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Abstract:

Let G be a �nite group, π(G) is a set of prime divisors of its
orders, ω(G) is a set of orders of its elements (its spectra).

The prime graph (or the Gruenberg�Kegel graph) of a �nite
group G is a simple graph GK(G) whose vertices are the prime
divisors of the order of G, and two distinct vertices p and q are
adjacent in GK(G) if and only if G contains an element of order pq.
The prime graphs of non-abelian �nite simple groups are known.
One of the most popular �elds of research in �nite group theory is
study of �nite groups by their prime graphs. We study composition
factors of �nite groups whose the prime graphs are the same as
the prime graphs of non-abelian �nite simple groups. In the paper,
we consider the question about existence of sporadic composition
factors in such �nite groups. As �nite simple groups we take some
series of exceptional and classical groups of Lie type, and also
alternating groups.

In 2011, A. M. Staroletov studied �nite groups with spectrum
like a �nite simple non-abelian group that have a sporadic composi-
tion factor. Generalizing this result, we consider the question of
whether the composition factor of a �nite group with the prime
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graph like a �nite simple non-abelian group can be isomorphic
to a sporadic group. It is shown that a �nite group with the
prime graph like the classical groups Ln(q), Un(q), where n ≥ 11,
H ∈ {O+

2n(q), O
−
2n(q)}, where n ≥ 9, has no sporadic composition

factors. For �nite groups with the prime graph like the exceptional
groups 3D4(q) èG2(q) we �nd small list of possible sporadic compo-
sition factors of such groups. For alternating groups An it is proved
that under some condition a �nite simple group with the prime
graph like the alternating group has no sporadic composition factors.

Keywords: �nite group, simple group, sporadic group, exceptional
group of Lie type, classical group, alternating group, Gruenberg�Kegel
graph (prime graph).

1 Ââåäåíèå

Ïóñòü G � êîíå÷íàÿ ãðóïïà, π(G) � ìíîæåñòâî âñåõ ïðîñòûõ äåëè-
òåëåé åå ïîðÿäêà, ω(G) � ìíîæåñòâî âñåõ ïîðÿäêîâ åå ýëåìåíòîâ (åå
ñïåêòð). Íà π(G) îïðåäåëÿåòñÿ ãðàô ñî ñëåäóþùèì îòíîøåíèåì ñìåæ-
íîñòè: ðàçëè÷íûå âåðøèíû r è s èç π(G) ñìåæíû òîãäà è òîëüêî òîãäà,
êîãäà rs ∈ ω(G). Ýòîò ãðàô íàçûâàåòñÿ ãðàôîì ïðîñòûõ ÷èñåë èëè ãðà-
ôîì Ãðþíáåðãà � Êåãåëÿ ãðóïïû G è îáîçíà÷àåòñÿ ÷åðåç GK(G).
Êîêëèêîé ãðàôà íàçûâàåòñÿ åãî èíäóöèðîâàííûé ïîäãðàô ñ ïîïàð-

íî íå ñìåæíûìè âåðøèíàìè. Ìîùíîñòü (ðàçìåð) êîêëèêè íàçûâàåòñÿ
åå ïîðÿäêîì. Ìàêñèìàëüíîé êîêëèêîé íàçûâàåòñÿ êîêëèêà, êîòîðàÿ íå
ñîäåðæèòñÿ â äðóãîé êîêëèêå. Ïóñòü t(G) � íàèáîëüøåå ÷èñëî âåðøèí
â êîêëèêàõ ãðàôà GK(G). ×åðåç t(r,G) îáîçíà÷àåòñÿ íàèáîëüøåå ÷èñëî
âåðøèí â êîêëèêàõ ãðàôà GK(G), ñîäåðæàùèõ ïðîñòîå ÷èñëî r.
Â òåîðèè êîíå÷íûõ ãðóïï ïîïóëÿðíûì ÿâëÿåòñÿ íàïðàâëåíèå èññëå-

äîâàíèÿ êîíå÷íûõ ãðóïï ïî ñâîéñòâàì ãðàôà ïðîñòûõ ÷èñåë. Íàïðèìåð,
îáçîð ðåçóëüòàòîâ ìîæíî íàéòè â [1].
À. Ì. Ñòàðîëåòîâ â [2] èçó÷èë êîíå÷íûå ïðîñòûå ãðóïïû ñî ñïåêòðîì

êàê ó êîíå÷íîé ïðîñòîé íåàáåëåâîé ãðóïïû, èìåþùèå ñïîðàäè÷åñêèé
êîìïîçèöèîííûé ôàêòîð.
Ìû ðàññìàòðèâàåì ñëåäóþùóþ áîëåå îáùóþ çàäà÷ó: ìîæåò ëè êîíå÷-

íàÿ ãðóïïà ñ ãðàôîì ïðîñòûõ ÷èñåë êàê ó êîíå÷íîé ïðîñòîé íåàáåëåâîé
ãðóïïû èìåòü êîìïîçèöèîííûé ôàêòîð, èçîìîðôíûé ïðîñòîé ñïîðàäè-
÷åñêîé ãðóïïå. Àâòîð â [3] èçó÷èë êîíå÷íûå ãðóïïû ñ ãðàôîì ïðîñòûõ
÷èñåë êàê ó èñêëþ÷èòåëüíîé ãðóïïû ëèåâà òèïà, îòëè÷íîé îò 3D4(q) è
G2(q), èëè êàê ó êëàññè÷åñêèõ ãðóïï Ln(q), Un(q), O2n+1(q), S2n(q). Â
ñëó÷àå ïðîñòûõ ãðóïï Ln(q), Un(q) áûë ðàññìîòðåí ñëó÷àé n ≥ 12 è
êîìïîçèöèîííûé ôàêòîð ãðóïïû íå èçîìîðôåí F1.
Ñîãëàñíî ñòàòüå À. Â. Âàñèëüåâà, Å. Ï. Âäîâèíà [4], îáîçíà÷èì ÷åðåç

s′n íàèáîëüøåå ïðîñòîå ÷èñëî, íå ïðåâîñõîäÿùåå n/2.
Äàëåå q = pf , ãäå p � ïðîñòîå ÷èñëî è f ∈ N.
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Â ðàìêàõ ðàññìàòðèâàåìîé çàäà÷è ìû ïîëó÷èëè ñëåäóþùèå ðåçóëü-
òàòû.

Òåîðåìà 1. Ïóñòü H ∈ {3D4(q), G2(q)} � êîíå÷íàÿ ïðîñòàÿ ãðóïïà èñ-
êëþ÷èòåëüíîãî ëèåâà òèïà íàä ïîëåì ïîðÿäêà q, G � êîíå÷íàÿ ãðóïïà
ñ GK(G) = GK(H), S � ñïîðàäè÷åñêèé êîìïîçèöèîííûé ôàêòîð ãðóïïû
G. Òîãäà âûïîëíåí îäèí èç ñëåäóþùèõ ñëó÷àåâ:

1) S ∈ {J4, Suz, F i22, F3, LyS}, H = 3D4(q), ãäå q ∈ {p, p2} è q > 2000;
2) S ∈ {J1, J4, O′N,LyS, F3}, H = G2(q), ãäå q ∈ {p, p2} è q > 2000.

Òåîðåìà 2. Ïóñòü H ∈ {Ln(q), Un(q)} � êîíå÷íàÿ ïðîñòàÿ ëèíåéíàÿ
èëè óíèòàðíàÿ ãðóïïà íàä ïîëåì ïîðÿäêà q, n ≥ 11, G � êîíå÷íàÿ ãðóïïà
ñ GK(G) = GK(H) è S � êîìïîçèöèîííûé ôàêòîð ãðóïïû G. Òîãäà S
íå ÿâëÿåòñÿ ñïîðàäè÷åñêîé ãðóïïîé.

Òåîðåìà 3. Ïóñòü H ∈ {O+
2n(q), O

−
2n(q)} � êîíå÷íàÿ ïðîñòàÿ ãðóïïà íàä

ïîëåì ïîðÿäêà q, n ≥ 9, G � êîíå÷íàÿ ãðóïïà ñ GK(G) = GK(H) è S �
êîìïîçèöèîííûé ôàêòîð ãðóïïû G. Òîãäà S íå ÿâëÿåòñÿ ñïîðàäè÷åñêîé
ãðóïïîé.

Òåîðåìà 4. Ïóñòü H = An � çíàêîïåðåìåííàÿ ãðóïïà, ãäå n ≥ n0 è
n−s′2n ≤ 3, G � êîíå÷íàÿ ãðóïïà ñ GK(G) = GK(H) è S � ñïîðàäè÷åñêàÿ
ãðóïïà, ïðè÷åì n0 = 29 ïðè S /∈ {F2, F1, F i′24, J4}, n0 = 37 ïðè S = Fi′24,
n0 = 41 ïðè S = F2, n0 = 47 ïðè S = J4, n0 = 53 ïðè S = F1. Òîãäà S íå
ÿâëÿåòñÿ êîìïîçèöèîííûì ôàêòîðîì ãðóïïû G.

Äàííàÿ ðàáîòà ïðîäîëæàåò ñåðèþ ðàáîò àâòîðà î âîçìîæíûõ êîìïîçè-
öèîííûõ ôàêòîðàõ êîíå÷íûõ ãðóïï, èìåþùèõ ãðàô Ãðþíáåðãà�Êåãåëÿ
êàê ó êîíå÷íîé ïðîñòîé ãðóïïû, íà÷àòóþ â [3].
Óèëüÿìñ [5] è À. Ñ. Êîíäðàòüåâ [6] ïîëó÷èëè îïèñàíèÿ ñâÿçíûõ êîìïî-

íåíò ãðàôîâ Ãðþíáåðãà�Êåãåëÿ êîíå÷íûõ ïðîñòûõ ãðóïï. Óòî÷íåííûå
òàáëèöû ìîæíî íàéòè, íàïðèìåð, â [7]. Ìû èñïîëüçóåì ñòàíäàðòíûå îáî-
çíà÷åíèÿ, êîòîðûå ìîæíî íàéòè, íàïðèìåð, â [8].

Ïðåäâàðèòåëüíûå ðåçóëüòàòû

Ëåììà 1 (òåîðåìà Æèãìîíäè, [9]). Ïóñòü q è n � íååäèíè÷íûå íà-
òóðàëüíûå ÷èñëà. Cóùåñòâóåò ïðîñòîå ÷èñëî r, äåëÿùåå qn − 1 è íå
äåëÿùåå qi − 1 ïðè ëþáîì íàòóðàëüíîì i < n, êðîìå ñëåäóþùèõ ñëó÷à-
åâ: q = 2 è n = 6; q = 2k − 1 äëÿ íåêîòîðîãî ïðîñòîãî ÷èñëà k è n = 2.
Åñëè òàêîå r cyùåñòâóåò, òî r ≡ 1 (mod n).

