿ ìíîãî÷ëåíà p(z) =
∑
α
cαz

α ∈ C[z] îò ïåðåìåííûõ z1, ..., zN ïîëî-

æèì p(D0) :=
∑
α
cαD

α
0 . Ïóñòü C[D0] := {p(D0) : p ∈ C[z]}. ßñíî, ÷òî

C[D0] ⊂ KΩ(D0).

Ñëåäñòâèå 2. Ïóñòü ϕ ∈ H(Ω)′, ϕ 6= 0, ϕ̃(t) = v1(t1) · · · vN (tN ), ãäå vj ∈
H0(C\Ωj), j ∈ PN . Òîãäà ñóùåñòâóþò íåíóëåâîé ìíîãî÷ëåí p ∈ C[z] (ñ
ðàçäåëÿþùèìèñÿ ïåðåìåííûìè), ν ∈ H(Ω)′ òàêèå, ÷òî Bϕ = p(D0)Bν è
Bν � èçîìîðôèçì H(Ω).

Äîêàçàòåëüñòâî. Äëÿ êàæäîãî j ∈ PN ôóíêöèÿ vj íåíóëåâàÿ, à çíà-

÷èò, èìååò â C\Ωj íå áîëåå êîíå÷íîãî ÷èñëà ðàçëè÷íûõ íóëåé. Ïîýòîìó

ñóùåñòâóþò íåíóëåâîé ìíîãî÷ëåí qj ∈ C[zj ], ôóíêöèÿ hj ∈ H(C\Ωj),
îáëàäàþùèå ñëåäóþùèìè ñâîéñòâàìè:

vj(tj) = qj

(
1

tj

)
hj(tj), hj 6= 0 íà C\Ωj , qj(0) = 0.

Ïóñòü

Q(t) := q1

(
1

t1

)
· · · qN

(
1

tN

)
, h(t) :=

1

t1
h1(t1) · · ·hN (tN ).

Òîãäà Q, h ∈ H0(CΩ). Ïîëîæèì ψ := C−1(Q), ν := C−1(h). Ïîñêîëüêó

ϕ̃(t) = t1Q(t)h(t), òî ϕ̃ = ψ̃ ~ ν ïî ïðåäëîæåíèþ 1. Âñëåäñòâèå ïðåä-
ëîæåíèÿ 2 âûïîëíÿåòñÿ ðàâåíñòâî Bϕ = BψBν . Ïî òåîðåìå 3 Bν �
èçîìîðôèçì H(Ω). Êðîìå òîãî, Bψ = p(D0) äëÿ ìíîãî÷ëåíà p(z) :=
1
z1
q1(z1) · · · qN (zN ).

�

Ñëåäñòâèå 3. Ìíîæåñòâî C[D0] ïëîòíî â KΩ(D0)b.

Äîêàçàòåëüñòâî. Ñèñòåìà Φ := {ϕα : α ∈ NN0 } ïîëíà â H(Ω)′b. Äåé-

ñòâèòåëüíî, åñëè f ∈ H(Ω) è ∂αf(0) = 0 äëÿ âñåõ α ∈ NN0 , òî f = 0.
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Âñëåäñòâèå ïðåäëîæåíèÿ 2 ëèíåéíàÿ îáîëî÷êà span(ρ(Φ)) ìíîæåñòâà
ρ(Φ) ïëîòíà â KΩ(D0)b. Â ñèëó ïðèìåðà 1 span(ρ(Φ)) = C[D0]. �

