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Abstract: In this paper, we study the logics with strong negation
from the point of view of abstract algebraic logic. We de�ne the
notion of implicative logic with strong negation (sn-implicative
logic), which can be considered as an abstract notion of a logic with
strong negation, and the notion of weak de�nitional equivalence
of logics, based on that of weakly structural translation. We also
distinguish among sn-implicative logics the subclass of so called
bl-logics and prove that for bl-logics weak de�nitional equivalence
implies de�nitional equivalence. As examples of weakly de�nitionally
equivalent logics we consider Nelson's constructive logic N4� and
Wansing's connexive logic C�. We also prove that sixteen expansions
of Heyting-Brouwer logic HB via strong negation suggested by
H. Wansing in [28] are weakly de�nitionally equivalent. Finally, we
prove that all implicative logics satisfying the deduction theorem
possess the Beth property B2 and that all explosive sn-implicative
logics satisfying the deduction theorem possess an analog of Beth
property adopted to the language with strong negation.
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The name �strong negation� was suggested by D. Nelson in his seminal
paper [14], where he suggested a system of constructive logic based on
constructive procedures of veri�cation and falsi�cation of formulas, which are
not reducible one to the other. The strong negation connective introduced
by Nelson works as a �ip-�op between two procedures. To verify the strong
negation of a formula we have to falsify this formula and vise versa. This
situation is typical for numerous logics with strong negation, whose relational
semantics is given via frames with two di�erent support of truth (⊧+) and
support of falsity (⊧−) relations. As a result the strong negation connective
lacks congruence properties on the formula algebra, the Tarski congruence
of a logic with strong negation is di�erent from the mutual inferability of
formulas, the logic is not closed under the replacement rule, etc. Due to this
reason there is a sense to weaken some standard logical notions, e.g., the
notion of structural translation used to embed one logic into the other and
to establish the de�nitional equivalence of logics. In [19], the paraconsistent
Nelson's logic N4� was embedded into BS4, the Belnapian version of normal
modal logic S4, via a translation that is not structural with respect to
the strong negation. The expansions of Heyting-Brouwer logics via strong
negation was embedded in [19] into a temporal version of BS4 via non-
structural translations. In [20], the notion of weak de�nitional equivalence
based on non-structural translations was introduced, and weak de�nitional
equivalence of di�erent Belnapian modal logics was established. Finally, in
[17] it was noticed that if the language of logics is rich enough to de�ne
bilattice connectives, then the weak de�nitional equivalence of logics implies
that these logics are de�nitionally equivalent in the ordinary sense.

In this paper, we look at the mentioned results from the point of view of
abstract algebraic logic. The paper is structured as follows. Section 1 recalls
basic notions and results from algebraic logic. Here we de�ne a logic as a
structural Tarski consequence relation, recall the notion of algebraizability in
the sense of Blok and Pigozzi [4], de�ne the class of implicative logics due to
Rasiowa [21] and recall that implicative logics admit the most standard form
of algebraization, which is explained by the fact that the mutual inferability
of formulas in such logics form a congruence on the formula algebra. Finally,
we recall the notion of de�nitional equivalence of logics. In Section 2 we
de�ne the notion of an implicative logic with strong negation (sn-implicative
logic), which can be considered as an abstract notion of a logic with strong
negation. In sn-implicative logics, the mutual inferability of formulas is not
a congruence on a formula algebra. Further, we de�ne the notion of a weak
de�nitional equivalence of logics, which is based on that of weakly structural
translation. We also distinguish among sn-implicative logics the subclass of
so called bl-logics and prove that for bl-logics weak de�nitional equivalence
imply de�nitional equivalence. Section 3 contains examples of weakly de�nitionally
equivalent logics. We prove that Nelson's constructive logic N4� andWansing's
connexive logic C� are weakly de�nitionally equivalent. We also prove that
sixteen expansions of Heyting-Brouwer logic HB via strong negation suggested
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by H. Wansing in [28] are weakly de�nitionally equivalent. Moreover, we
prove that adding to the languages of these logics constants corresponding
to Belnapian truth values Both and Neither turns all these logics to bl-logics
and all established weak de�nitional equivalences to de�nitional equivalences.
Section 4 is devoted to the Beth property B2. We prove that all implicative
logics satisfying the deduction theorem possess B2 and that all explosive sn-
implicative logics satisfying the deduction theorem possess an analog of Beth
property adopted to the language with strong negation. Finally, in Section 5
we formulate a series of open problems.

