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Abstract

The (h)-scalar curvature is a fundamental invariant in Finsler geometry which
is used to analyze the geometric structure of Finsler spaces. In this paper, we
derive an explicit expression for the (h)-scalar curvature R of a two-dimensional
Finsler space equipped with a cubic metric L3 = ik (2)yiyIy®. To investi-
gate its variation, we consider specific forms of the cubic metric and compute
the (h)-scalar curvature R for all possible non-vanishing components in two-
dimensional space. The dependency of R on both positional coordinates = and
directional variables vy is further examined through Python-based graphical visu-
alizations, revealing distinct geometric patterns for various forms of cubic metric.
The analysis demonstrates that scalar curvature in Finsler geometry is inherently
direction-dependent and that singular behaviors emerge along specific directions
determined by the structure of the cubic metric.
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1 Introduction

The concept of the m-th root Finsler metric was introduced by the renowned
mathematician Shimada [1] as a natural extension of Riemannian metrics, and it is
defined as follows: .

L (xa y) = [ail-nim (‘T) y“ cee ylm} ” s

where a;,. ; (x) denotes the components of a symmetric (0, m) -tensor field depend-
ing only on the position coordinates = and 3’ represents the directional components
the metric. For m = 2, this metric reduces to the classical Riemannian metric, while
m = 3 and m = 4, it yields the cubic and quartic Finsler metrics, respectively. This
metric plays a significant role in the study of Finsler spaces due to the nonvanishing
nature of its Cartan torsion tensor. Furthermore, various authors [2-12] have inves-
tigated the geometric properties of cubic, quartic and m-th root metrics, identifying
conditions under which Finsler spaces with these metrics become Berwald or Lands-
berg spaces, and analyzing their projective and metrical properties, scalar curvature
and constant curvature. These studies highlight the significant contributions of these
metrics to the geometric structure of Finsler spaces. Additionally, such metrics find
applications in diverse fields, including biology (ecological metrics), physics, space-
time theory, gravitation, general relativity, and seismic ray theory [13-15].

The (h)-scalar curvature is a fundamental invariant in Finsler geometry, used to
investigate the geometric structure of Finsler spaces associated with the Berwald con-
nection. Several authors [16-23] have studied Finsler spaces in the context of the
Berwald connection, defining related concepts such as the Berwald scalar curvature,
constant curvature, isotropic Berwald curvature and constant flag curvature. To high-
light its significance and examine its variation in the two-dimensional case, Berwald?s
theory of two-dimensional Finsler spaces [24] can be applied, as the scalar curvature
in such spaces provides a useful tool for classifying geometry and analyzing the diver-
gence of geodesics. This theory is based on an intrinsic orthonormal frame consisting
of the normalized supporting element [?, and the normalized Cartan torsion vector
% = m,;, where C; = Cijkgij and g% is the inverse of the fundamental metric tensor.
Importantly, m; is orthogonal to contravariant component [* of the normalized sup-
porting element with respect to the Finsler metric. In a two-dimensional Finsler space,
the v(h) torsion tensor R§  can be expressed in terms of the Berwald frame (I,m) as

;-k = [/Rrrf(ljm;~C — lymy), (1)

where R denotes the h-scalar curvature, m’ = g%/ m; and the indices 4, j range over 1
and 2.

The aim of the present paper is to derive an explicit expression for the (h)-
scalar curvature R of a two-dimensional Finsler space equipped with a cubic metric
L? = aijk(x)yiyjyk. The main results are presented in theorem 1, with special cases
discussed in Theorems 2 - 4 and 6 - 8. To analyze the variation of R we consider specific
forms of the cubic metric and compute the (h)-scalar curvature for all non-vanishing



components in two dimensions. The dependence of R on both positional coordinates
x and directional variables y is further explored through Python-based graphical visu-
alizations, highlighting distinct geometric patterns for various possible forms of cubic
metrics.

2 Basic Tensors of Cubic Finsler Space

The cubic metric is a special case of the m-th root Finsler metric with m = 3, char-
acterized by a non-vanishing Cartan torsion. This makes it particularly significant in
the study of Berwald and Landsberg spaces. The metric is defined by

L3 = a;jp(2)y'yly* (2)

where a;j,(x) are the components of a symmetric (0,3) -tensor field depending only
on the positional coordinates x. The basic tensors of a Finsler space equipped with a
cubic metric [4, 24] are given by

a) l; = ay,
b

C

hij = 2(ai; — aiaj),

3)

)
)
) 9ij = 2a;5 — a;aj,
d) LCijk = (aijk — QK0 — QG5 — QA + 2aiajak).
where l;, hij, gij, Cijr denote the normalized supporting element, the angular metric
tensor, the fundamental tensor, and the Cartan torsion tensor, respectively, with
respect to the Cartan connection of the Finsler space endowed with a cubic metric.
Further the functions a; and a;; which depend on both position and direction, are
given by a;; (z,y) = % and a; (x,y) = % respectively.

The tensor a;;(z,y) referred to as the basic tensor, plays a key role in determining
whether the metric L is regular. The metric is regarded as regular whenever the
determinant of this tensor is nonzero. Throughout our study of cubic root metrics,

we shall assume that this regularity condition is satisfied.

Let a¥(x,y) denote the reciprocal tensor of a;;(z,y). Then the reciprocal of
gi;(z,y) denoted by g% (z,y) [24], is given by

2gY =a" +a'a? and ['=a’,

where
aa' =1, a'=a"a;, UI'=y'/L.