Ðàíåå â [1, ñëåäñòâèå 3.1] ýòî áûëî äîêàçàíî äëÿ òîïîëîãèè ïîòî÷å÷íîé
ñõîäèìîñòè â KΩ(D0) (îíà ìàæîðèðóåòñÿ òîïîëîãèåé îãðàíè÷åííîé ñõî-
äèìîñòè). Â ñëó÷àå, êîãäà Ω ÿâëÿåòñÿ ïðîèçâåäåíèåì îòêðûòûõ êðóãîâ
ñ öåíòðîì â òî÷êå 0, ñëåäñòâèå 3 ìîæåò áûòü óñèëåíî, à èìåííî, âñÿêèé
îïåðàòîð èç KΩ(D0) äëÿ ýòîé îáëàñòè Ω ïðåäñòàâèì â âèäå ðÿäà ïî Dα0 ,
α ∈ NN0 . Èññëåäóåì îïåðàòîðû òàêîãî òèïà.
Äëÿ Rj ∈ (0,+∞], j ∈ PN , n ∈ N, α ∈ NN0 ïîëîæèì

bn,α,j :=

{
R
−αj
j eαj/n, Rj < +∞,

e−αjn, Rj = +∞,

è bn,α = bn,α,1 · · · bn,α,N , n ∈ N, α ∈ NN0 . Îïðåäåëèì ïðîñòðàíñòâî (ìóëü-
òè)ïîñëåäîâàòåëüíîñòåé

ΛR :=

{
c ∈ CNN0 : ∃n ∈ N : sup

α∈NN0
|cα|bn,α < +∞

}
.

Åñëè Rj êîíå÷íû äëÿ âñåõ j ∈ PN , òî ΛR ñîâïàäàåò ñ ïðîñòðàíñòâîì âñåõ
òåõ ïîñëåäîâàòåëüíîñòåé (cα)α∈NN0

, äëÿ êîòîðûõ

lim sup
|α|→∞

(
|cα|

Rα1
1 . . . RαNN

)1/|α|
< 1.

Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà E, xα ∈ E, α ∈ NN0 , áóäåì
íàçûâàòü ðÿä

∑
α∈NN0

xα àáñîëþòíî ñõîäÿùèìñÿ â E, åñëè ñåìåéñòâî {xα :

α ∈ NN0 } àáñîëþòíî ñóììèðóåìî â E (â ñìûñëå îïðåäåëåíèÿ â [12, ãë.1,
� 1.3]).

Ëåììà 4. Ïðåäïîëîæèì, ÷òî Ωj, j ∈ PN , � îäíîñâÿçíûå îáëàñòè â C,
{z ∈ C : |z| < Rj} ⊂ Ωj, Rj ∈ (0,+∞], j ∈ PN . Òîãäà äëÿ ëþáîãî c ∈ ΛR
ðÿä

∑
α∈NN0

cα
α!ϕα àáñîëþòíî ñõîäèòñÿ â H(Ω)′b ê íåêîòîðîìó ôóíêöèîíàëó

ϕ ∈ H(Ω)′, âûïîëíÿåòñÿ ðàâåíñòâî

Bϕ(f) =
∑
α∈NN0

cαD
α
0 (f), f ∈ H(Ω),

è ðÿä
∑

α∈NN0

cαD
α
0 àáñîëþòíî ñõîäèòñÿ â KΩ(D0)b.

Äîêàçàòåëüñòâî. Âûáåðåì n ∈ N òàêîå, ÷òî A1 = sup
α∈NN0

|cα|bn,α < +∞.

Çàôèêñèðóåì îãðàíè÷åííîå â H(Ω) ìíîæåñòâî Q. Â ñèëó íåðàâåíñòâ Êî-
øè ñóùåñòâóåò A2 > 0, äëÿ êîòîðîãî

|f (α)(0)|
α!

≤ A2bn+1,α, α ∈ NN0 , f ∈ Q.
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Ïîñêîëüêó ∑
α∈NN0

|cα|
α!

sup
f∈Q
|ϕα(f)| ≤

∑
α∈NN0

A1A2
bn+1,α

bn,α
< +∞,

òî ðÿä
∑

α∈NN0

cα
α!ϕα àáñîëþòíî ñõîäèòñÿ â H(Ω)′b ê íåêîòîðîìó ϕ ∈ H(Ω)′.