Ñîãëàñíî [4], åñëè q � íàòóðàëüíîå ÷èñëî, r � íå÷åòíîå ïðîñòîå ÷èñëî
è (r, q) = 1, òî ÷åðåç e(r, q) îáîçíà÷àåòñÿ íàèìåíüøåå íàòóðàëüíîå ÷èñëî
n ñ qn ≡ 1 (mod r). Åñëè q íå÷åòíî, òî e(2, q) ðàâíî 1 ïðè q ≡ 1 (mod 4)
è 2 ïðè q ≡ −1 (mod 4). Ãîâîðÿò, ÷òî ïðîñòîå ÷èñëî r ñ e(r, q) = n ÿâ-
ëÿåòñÿ ïðèìèòèâíûì ïðîñòûì äåëèòåëåì ÷èñëà qn − 1. ×åðåç rn(q)
îáîçíà÷àåòñÿ íåêîòîðûé ïðèìèòèâíûé ïðîñòîé äåëèòåëü ÷èñëà qn − 1,
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à ÷åðåç Rn(q) � ìíîæåñòâî âñåõ òàêèõ äåëèòåëåé. Ïî ëåììå 1 ïðèìè-
òèâíûé ïðîñòîé äåëèòåëü rn(q) ñóùåñòâóåò, çà èñêëþ÷åíèåì óêàçàííûõ
â ëåììå 1 ñëó÷àåâ. Åñëè q ôèêñèðîâàíî, òî rn(q) îáîçíà÷àåòñÿ ÷åðåç rn.

Ëåììà 2 (Ãåðîíî, [10]). Ïóñòü p, q � ïðîñòûå ÷èñëà òàêèå, ÷òî pa −
qb = 1 äëÿ íåêîòîðûõ íàòóðàëüíûõ ÷èñåë a, b. Òîãäà ïàðà (pa, qb) ðàâíà
(32, 23), (p, 2b) èëè (2a, q).

Ëåììà 3 (Kpec÷åíçî, [11]). Ïóñòü p, q � ïðîñòûå ÷èñëà òàêèå, ÷òî
pm − 2qn = ±1 äëÿ íåêîòîðûõ íååäèíè÷íûõ íàòóðàëüíûõ ÷èñåë m, n.
Òîãäà ïàðà (pm, qn) ðàâíà (35, 112), (2392, 134) èëè (p2, q2).

Ëåììà 4 ([12, òåîðåìà 1]). Ïóñòü G � êîíå÷íàÿ ãðóïïà, óäîâëåòâîðÿ-
þùàÿ óñëîâèÿì t(G) ≥ 3 è t(2, G) ≥ 2. Òîãäà âûïîëíÿþòñÿ ñëåäóþùèå
óòâåðæäåíèÿ.

(1) Ñóùåñòâóåò êîíå÷íàÿ íåàáåëåâà ïðîñòàÿ ãðóïïà S òàêàÿ, ÷òî
S ≤ Ḡ = G/K ≤ Aut(S) äëÿ íàèáîëüøåé íîðìàëüíîé ðàçðåøèìîé ïîä-
ãðóïïû K ãðóïïû G.

(2) Äëÿ êàæäîãî íåçàâèñèìîãî ïîäìíîæåñòâà (êîêëèêè) ρ ìíîæå-
ñòâà π(G) òàêîãî, ÷òî |ρ| ≥ 3, íå áîëåå ÷åì îäíî ïðîñòîå ÷èñëî èç ρ
äåëèò ïðîèçâåäåíèå |K| · |Ḡ/S|. Â ÷àñòíîñòè, t(S) ≥ t(G)− 1.

(3) Âûïîëíÿåòñÿ îäíî èç äâóõ óòâåðæäåíèé:
(à) êàæäîå ïðîñòîå ÷èñëî r ∈ π(G), íå ñìåæíîå â GK(G) ñ ÷èñëîì

2, íå äåëèò ïðîèçâåäåíèå |K| · |Ḡ/S|; â ÷àñòíîñòè, t(2, S) ≥ t(2, G);
(á) ñóùåñòâóåò ïðîñòîå ÷èñëî r ∈ π(K), íå ñìåæíîå â GK(G) ñ

÷èñëîì 2; â ýòîì ñëó÷àå t(G) = 3, t(2, G) = 2, è S ∼= Alt7 èëè A1(q) äëÿ
íåêîòîðîãî íå÷åòíîãî ÷èñëà q.

Ëåììà 5 (òåîðåìà Ãðþíáåðãà � Êåãåëÿ, [5, Theorem A]). Äëÿ ãðóïïû
G ñ íåñâÿçíûì ãðàôîì GK(G) âåðíî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:
(à) G � ãðóïïà Ôðîáåíèóñà;
(á) G � 2-ôðîáåíèóñîâà ãðóïïà, ò. å. G = ABC, ãäå A, AB � íîð-

ìàëüíûå ïîäãðóïïû ãðóïïû G, à AB, BC � ãðóïïû Ôðîáåíèóñà ñ ÿäðàìè
A, B è äîïîëíåíèÿìè B, C ñîîòâåòñòâåííî;
(â) G ÿâëÿåòñÿ ðàñøèðåíèåì íèëüïîòåíòíîé π1(G)-ãðóïïû ïîñðåä-

ñòâîì ãðóïïû A, ãäå Inn(P ) ≤ A ≤ Aut(P ), P � ïðîñòàÿ íåàáåëåâà
ãðóïïà ñ óñëîâèåì s(G) ≤ s(P ) è A/Inn(P ) � π1(G)-ãðóïïà.

Ëåììà 6. Ïóñòü q � íàòóðàëüíàÿ ñòåïåíü ïðîñòîãî ÷èñëà p. Òîãäà
âûïîëíåíû ñëåäóþùèå óòâåðæäåíèÿ:

1) åñëè R4(q) = {5}, òî q ∈ {2, 3, 7};
2) åñëè R8(q) = {17}, òî q = 2;
3) åñëè R8(q) = {41}, òî q = 3;
4) R16(q) ̸= {17}.

Äîêàçàòåëüñòâî. 1) Ñì. [3, ëåììà 10].
2) Ïóñòü R8(q) = {17}. Òîãäà (q4 + 1)/(2, q + 1) = 17a äëÿ íåêîòîðîãî

íàòóðàëüíîãî a. Åñëè (2, q + 1) = 1, òî q4 − 17a = −1 è ïî ëåììå 2 a = 1
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è q = 2. Åñëè (2, q + 1) = 2, òî q2 − 2 · 17a = −1 è ïî ëåììå 3 ëèáî a = 1
è q2 = 33, ëèáî a = 2, q2 = 577; ïðîòèâîðå÷èå.
3) Ïóñòü R8(q) = {41}. Òîãäà (q4 + 1)/(2, q + 1) = 41a äëÿ íåêîòîðîãî

íàòóðàëüíîãî a. Åñëè (2, q + 1) = 1, òî q4 − 41a = −1 è ïî ëåììå 2 a = 1
è q4 = 40; ïðîòèâîðå÷èå. Åñëè (2, q + 1) = 2, òî q4 − 2 · 41a = −1 è ïî
ëåììå 3 èìååì a = 1 è q = 3.
4) Ñì. [3, ëåììà 10]. □

Ëåììà 7 ([7, ëåììà 1]). Åñëè n ≥ 6 � íàòóðàëüíîå ÷èñëî, òî ñóùå-
ñòâóåò ïî ìåíüøåé ìåðå s(n) ïðîñòûõ ÷èñåë pi òàêèõ, ÷òî (n+1)/2 <
pi < n, ãäå

s(n) = 6 äëÿ n ≥ 48,
s(n) = 5 äëÿ 42 ≤ n ≤ 47,
s(n) = 4 äëÿ 38 ≤ n ≤ 41,
s(n) = 3 äëÿ 18 ≤ n ≤ 37,
s(n) = 2 äëÿ 14 ≤ n ≤ 17,
s(n) = 1 äëÿ 6 ≤ n ≤ 13.

Ëåììà 8 ([3, òåîðåìà 2]). Ïóñòü H ∈ {Ln(q), Un(q)} � êîíå÷íàÿ ïðî-
ñòàÿ ëèíåéíàÿ èëè óíèòàðíàÿ ãðóïïà, n ≥ 12, G � êîíå÷íàÿ ãðóïïà ñ
GK(G) = GK(H) è S � êîìïîçèöèîííûé ôàêòîð ãðóïïû G, íå èçîìîðô-
íûé F1. Òîãäà S íå ÿâëÿåòñÿ ñïîðàäè÷åñêîé ãðóïïîé.

2 Äîêàçàòåëüñòâî òåîðåìû 1

Ïóñòü H ∈ {3D4(q), G2(q)} � êîíå÷íàÿ ïðîñòàÿ ãðóïïà èñêëþ÷èòåëü-
íîãî ëèåâà òèïà íàä ïîëåì ïîðÿäêà q, G � êîíå÷íàÿ ãðóïïà ñ GK(G) =
GK(H) è S � ñïîðàäè÷åñêèé êîìïîçèöèîííûé ôàêòîð ãðóïïû G.
Ïî ëåììå 4 âûïîëíåíî óñëîâèå S ≤ Ḡ = G/K ≤ Aut(S) äëÿ íàèáîëü-

øåé íîðìàëüíîé ðàçðåøèìîé ïîäãðóïïû K ãðóïïû G.

Ëåììà 9. Åñëè H = 3D4(q), òî S ∈ {J4, Suz, F i22, F3, LyS}, q ∈ {p, p2}
è q > 2000.

Äîêàçàòåëüñòâî. Ïî ëåììå 4 è [4, òàáë. 5, 7] èìååì {2, r12(q)} = {2, s},
ãäå s ∈ S, ïðè÷åì ïî ëåììå 1 èìååì r12(q) ≡ 1 (mod 12). Èòàê, ñóùå-
ñòâóåò ïðîñòîå ÷èñëî s ≡ 1 (mod 12), ãäå s ∈ S. Ïî [8]

S /∈ {M11,M12,M22,M23,M24, J1, J2, J3, HS,He,McL,Co2, Co3, HN,O′N}.
Çíà÷èò, S ∈ {J4, Suz, F i22, F i23, F i′24, Co1, Ru, LyS, F3, F2, F1}.
Òàê êàê s íåñìåæíà ñ 2, òî ïî [4, òàáë. 2] èìååì

S ∈ {J4, Suz, F i22, LyS, F3}.
Ïðè q = 2 ïî [8] èìååì π(S) ̸⊆ π(H) = {2, 3, 7, 13}; ïðîòèâîðå÷èå.
Ïóñòü q > 2. Ïî [13, òàáë. 4] ìíîæåñòâî {r3(q), r6(q), r12(q)} � êîêëèêà

â GK(G). Ïîëîæèì t1 = r3f (p), t2 = r6f (p), t3 = r12f (p). Ïî ëåììå 1
èìååì t1 ≡ 1 (mod 3f), t2 ≡ 1 (mod 6f), t3 ≡ 1 (mod 12f).
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Ïðåäïîëîæèì, ÷òî S = J4. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 23, 29, 31, 37, 43}.