3 The Berwald connection coefficients in a
two-dimensional Finsler space

In Finsler geometry, a connection provides a systematic framework for describing
the variation of vectors along curves on a manifold. The Berwald connection is a



distinguished Finsler connection characterized by minimal torsion, with only the v(h)-
torsion Rj  remaining non-zero, which facilitates the analysis of geodesics, curvature
and parallel transport. It plays a central role in special Finsler spaces, such as Berwald
spaces, where the connection coefficients depend solely on position, and Landsberg
spaces, where the horizontal covariant derivative of the Cartan torsion vanishes. By
preserving the essential geometric structure while reducing torsion, the Berwald con-
nection provides a streamlined framework for studying the curvature and intrinsic
properties of Finsler spaces. It is obtained from Rund?s connection through the P!
-process, which eliminates the torsion tensor P}k resulting in its torsion-minimized
form. For an n-dimensional Finsler space F™ the Berwald connection is expressed
as BI' = ( ;'.k,Gé,O) with components G;k = 3j3kGi and G; = 3er”7 where, Bj
denotes differentiation with respect to the directional coordinates 3’. In this context,
the only non-vanishing torsion tensor is the v(h)-torsion tensor R;k is defined by

Rl = 6,GY — 6;Gh, (4)
where 0 = O — GZ@T.

The geometry of a two-dimensional Finsler space can be conveniently described
using the Berwald frame (I,m) where the vectors [ and m are mutually orthogonal.
From equation (1), the only non-zero components of the R}, are Ri, = —R}; and
R2, = —R3,. In the present study, we examine both non-vanishing components of
R%). in a two-dimensional Finsler space.

In a two-dimensional Finsler space, the cubic metric (2) can be expressed as
L3 = coi® + 3c14%9 + 3coii® + c39°. (5)

where (co,c1,¢2,¢3) = (a111,a112, @122, a222) are functions of the positional coordi-
nates (2!, 22) = (z,y) and (y',%?) = (i, 9) denote the directional components in the

two-dimensional Finsler space.

The third-order Christoffel symbols for a cubic Finsler space [24] are defined by

. 1
{ijk,h} = 1(@'%% + 0jaikh + Oraijn — Onaiji)- (6)

Oca __
ox

Cal, %%; = Cq2, where a = 0,1,2,3. Using equation (6), the third-order Christoffel
symbols for the two-dimensional case can be computed which are given below:

In the two-dimensional case, the indices i, j, k, h range over 1 and 2.Let us define

L dcoy _ cou

1
{111, 1} = 1(281a111) = 5( 8;0 = 9 .



Similarly,

3 _
(111,2} = 2 "2 9911 = m7 (112,2} = &,
4 4 2
c12 C22 + €31 3co2 — €31
122,1} = — 1222} = ———— 222,1} = ———
22,1y = 2, (22,2)= BT gy gy dm o

(222,2) = %

For a cubic metric to be regular, the determinant of the basic tensor a;;(z,y) must be

nonzero. Using a;; (z,y) = % the determinant of a;;(z,y) is expressed as

Ai? + Biy + Cy?

laij| = 2
where A= coca — 3, B = cocz — cpea, C = cic3 — c3.
The above equation can be rewritten as
H = Ai’* + Biy + C5?, (7)

where H = L? |a;;|.

The components G* of the Berwald connection [24] can be expressed in terms of
the third-order Christoffel symbols as

airG" = F-{jkh, i}yl yky"

In a two-dimensional Finsler space, the Berwald connection has two components, G*
and G?. Using the relation for a;G™ with indices r, 1, j, k, h ranging over 1 and 2, and
substituting the value of third-order Christoffel symbols for a cubic metric, we obtain

1 . 3 9. .. 1 .
a11G" + a12G? = 67{001263 + 5(011 + C02)3°%Y + 3er2dy? + 5(3022 —c31)5°}. (8)

1.1
1 2 -
a21G +022G = 76[/ B

These equations provide the explicit linear system for G' and G? in terms of the
metric coeflicients and directional components. Solving the above system of equations,
we obtain

. 9. 3 . .
(3c11 — o2)d® + Bea @2y + 5(022 + 3197 + es29°}. (9)

(3H)(2G") = ai* + by + ci?y? + diy® + e, (10)
where

1
a= 581(002 —3c11) 4+ c2c01, b= 2cac02 + c3c01 — 3cican,

1 1
c=3 {02(012 —co1) + 503(002 +ci1) — 501(022 + 031)} )



d = 3czc12 — ci1c32 — 2ca¢31,

and

(3H)(2G?) = fi* + giy + hi?y? + kiy® + 1y,

where

1
f= 500(3011 — ¢p2) — ¢16o1,

1
h:3{200

k = coczz + 2c1631 — 3caci2,

(c22 4+ ¢31) + c1(ca1 — ¢21)

1
e = 563(3622 — ¢31) — C2C39,
(11)

g = 3cpca1 — 2¢1Co2 — C2001,

1
- 562(002 +ci) g,

1
l=cie30 + 502(031 — 3c22).

4 Scalar Curvature of Two-Dimensional Cubic

Finsler Space

Since there are only two non-vanishing components of the v(h)-torsion tensor, namely
Ri, and R2,, we can express them in terms of the Berwald connection using equation

(4) which are given below:

Rl _ oG} —GTaG% B G} , 0G}

127 9a2 20yr Ozl Loy

R2 0G? _ar 0G? - 0G3 , 0G3

1277 g2 2oyr Ozl Loy

where Gi = aacil,G% = 357’;1 ,G? = 88—%2 and G% = 88—%2. Therefore,
Ri, = 876*% — (GlaG% + G2 8G%) - 9G; + (GlaG% + G2 8G%) (12)
127 oy 2 0z 2 9y ox L oi Yoy
0G? 0G? 0G? 0G? 0G? 0G?