Ïðè ýòîì äëÿ âñåõ f ∈ H(Ω), z ∈ Ω

Bϕ(f)(z) =
∑
α∈NN0

cα
α!
ϕα(Tz(f)) =

∑
α∈NN0

cαD
α
0 (f)(z),

ïðè÷åì âñëåäñòâèå ïðåäëîæåíèÿ 2 ðÿä
∑

α∈NN0

cαD
α
0 àáñîëþòíî ñõîäèòñÿ â

K(D0)b.
�

Çàìå÷àíèå 1. (i) Åñëè lim
|α|→∞

|bα|1/|α| = 0, òî ðÿä
∑

α∈NN0

bαD
α
0 àáñîëþòíî

ñõîäèòñÿ â KΩ(D0)b äëÿ ëþáîé îáëàñòè Ω = Ω1×· · ·×ΩN , ãäå Ωj, j ∈ PN ,
� îäíîñâÿçíûå îáëàñòè â C, ñîäåðæàùèå 0.
(ii) Ïðåîáðàçîâàíèåì Êîøè ôóíêöèîíàëà ϕ =

∑
α∈NN0

cα
α!ϕα, êàê â ëåììå 4,

ÿâëÿåòñÿ ôóíêöèÿ ϕ̃(t) =
∑

α∈NN0

cα
tα+1 (ðÿä ñõîäèòñÿ â ïîëèäèñêå {t ∈ CN :

ρj < |tj | ≤ +∞, j ∈ PN} äëÿ íåêîòîðûõ ρj ∈ [0, Rj).

Ïðåäëîæåíèå 3. Ïóñòü Ωj = {z ∈ C | |zj | < Rj}, Rj ∈ (0,+∞], j ∈ PN .
(i) Êàæäûé îïåðàòîð Bϕ, ϕ ∈ H(Ω)′, ïðåäñòàâëÿåòñÿ â âèäå Bϕ =∑
α∈NN0

cαD
α
0 , ãäå c ∈ ΛR è ðÿä àáñîëþòíî ñõîäèòñÿ â KΩ(D0)b. Ïðè ýòîì

cα = ϕ(fα) äëÿ âñåõ α ∈ NN0 .
(ii) Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè c ∈ ΛR ðÿä

∑
α∈NN0

cαD
α
0 àáñîëþòíî

ñõîäèòñÿ â KΩ(D0)b ê B ∈ KΩ(D0), è B = Bϕ äëÿ ôóíêöèîíàëà ϕ =∑
α∈NN0

cα
α!ϕα èç H(Ω)′.

Äîêàçàòåëüñòâî. (i): Äëÿ ϕ ∈ H(Ω)′ íàéäóòñÿ n ∈ N è C > 0, äëÿ
êîòîðûõ

|ϕ(fα)| ≤ C

bn,α
, α ∈ NN0 .

Ïî äîêàçàòåëüñòâó â ëåììå 4 äëÿ cα = ϕ(fα) ðÿä
∑

α∈NN0

cα
α!ϕα àáñîëþòíî

ñõîäèòñÿ â H(Ω)′b ê íåêîòîðîìó ôóíêöèîíàëó ψ. Ïî òåîðåìå 2

Bψ = ρ(ψ) =
∑
α∈NN0

cαD
α
0 ,
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è ðÿä àáñîëþòíî ñõîäèòñÿ â KΩ(D0)b. Ïðè ýòîì äëÿ âñåõ f ∈ H(Ω)

ψ(f) =
∑
α∈NN0

ϕ(fα)
∂αf(0)

α!
= ϕ

 ∑
α∈NN0

∂αf(0)

α!
fα

 = ϕ(f),

à çíà÷èò, ψ = ϕ.
Óòâåðæäåíèå (ii) äîêàçàíî â ëåììå 4. �

5 Ñèíòåç â ÿäðå îïåðàòîðà Bϕ è ñóùåñòâîâàíèå
ëèíåéíîãî íåïðåðûâíîãî ïðàâîãî îáðàòíîãî ê Bϕ