Òîãäà R12(q) = {37}. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q > 2000. Ïî
ëåììå 4 êîêëèêà {t1, t2, t3} ñîñòîèò íå ìåíåå ÷åì èç 2 ÷èñåë èç π(S). Ïî
ëåììå 1 âûïîëíåí îäèí èç ñëåäóþùèõ ñëó÷àåâ:
1) (t1, t2) ∈ {(7, 31); (7, 43); (31, 7); (31, 43); (43, 7); (43, 31)};
2) (t1, t3) ∈ {(7, 37); (31, 37); (43, 37)};
3) (t2, t3) ∈ {(7, 37); (31, 37); (43, 37)}.
Ðàññìîòðèì ñëó÷àé (t1, t2) = (7, 37). Òîãäà t1 = 1+3fa = 7 äëÿ íåêîòî-

ðîãî öåëîãî íåîòðèöàòåëüíîãî a, ïîýòîìó f ∈ {1, 2}. Òàêæå t2 = 1+6fb =
37 äëÿ íåêîòîðîãî öåëîãî íåîòðèöàòåëüíîãî b, ïîýòîìó f ∈ {1, 2, 3, 6}.
Èòàê, f ∈ {1, 2}. Îñòàëüíûå ñëó÷àè ðàññìàòðèâàþòñÿ àíàëîãè÷íî.
Îêîí÷àòåëüíî ïîëó÷àåì, ÷òî f ∈ {1, 2}.
Ïðåäïîëîæèì, ÷òî S ∈ {Suz, F i22}. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 13}.

Òîãäà R12(q) = {13}. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q = 2 èëè q >
2000. Åñëè q = 2, òî ïî [8] èìååì π(S) ̸⊆ π(H) = {2, 3, 7, 13}; ïðîòèâîðå-
÷èå.
Ïî ëåììå 4 êîêëèêà {t1, t2, t3} ñîñòîèò íå ìåíåå ÷åì èç 2 ÷èñåë èç π(S).

Ïî ëåììå 1 ïîëó÷àåì, ÷òî ëèáî (t1, t3) = (7, 13), ëèáî (t2, t3) = (7, 13).
Êàê â ñëó÷àå S = J4 ïîëó÷àåì, ÷òî f ∈ {1, 2}.
Ïðåäïîëîæèì, ÷òî S = F3. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 13, 19, 31}.

Òîãäà R12(q) = {13}. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q = 2 èëè q >
2000. Åñëè q = 2, òî ïî [8] èìååì π(S) ̸⊆ π(H) = {2, 3, 7, 13}; ïðîòèâîðå-
÷èå.
Ïî ëåììå 4 êîêëèêà {t1, t2, t3} ñîñòîèò íå ìåíåå ÷åì èç 2 ÷èñåë èç π(S).

Ïî ëåììå 1 âûïîëíåí îäèí èç ñëåäóþùèõ ñëó÷àåâ:
1) (t1, t2) ∈ {(7, 19); (7, 31); (19, 7); (19, 31); (31, 7); (31, 19)};
2) (t1, t3) ∈ {(7, 13); (19, 13); (31, 13)};
3) (t2, t3) ∈ {(7, 13); (19, 13); (31, 13)}.
Êàê â ñëó÷àå S = J4 ïîëó÷àåì, ÷òî f ∈ {1, 2}.
Ïðåäïîëîæèì, ÷òî S = LyS. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 31, 37, 67}.

Òîãäà R12(q) = {37}. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q > 2000. Ïî
ëåììå 4 êîêëèêà {t1, t2, t3} ñîñòîèò íå ìåíåå ÷åì èç 2 ÷èñåë èç π(S). Ïî
ëåììå 1 âûïîëíåí îäèí èç ñëåäóþùèõ ñëó÷àåâ:
1) (t1, t2) ∈ {(7, 31); (7, 67); (31, 7); (31, 67); (67, 7); (67, 31)};
2) (t1, t3) ∈ {(7, 37); (31, 37); (67, 37)};
3) (t2, t3) ∈ {(7, 37); (31, 37); (67, 37)}.
Êàê â ñëó÷àå S = J4 ïîëó÷àåì, ÷òî f ∈ {1, 2}. □
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Ëåììà 10. Åñëè H = G2(q), òî S ∈ {J1, J4, O′N,LyS, F3}, q ∈ {p, p2} è
q > 2000.

Äîêàçàòåëüñòâî. Ïî ëåììå 4 è [4, òàáë. 5, 7] èìååì {2, r3(q), r6(q)} =
{2, s1, s2}, ãäå s1, s2 ∈ S, ïðè÷åì ïî ëåììå 1 èìååì r3(q) ≡ 1 (mod 3) è
r6(q) ≡ 1 (mod 6). Èòàê, ñóùåñòâóþò ïðîñòûå ÷èñëà s1 ≡ 1 (mod 3) è
s2 ≡ 1 (mod 6), ãäå s ∈ S. Ïî [8]

S /∈ {M11,M12,M22,M23,M24, J2, J3, HS,He,McL,Co2, Co3, O
′N}.

Çíà÷èò, S ∈ {J1, J4, Suz, F i22, F i23, F i′24, Co1, HN,O′N,Ru,LyS, F3, F2, F1}.
Òàê êàê s1 è s2 íåñìåæíû ñ 2, òî ïî [4, òàáë. 2] èìååì

S ∈ {J1, J4, O′N,LyS, F3}.
Ïðåäïîëîæèì, ÷òî S = J1. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 19}.
Ïî [4, òàáë. 2] èìååì {2, r3(q), r6(q)} = {2, 7, 19}. Òîãäà R6(q) = {7} èëè
R6(q) = {19}. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q ∈ {3, 5, 8, 19} èëè
q > 2000. Åñëè q = 3, òî ïî [8] π(S) ̸⊆ π(H) = {2, 3, 7, 13}; ïðîòèâîðå÷èå.
Åñëè q = 5, òî ïî [8] π(S) ̸⊆ π(H) = {2, 3, 5, 7, 31}; ïðîòèâîðå÷èå. Åñëè
q = 8, òî ïî [14] π(S) ̸⊆ π(H) = {2, 3, 7, 19, 73}; ïðîòèâîðå÷èå. Åñëè
q = 19, òî ïî [8] π(S) ̸⊆ π(H) = {2, 3, 5, 7, 19, 127}; ïðîòèâîðå÷èå.
Êàê â ñëó÷àå H = 3D4(q) ïîëó÷àåì, ÷òî f ∈ {1, 2}.
Ïðåäïîëîæèì, ÷òî S = J4. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 23, 29, 31, 37, 43}.
Ïî [4, òàáë. 2] èìååì {2, r3(q), r6(q)} = {2, s1, s2}, ãäå s1, s2 ∈ {31, 37, 43}.
Òîãäà R6(q) ⊆ {31, 37}, èëè R6(q) ⊆ {31, 43}, èëè R6(q) ⊆ {37, 43}. Íåïî-
ñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q ∈ {7, 11, 37} èëè q > 2000. Åñëè q = 7, òî
ïî [8] èìååì π(S) ̸⊆ π(H) = {2, 3, 7, 19, 43}; ïðîòèâîðå÷èå. Åñëè q = 11,
òî ïî [14] π(S) ̸⊆ π(H) = {2, 3, 5, 7, 11, 19, 37}; ïðîòèâîðå÷èå. Åñëè q = 37,
òî ïî [14] π(S) ̸⊆ π(H) = {2, 3, 7, 19, 31, 37, 43, 67}; ïðîòèâîðå÷èå.
Êàê â ñëó÷àå H = 3D4(q) ïîëó÷àåì, ÷òî f ∈ {1, 2}.
Ïðåäïîëîæèì, ÷òî S = O′N . Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 19, 31}.
Ïî [4, òàáë. 2] èìååì {2, r3(q), r6(q)} = {2, 19, 31}. Òîãäà R6(q) = {19}
èëè R6(q) = {31}. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q = 8 èëè q > 2000.
Åñëè q = 8, òî ïî [8] èìååì π(S) ̸⊆ π(H) = {2, 3, 7, 19, 73}; ïðîòèâîðå÷èå.
Êàê â ñëó÷àå H = 3D4(q) ïîëó÷àåì, ÷òî f ∈ {1, 2}.
Ïðåäïîëîæèì, ÷òî S = F3. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 13, 19, 31}.
Ïî [4, òàáë. 2] èìååì {2, r3(q), r6(q)} = {2, s1, s2}, ãäå s1, s2 ∈ {13, 19, 31}.
Òîãäà R6(q) ⊆ {13, 19}, èëè R6(q) ⊆ {13, 31}, èëè R6(q) ⊆ {19, 31}. Íåïî-
ñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q ∈ {4, 8, 23} èëè q > 2000. Åñëè q = 4, òî
ïî [8] èìååì π(S) ̸⊆ π(H) = {2, 3, 5, 7, 13}; ïðîòèâîðå÷èå. Åñëè q = 8, òî
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ïî [14] èìååì π(S) ̸⊆ π(H) = {2, 3, 7, 19, 73}; ïðîòèâîðå÷èå. Åñëè q = 23,
òî ïî [14] èìååì π(S) ̸⊆ π(H) = {2, 3, 7, 11, 13, 23, 79}; ïðîòèâîðå÷èå.
Êàê â ñëó÷àå H = 3D4(q) ïîëó÷àåì, ÷òî f ∈ {1, 2}.
Ïðåäïîëîæèì, ÷òî S = LyS. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 31, 37, 67}.
Ïî [4, òàáë. 2] èìååì {2, r3(q), r6(q)} = {2, s1, s2}, ãäå s1, s2 ∈ {31, 37, 67}.
Òîãäà R6(q) ⊆ {31, 37}, èëè R6(q) ⊆ {31, 67}, èëè R6(q) ⊆ {37, 67}. Íåïî-
ñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî q = 11 èëè q > 2000. Åñëè q = 11, òî ïî
[14] π(S) ̸⊆ π(H) = {2, 3, 5, 7, 11, 19, 37}; ïðîòèâîðå÷èå.
Êàê â ñëó÷àå H = 3D4(q) ïîëó÷àåì, ÷òî f ∈ {1, 2}. □

Òåîðåìà 1 ñëåäóåò èç ëåìì 9, 10.