R2 el Gl 1 G2 1y 2 Gl 2 G2 2 ) 13

From (1), we have

(14)

R%Q = Lle(llmg — lzml)
R%Q = LRm2(llm2 — lgml)

Initially, we consider equation (14) for the cubic metric (5). The components a; and

a;; defined by a;; (z,y) =
for the cubic metric (5) as

Layy = cot + 19,

L2a) = coi? + 2¢1279 + c2?,

aije(@)y"
L

Lays = c1@ + 2y,

y iy~
and a; (z,y) = % can be directly written

Lags = coit + c3y),

L?ay = c13? + 2c0i9 + 37>



With the help of the above equations, the expression (3(c)) may be expressed as

Lg, = cgj:4 + deoer i3y + 2(2¢pe + c?)z‘zgf + 2(cocs + clcg)xy?’
+ (2¢1¢3 — cg)gf

L'g1o = cocrd® + 43y + (Terey — coes)iy? + 4ciiy®

15
+ cacsyt = L'ga 18)
Lgas = (2coco — )it 4 2(crea + cocs) 3y + 2(c2 + 2c1¢3)2%52
+ degesiy® 4 Ayt
Also, since l; = g;;l7 , we have
Liy = gnd + g12y (16)
Lly = g21% + ga2y
Then, using equation (15), equation (16) can be expressed in the form:
Ll = c3i® + 5egerdy + (degeg + 6¢3)iP9? + (cocs + 9erca)i?y?
+ (2c1e3 + 32) iyt 4 cocsy®
3.9 (17)

LPly = coc1@® + (2ccz + 3¢2)ity + (cocs + 9erc)idy
+ (6¢3 + 4cic3) iy + begesiy® + cay®

The components m’ and m; (i = 1,2) the Berwald frame are related to I’ and I;
through the following relations [24]:

(m,m?) = ig(—zm

(18)
(mh m2) = \/.a(_127 ll)
where g = [g;|.
Using equation (18), equation (14) reduces to:
R%Q = Lle(llmg — lle) = —Rllg(lljj + lgy) (19)
R}y = LRm®(lymy — lymy) = Roly (lyd + 1og) (20)

where Ry and Ry denote the (h)-scalar curvature corresponding to the non-vanishing
components R}, and R2,, respectively, and l; and [y are given by equation (17). Now,



using equation (7), we obtain:

. OH . OH
Hy= ——=2Ai+Bj,  H»=—- = Bi+2Cy,
. 0°H . O2H
Hiy)=—5 =24 Hyo = =2C
1= 503 ) 22 25° )
O*°H .
12 — W =B= H213
H (21)
Hy = 2= = A@® + Biij + C1if’,
ox
OH
Hy = — = Ayi”® + Boiy + Cay?,
dy
OH OH.
Hyy = —— = 2433 + Bay, Hy = -2 = By + 201y,
Jy ox
where
DA OB oC DA OB oC
A==, Bj=—, Ci=—, Ay=—, By=-— d Cy=—".
1 31‘ 9 1 (‘}T ) 1 5.% ) 2 8y 9 2 8:[/ ) an 2 ay
Since G; = éjGi and G;k = 3j5kGi , therefore, from equation (10), we have
6HGT = 4ai® 4 3bi%y + 2ciy® + dy® — 6H,G!
6HG?, = 12a4? + 6biy + 2cy® — 6H1 G — 12H G
6HG, = 3bi? + deiy + 3dy? — 6H12G' — 6H,GY — 6 H G 22
6HGS = bi® + 2ci?y + 3dig? + 4ey® — 6H,G?
6HGY, = 3bi? + 4ciy + 3dy? — 6Hy G — 6HyGY — 6 H, G
6HGy = 2ci® + 6diy + 12e9* — 6Hao G — 12H,G
Also, from equation (11), we have
6HG? = 4fi® + 3gi%y + 2hiy® + ky® — 61, G
6HG2, = 12fi> + 6ga + 2hi® — 6H,1G* — 12H,G2
6H?Z, = 3gi? + 4hig + 3ki? — 6HyG? — 6H,,G? — 6H, G2 3)

6HG?: = gi® + 2hi?y + 3kiy?® + Aly° — 6 HoG?
6HG3, = 2hi? + 6kiy + 1219° — 12H2G3 — 6HooG?
6HG32, = 3gi? + 4hiy + 3ky? — 6H,G? — 6H,G% — 6Hy G?