5.1. Ñèíòåç â ÿäðå Bϕ. Äëÿ N = 1 ÿäðî KerBϕ íåíóëåâîãî îïåðà-
òîðà Bϕ â H(Ω) êîíå÷íîìåðíî (èëè ñîâïàäàåò ñ {0}); áàçèñîì â íåì
ÿâëÿåòñÿ ñåìåéñòâî ñîîòâåòñòâóþùèõ ìîíîìîâ è ýëåìåíòàðíûõ äðîáåé
[13, ïðåäëîæåíèå 1]. Ïðèâåäåì ðåçóëüòàò î ñòðóêòóðå KerBϕ ïðè N ≥ 2
äëÿ ñëó÷àÿ, êîãäà ϕ̃(t) = v1(t1) · · · vN (tN ), ãäå íåíóëåâàÿ ôóíêöèÿ vj
ïðèíàäëåæèò H0(C\Ωj), j ∈ PN . Ýòî ÿäðî ÿâëÿåòñÿ çàìêíóòûì ïîäïðî-
ñòðàíñòâîì H(Ω), èíâàðèàíòíûì îòíîñèòåëüíî ñèñòåìû D0. Ïðè N = 1
èìè èñ÷åðïûâàþòñÿ âñå çàìêíóòûå D0�èíâàðèàíòíûå ïîäïðîñòðàíñòâà
H(Ω) (îíè îïèñàíû â [14, òåîðåìû 2, 4]).

Ïóñòü N ≥ 2, j ∈ PN è Ω(j) := Ω1 × · · · × Ωj−1 × Ωj+1 × · · · × ΩN . Çà-

ôèêñèðóåì íåíóëåâóþ ôóíêöèþ v ∈ H0(C\Ωj), äëÿ êîòîðîé ∞ ÿâëÿåòñÿ
íóëåì êðàòíîñòè m ∈ N, Λ := {λr : 1 ≤ r ≤ r0} (r0 ∈ N) � ìíîæåñòâîì
âñåõ åå ïîïàðíî ðàçëè÷íûõ íóëåé êðàòíîñòè mr â C\Ωj (îíî ìîæåò áûòü
ïóñòûì). Îïðåäåëèì ïðîñòðàíñòâà ìíîãî÷ëåíîâ è äðîáåé ïî ïåðåìåííîé

zj ñ êîýôôèöèåíòàìè èç H(Ω(j)): ïðè m ≥ 2

E0(v,Ωj) :=

{
m−2∑
l=0

bl(z
(j))zlj : bl ∈ H(Ω(j))

}
;

äëÿ Λ 6= ∅

EΛ(v,Ωj) :=

{
r0∑
r=1

mr∑
s=1

cr,s(z
(j))

(zj − λr)s
: cr,s ∈ H(Ω(j))

}
.

Åñëè m = 1, òî ñ÷èòàåì, ÷òî E0(v,Ωj) := {0}. Â ñëó÷àå, êîãäà Λ ïóñòî,
ïîëàãàåì EΛ(v,Ωj) := {0}. Äàëåå

E(v,Ωj) := E0(v,Ωj) + EΛ(v,Ω).

Ââåäåì ôóíêöèþ ω(t) = 1
t1···tj−1tj+1···tN v(tj). Òîãäà ω ∈ H0(CΩ) è µ =

C−1(ω) ∈ H(Ω)′.

Ëåììà 5. Âûïîëíÿåòñÿ ðàâåíñòâî KerBµ = E(v,Ωj).

Äîêàçàòåëüñòâî. Ïîëîæèì

ξ(tj) :=
1

tmj

r0∏
r=1

(
1− λr

tj

)mr
, Q(t) :=

1

t1 · · · tj−1tj+1 · · · tN
ξ(tj),
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p(z) :=
1

z1
Q

(
1

z1
, ...,

1

zN

)
.