3 Äîêàçàòåëüñòâî òåîðåìû 2

ÏóñòüH ∈ {Ln(q), Un(q)} � êîíå÷íàÿ ïðîñòàÿ ëèíåéíàÿ èëè óíèòàðíàÿ
ãðóïïà íàä ïîëåì ïîðÿäêà q, n ≥ 11, G � êîíå÷íàÿ ãðóïïà ñ GK(G) =
GK(H) è S � ñïîðàäè÷åñêèé êîìïîçèöèîííûé ôàêòîð ãðóïïû G.
Ïî ëåììå 4 âûïîëíåíî óñëîâèå S ≤ Ḡ = G/K ≤ Aut(S) äëÿ íàèáîëü-

øåé íîðìàëüíîé ðàçðåøèìîé ïîäãðóïïû K ãðóïïû G.

Ëåììà 11. H /∈ {Ln(q), Un(q)} ïðè n ≥ 13.

Äîêàçàòåëüñòâî. Ïóñòü H = Ln(q), ãäå n ≥ 13. Ïî ëåììå 8 èìååì S =
F1. Çàìåòèì, ÷òî ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71}.
Ïî ëåììå 4 èìååì t(S) ≥ t(G) − 1. Ïî [4, òàáë. 2, 8] èìååì t(S) = 11 è
t(G) = [(n+ 1)/2]. Èìååì n ≤ 24.
Ïóñòü n = 13. Ðàññìîòðèì ïðîñòûå ÷èñëà t1 = r13f (p), t2 = r12f (p),

t3 = r11f (p), t4 = r10f (p), t5 = r9f (p), t6 = r8f (p), t7 = r7f (p). Ïî ëåì-
ìå 1 èìååì t1 ≡ 1 (mod 13f), t2 ≡ 1 (mod 12f), t3 ≡ 1 (mod 11f), t4 ≡ 1
(mod 10f), t5 ≡ 1 (mod 9f), t6 ≡ 1 (mod 8f), t7 ≡ 1 (mod 7f). Èìååì
t1 /∈ π(S), t2 = 13 èëè t2 /∈ π(S), t3 = 23 èëè t3 /∈ π(S), t4 ∈ {11, 31, 41, 71}
èëè t4 /∈ π(S), t5 = 19 èëè t5 /∈ π(S), t6 ∈ {17, 41} èëè t6 /∈ π(S),
t7 ∈ {29, 71} èëè t7 /∈ π(S). Ïî [4, òàáë. 8] {t1, t2, t3, t4, t5, t6, t7} � ìàêñè-
ìàëüíàÿ êîêëèêà â GK(G). Ïî ëåììå 4 íå áîëåå îäíîãî ïðîñòîãî ÷èñëà
èç óêàçàííîé êîêëèêè íå ñîäåðæèòñÿ â π(S). Îòñþäà R12(q) = {13},
R11(q) = {23}, R10(q) ⊆ {11, 31, 41, 71}, R9(q) = {19}, R8(q) ⊆ {17, 41},
R7(q) ⊆ {29, 71}.
ÅñëèR8(q) = {17}, òî ïî ëåììå 6.2) èìååì q = 2, íîR11(2) = {23, 89} ≠

{23}; ïðîòèâîðå÷èå. Åñëè R8(q) = {41}, òî ïî ëåììå 6.3) èìååì q = 3,
íî R11(3) = {23, 3851} ̸= {23}; ïðîòèâîðå÷èå. Çíà÷èò, R8(q) = {17, 41},
ïîýòîìó R10(q) ⊆ {11, 31, 71}.
Ïî [4, ïðåäë. 2.1] ìíîæåñòâà

{r3(q), r11(q), r13(q)}, {r4(q), r10(q), r11(q), r13(q)},
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{r5(q), r9(q), r11(q), r12(q), r13(q)}, {r6(q), r8(q), r9(q), r10(q), r11(q), r13(q)}
� êîêëèêè â GK(G). Ïî ëåììå 4 íå áîëåå îäíîãî ïðîñòîãî ÷èñëà èç
êàæäîé òàêîé êîêëèêè íå ñîäåðæèòñÿ â π(S). Îòñþäà R3(q) ∪ R6(q) =
{7, 31}, R5(q) ∪ R10(q) = {11, 71} è R7(q) = {29}. Èòàê, R4(q) = {5}.
Ïî ëåììå 6.1) èìååì q ∈ {2, 3, 7}. Íî R7(2) = {127}, R7(3) = {1093},
R7(7) = {29, 4733}; ïðîòèâîðå÷èå.
Ïðè n ∈ {14, 15} ïîëó÷àåì ïðîòèâîðå÷èå àíàëîãè÷íî ñëó÷àþ n = 13.
Ïóñòü n = 16. Ðàññìîòðèì ïðîñòûå ÷èñëà t1 = r16f (p), t2 = r15f (p),

t3 = r13f (p). Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 16f), t2 ≡ 1 (mod 15f),
t3 ≡ 1 (mod 13f). Èìååì t1 = 17 èëè t1 /∈ π(S), t2 = 31 èëè t2 /∈ π(S),
t3 /∈ π(S). Ïî [4, ïðåäë. 2.1] {t1, t2, t3} � êîêëèêà â GK(G). Ïî ëåììå 4
íå áîëåå îäíîãî ïðîñòîãî ÷èñëà èç óêàçàííîé êîêëèêè íå ñîäåðæèòñÿ â
π(S). Îòñþäà R16(q) = {17}; ïðîòèâîðå÷èå ñ ëåììîé 6.4).
Ïðè n ∈ {17, ..., 24} ïîëó÷àåì ïðîòèâîðå÷èå àíàëîãè÷íî ñëó÷àþ n =

16.
Ñëó÷àé H = Un(q), ãäå n ≥ 13, ðàññìàòðèâàåòñÿ àíàëîãè÷íî. □

Ëåììà 12. H /∈ {L12(q), U12(q)}.

Äîêàçàòåëüñòâî. Ïóñòü H = L12(q). Ïî ëåììå 8 èìååì S = F1. Åñëè
q = 2, òî

π(S) ̸⊆ π(H) = {2, 3, 5, 7, 11, 13, 17, 23, 31, 73, 89, 127};

ïðîòèâîðå÷èå. Çíà÷èò, q > 2.
Çàìåòèì, ÷òî ïî [8] èìååì 2 · 13, 2 · 23 ∈ ω(S). Ïî [4, ïðåäë. 2.1]

{r7(q), r11(q), r12(q)} � êîêëèêà â GK(G). Ïî ëåììå 4 ëèáî R11(q) ∪
R12(q) ⊆ π(S), ëèáî R11(q) = {23} è R12(q) ̸⊆ π(S), ëèáî R12(q) = {13} è
R11(q) ̸⊆ π(S).
Ïðåäïîëîæèì, ÷òîR11(q)∪R12(q) ⊆ π(S). ÒîãäàR11(q) = {23},R12(q) =

{13}. Ïî [4, òàáë. 4, 6] ïðè p = 2 ìíîæåñòâî {2, r12(q), r11(q)} � êîêëèêà
â GK(G); ïðè p ̸= 2 è (q − 1)2 < 4 ìíîæåñòâî {2, r11(q)} � êîêëèêà â
GK(G); ïðè p ̸= 2 è (q − 1)2 = 4 ìíîæåñòâî {2, r12(q), r11(q)} � êîêëèêà
â GK(G); ïðè p ̸= 2 è (q − 1)2 > 4 ìíîæåñòâî {2, r12(q)} � êîêëèêà â
GK(G). Èòàê, ïðè p = 2 èëè p ̸= 2 è (q − 1)2 ≤ 4 âåðøèíû 2 è 23 íå
ñìåæíû â GK(G); ïðîòèâîðå÷èå. Çíà÷èò, p ̸= 2 è (q − 1)2 > 4. Íî òîãäà
âåðøèíû 2 è 13 íå ñìåæíû â GK(G); ïðîòèâîðå÷èå.
Ïðåäïîëîæèì, ÷òî R11(q) = {23} è R12(q) ̸⊆ π(S). Ïî [4, ïðåäë. 2.1]

ìíîæåñòâà

{r5(q), r8(q), r9(q), r11(q), r12(q)}, {r7(q), r8(q), r9(q), r10(q), r11(q), r12(q)}

� êîêëèêè â GK(G). Ïî ëåììå 4 èìååì R5(q) ∪R10(q) ⊆ {11, 31, 41, 71},
R9(q) = {19}, R8(q) ⊆ {17, 41}, R7(q) ⊆ {29, 71}. Åñëè R8(q) = {17}, òî ïî
ëåììå 6.2) èìååì q = 2, íî R11(2) = {23, 89} ≠ {23}; ïðîòèâîðå÷èå. Åñëè
R8(q) = {41}, òî ïî ëåììå 6.3) èìååì q = 3, íî R11(3) = {23, 3851} ̸=
{23}; ïðîòèâîðå÷èå. Çíà÷èò, R8(q) = {17, 41}, ïîýòîìó R5(q) ∪ R10(q) ⊆
{11, 31, 71}.
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Ïóñòü R7(q) = {29, 71}. Ïî [4, ïðåäë. 2.1] èìååì 29 · 71 ∈ ω(G) \ ω(S),
17 · 41 ∈ ω(G) \ ω(S). Îòñþäà ëèáî 29, 17 ∈ π(K), ëèáî 29, 41 ∈ π(K),
ëèáî 71, 17 ∈ π(K), ëèáî 71, 41 ∈ π(K). Ïî [4, ïðåäë. 2.1] ìíîæåñòâî
{r7(q), r8(q), r11(q)} � êîêëèêà â GK(G); ïðîòèâîðå÷èå c ëåììîé 4.
Ïóñòü R7(q) = {29}. Òîãäà R5(q) ∪ R10(q) ⊆ {11, 31, 71}. Ïðåäïî-

ëîæèì, ÷òî R5(q) = {11} è R10(q) = {31}. Ïî [4, ïðåäë. 2.1] èìååì
11 · 31 ∈ ω(G) \ ω(S), 17 · 41 ∈ ω(G) \ ω(S). Îòñþäà ëèáî 11, 17 ∈ π(K),
ëèáî 11, 41 ∈ π(K), ëèáî 31, 17 ∈ π(K), ëèáî 31, 41 ∈ π(K). Ïî [4,
ïðåäë. 2.1] ìíîæåñòâà {r5(q), r8(q), r11(q)}, {r10(q), r8(q), r11(q)} � êîêëè-
êè â GK(G); ïðîòèâîðå÷èå c ëåììîé 4. Äðóãèå âîçìîæíîñòè äëÿ R5(q)
è R10(q) ðàññìàòðèâàþòñÿ àíàëîãè÷íî. Ïîëó÷àåì ïðîòèâîðå÷èå.
Åñëè R7(q) = {71}, òî ïîëó÷àåì ïðîòèâîðå÷èå êàê â ïðåäûäóùåì àá-

çàöå.
Ïðåäïîëîæèì, ÷òî R12(q) = {13} è R11(q) ̸⊆ π(S). Ïî [4, ïðåäë. 2.1]