Differentiating partially G1, G3 and G%, G3 from (22) and (23) w.r.t. z,y, &, 7, we get

1 .
6H 883 = dagi® + 3bod?y 4 2c0@7? + doy® — 6HyGY — 6H Dy
— 6H,G*
8G% .3 .2, . 2 -3 1 :
GHW =012° + 2c12°y + 3d12Y” + 4e1y® — 6H1G5 — 6Ho D4
— 6Hy G*
8G1 ) .. .9 . 1 g 1
6Ha— = 12a3” + 602y + 2cy” — 12H1G7; — 6H11 G
T
8G% .9 .. %) : 1 g 1 g 1
6H7 = 3b2" + 4cty + 3dy” — 6HoGy — 6H1G; — 6H12G
Y
801 .9 .. ) . 1 " 1 g 1
GH% = 3bi” + 4ciy + 3dy” — 6H1G5 — 6HyGy — 6H21 G
8G1 ) .. %) °. 1 g 1
6Ha— = 2¢i® + 6diy + 12ey” — 12H2G5 — 6HooG
Y
where
by =01b, c1=0ic, di=0dd, e =0, Di=0,G",
a9 = 820,, bQ = 8217, Coy = 820, d2 = 82d, D2 = 32G1.
and
8G2 .3 .2, . .9 -3 2 g
6Ha—y = 4foi” 4 3gax=y + 2hody” + koy® — 6H2GT — 6H 1 Eo
— 6H1,G?
8G§ .3 .2 . . .9 .3 2 :
BHW = g1T + 2h1$ Yy + 3k11'y + 4l1y — 6H1G2 — 6H2E1
— 6HyG?
an .9 .. %) . 2 g 2
GHW = 12fi" + 69ty + 2hy” — 12H,G7 — 6H11G
6G2 .92 .. .9 g 2 g 2 g 2
6Ha— = 3g2° + 4hay + 3ky* — 6H2GT — 6H1G5 — 6 H12G
Y
8G2 .2 . . .0 . 2 g 1 g 2
6H—= 9 = 3g2° + 4hty + 3ky” — 6H,G5 — 6H2G5 — 6Ho1 G
T
aGQ .2 .. %) g 2 g 2
6H—= 5 = = 2ha* 4 6kiy + 12ly* — 12H2G5 — 6H22G
Y
where

g1=019, hi=0h, ki=0k, L=0l F =0G,
fo=0of, g2 =029, hao=0oh, ky=0k, Ey=0,G*

(25)



Using equations (7), (21)?(24), and (25), equations (12) and (13) reduce to:

1
R, = W{Alfc"’ + Buity + CLa? + D12 + Evdit + Fui — Gui®
— Hyi2y — Thiy? — I — Kia? — Lody — Mag? + N, (26)
+ 01 —P1— 91}7

where

Ay = 24a,A — 6b1 A + 8cf — 3bg,
Bi = 24asB — 6b1 B + 18by A — 12¢1 A + 3b? — 8ac + 2gc + 24df — 6bh,
C1 = 24a3C — 6b1C + 1869 B — 12¢1 B + 12¢9A — 18d1 A + 4bc — 24ad
— 4ch + 15dg + 48ef — bk,
D1 = 18b,C — 12¢,C + 12¢9B — 18d1 B + 6dy A — 24e1 A — 6bd + 4¢?
— 10ck + 6dh + 36eg — 48ae — 12bl,
&1 =12¢5C — 18d,C + 6d2 B — 24e1 B + 4ced — 3dk + 24eh — 24be — 16¢l,

F1 =6dC — 24e,C + 3d + 12ek — 8ce — 12dI,
G = 24a(Hy G + HyGl + H GY) + 24 (Hp G + 2H,GY)
— 6b(H1,G* + 2H,GY) — 6g(H1,GY + H\GL + H,GY),
Hy = 18b(Hy GY + HoGY + HGY) + 18g(Hyo G + 2H,GY)
—12¢(H1 Gt 4 2H,GY) — 120(H12,G + H GY + H,GY),
T, = 12¢(Hy G + HyGY + H GY) + 12h(Hy G + 2H,GY)
—18d(Hy1G' + 2H\GY) — 18k(H12GY + H G + HoGY),
Ji = 6d(Hy G + HyGY + H GL) + 6k(HyoGt + 2H,G3)
— 24e(H G + 2H,GY) — 241(H12,G + H,G3 + HoGY),
K1 = 18bH G' + 12¢H,G? — 720 H,G' — 180 H,G?
+ 36A(H2G* — Hy G + H Dy + HyGY — HyDy — H,G),
L1 = 24cH, G + 36dH,G? — 36bH,G' — 24cH,G?
+ 36B(H2G' — Hy1 G + H Dy + HyGY — HoDy — HGY),
My = 18dH,G" + 72 H,G? — 12¢H,G" — 18dH,G?
+ 36C(H9G — Hy1 G + H Dy 4+ HyGY — HoDy — HGY),
N1 = 36H,G (Hy G + H,G}),
O = 36H,G*(HpG' + HoG)),
Py = 36 H,GY(H1, G + H\GY),

10



Q) = 36 HyG*(H G' + HyGY).

and
1
Rty = 3577 {Azfc5 + Boity + Coiy? + Doy + Eaiy* + Foyf® — Goid®
— Hoi?y — Toiy? — Jotf® — Koi?® — Loiy — Mot + Na
+ 0y =Py — Qz},
where