1 Preliminaries

In the present section we recall some notions and results from algebraic
logic. We will assume throughout that the reader is familiar with elementary
notions of universal algebra. For details the reader may consult [6, 9].

As usual we de�ne a propositional language L = {f1, . . . , fk} as a �nite set
of logical connectives. Fix a countable set Prop of propositional variables and
consider the absolutely free algebra ForL ∶= ⟨FormL; f1, . . . , fk⟩ (the formula
algebra) of language L with generators Prop. Elements of its universe FormL
are formulas of the language L (L-formulas).

By a substitution we mean an endomorphism s ∶ ForL → ForL of the
formula algebra. A formula ψ is said to be a partial case of ϕ if there is a
substitution s such that ψ = sϕ.

A (Tarski) consequence relation over L is a relation ⊢ between sets of
L-formulas and L-formulas such that for all Γ,∆ ⊆ FormL and ϕ ∈ FormL,
the following holds

R. (Re�exivity) If ϕ ∈ Γ, then Γ ⊢ ϕ
M. (Monotonicity) If Γ ⊢ ϕ and Γ ⊆ ∆, then ∆ ⊢ ϕ
C. (Cut, transitivity) If Γ ⊢ ϕ and ∆ ⊢ ψ for all ψ ∈ Γ, then ∆ ⊢ ϕ.

A consequence relation ⊢ is said to be structural if for every substitution
s and Γ ∪ {ϕ} ⊆ FormL,

Γ ⊢ ϕ implies sΓ ⊢ sϕ,

where sΓ = {sψ ∣ ψ ∈ Γ}.
Following [9] we say that a logic is a pair L = ⟨L,⊢L⟩, where L is a

propositional language, and ⊢L is a structural consequence relation over L.
For a logic L, we put Thm(L) = {ϕ ∣ ∅ ⊢L ϕ}. Elements of Thm(L) are called
theorems of L (L-theorems).

The Frege relation of L is the following binary relation on FormL:

ΛL = {(ϕ,ψ) ∣ ϕ,ψ ∈ FormL, {ϕ} ⊢L ψ and {ψ} ⊢L ϕ}.

Obviously, ΛL is an equivalence, but it is not necessarily a congruence on
the formula algebra ForL.
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It is known [9, Sec. 5.3] that for every logic L there is the largest congruence

Ω̃(L) on the formula algebra ForL contained in ΛL. We call Ω̃(L) the Tarski
congruence of L.

Given a language L, we put EqL = (FormL)
2. Elements of EqL we call

equations and write ϕ = ψ instead of (ϕ,ψ). Mappings

ρ ∶ EqL → 2FormL and τ ∶ FormL → 2EqL

are called a transformer of equations and, respectively, a transformer of
formulas. A transformer is said to be structural if it commutes with substitutions.
It can be easily seen that a structural transformer ρ is uniquely determined by
a set ρ(p = q) = ∆(p, q), in which case ρ(ε = δ) ∶= ∆(ε, δ) for any ε, δ ∈ FmL.
In a similar way, a structural transformer τ is determined by τ(p) = E(p).

A logic L is is said to be algebraizable if there are a class K of L-algebras
and structural transformers τ and ρ, which determing mutually inverse faithful
embeddings of consequense relations ⊧K and ⊢L (see [9, De�nition 3.9] for
more details). Here ⊧K⊆ 2EqL × EqL denotes the equiational consequence
relation accociated with the class K (see [9, Sec. 1.6]). In this case, we
call ∆(p, q) and E(q) the equivalence formulas and the de�ning equations,
respectively.

It is known [9, Corollary 3.18] that for every algebraizable logic L, there is
a largest class of algebras K∗ such that L is algebraizable with respect to it,
and that the class K∗ forms a quasivariety. This class is called the equivalent
algebraic semantics of L.

In what follows we consider logics containing the implication connective
→ in their languages. We use an expression ϕ↔ ψ for an abbreviation of two
formulas ϕ → ψ and ψ → ϕ, and we write Γ ⊢ ϕ ↔ ψ instead of Γ ⊢ ϕ → ψ
and Γ ⊢ ψ → ϕ. In a similar way, a rule

ϕ1, . . . , ϕn
ψ↔ χ

must be considered as an abbreviation for two rules
ϕ1, . . . , ϕn
ψ → χ

and
ϕ1, . . . , ϕn
χ→ ψ

.