Ïî äîêàçàòåëüñòâó ñëåäñòâèÿ 2 Bµ = p(D0)Bν , ãäå Bν � èçîìîðôèçì
H(Ω). Ïîýòîìó KerBµ = Ker p(D0). Äëÿ ôóíêöèîíàëà ψ ∈ H(Ω)′, äëÿ

êîòîðîãî p(D0) = Bψ, ñïðàâåäëèâî ðàâåíñòâî ψ̃(t) = Q(t). Ïðèìåíèì ìå-
òîä äîêàçàòåëüñòâà â [13, ïðåäëîæåíèå 1], èñïîëüçóÿ èíòåãðàëüíîå ïðåä-
ñòàâëåíèå îïåðàòîðà p(D0) èç ëåììû 2. Çàôèêñèðóåì çàìêíóòûå ñïðÿì-
ëÿåìûå æîðäàíîâû êðèâûå Lk â Ωk ∩Gk,1, k ∈ PN . Ïóñòü f ∈ Ker p(D0).
Òîãäà äëÿ z ∈ IntL, zj 6= 0,

0 =

∫
Lj

 ∫
L(j)

f(t)

(t(j) − z(j))1
dt(j)

 tjξ(tj)

tj − zj
dtj .

Ïî èíòåãðàëüíîé ôîðìóëå Êîøè∫
Lj

tjξ(tj)

tj − zj
f(zj,t)dtj = 0, z ∈ IntL, zj 6= 0.

Ïîëîæèì M := m− 2 +
r0∑
r=1

mr. Ïðè M ≥ 0 ïî òåîðåìå î âû÷åòàõ

zjξ(zj)f(z) +

M+1∑
l=1

al(z
(j))

zlj
= 0, z ∈ IntL, zj 6= 0.

ãäå âñå ôóíêöèè al ãîëîìîðôíû â Ω(j). Åñëè M = −1, òî zjξ(zj) ≡ 1 è
f = 0 (â ýòîì ñëó÷àå p(D0) � òîæäåñòâåííûé îïåðàòîð). Îòñþäà ñëåäóåò,
÷òî f ∈ E(v,Ωj). ßñíî, ÷òî E(v,Ωj) ⊂ Ker p(D0). �

Äîêàæåì ðåçóëüòàò î ðàñùåïëåíèè ÿäðà Bϕ, ÿâëÿþùèéñÿ íåêîòîðûì
âàðèàíòîì äîïóñòèìîñòè ñèíòåçà â ÿäðå Bϕ. Ïðè ýòîì ïðèìåíÿåòñÿ ëåì-
ìà 5 è ñëåäóþùèé îáùèé ðåçóëüòàò î ïðåäñòàâëåíèè ÿäðà êîìïîçèöèè
ëèíåéíûõ îïåðàòîðîâ â ëèíåéíîì ïðîñòðàíñòâå.

Ëåììà 6. Ïóñòü A1,..., An, n ∈ N, � ëèíåéíûå îïåðàòîðû â ëèíåéíîì
ïðîñòðàíñòâå E òàêèå, ÷òî KerAk = Am(KerAk), åñëè k 6= m. Òîãäà

Ker(A1 · · ·An) = KerA1 + · · ·+ KerAn.

Äîêàçàòåëüñòâî. Òî, ÷òî KerA1 + · · ·+KerAn ⊂ Ker(A1 · · ·An), î÷åâèä-
íî. Ïîêàæåì îáðàòíîå âëîæåíèå. Ïðè n = 1 äîêàçûâàòü íå÷åãî. Ïðåäïî-
ëîæèì, ÷òî ýòî òàê äëÿ íåêîòîðîãî n ∈ N. Âîçüìåì x ∈ Ker(A1 · · ·An+1).

Ñóùåñòâóþò xk ∈ KerAk, 1 ≤ k ≤ n, äëÿ êîòîðûõ An+1(x) =
n∑
k=1

xk.