Ay = 24f5A — 691 A — 12bf — 39 + 12ga + 8fh,
By = 24f,B — 61 B + 18y A — 12hy + 3bg — 24cf — 4gh + 16ah + 24k,
Co = 24f,C — 6g1C + 1893 B — 12h1 B 4 12hy A — 18k1 A + 10bh — 12¢g
+ 36df + 6gk — 4h* 4+ 12ak + 6gh + 481,
Dy = 18¢oC — 12h1C + 12hy B — 18k B + 6ky A — 241, A + 4ch — 15dg
— 48¢f — 4kh + 249l + 9Dk,
Ey = 12hoC — 18k, C + 6ko B — 2411 B — 2dh — 24eg + 8hl — 3k* + 6¢k,
Fa = 6koC — 241,C — 8eh + 3dk,
Gy = 24a(H G2 + H15G? + HyG?) + 24f(2H,G2 + HyoG?)
— 6b(H,1G? + 2H,G?) — 69(H1G? + H G2 + H,G?),
Ho = 18b(H,1G2 + H15G? + HyG?) 4 189(2H2G2 + H,,G?)
—12¢(H,1G? 4 2H,G?) — 12h(H G* 4+ H G5 + HoG?)
Ty = 12¢(H,G2% + H15G? + HyG?) + 120(2H2G2 + HyG?)
—18d(H,,G? + 2H,G?) — 18k(H21 G? + H,G% + H,G?),
Jo = 6d(H,G% 4+ H15G? + HyG?) + 6k(2H,G2 + Hy0G?)
— 24e(H1,G? + 2H,G?) — 241(H21G? + H,G2 + H,G?),
Ko = 36 A(HyG? 4+ H12G? + H Ey — HiG2 — HyG? — HyEy) — 72f Hy G
— 18¢H,G? + 18¢ H, G + 12hH,G?,
Ly = 36B(HyG? 4+ H12G? + H Ey — HiG2 — Hy\G? — HyEy) — 36gHy Gt
— 24hH,G? + 24hH,G* + 36kH, G2,
Ms = 36C(HoG? + H15G? + H\Ey — HiG2 — Hy1G? — HyE) — 12hH,G?
— 18k HyG? + 18k H G + 720 H,G?,
Ns = 36H,G(Hy G? + H,G2),
Oy = 36 HyG?(HyG? + HyG3),
Py = 36 H,GY(H 1 G? + H G?),

i

11



Q5 = 36 HyG?(Ho1 G* 4+ HyG?).

Based on equation (19) and (26), we have

X
Ry =— 28
YT T36H 21y (1 + L) (28)
where
X = { A + Buity + i + Dia®y + Syt + Py - G
— Hii%y — Thig? — Ty — Kid? — Lidy — Mag? + N,
+ 01 —P1 — Q1},
and based on equation (20) and (27), we have
Y
Ry = 29
27 36H21y (Ind + log)) (29)

where

Y = {AQ:;:5 + Boity + Cod®y? + Dod?y® + Eady)* + Foyf® — Goi”
— Hoi?y — Tody? — Joi)® — Kod® — Lody — May® + N
+ Oy — Py — Q2}~

Theorem 1 The (h)-scalar curvature of a two-dimensional Finsler space with a cubic metric,
associated with the non-vanishing components R%Q and R%Q of the v(h)-torsion tensor is
expressed by equations (28) and (29).

5 Variation of (h)-scalar curvature for special cubic
metric in two-dimensional Finsler space

The expressions for the (h)-scalar curvatures associated with the non-vanishing com-
ponents R}, and R?,, given in equations (28) and (29), are highly complex, making
their direct analysis analytically difficult. As a result, conducting a general study of
the geometric properties of two-dimensional Finsler spaces equipped with this cubic
metric becomes challenging. To enable a more manageable investigation of curvature
behavior, this section focuses on special forms of the cubic Finsler metric.

In particular, by imposing the symmetry conditions ¢y = ¢3 and ¢; = ¢3, the cubic
metric given in equation (5) reduces to the symmetric form

L? = co (&% 4+ 9°) + 31 (%9 + 97) . (30)

12



which provides a more tractable framework for analyzing the corresponding (h)-scalar
curvatures. To simplify the analysis further, we consider two special forms of the cubic
metric given in equation (30). In the first case, we assume ¢; = 0, and in the second
case, we impose ¢y = 0. These reductions yield two distinct types of cubic metrics, each
offering a more manageable structure for studying the associated curvature properties.

5.1 Special cubic Finsler metric for the case ¢; = 0)

Let ¢; = 0. In this case, the cubic metric given in equation (30) reduces to L? =
co (i3 + y3) , and the corresponding function becomes H = c3i7. Substituting these
expressions into equations (28) and (29), we get:

L , i? .
Ry = 4:803y'2{(2601002 — 4000012)$ + 682? + (136(2)2 — 12608022)@/
0 N R AU
=+ (13031 — 12000011); + (2001002 — 4000012)? + 0(2)13,34}
and
L -3 i3 32 .
R2 = Q3.2 7001002,72 + (136(2)2 - 9606022)*, + (136%1 — 9600011)$
48cyt 2 Y Y (32)
3

.5
. Y i
+ (—18co1co2 — 4coco12)y + Cglﬁ + 6321.14},

where  cqp1 = 85;*’7 Cap2 = 3§Zb, a=0,1,2,3 and b=1,2.

The indicatrix of a curve is a geometric device that captures how a given property
varies with direction at a point. For the metric L3 = ¢ (3'33 + 3)3) , the coefficient ¢g
depends on the positional coordinates and, in the simplest situations, may vary with
x, y or be a constant. Accordingly, the indicatrix is examined for these three forms of
co in the orthonormal coordinate system (Z, ), obtained by rotating (&, %) by —45°.
In all three cases of g, the resulting indicatrix curve is symmetric about the jj-axis
and approaches the Z-axis asymptotically as a point moves along the curve from A —
C — D, as shown in the first image of Figure 1. The second image of Figure 1 describes
how the magnitude of the indicatrix varies at a fixed point. This variation depends
solely on the parameter t = g—i The magnitude achieves its maximum value of 1 when
t =0.For &>y (t <1), [I|(t) is relatively large and increases monotonically toward
1. When ¢ < g (¢t > 1), |I|(t) decreases rapidly and approaches zero asymptotically.
This behavior is consistent across all three choices of ¢.
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Fig. 1 Indicatrix curve with a rotated axis and its magnitude variation as a function of ¢ for the
metric L3 = ¢ (g'r3 + y3).