De�nition 1. [9, De�nition 2.3] A logic L = ⟨L,⊢L⟩ is said to be implicative,
if the implication connective → belongs to L and the following conditions are
satis�ed for ⊢L:

(IL1) p→ p ∈ Thm(L);
(IL2) {p→ q, q → r} ⊢L p→ r;
(IL3) {p1 ↔ q1, . . . , pn ↔ qn} ⊢L f(p1, . . . , pn) → f(q1, . . . , qn) for every

n-ary connective f ∈ L;
(IL4) {p, p→ q} ⊢L q
(IL5) {p} ⊢L q → p

Let A be an algebra of the language L. A homomorphism v ∶ ForL → A
we call an A-valuation.
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De�nition 2. [9, De�nition 2.5] Let L = ⟨L,⊢L⟩ be an implicative logic. An
L-algebra is an algebra A of the language L containing an element 1 such
that:

(AL1) for every Γ ∪ {ϕ} ⊆ FormL and an A-valuation v

(Γ ⊢L ϕ and v(Γ) ⊆ {1}) ⇒ v(ϕ) = 1;

(AL2) a→ b = 1 and b→ a = 1 implies a = b for all a, b ∈ A.

Theorem 1. [9, Proposition 3.13] Every implicative logic L is algebraizable
with respect to the class of all L-algebras with the equivalence formulas {p→
q, q → p} and the de�ning identity p = 1.

This theorem shows that implicative logics are logics admitting the standard
way of algebraization as, e.g., classical logic and boolean algebras, intuitionistic
logic and Heyting algebras, normal modal logic S4 and topoboolean algebras,
etc.

We say that a logic L = ⟨L,⊢L⟩ with →∈ L has the deduction theorem (is
a logic with DT) if for every Γ ∪ {ϕ,ψ} ⊆ FormL, the following equivalence
holds:

Γ ∪ {ϕ} ⊢L ψ implies Γ ⊢L ϕ→ ψ.

Notice that the inverse implication holds for every implicative logic by (IL4).
Recall that an inference rule

ψ1, . . . , ψn
ϕ

is derivable is a logic L if {ψ1, . . . , ψn} ⊢L ϕ.

Proposition 1. Let L = ⟨L,⊢L⟩ be an implicative logic with DT.

(1) Ω̃(L) = ΛL.
(2) The replacement rule is derivable in L:

(RR)
p1 ↔ q1, . . . , pn ↔ qn

θ(p1, . . . , pn) ↔ θ(q1, . . . , qn)
,

where θ is an arbitrary L-formula.

Proof. 1. The fact that ΛL is a congruence easily follows from DT and (IL3).
2. This can be proved by a standard induction on the complexity of θ.

The inductive base follows from (IL1), and the inductive step for every f ∈ L
from (IL3). �

Following [11] we present the notion of de�nitional equivalence of logics
based on structural translations between their languages.

De�nition 3. Let L1 and L2 be propositional languages. A mapping θ ∶
FormL1 → FormL2 is called a structural translation if there is a mapping
α ∶ L1 → FormL2 such that

θ(p) = p, p ∈ Prop; θ(c(ϕ1, . . . , ϕn)) = α(c)(θ(ϕ1), . . . , θ(ϕn)),
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where c ∈ L1 and ϕ1, . . . , ϕn ∈ FormL1. Moreover, we admit that if c ∈ L1 is a
constant, then its translation α(c) may contain propositional variables, but
the formula α(c) = α(c)(p1, . . . , pk) is equivalent to any of its partial cases
w.r.t. the Tarski congruence, i.e.,

(α(c)(p1, . . . , pk), α(c)(ξ1, . . . , ξk)) ∈ Ω̃(L1) for any ξ1, . . . , ξk ∈ FormL2 .

De�nition 4. Let L1 = ⟨L1,⊢L1⟩ and L2 = ⟨L2,⊢L2⟩ be logics, and let

θ ∶ FormL1 → FormL2 and ρ ∶ FormL2 → FormL1

be structural translations.
We say that L1 and L2 are de�nitionally equivalent via θ and ρ if the

following conditions hold:

(1) if Γ ∪ {ϕ} ⊆ FormL1, then Γ ⊢L1 ϕ implies θ(Γ) ⊢L2 θ(ϕ);

(2) if Γ ∪ {ϕ} ⊆ FormL2, then Γ ⊢L2 ϕ implies ρ(Γ) ⊢L1 ρ(ϕ);

(3) for every ϕ ∈ FormL1 and ψ ∈ FormL2 ,

(ϕ, ρθ(ϕ)) ∈ Ω̃(L1) and (ψ, θρ(ψ)) ∈ Ω̃(L2).