ìíîæåñòâà

{r3(q), r10(q), r11(q)}, {r4(q), r9(q), r10(q), r11(q)},

{r5(q), r8(q), r9(q), r11(q), r12(q)}, {r6(q), r7(q), r8(q), r9(q), r10(q), r11(q)},

{r7(q), r8(q), r9(q), r10(q), r11(q), r12(q)}
� êîêëèêè â GK(G). Ïî ëåììå 4 èìååì R5(q) ∪ R10(q) ⊆ {11, 41, 71},
R9(q) = {19}, R8(q) ⊆ {17, 41}, R7(q) ⊆ {29, 71}, R3(q) ∪ R6(q) = {7, 31},
R4(q) ⊆ {5, 17, 29, 41}. Åñëè R8(q) = {17}, òî ïî ëåììå 6.2) èìååì q = 2,
íî R7(2) = {127} ̸⊆ {29, 71}; ïðîòèâîðå÷èå. Åñëè R8(q) = {41}, òî ïî
ëåììå 6.3) èìååì q = 3, íî R7(3) = {1093} ̸⊆ {29, 71}; ïðîòèâîðå÷èå.
Çíà÷èò, R8(q) = {17, 41}. Èìååì R5(q)∪R10(q) = {11, 71} è R7(q) = {29}.
Èòàê, R4(q) = {5}. Ïî ëåììå 6.1) èìååì q ∈ {2, 3, 7}. Íî R7(2) = {127},
R7(3) = {1093}, R7(7) = {29, 4733}; ïðîòèâîðå÷èå.
Ñëó÷àé H = U12(q) ðàññìàòðèâàåòñÿ àíàëîãè÷íî. □

Ëåììà 13. Åñëè S = F1, òî H /∈ {L11(q), U11(q)}.

Äîêàçàòåëüñòâî. Ïóñòü H = L11(q). Åñëè q = 2, òî

π(S) ̸⊆ π(H) = {2, 3, 5, 7, 11, 17, 23, 31, 73, 89, 127};

ïðîòèâîðå÷èå. Çíà÷èò, q > 2.
Ïðåäïîëîæèì, ÷òî 23 ∈ R11(q). Çàìåòèì, ÷òî ïî [8] èìååì 2·23 ∈ ω(S).

Ïî [4, òàáë. 4, 6] ïðè p = 2 ìíîæåñòâî {2, r11(q), r10(q)} � êîêëèêà â
GK(H); ïðè p ̸= 2 ìíîæåñòâî {2, r11(q)} � êîêëèêà â GK(H). Çíà÷èò,
âåðøèíû 2 è 23 íå ñìåæíû â GK(H); ïðîòèâîðå÷èå.
Èòàê, 23 /∈ R11(q). Îáîçíà÷èì u ∈ R11(q). Òîãäà u /∈ π(S).
Ïî [4, ïðåäë. 2.1] ìíîæåñòâà

{r3(q), r10(q), u}, {r4(q), r9(q), r10(q), u}, {r5(q), r7(q), r8(q), r9(q), u},

{r6(q), r7(q), r8(q), r9(q), r10(q), u}
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� êîêëèêè â GK(H). Èìååì R5(q) ∪ R10(q) ⊆ {11, 31, 41, 71}, R9(q) =
{19}, R8(q) ⊆ {17, 41}, R7(q) ⊆ {29, 71}, R3(q) ∪ R6(q) ⊆ {7, 13, 31},
R4(q) ⊆ {5, 13, 17, 29, 41}.
Åñëè R8(q) = {17}, òî ïî ëåììå 6.2) èìååì q = 2, íî R7(2) = {127} ̸⊆

{29, 71}; ïðîòèâîðå÷èå. Åñëè R8(q) = {41}, òî ïî ëåììå 6.3) èìååì q = 3,
íî R7(3) = {29, 4733} ̸⊆ {29, 71}; ïðîòèâîðå÷èå. Çíà÷èò, R8(q) = {17, 41}.
Îòñþäà R5(q) ∪ R10(q) ⊆ {11, 31, 71}, R9(q) = {19}, R7(q) ⊆ {29, 71},
R3(q) ∪R6(q) ⊆ {7, 13, 31}, R4(q) ⊆ {5, 13, 29}.
Ïóñòü R7(q) = {29, 71}. Òîãäà R5(q)∪R10(q) = {11, 31}, R3(q)∪R6(q) =

{7, 13}. Èòàê, R4(q) = {5}. Ïî ëåììå 6.1) èìååì q ∈ {2, 3, 7}. Íî R7(2) =
{127}, R7(3) = {1093}, R7(7) = {29, 4733}; ïðîòèâîðå÷èå.
Ïóñòü R7(q) = {29}. Òîãäà R5(q)∪R10(q) ⊆ {11, 31, 71}, R3(q)∪R6(q) ⊆

{7, 13, 31}, R4(q) ⊆ {5, 13}. Åñëè R4(q) = {5}, òî ïîëó÷àåì ïðîòèâîðå÷èå
êàê â ïðåäûäóùåì àáçàöå. Çíà÷èò, 13 ∈ R4(q), ïîýòîìó R3(q) ∪ R6(q) =
{7, 31}.
Òàê êàê ïî [8] èìååì 7 ·17 ∈ ω(S) ⊆ ω(H), òî ïî [4, ïðåäë. 2.1] R3(q) =

{7}, R6(q) = {31}. Åñëè R5(q) = {11}, R10(q) = {71}, òî ïî [4, ïðåäë. 2.1]
èìååì 11 · 31 ∈ ω(H), 17 · 41 ∈ ω(H). Îòñþäà ëèáî 11, 17 ∈ π(K), ëèáî
11, 41 ∈ π(K), ëèáî 31, 17 ∈ π(K), ëèáî 31, 41 ∈ π(K). Ïî [4, ïðåäë. 2.1]
ìíîæåñòâà {r5(q), r8(q), r11(q)}, {r6(q), r8(q), r11(q)} � êîêëèêè â GK(H);
ïðîòèâîðå÷èå c ëåììîé 4. Â cëó÷àå R5(q) = {71}, R10(q) = {11} àíàëî-
ãè÷íî ïîëó÷àåì ïðîòèâîðå÷èå.
Ñëó÷àé R7(q) = {71} ðàññìàòðèâàåòñÿ àíàëîãè÷íî ñëó÷àþ R7(q) =

{29}. Ïîëó÷àåì ïðîòèâîðå÷èå.
Ñëó÷àé H = U11(q) ðàññìàòðèâàåòñÿ àíàëîãè÷íî. □

Ëåììà 14. H /∈ {L11(q), U11(q)}.

Äîêàçàòåëüñòâî. Ïóñòü H = L11(q). Åñëè q = 2, òî ïî [4, òàáë. 4] ìíî-
æåñòâî {2, 11, 89} � êîêëèêà, ñîäåðæàùàÿ 2, â ãðàôå GK(G). Ïî ëåììå 4
èìååì 89 ∈ π(S); ïðîòèâîðå÷èå ñ [8].
Èòàê, q > 2. Òàê êàê n = 11, òî ïî ëåììå 4 è [13, òàáë. 2] èìååì

t(S) ≥ t(G)− 1 = [(n+ 1)/2]− 1 = 5, ïîýòîìó ââèäó [4, òàáë. 2] èìååì

S ∈ {F1, F2, F3, J4, F i′24, F i23, LyS,O
′N}.

Ïî ëåììå 13 èìååì S ̸= F1.
Ïðåäïîëîæèì, ÷òî S = F2. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 13, 17, 19, 23, 31, 47}.

Ïî [13, òàáë. 2] ìíîæåñòâî {r7(q), r8(q), r11(q)} � êîêëèêà â GK(G).
Ïîëîæèì t1 = r7f (p), t2 = r8f (p), t3 = r11f (p). Ðàññìîòðèì êîêëèêó
{t1, t2, t3}. Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 7f), t2 ≡ 1 (mod 8f), t3 ≡ 1
(mod 11f), ïîýòîìó t1 /∈ π(S), t2 = 17 èëè t2 /∈ π(S), t3 = 23 èëè t3 /∈
π(S). Çíà÷èò, ïî ëåììå 4 èìååì R8(q) = {17}. Ïî ëåììå 6.2) q = 2, íî
q > 2; ïðîòèâîðå÷èå.
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Ïðåäïîëîæèì, ÷òî S = F3. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 13, 19, 31}.
Ïî [13, òàáë. 2] ìíîæåñòâî {r7(q), r8(q), r11(q)} � êîêëèêà â GK(G).

Ïîëîæèì t1 = r7f (p), t2 = r8f (p), t3 = r11f (p). Ðàññìîòðèì êîêëèêó
{t1, t2, t3}. Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 7f), t2 ≡ 1 (mod 8f), t3 ≡ 1
(mod 11f), ïîýòîìó t1 /∈ π(S), t2 /∈ π(S), t3 /∈ π(S); ïðîòèâîðå÷èå ñ
ëåììîé 4.
Ïðåäïîëîæèì, ÷òî S = J4. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 23, 29, 31, 37, 43}.
Ïî [4, òàáë. 4, 6] ïðè p = 2 ìíîæåñòâî {2, r11(q), r10(q)} � êîêëèêà â
GK(G); ïðè p ̸= 2 ìíîæåñòâî {2, r11(q)} � êîêëèêà â GK(G).
Ðàññìîòðèì ïðîñòûå ÷èñëà t1 = r11f (p), t2 = r10f (p), t3 = r9f (p), t4 =

r8f (p), t5 = r7f (p), t6 = r6f (p). Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 11f), t2 ≡ 1
(mod 10f), t3 ≡ 1 (mod 9f), t4 ≡ 1 (mod 8f), t5 ≡ 1 (mod 7f), t6 ≡ 1
(mod 6f). Òîãäà t1 = 23 èëè t1 /∈ π(S), t2 ∈ {11, 31} èëè t2 /∈ π(S), t3 = 37
èëè t3 /∈ π(S), t4 /∈ π(S), t5 ∈ {29, 43} èëè t5 /∈ π(S), t6 ∈ {7, 31, 37, 43}
èëè t6 /∈ π(S). Ïî [13, òàáë. 2] ìíîæåñòâî {t1, t2, t3, t4, t5, t6} � ìàêñè-
ìàëüíàÿ êîêëèêà â GK(G). Ïî ëåììå 4 íå áîëåå îäíîãî ïðîñòîãî ÷èñëà
èç óêàçàííîé êîêëèêè íå ñîäåðæèòñÿ â π(S). Îòñþäà R11(q) = {23},
R10(q) ⊆ {11, 31}, R9(q) = {37}, R7(q) ⊆ {29, 43}, R6(q) ⊆ {7, 31, 43}.
Ïî [4, ïðåäë. 2.1] ìíîæåñòâî {r5(q), r7(q), r8(q), r9(q), r11(q)} � êîêëèêà

â GK(G). Ïîýòîìó R5(q) ∪ R10(q) = {11, 31}. Òàê êàê r8(q) /∈ π(S) äëÿ
ëþáîãî r8(q), òî R8(q) ⊆ π(K). Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí.
Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà, ïîýòîìó ïî [4, ïðåäë. 2.1] èìååì
π(K) ⊆ π(q(q2 − 1))∪R3(q)∪R4(q)∪R8(q). Ïî [8] è [4, ïðåäë. 2.1] èìååì
11 · 31 ∈ ω(G) \ ω(S). Òîãäà 11 ∈ π(K) èëè 31 ∈ π(K); ïðîòèâîðå÷èå.
Ïðåäïîëîæèì, ÷òî S = Fi′24. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 13, 17, 23, 29}.
Ïî [4, ïðåäë. 2.1] ìíîæåñòâî {r8(q), r9(q), r11(q)} � êîêëèêà â GK(G).