The expressions in (31) and (32) are still rather complicated. We now examine how
the (h)-scalar curvature varies for the three possible forms of ¢, as described below:

5.1.1 When ¢ = x
When ¢y = x, then the metric L is given by

L=z (i®+9°%).

Using equations (31) and (32), both (h)-scalar curvature R; and R become
equivalent, and are expressed as

(t+1)(t +13)3

Rz(t) =R} = Rg = (48)328 )

(33)

where t = Eg;i and R, (t) represents the (h)-scalar curvature when ¢y = x. Thus we

have

Theorem 2 The (h)-scalar curvature of a two-dimensional Finsler space with the cubic

metric L® =z (:b3 —+ y'g) is given by equation (33).

The variation of the (h)-scalar curvature given by equation (33) for different values
of x such as x = 1,1.1, 1.2, is shown in the Figure 2 and its analytical analysis is given
below:

%
t=—-1= <y3> =—-1=¢y=—i=di+5y=0= 4 =0, which corresponds to A.
T

]
Y

-3
t:1:><3_/3>:1:>y:j::>x'—y202>a}=0, which corresponds to C.
&

o

= Z = §j, which corresponds to B.

t— 00 =i =0= 4 = —x, which corresponds to D.
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Fig. 2 Scalar Curvature R;(¢) with various value of =

Thus, from Figure 2, we observe that the scalar curvature R, (¢) exhibits smooth
behavior for different values of x. The curvature crosses zero at t = 0 (point A) for
all z. For negative ¢, R,(t) decreases to a minimum before rising toward zero, with
the minimum becoming less pronounced as z increases. For positive ¢, the curvature
increases steadily, with larger x values showing a slightly slower rise. Overall, increasing
x results in a smoother curvature profile with reduced negative dips and a more gradual
increase for positive t. Furthermore, as a point moves along with the indicatrix from
A — C — D in the first image of Figure 1, the corresponding variation in scalar
curvature is depicted in Figure 2, where the point progresses from A - B — C — D.

5.1.2 When ¢cg = y
Let ¢y = y, then the metric L is given by
L=y (2 +9°).

Using equations (31) and (32), again the both (h)-scalar curvature R; and Ry become
equivalent, and are expressed as

1 1 3
Ryt = B =Ry = 1 (2;);;; o) (34)

where ¢t = Eg;i and R, (t) represents the (h)-scalar curvature when ¢y = y. Thus we

have

Theorem 3 The (h)-scalar curvature of a two-dimensional Finsler space with the cubic
metric L> =y (:i’3 + y3> is given by equation (34).

15



The variation of the (h)-scalar curvature given by equation (34) for different values
of Specifically, at y = 0.5, 1 and 1.5 is shown in the Figure 3 and its analytical analysis
is given below:

Rt~

Fig. 3 Scalar Curvature Ry (t) for various value of y

t=—1=

7 N\

-3
y3> =—-1=¢y=—i=i+5=0= 4y =0, which corresponds to A.
&

%

3
t=0= < , ) =0=2 =y = R,(t) = oo, which corresponds to B.

<5
w

t:1:><_3>:1:>y:j::>j:—y:O:>d7=0, which corresponds to C.
x
t — 00 =& =0= ¢ = —2, which corresponds to D.

Figure 3 concludes that the variation of scalar curvature R, (t) for different values
of y. A singular peak occurs at t = 0, with smaller y showing a stronger singularity.
For t < 0, curvature decreases toward the singularity, exhibiting larger variation for
smaller y, while larger y remain near zero. For ¢ > 0, all curves drop sharply and
flatten, with larger y converging faster to stable, small values. This corresponds to
a point moving along the indicatrix in Figure 1 from A — C — D, with the scalar
curvature varying from A - B — C — D.

5.1.3 When cq = constant

If ¢y = constant, then the metric L is given by L® = constant (3'33 —|—g'/3). Using
equations (31) and (32), both (h)-scalar curvature R; and Ry vanishes identically.
Thus we have

Theorem 4 The (h)-scalar curvature of a two-dimensional Finsler space with the cubic

metric L> = constant (3'33 + g'/S) has vanished identically.

16



Thus, from above theorem we have

Corollary 5 A two-dimensional Finsler space with a cubic metric of the form L3 = constant
(i‘?’ + y3) is flat.