Íàéäóòñÿ yk ∈ KerAk, 1 ≤ k ≤ n, òàêèå, ÷òî An+1(yk) = xk. Ñëå-
äîâàòåëüíî, ñóùåñòâóåò yn+1 ∈ KerAn+1, óäîâëåòâîðÿþùåå ðàâåíñòâó

x =
n∑
k=1

yk + yn+1. �
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Òåîðåìà 4. Ïóñòü N ≥ 2, Ω = Ω1 × · · · × ΩN , ãäå Ωj, j ∈ PN , �
îäíîñâÿçíûå îáëàñòè â C, ñîäåðæàùèå òî÷êó 0. Ïðåäïîëîæèì, ÷òî ϕ ∈
H(Ω)′, ϕ̃(t) = v1(t1) · · · vN (tN ), ãäå vj � íåíóëåâàÿ ôóíêöèÿ èç H0(CΩj),
j ∈ PN . Òîãäà âûïîëíÿåòñÿ ðàâåíñòâî

KerBϕ = E(v1,Ω1) + · · ·+ E(vN ,ΩN ). (1)

Äîêàçàòåëüñòâî. Äëÿ j ∈ PN îáîçíà÷èì ÷åðåç µj , νj , pj ñîîòâåòñòâåí-
íî ôóíêöèîíàëû µ, ν è ìíîãî÷ëåí p â äîêàçàòåëüñòâå ëåììû 5 äëÿ
ôóíêöèè vj â êà÷åñòâå v; wj(t) := 1

t1···tj−1tj+1···tN vj(tj). Ïîñêîëüêó ϕ̃(t) =

(t1)N−1w1(t) · · ·wN (t) â íåêîòîðîé îòêðûòîé îêðåñòíîñòè CΩ, òî ïî ñëåä-
ñòâèþ 1

Bϕ = Bµ1 · · ·BµN = Bp1(D0) · · ·BpN (D0)Bζ ,

ãäå Bζ = Bν1 · · ·BνN � èçîìîðôèçì H(Ω). Ïîýòîìó

KerBϕ = Ker(Bp1(D0) · · ·BpN (D0)).

Ïðè ýòîì KerBpj(D0) = KerBµj äëÿ âñåõ j ∈ PN .
Ïóñòü k,m ∈ PN , k 6= m. Â ñèëó ëåììû 5 ñïðàâåäëèâî âëîæåíèå

Bpk(D0)(KerBpm(D0)) ⊂ KerBpm(D0). Ïðîñòðàíñòâî H(Ω(m)) åñòåñòâåí-
íûì îáðàçîì ìîæíî îòîæäåñòâèòü ñ ïîäïðîñòðàíñòâîì H(Ω). Îïåðàòîð
Bpk(D0) ëèíååí è íåïðåðûâåí â ýòîì ïîäïðîñòðàíñòâå è ñþðúåêòèâåí â
íåì ïî òåîðåìå 2. Çíà÷èò, Bpk(D0)(KerBpm(D0)) = KerBpm(D0). Èç ëåììû
6 ñëåäóåò ðàâåíñòâî (1).

�

Çàìå÷àíèå 2. Ðåçóëüòàò î ðàñùåïëåíèè ÿäðà îïåðàòîðà ñâåðòêè äðó-
ãîãî âèäà, çàäàâàåìîãî îáû÷íûìè ñäâèãàìè è ñèìâîë êîòîðîãî ÿâëÿåòñÿ
ôóíêöèåé ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, îïðåäåëåííîãî íà ïðîñòðàí-
ñòâå ãîëîìîðôíûõ â ïîëèöèëèíðè÷åñêîé îáëàñòè ôóíêöèé, ïîëó÷åí Â.Â.
Íàïàëêîâûì [15, òåîðåìà 2.4] (ñì. òàêæå [7, òåîðåìà 19.3]). Ïðè ýòîì
äàííûé ñèìâîë ÿâëÿåòñÿ ïðåîáðàçîâàíèåì Ëàïëàñà ôóíêöèîíàëà, çàäà-
þùåãî îïåðàòîð ñâåðòêè.

5.2. Î ëèíåéíîì íåïðåðûâíîì ïðàâîì îáðàòíîì ê Bϕ.

Òåîðåìà 5. Ïóñòü Ω = Ω1 × · · · × ΩN , ãäå Ωj, j ∈ PN , � îäíîñâÿç-
íûå îáëàñòè â C, ñîäåðæàùèå òî÷êó 0; ϕ ∈ H(Ω)′. Ïðåäïîëîæèì, ÷òî
ϕ̃(t) = v1(t1) · · · vN (tN ), ãäå vj � íåíóëåâàÿ ôóíêöèÿ èç H(C\Ωj), j ∈ PN .
Òîãäà îïåðàòîð Bϕ : H(Ω) → H(Ω) èìååò ëèíåéíûé íåïðåðûâíûé ïðà-
âûé îáðàòíûé.