Ïîëîæèì t1 = r8f (p), t2 = r9f (p), t3 = r11f (p). Ðàññìîòðèì êîêëèêó
{t1, t2, t3}. Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 8f), t2 ≡ 1 (mod 9f), t3 ≡ 1
(mod 11f), ïîýòîìó t1 = 17 èëè t1 /∈ π(S), t2 /∈ π(S), t3 = 23 èëè t3 /∈
π(S). Çíà÷èò, ïî ëåììå 4 èìååì R8(q) = {17}. Ïî ëåììå 6.2) q = 2, íî
q > 2; ïðîòèâîðå÷èå.
Ïðåäïîëîæèì, ÷òî S = Fi23. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 13, 17, 23}.
Ïî [4, ïðåäë. 2.1] ìíîæåñòâî {r7(q), r8(q), r11(q)} � êîêëèêà â GK(G).

Ïîëîæèì t1 = r7f (p), t2 = r8f (p), t3 = r11f (p). Ðàññìîòðèì êîêëèêó
{t1, t2, t3}. Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 7f), t2 ≡ 1 (mod 8f), t3 ≡ 1
(mod 11f), ïîýòîìó t1 /∈ π(S), t2 = 17 èëè t2 /∈ π(S), t3 = 23 èëè t3 /∈
π(S). Çíà÷èò, ïî ëåììå 4 èìååì R8(q) = {17}. Ïî ëåììå 6.2) q = 2, íî
q > 2; ïðîòèâîðå÷èå.
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Ïðåäïîëîæèì, ÷òî S = LyS. Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 31, 37, 67}.

Ïî [4, ïðåäë. 2.1] ìíîæåñòâî {r7(q), r8(q), r11(q)} � êîêëèêà â GK(G).
Ïîëîæèì t1 = r7f (p), t2 = r8f (p), t3 = r11f (p). Ðàññìîòðèì êîêëèêó
{t1, t2, t3}. Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 7f), t2 ≡ 1 (mod 8f), t3 ≡ 1
(mod 11f), ïîýòîìó t1 /∈ π(S), t2 /∈ π(S), t3 = 67 èëè t3 /∈ π(S); ïðîòèâî-
ðå÷èå ñ ëåììîé 4.
Ïðåäïîëîæèì, ÷òî S = O′N . Òîãäà ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 19, 31}.

Ïî [4, ïðåäë. 2.1] ìíîæåñòâî {r7(q), r8(q), r11(q)} � êîêëèêà â GK(G).
Ïîëîæèì t1 = r7f (p), t2 = r8f (p), t3 = r11f (p). Ðàññìîòðèì êîêëèêó
{t1, t2, t3}. Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 7f), t2 ≡ 1 (mod 8f), t3 ≡ 1
(mod 11f), ïîýòîìó t1 /∈ π(S), t2 /∈ π(S), t3 /∈ π(S); ïðîòèâîðå÷èå ñ
ëåììîé 4.
Ñëó÷àé H = U11(q) ðàññìàòðèâàåòñÿ àíàëîãè÷íî. □

Èç ëåìì 11�14 ñëåäóåò òåîðåìà 2.
Òåîðåìà 2 äîêàçàíà.

4 Äîêàçàòåëüñòâî òåîðåìû 3

Ïóñòü H ∈ {O+
2n(q), O

−
2n(q)} � êîíå÷íàÿ ïðîñòàÿ ãðóïïà íàä ïîëåì

ïîðÿäêà q, n ≥ 9, G � êîíå÷íàÿ ãðóïïà ñ GK(G) = GK(H) è S � åå
êîìïîçèöèîííûé ôàêòîð.
Ïî ëåììå 4 âûïîëíåíî óñëîâèå S ≤ Ḡ = G/K ≤ Aut(S) äëÿ íàèáîëü-

øåé íîðìàëüíîé ðàçðåøèìîé ïîäãðóïïû K ãðóïïû G.

Ëåììà 15. S íå ÿâëÿåòñÿ ñïîðàäè÷åñêîé ãðóïïîé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî S � ñïîðàäè÷åñêàÿ ãðóïïà.
Ïóñòü H = O+

2n(q). Òàê êàê n ≥ 9, òî ïî ëåììå 4 è [13, òàáë. 2] ïðè
n ̸≡ 3 (mod 4) èìååì t(S) ≥ t(G) − 1 = [(3n + 1)/4] − 1 ≥ 6 è ïðè n ≡ 3
(mod 4) èìååì t(S) ≥ t(G) − 1 = (3n + 3)/4 − 1 ≥ 8, ïîýòîìó ââèäó [4,
òàáë. 2] èìååì

S ∈ {F1, F2, J4, F i′24, LyS}.
Ïðåäïîëîæèì, ÷òî S = F1. Òîãäà ââèäó [13, òàáë. 2] èìååì t(S) = 11,

à ïî [8] èìååì

π(S) = {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71}.

Ïî ëåììå 4 èìååì t(G) ≤ t(S) + 1 = 12. Ïî [13, òàáë. 2] èìååì t(G) =
[(3n+ 1)/4]. Çíà÷èò, n ≤ 16.
Ïóñòü n = 16. Ïî [13, òàáë. 3] ìíîæåñòâî {r9(q), r11(q), r18(q), r22(q)}

� êîêëèêà â GK(G). Ïîëîæèì t1 = r9f (p), t2 = r11f (p), t3 = r18f (p),
t4 = r22f (p). Ðàññìîòðèì êîêëèêó {t1, t2, t3, t4}. Ïî ëåììå 1 èìååì t1 ≡ 1
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(mod 9f), t2 ≡ 1 (mod 11f), t3 ≡ 1 (mod 18f), t4 ≡ 1 (mod 22f), ïîýòî-
ìó t1 = 19 èëè t1 /∈ π(S), t2 = 23 èëè t2 /∈ π(S), t3 = 19 èëè t3 /∈ π(S),
t4 = 23 èëè t4 /∈ π(S). Çíà÷èò, ëèáî t1, t2 /∈ π(S), ëèáî t1, t4 /∈ π(S), ëèáî
t3, t2 /∈ π(S), ëèáî t3, t4 /∈ π(S); ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü n = 10. Ïî [13, òàáë. 3] ìíîæåñòâî {r9(q), r16(q), r18(q)} � êîêëè-

êà â GK(G). Ïîëîæèì t1 = r9f (p), t2 = r16f (p), t3 = r18f (p). Ðàññìîòðèì
êîêëèêó {t1, t2, t3}. Ïî ëåììå 1 èìååì t1 ≡ 1 (mod 9f), t2 ≡ 1 (mod 16f),
t3 ≡ 1 (mod 18f), ïîýòîìó t1 = 19 èëè t1 /∈ π(S), t2 = 17 èëè t2 /∈ π(S),
t3 = 19 èëè t3 /∈ π(S). Ïî ëåììå 6.4) èìååì R16(q) ̸= {17}. Çíà÷èò, ñóùå-
ñòâóåò u ∈ R16(q) \ π(S). Ñëåäîâàòåëüíî, êîêëèêà {t1, u, t3} ñîäåðæèò íå
ìåíüøå äâóõ ÷èñåë èç π(S); ïðîòèâîðå÷èå ñ ëåììîé 4.
Ðàññóæäàÿ àíàëîãè÷íî, ïîëó÷àåì ïðîòèâîðå÷èå äëÿ äðóãèõ ïàð (n, S) ̸=

(9, F1).
Ïóñòü n = 9 è S = F1. Ïî ëåììå 4 è [4, òàáë. 2, 4, 6] èìååì ëèáî

{2, r16(q), r9(q)} = {2, s1, s2}, ãäå s1, s2 ∈ {29, 41, 59, 71}, ëèáî {2, r16(q)} =
{2, s}, ãäå s ∈ {29, 41, 59, 71}, ëèáî {2, r9(q)} = {2, s}, ãäå s ∈ {29, 41, 59, 71},
ïðè÷åì ïî ëåììå 1 èìååì r16(q) ≡ 1 (mod 16), r9(q) ≡ 1 (mod 9); ïðîòè-
âîðå÷èå.
Ïóñòü H = O−

2n(q). Òàê êàê n ≥ 9, òî ïî ëåììå 4 è [13, òàáë. 2] èìååì
t(S) ≥ t(G)− 1 = [(3n+ 1)/4]− 1 ≥ 6, ïîýòîìó ââèäó [4, òàáë. 2] èìååì

S ∈ {F1, F2, J4, F i′24, LyS}.
Ðàññóæäàÿ êàê â ñëó÷àå H = O+

2n(q), ïîëó÷àåì ïðîòèâîðå÷èå äëÿ ïàð
(n, S) ̸= (9, F1).
Ïóñòü n = 9 è S = F1. Ïî ëåììå 4 è [4, òàáë. 2, 4, 6] èìååì ëèáî

{2, r16(q), r18(q)} = {2, s1, s2}, ãäå s1, s2 ∈ {29, 41, 59, 71}, ëèáî {2, r16(q)} =
{2, s}, ãäå s ∈ {29, 41, 59, 71}, ëèáî {2, r18(q)} = {2, s}, ãäå s ∈ {29, 41, 59, 71},
ïðè÷åì ïî ëåììå 1 èìååì r16(q) ≡ 1 (mod 16), r18(q) ≡ 1 (mod 18); ïðî-
òèâîðå÷èå. □

Òåîðåìà 3 äîêàçàíà.

5 Äîêàçàòåëüñòâî òåîðåìû 4

Ïóñòü H = An � çíàêîïåðåìåííàÿ ãðóïïà, ãäå n ≥ 29 è n − s′2n ≤ 3,
G � êîíå÷íàÿ ãðóïïà ñ GK(G) = GK(H) è S � êîìïîçèöèîííûé ôàêòîð
ãðóïïû G. Òàê êàê n− s′2n ≤ 3, òî t(2, G) ≤ 2.
Ïî ëåììå 4 âûïîëíåíî óñëîâèå S ≤ Ḡ = G/K ≤ Aut(S) äëÿ íàèáîëü-

øåé íîðìàëüíîé ðàçðåøèìîé ïîäãðóïïû K ãðóïïû G.