5.2 Special cubic Finsler metric (when ¢y = 0)
Let ¢o = 0, so the metric above reduces to L* = 3¢y ((¢)?y + 4(¢)?) , and the function

H = —c} ((¢)® + &y + (9)?) . Putting these values in (28) and (29), we get

- 36¢3

1

' @2 +ig+92)""

{a¢4+71#y+wﬁi%f-rvn@3+va4+
(35)

1 1
+ .. . 2y1+ . .. X 321}7
(&% + 2y + 9?) (&% + 2y + 9?)
where

a1 = &5 + 4ity + 72397 + 82293 + byt + 295,

81 =36 (crc112 + c11c12) — 18 (crennn + ¢y)

T1 = 108cici12 + T2¢11c12 — Bdeiciin — 360%1,

Uy = 144c1c112 — H4cic111 — 18c1c192, V1 = 108cic112 — 36¢1¢111 — 18¢1C1909 + 366%2,
Wi = —18¢ic129 + 36¢1c112 — 36¢11¢10 + 18¢3,,

X1 = (—18ci1c12 + 27cf; + 9crc111 + 8lercinn) #° + (—46c11c12 + 108¢;

—281 531
5 c11€12 + TCfl + 726%2 + 99¢ic111

+108cic112 — 18016122) i‘4y2 + (53611612 + 3510%1 + 546%2 + 126c1¢111

+45¢1¢111 + 63c1c112) 20 + (

.3. 405 27
+90cici12 — 27610122) x3y3 + (2011612 + 1806%1 — ?sz + 90cic111

2. 117
+45010112 — 27610122) x2y4 + (216011012 + 720%1 — TC%Z + 36016111

—9c1c122) 29° + (180611012 - 540?2) y°,

-99

o 81 .
Y, = <4c§1 + 36611012) &7+ (126011612 - ZC% - 3602{2) %y’

873 2079
+<qwu+3%ﬁy—wﬁai%?+< qu+8mi+5@g)ﬁ¢

2
153 117
+ (261011612 +27c}; + 4c%2) 3y° + <333011012 +45¢3, — 4cf2> i2°

+ (198ci1c12 + 36¢1; — 54cty) i9” + (T2c11¢12 — 36¢7,) §°.
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381
21 = (—18ciic12 — 18¢1;) 2%y + (—63ciic12 — 187, ) 2%9° + (—90011012 + 2031> iTy?

873 2 2 .6 -4 2 2\ 255

+ | —81leric1o — - - 45¢iy | 27y~ + (—198611612 — 522¢7; — 81012) %y
117
+ ( 405¢y1c10 + 17162, — 5 c§2> i*9% + (—531erre12 — 90ct, + 36¢1,) 2797
189 5, \ .55 2\ 09

+ [ —423ci1c12 — > —cl2 | °Y° + (—180611612 + 63012) Ty
+ (-

36c11c12 + 18¢7,) 9

and
1
Ry = 3673{52934 + Tad® + Usdt®§ + Vo + Woy' + ————— 5
Ba (2 + @y + 92)
X . (36)
4+ gt }
(@2 +ay+92)° " (&2 + @y + 92)° ?
where

ap = 205 + 5ity 4 843y% + Tiyd + 4agd + 9P,
Sy = 18cic111 — 36¢1c110 — 18¢3, + 36¢1112,

Ty = —36¢2, + 18cic111 + T2¢11¢10 — T2¢1C112,
Uy = 18c1c111 — 108c1c112 + 18¢1¢199,

Vo = —T2¢11¢12 — 108¢1¢119 + 362, 4 18¢1C1a0,
Wy = 18c%2 + 18cy 109 — 36¢11¢12 — 36¢1C112,

675 891
Xy = c11¢12(3625 + 1804y + 7:34392 + 49523753 + 73‘:294 + 207&7°
11
@isy 7 g2
2 2
+ c11¢12(18a%7 + 453192 4 99439 + 10842y + 6341°187°),
729 ;. 1431 52

+ 549°%) + 31 (—1845 — — 54@393 — 36429")

1071
—1124° 5 —— iyt — 26343g°

Vo = cric19(—T2i% — 5 YT 5
619 369 413 9
— — @20 — 27ag") + 2,(362° + &7y + —2i%2 + ~a°y°
4 2 4 4
11
+i—3¢4y4+ 23 395 + 3642y )+c§2(72¢7y+261¢6y'2+975g5y3
369 4,4 299 5. 265 5., 279, .. 45 4
+ 52 TR 4ry+4zy+4y),

Zy = c11¢12(36210 + 1802 + 4592552 + 5762753 + 3932%9* + 1264°9°
+ 720397 + 63229° + 1829°) + 3, (—182'0 — 632y — 9045y
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— 272753 + 635 + 902595 + 45i15) + 2, (—72459% — 1262753
+ 959" + 279459 + 4323%9° + 315437 + 1172298 + 1849°)

and ¢ = 8§;b, Cab2 = agzb, a=0,1,2,3 and b=1,2.

Figure 4 presents the indicatrix curve corresponding to the metric L3 =
3c1 (:5529 + :'Ey'2) for all three cases of ¢;— when it depends on x, on y, or is constant.
The first image shows that these cases produce similar indicatrix curves, while the
second image illustrates that the magnitude of the indicatrix as a function of r is
essentially the same for all three choices of ¢;. The second image of Figure 4 describes
the variation of the magnitude of the indicatrix at a fixed point which depends solely
on the parameter r = % The indicatrix curve plunges steeply from infinity at r — 0
to a minimum value when r = 1, then again rises slowly towards infinity as r — oc.

L Plot of (r) = 1/ 1+r
Indicatrix curve with rotated axis for L3 = 3x(i%y + %y7%) Vi

— =

y
25 D A

040
03s
\ 030
020
- 015
10 5 c
010
05 b
- 005
7 H

- N B
30 -25 -20 -1s -10 -05 00 05 10 15 20 25 30

Original y axis
i)

R z
Original X axis Parameter r

Fig. 4 Indicatrix curve with a rotated axis and its magnitude variation as a function of r for the
metric L® = 3¢ (429 + 232).