Äîêàçàòåëüñòâî. Â ñèëó âîçìîæíîñòè ôàêòîðèçàöèè îïåðàòîðà Bϕ, êàê
â ñëåäñòâèè 2, äîñòàòî÷íî äîêàçàòü, ÷òî äëÿ ëþáûõ j ∈ PN , íåíóëåâî-
ãî ìíîãî÷ëåíà q îò ïåðåìåííîé zj òàêîãî, ÷òî ôóíêöèÿ q(1/tj) íå èìååò
íóëåé â Ωj , ñóùåñòâóåò ëèíåéíûé íåïðåðûâíûé ïðàâûé îáðàòíûé ê îïå-
ðàòîðó q(D0) : H(Ω)→ H(Ω).
Ïóñòü S : H0((CΩ)−1)→ H0((CΩ)−1) � îïåðàòîð óìíîæåíèÿ íà ôóíê-

öèþ w, êàê â äîêàçàòåëüñòâå òåîðåìû 2 äëÿ Bϕ = q(D0). Â ýòîì ñëó÷àå
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ϕ̃(t) = 1
t1
q
(

1
tj

)
è w(u) = q(uj). Äëÿ êàæäîãî n ∈ N âûáåðåì çàìêíó-

òóþ ñïðÿìëÿåìóþ æîðäàíîâó êðèâóþ δj,n â (Gj,n)−1, ñîäåðæàùóþ â ñâî-
åé âíóòðåííîñòè (Gj,n+1)−1 (à çíà÷èò, è âñå íóëè q) (ñì. ï. 3.1). Ïóñòü
f ∈ H0((CΩ)−1) è n ∈ N òàêîå, ÷òî ôóíêöèÿ f ãîëîìîðôíà â (Gn)−1.
Ïîëîæèì

Π(f)(u) :=
q(uj)

2πi

∫
δj,n

f(u1, ..., uj−1, η, uj+1, ..., uN )

q(η)(η − uj)
dη.

Ðîñòîê Π(f) ïðèíàäëåæèòH0((CΩ)−1) è íå çàâèñèò îò âûáîðà n. Îòîáðà-
æåíèå Π ÿâëÿåòñÿ íåïðåðûâíûì ïðîåêòîðîì ïðîñòðàíñòâà H0((CΩ)−1)
íà åãî çàìêíóòîå ïîäïðîñòðàíñòâî S(H0((CΩ)−1)). Ïóñòü S−1 � ëèíåé-
íûé íåïðåðûâíûé îáðàòíûé ê áèåêòèâíîìó íåïðåðûâíîìó îïåðàòîðó S
èç H0((CΩ)−1) íà S(H0((CΩ)−1)) ñ èíäóöèðîâàííîé òîïîëîãèåé (ñ íåé
S(H0((CΩ)−1)) ÿâëÿåòñÿ (DFS)�ïðîñòðàíñòâîì). (ßñíî, ÷òî S−1(h) =
h/w.) Òîãäà S−1P � ëèíåéíûé íåïðåðûâíûé ëåâûé îáðàòíûé ê S, äåé-
ñòâóþùåìó èçH0((CΩ)−1) âH0((CΩ)−1). Ñëåäîâàòåëüíî, ñóùåñòâóåò ëè-
íåéíûé íåïðåðûâíûé ëåâûé îáðàòíûé ê îïåðàòîðó q(D0)′ : H0(CΩ) →
H0(CΩ). Ïîñêîëüêó ïðîñòðàíñòâî Ôðåøå H(Ω) ðåôëåêñèâíî, òî q(D0) :
H(Ω)→ H(Ω) èìååò ëèíåéíûé íåïðåðûâíûé ïðàâûé îáðàòíûé.

�
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