Ëåììà 16. S íå ÿâëÿåòñÿ ñïîðàäè÷åñêîé ãðóïïîé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî S ÿâëÿåòñÿ ñïîðàäè÷åñêîé ãðóï-
ïîé. Ïîëîæèì n0 = 29 ïðè S /∈ {F2, F1, F i′24, J4}, n0 = 37 ïðè S = Fi′24,
n0 = 41 ïðè S = F2, n0 = 47 ïðè S = J4, n0 = 53 ïðè S = F1.
Ïóñòü H = An, ãäå 29 ≤ n ≤ 33, è

S ∈ {M11,M12,M22, J1, J2, J3, HS,He,McL, Suz, F i22, HN,O′N,LyS, F3}.
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Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïî-
òåíòíà. Òîãäà 23, 29 ∈ π(H) \ π(S). Çíà÷èò, 23, 29 ∈ π(K). Íî 23 · 29 ∈
ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå 29 ≤ n ≤ 33, è

S ∈ {M23,M24, Co1, Co2, Co3, F i23}.
Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïî-
òåíòíà. Òîãäà 19, 29 ∈ π(H) \ π(S). Çíà÷èò, 19, 29 ∈ π(K). Íî 19 · 29 ∈
ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå 29 ≤ n ≤ 33, è S ∈ {Ru, J4}. Ïî [7, òàáë. 1]

ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà
17, 19 ∈ π(H) \ π(S). Çíà÷èò, 17, 19 ∈ π(K). Íî 17 · 19 ∈ ω(K) \ ω(H);
ïðîòèâîðå÷èå.
Ïóñòü H = A34 è

S ∈ {M11,M12,M22, J1, J2, J3, HS,He,McL, Suz, F i22, HN}.
Òîãäà 23, 29, 31 ∈ π(H)\π(S). Çíà÷èò, 23, 29, 31 ∈ π(K). Òàê êàê {23, 29, 31}
� êîêëèêà â ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A34 è

S ∈ {M23,M24, Co1, Co2, Co3, F i23}.
Òîãäà 19, 29, 31 ∈ π(H)\π(S). Çíà÷èò, 19, 29, 31 ∈ π(K). Òàê êàê {19, 29, 31}
� êîêëèêà â ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A34 è S ∈ {F3, O

′N,LyS}. Òîãäà 17, 23, 29 ∈ π(H) \ π(S).
Çíà÷èò, 17, 23, 29 ∈ π(K). Òàê êàê {17, 23, 29} � êîêëèêà â ãðàôå GK(H),
òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A34 è S = Ru. Òîãäà 17, 23, 31 ∈ π(H) \ π(S). Çíà÷èò,

17, 23, 31 ∈ π(K). Òàê êàê {17, 23, 31} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Åñëè n ∈ {35, 36}, òî n− s′2n ≥ 4; ïðîòèâîðå÷èå ñ óñëîâèåì.
Ïóñòü H = An, ãäå n ≥ 37, è

S ∈ {M11,M12,M22, J1, J2, J3, HS,He,McL, Suz, F i22, HN}.
Ïî ëåììå 7 ñóùåñòâóåò ïî ìåíüøåé ìåðå 3 ïðîñòûõ ÷èñëà pi òàêèõ,
÷òî (n + 1)/2 < pi < n. Òàê êàê n ≥ 37, òî (n + 1)/2 ≥ 19, ïîýòîìó
p1, p2, p3 > 19. Òîãäà p1, p2, p3 ∈ π(H) \ π(S). Çíà÷èò, p1, p2, p3 ∈ π(K).
Òàê êàê {p1, p2, p3} � êîêëèêà â ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå
ñ ëåììîé 4.
Ïóñòü H = An, ãäå 37 ≤ n ≤ 39, è

S ∈ {M23,M24, Co1, Co2, Co3, F i23, F i′24, Ru}.
Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïî-
òåíòíà. Òîãäà 31, 37 ∈ π(H) \ π(S). Çíà÷èò, 31, 37 ∈ π(K). Íî 31 · 37 ∈
ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå 37 ≤ n ≤ 39, è S ∈ {F3, F2, O

′N}. Ïî [7, òàáë. 1]
ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà
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29, 37 ∈ π(H) \ π(S). Çíà÷èò, 29, 37 ∈ π(K). Íî 29 · 37 ∈ ω(K) \ ω(H);
ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå 37 ≤ n ≤ 39, è S = LyS. Ïî [7, òàáë. 1] ãðàô

GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà 23, 29 ∈
π(H)\π(S). Çíà÷èò, 23, 29 ∈ π(K). Íî 23·29 ∈ ω(K)\ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = A40 è

S ∈ {M23,M24, Co1, Co2, Co3, F i23}.

Òîãäà 29, 31, 37 ∈ π(H)\π(S). Çíà÷èò, 29, 31, 37 ∈ π(K). Òàê êàê {29, 31, 37}
� êîêëèêà â ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
ÏóñòüH = A40 è S ∈ {Fi′24, Ru}. Òîãäà 19, 31, 37 ∈ π(H)\π(S). Çíà÷èò,

19, 31, 37 ∈ π(K). Òàê êàê {19, 31, 37} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A40 è S ∈ {F3, O

′N}. Òîãäà 23, 29, 37 ∈ π(H)\π(S). Çíà÷èò,
23, 29, 37 ∈ π(K). Òàê êàê {23, 29, 37} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A40 è S = LyS. Òîãäà 19, 23, 29 ∈ π(H) \ π(S). Çíà÷èò,

19, 23, 29 ∈ π(K). Òàê êàê {19, 23, 29} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = An, ãäå 41 ≤ n ≤ 45, è

S ∈ {M23,M24, Co1, Co2, Co3, F i23, F i′24, Ru, F3, F2, O
′N}.

Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïî-
òåíòíà. Òîãäà 37, 41 ∈ π(H) \ π(S). Çíà÷èò, 37, 41 ∈ π(K). Íî 37 · 41 ∈
ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå 41 ≤ n ≤ 45, è S = LyS. Ïî [7, òàáë. 1] ãðàô

GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà 29, 41 ∈
π(H)\π(S). Çíà÷èò, 29, 41 ∈ π(K). Íî 29·41 ∈ ω(K)\ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå n ≥ 46, è

S ∈ {M23,M24, Co1, Co2, Co3, F i23}.

Ïî ëåììå 7 ñóùåñòâóåò ïî ìåíüøåé ìåðå 3 ïðîñòûõ ÷èñëà pi òàêèõ,
÷òî (n + 1)/2 < pi < n. Òàê êàê n ≥ 46, òî (n + 1)/2 > 23, ïîýòîìó
p1, p2, p3 > 23. Òîãäà p1, p2, p3 ∈ π(H) \ π(S). Çíà÷èò, p1, p2, p3 ∈ π(K).
Òàê êàê {p1, p2, p3} � êîêëèêà â ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå
ñ ëåììîé 4.
Ïóñòü H = A46 è S ∈ {Fi′24, Ru, F3, F2, O

′N}. Òîãäà 37, 41, 43 ∈ π(H) \
π(S). Çíà÷èò, 37, 41, 43 ∈ π(K). Òàê êàê {37, 41, 43} � êîêëèêà â ãðàôå
GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A46 è S = LyS. Òîãäà 29, 41, 43 ∈ π(H) \ π(S). Çíà÷èò,

29, 41, 43 ∈ π(K). Òàê êàê {29, 41, 43} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = An, ãäå 47 ≤ n ≤ 49, è

S ∈ {Fi′24, Ru, F3, F2, O
′N,LyS}.
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Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïî-
òåíòíà. Òîãäà 41, 43 ∈ π(H) \ π(S). Çíà÷èò, 41, 43 ∈ π(K). Íî 41 · 43 ∈
ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå 47 ≤ n ≤ 49, è S = F1. Ïî [7, òàáë. 1] ãðàô

GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà 37, 43 ∈
π(H)\π(S). Çíà÷èò, 37, 43 ∈ π(K). Íî 37·43 ∈ ω(K)\ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå 47 ≤ n ≤ 49, è S = J4. Ïî [7, òàáë. 1] ãðàô

GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà 41, 47 ∈
π(H)\π(S). Çíà÷èò, 41, 47 ∈ π(K). Íî 41·47 ∈ ω(K)\ω(H); ïðîòèâîðå÷èå.
ÏóñòüH = A50 è S ∈ {Fi′24, Ru, F3, O

′N,LyS}. Òîãäà 41, 43, 47 ∈ π(H)\
π(S). Çíà÷èò, 41, 43, 47 ∈ π(K). Òàê êàê {41, 43, 47} � êîêëèêà â ãðàôå
GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A50 è S = F2. Òîãäà 37, 41, 43 ∈ π(H) \ π(S). Çíà÷èò,

37, 41, 43 ∈ π(K). Òàê êàê {37, 41, 43} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A50 è S = J4. Òîãäà 19, 41, 47 ∈ π(H) \ π(S). Çíà÷èò,

19, 41, 47 ∈ π(K). Òàê êàê {19, 41, 47} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Åñëè n ∈ {51, 52}, òî n− s′2n ≥ 4; ïðîòèâîðå÷èå ñ óñëîâèåì.
Ïóñòü H = An, ãäå 53 ≤ n ≤ 55, è

S ∈ {Fi′24, Ru, F3, F2, O
′N,LyS, F1}.

Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïî-
òåíòíà. Òîãäà 43, 53 ∈ π(H) \ π(S). Çíà÷èò, 43, 53 ∈ π(K). Íî 43 · 53 ∈
ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå 53 ≤ n ≤ 55, è S = J4. Ïî [7, òàáë. 1] ãðàô

GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà 47, 53 ∈
π(H)\π(S). Çíà÷èò, 47, 53 ∈ π(K). Íî 47·53 ∈ ω(K)\ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = A56 è

S ∈ {Fi′24, Ru, F3, O
′N,LyS, F2}.