Now, the above expression is again quite complex. To describe the variation of the
(h)-scalar curvature, we can substitute different possible forms of ¢;. Since ¢; is also
a function of the position coordinates, in the simplest cases it may depend on z, y or
be a constant. We will now analyze the variation of the (h)-scalar curvature for these
three cases of ¢1, as given below:

5.2.1 Whenc; =z

Let ¢; = x, so the metric L is given by
L? =3z (#%y + &9°) .

Using equations (35) and (36), both (h)-scalar curvature R; and Ry become
equivalent, and are expressed as
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r I+ 1
(IT+r+r2)"  (1+r+7r2)°

Ro(r) = R} = R} = —"L1")

U rn f 4536
27 1 ><362m853{ r

7" 3
— K},
(14+r+r?)

(37)
where )
Y
r=—-—,
xr
B=1+4r+7r% 4+ 8 +5r* 4+ 2r°,
261 531
[ =27+ —-r+ 7702 + 35173 4 1807 + 7215,
— 1
J = % — %r + 358r% + 8172 + 27r* + 45r° + 36r°,
381

K =—-18—18r + 7# - %ﬁ’ —522r* + 171r° — 90rY,

R (r) = (h)-scalar curvature when ¢; = x.

Theorem 6 The (h)-scalar curvature of a two-dimensional Finsler space with the cubic

metric L? = 3z (i’Qg) + Jbg)2) is given by equation (37).

Rl

-

Fig. 5 Scalar Curvature Rz (r) with various value of z

The variation of the (h)-scalar curvature given by equation (37) for different values
of Specifically, at z = 1, 1.1 and 1.2 is shown in the Figure 5 and its analytical analysis
is given below:

r=-1= y:—1:>y':—:b$a'c+y':0:>y;:0, which corresponds to C.

T
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=0 = z = ¢, which corresponds to D.

R B

r=1=2=1=¢y=4=42—9y=0= 2 =0, which corresponds to E.

r — 00 =% =0= 4 = —, which corresponds to F.

Figure 5 shows that the scalar curvature R, (r) exhibits a central singularity at r = 0,
which becomes sharper and stronger as x increases. The curvature displays symmetric
dips around the singularity, transitioning from negative to positive and back. For r < 0,
it decreases to a negative minimum before rising toward the singularity, with smaller x
producing broader dips and larger « sharper changes. For » > 0, a secondary negative
dip forms and then gradually rises, with larger x leading to faster stabilization. The
variation in scalar curvature is depicted in Figure 5, where the point progresses from
C—-D—FE—F

5.2.2 When ¢; = y

Let ¢; = y, so the metric L is given by
L? =3y (&%) + i9°)

Using equations (35) and (36), both (h)-scalar curvature R; and Rs become
equivalent, and are expressed as

@0+ (1+i){18+36<i)+ ! }L

Ry(r) =B} = R; = 12 x 36%y8~3

4
1 1 2 1
N:18+63<) _89( ) +36<
T 2 T T

Ry(r) = (h)-scalar curvature when ¢; = y.



Theorem 7 The (h)-scalar curvature of a two-dimensional Finsler space with the cubic

metric L® = 3y (a’:zy + in) is given by equation (38).

Figure 6 presents the behavior of the (h)-scalar curvature as determined by
equation (38) for the selected values y = 1, 1.5 and 2. The analytical examination of
these variations is presented below:

y

r=-l=>=-1=9y=-i=i+y=0= ¢ =0, which corresponds to B.
@
r=0= Y =0 = 2 = §, which corresponds to D.
@
7‘:1:>£:1:>y:jc:>a'c—y':0:>i:0, which corresponds to E.
@
r — 00 = & =0 =4 = —2, which corresponds to F.

Fig. 6 Scalar Curvature Ry (r) with various value of y

Figure 6 shows that the scalar curvature R, (r) exhibits a sharp singular peak at
r ~ 0.5 for all values of y, with the peak intensity decreasing as y increases. For
r < —0.5, the curvature is slightly negative, more pronounced for smaller y, while
for r > —0.5, it rapidly stabilizes near zero. Larger y values correspond to weaker
singularities and faster stabilization. The variation in scalar curvature is depicted in
Figure 6, where the point progresses from B - D — E — F.

5.2.3 When c¢; = constant

If ¢; = constant, then the metric L is given by L3 = constant (:'c2y + :ryQ) Using
equations (35) and (36), both (h)-scalar curvature R; and Ry vanishes identically.
Thus, we have

Theorem 8 The (h)-scalar curvature of a two-dimensional Finsler space with the cubic

metric L3 = constant (szy' + :tyQ) has vanished identically.
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Thus, form above theorem we have

Corollary 9 A two-dimensional Finsler space with a cubic metric of the form L3 = constant
(j?y + i’y2) is flat.

6 Conclusion

In this paper, we derived the (h)-scalar curvature R with respect to the Berwald frame
for a two-dimensional Finsler space with a cubic metric and found it to be highly
complex, making a direct geometric analysis difficult. To obtain a tractable approach,
we focused on a special class of cubic metrics discussed in Section 5, considering two
distinct cases and deriving explicit, simplified formulas for the scalar curvature. The
key results are presented in Theorem 1, with special cases detailed in Theorems 2-4
and 6-8. A comprehensive analysis of the scalar curvatures variation with respect to
the coordinate variables was conducted, and its behavior was illustrated graphically
using Python. These explicit results provide a necessary foundation for the geometric
classification of cubic Finsler spaces and open new avenues for research, particularly
regarding the derivation of the fundamental (h)-scalar curvature with respect to the
Berwald connection.
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