Òîãäà 41, 43, 53 ∈ π(H)\π(S). Çíà÷èò, 41, 43, 53 ∈ π(K). Òàê êàê {41, 43, 53}
� êîêëèêà â ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A56 è S = F1. Òîãäà 37, 43, 53 ∈ π(H) \ π(S). Çíà÷èò,

37, 43, 53 ∈ π(K). Òàê êàê {37, 43, 53} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = A56 è S = J4. Òîãäà 41, 47, 53 ∈ π(H) \ π(S). Çíà÷èò,

41, 47, 53 ∈ π(K). Òàê êàê {41, 47, 53} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Åñëè n ∈ {57, 58}, òî n− s′2n ≥ 4; ïðîòèâîðå÷èå ñ óñëîâèåì.
Ïóñòü H = An, ãäå n ≥ 59, è S ∈ {Fi′24, Ru}. Ïî ëåììå 7 ñóùåñòâóåò

ïî ìåíüøåé ìåðå 3 ïðîñòûõ ÷èñëà pi òàêèõ, ÷òî (n+ 1)/2 < pi < n. Òàê
êàê n ≥ 59, òî (n + 1)/2 ≥ 30, ïîýòîìó p1, p2, p3 > 29. Òîãäà p1, p2, p3 ∈
π(H) \ π(S). Çíà÷èò, p1, p2, p3 ∈ π(K). Òàê êàê {p1, p2, p3} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
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Ïóñòü H = An, ãäå n ∈ {59, 60}, è S ∈ {F3, F2, O
′N,LyS, F1}. Ïî [7,

òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà.
Òîãäà 43, 53 ∈ π(H)\π(S). Çíà÷èò, 43, 53 ∈ π(K). Íî 43·53 ∈ ω(K)\ω(H);
ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå n ∈ {59, 60}, è S = J4. Ïî [7, òàáë. 1] ãðàô GK(H)

íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà 41, 53 ∈ π(H) \
π(S). Çíà÷èò, 41, 53 ∈ π(K). Íî 41 · 53 ∈ ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå n ≥ 61, è S ∈ {F3, O

′N}. Ïî ëåììå 7 ñóùåñòâóåò
ïî ìåíüøåé ìåðå 3 ïðîñòûõ ÷èñëà pi òàêèõ, ÷òî (n+ 1)/2 < pi < n. Òàê
êàê n ≥ 61, òî (n + 1)/2 ≥ 31, ïîýòîìó p1, p2, p3 > 31. Òîãäà p1, p2, p3 ∈
π(H) \ π(S). Çíà÷èò, p1, p2, p3 ∈ π(K). Òàê êàê {p1, p2, p3} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
ÏóñòüH = An, ãäå n ∈ {61, 62, 63, 67, 68, 69, 71, 72, 73, 74, 75, 79, 80, 81, 83,

84}, è S ∈ {F2, LyS, F1, J4}. Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî
ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà 53, 61 ∈ π(H) \ π(S). Çíà÷èò,
53, 61 ∈ π(K). Íî 53 · 61 ∈ ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå n ∈ {64, 70}, è S ∈ {F2, LyS, F1}. Òîãäà 43, 53, 61 ∈

π(H) \ π(S). Çíà÷èò, 43, 53, 61 ∈ π(K). Òàê êàê {43, 53, 61} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
ÏóñòüH = An, ãäå n ∈ {64, 70}, è S = J4. Òîãäà 41, 53, 61 ∈ π(H)\π(S).

Çíà÷èò, 41, 53, 61 ∈ π(K). Òàê êàê {41, 53, 61} � êîêëèêà â ãðàôå GK(H),
òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Åñëè n ∈ {65, 66, 77, 78}, òî n− s′2n ≥ 4; ïðîòèâîðå÷èå ñ óñëîâèåì.
ÏóñòüH = An, ãäå n ∈ {76, 82}, è S ∈ {F2, LyS, F1, J4}. Òîãäà 53, 61, 73 ∈

π(H) \ π(S). Çíà÷èò, 53, 61, 73 ∈ π(K). Òàê êàê {53, 61, 73} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = An, ãäå n ≥ 85, è S = J4. Ïî ëåììå 7 ñóùåñòâóåò ïî

ìåíüøåé ìåðå 3 ïðîñòûõ ÷èñëà pi òàêèõ, ÷òî (n + 1)/2 < pi < n. Òàê
êàê n ≥ 85, òî (n + 1)/2 ≥ 43, ïîýòîìó p1, p2, p3 > 43. Òîãäà p1, p2, p3 ∈
π(H) \ π(S). Çíà÷èò, p1, p2, p3 ∈ π(K). Òàê êàê {p1, p2, p3} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Ïóñòü H = An, ãäå n ∈ {85, 89, 90, 91}, è S ∈ {F2, LyS, F1}. Ïî [7,

òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà.
Òîãäà 53, 61 ∈ π(H)\π(S). Çíà÷èò, 53, 61 ∈ π(K). Íî 53·61 ∈ ω(K)\ω(H);
ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå n ∈ {86, 92}, è S ∈ {F2, LyS, F1}. Òîãäà 53, 61, 73 ∈

π(H) \ π(S). Çíà÷èò, 53, 61, 73 ∈ π(K). Òàê êàê {53, 61, 73} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Åñëè n ∈ {87, 88}, òî n− s′2n ≥ 4; ïðîòèâîðå÷èå ñ óñëîâèåì.
Ïóñòü H = An, ãäå n ≥ 93, è S = F2. Ïî ëåììå 7 ñóùåñòâóåò ïî

ìåíüøåé ìåðå 3 ïðîñòûõ ÷èñëà pi òàêèõ, ÷òî (n + 1)/2 < pi < n. Òàê
êàê n ≥ 93, òî (n + 1)/2 ≥ 47, ïîýòîìó p1, p2, p3 > 47. Òîãäà p1, p2, p3 ∈
π(H) \ π(S). Çíà÷èò, p1, p2, p3 ∈ π(K). Òàê êàê {p1, p2, p3} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
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ÏóñòüH = An, ãäå n ∈ {100, 106, 112}, è S ∈ {LyS, F1}. Òîãäà 53, 61, 73 ∈
π(H) \ π(S). Çíà÷èò, 53, 61, 73 ∈ π(K). Òàê êàê {53, 61, 73} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Åñëè n ∈ {93, 94, 95, 96}, òî n− s′2n ≥ 4; ïðîòèâîðå÷èå ñ óñëîâèåì.
Ïóñòü H = An, ãäå n ∈ {97, 98, 99, 101, 102, 103, 104, 105, 107, 108, 109,

110, 111}, è S ∈ {LyS, F1}. Ïî [7, òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî
ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà 53, 61 ∈ π(H) \ π(S). Çíà÷èò,
53, 61 ∈ π(K). Íî 53 · 61 ∈ ω(K) \ ω(H); ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå n ∈ {113, 114, 115}, è S ∈ {LyS, F1}. Ïî [7, òàáë. 1]

ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà
73, 79 ∈ π(H) \ π(S). Çíà÷èò, 73, 79 ∈ π(K). Íî 73 · 79 ∈ ω(K) \ ω(H);
ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå n ∈ {116, 130}, è S ∈ {LyS, F1}. Òîãäà 73, 79, 83 ∈

π(H) \ π(S). Çíà÷èò, 73, 79, 83 ∈ π(K). Òàê êàê {73, 79, 83} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Åñëè n ∈ {117, ..., 126}, òî n− s′2n ≥ 4; ïðîòèâîðå÷èå ñ óñëîâèåì.
Ïóñòü H = An, ãäå n ∈ {127, 128, 129, 131, 132}, è S ∈ {LyS, F1}. Ïî [7,

òàáë. 1] ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà.
Òîãäà 73, 79 ∈ π(H)\π(S). Çíà÷èò, 73, 79 ∈ π(K). Íî 73·79 ∈ ω(K)\ω(H);
ïðîòèâîðå÷èå.
Ïóñòü H = An, ãäå n ≥ 133, è S = LyS. Ïî ëåììå 7 ñóùåñòâóåò ïî

ìåíüøåé ìåðå 3 ïðîñòûõ ÷èñëà pi òàêèõ, ÷òî (n + 1)/2 < pi < n. Òàê
êàê n ≥ 133, òî (n + 1)/2 ≥ 67, ïîýòîìó p1, p2, p3 > 67. Òîãäà p1, p2, p3 ∈
π(H) \ π(S). Çíà÷èò, p1, p2, p3 ∈ π(K). Òàê êàê {p1, p2, p3} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
ÏóñòüH = An, ãäå n ∈ {133, 137, 138, 139, 140}, è S = F1. Ïî [7, òàáë. 1]

ãðàô GK(H) íåñâÿçåí. Ïî ëåììå 5 ïîäãðóïïà K íèëüïîòåíòíà. Òîãäà
73, 79 ∈ π(H) \ π(S). Çíà÷èò, 73, 79 ∈ π(K). Íî 73 · 79 ∈ ω(K) \ ω(H);
ïðîòèâîðå÷èå.
Ïóñòü H = A134 è S = F1. Òîãäà 73, 79, 83 ∈ π(H) \ π(S). Çíà÷èò,

73, 79, 83 ∈ π(K). Òàê êàê {73, 79, 83} � êîêëèêà â ãðàôå GK(H), òî
ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4.
Åñëè n ∈ {135, 136}, òî n− s′2n ≥ 4; ïðîòèâîðå÷èå ñ óñëîâèåì.
Ïóñòü H = An, ãäå n ≥ 141, è S = F1. Ïî ëåììå 7 ñóùåñòâóåò ïî

ìåíüøåé ìåðå 3 ïðîñòûõ ÷èñëà pi òàêèõ, ÷òî (n + 1)/2 < pi < n. Òàê
êàê n ≥ 141, òî (n + 1)/2 ≥ 71, ïîýòîìó p1, p2, p3 > 71. Òîãäà p1, p2, p3 ∈
π(H) \ π(S). Çíà÷èò, p1, p2, p3 ∈ π(K). Òàê êàê {p1, p2, p3} � êîêëèêà â
ãðàôå GK(H), òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ëåììîé 4. □

Òåîðåìà 4 äîêàçàíà.
Ïóñòü K � êîíå÷íàÿ ãðóïïà. Ñòàðîëåòîâ À. Ì. â [15] çàìåòèë, ÷òî åñëè

r ≤ n − s′2n äëÿ ëþáîãî r ∈ π(K), òî ãðàô ïðîñòûõ ÷èñåë ðàñøèðåíèÿ
çíàêîïåðåìåííîé ãðóïïû An ïîñðåäñòâîìK ñîâïàäàåò ñ ãðàôîì ïðîñòûõ
÷èñåë çíàêîïåðåìåííîé ãðóïïû An. Åñëè S � ñïîðàäè÷åñêàÿ ãðóïïà, òî
ïî [8] ïðîñòûå äåëèòåëè èç π(S) íå ïðåâîñõîäÿò 71.
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Ïðèìåð. Åñëè n− s′2n ≥ 4, òî ïðè äîñòàòî÷íî áîëüøîì n ñóùåñòâóþò
êîíå÷íûå ãðóïïû, èìåþùèå ñïîðàäè÷åñêèé êîìïîçèöèîííûé ôàêòîð S,
ñ ãðàôîì ïðîñòûõ ÷èñåë êàê ó çíàêîïåðåìåííîé ãðóïïû An.
Òàê êàê èíòåðâàë ìåæäó n è s′2n äîëæåí áûòü íå ìåíüøå 71, òî ïî [16]

ìîæíî âçÿòü s′2n = 31397 è n = 31468. Ïóñòü H = A31468 è G � ïðÿìîå
ïðîèçâåäåíèå H è S. Òîãäà GK(G) = GK(H).
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