The above notion of de�nitional equivalence is connected with that of term
equivalence of classes of algebras (see, e.g., [13]). In [25, Theorem 4.6] it was
proved that under some natural additional conditions the term equivalence of
equivalent algebraic semantics for two algebraizable logics L1 and L2 implies
that logics L1 and L2 are de�nitionally equivalent.

2 Implicative logics with strong negation

In this section we weaken the notion of implicative logic adopting it to the
case when the strong negation connective ∼ belongs to the language. In what
follows ϕ⇔ ψ is an abbreviation for ϕ↔ ψ and ∼ϕ↔ ∼ψ. The abbreviations
Γ ⊢ ϕ⇔ ψ and

ϕ1, . . . , ϕn
ψ⇔ χ

we understand in the same way as in the case of ↔.

De�nition 5. A logic L = ⟨L,⊢L⟩ is said to be an implicative logic with
strong negation (sn-implicative logic), if →,∼ ∈ L and the following conditions
hold:

(SN1) p→ p, p↔ ∼∼p ∈ Thm(L)
(SN2) {p→ q, q → r} ⊢L p→ r

(SN3+) {p1 ↔ q1, . . . , pn ↔ qn} ⊢L f(p1, . . . , pn) → f(q1, . . . , qn) for every
n-ary connective f ∈ L ∖ {∼}

(SN3−) {p1 ⇔ q1, . . . , pn⇔ qn} ⊢L ∼f(p1, . . . , pn) → ∼f(q1, . . . , qn) for every
n-ary connective f ∈ L ∖ {∼}.

(SN4) {p, p→ q} ⊢L q
(SN5) {p} ⊢L q → p
(SN6) {p↔ q} ⊬L ∼p↔ ∼q
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The strong Frege relation of L is de�ned as follows

Λs(L) = {(ϕ,ψ) ∣ (ϕ,ψ), (∼ϕ,∼ψ) ∈ Λ(L)}.

We de�ne the weak Tarski congruence Ω̃w(L) of L as the largest equivalence
on ForL contained in ΛL and compatible with all connectives in L∖{∼}. As

well as in the case of Tarski congruence the existence of Ω̃w(L) follows from
the fact that the lattice of L ∖ {∼}-congruences on the formula algebra is a
complete sublattice in the lattice of equivalences.

Proposition 2. Let L = ⟨L,⊢L⟩ be an sn-implicative logic with DT.

(1) Ω̃(L) = ΛsL ⫋ ΛL = Ω̃w(L), in particular,

Ω̃(L) = {(ϕ,ψ) ∣ (ϕ,ψ), (∼ϕ,∼ψ) ∈ Ω̃w(L)}.

(2) The replacement rule (RR) is not derivable in L. At the same time
the positive replacement rule (PR) and the weak replacement rule
(WR) are derivable in L:

(PR)
p1 ↔ q1, . . . , pn ↔ qn

θ(p1, . . . , pn) ↔ θ(q1, . . . , qn)
,

where θ is ∼-free L-formula.

(WR)
p1⇔ q1, . . . , pn⇔ qn

χ(p1, . . . , pn) ↔ χ(q1, . . . , qn)
,

where χ is arbitrary L-formula.

Proof. 1. The relation ΛsL ⫋ ΛL follows from (SN6). The equality ΛL =

Ω̃w(L) follows from the fact that ΛL is an L∖{∼}-congruence, which can be
inferred from DT and (SN3+). Finally, from DT, (SN3+) and (SN3−) we infer
that ΛsL is a congruence. If a congruence is contained in ΛL, it is contained
in ΛsL too, whence Ω̃(L) = ΛsL.

2. The derivability of (PR) follows from (SN1) and (SN3+) by induction
on the structure of θ. For (WR) the proof follows the same scheme, but in
this case we have to consider inductive steps for all ∼f , where f ∈ L ∖ {∼},
and we do it using (SN3−). �

Now we weaken the structurality condition for translations of propositional
languages.

De�nition 6. Let L1 and L2 be propositional languages and ∼ ∈ L1 ∩ L2. A
mapping θ ∶ FormL1 → FormL2 is said to be a weakly structural translation,
if there are two mappings α and β assigning to every connective c ∈ L1 ∖{∼}
of arity n formulas α(c)(p1, q1 . . . , pn, qn) and β(c)(p1, q1 . . . , pn, qn) from
FormL2 such that

θ(p) = p and θ(∼p) = ∼p for p ∈ Prop,

θ(∼∼ϕ) = θ(ϕ),

θ(c(ϕ1, . . . , ϕn)) = α(c)(θ(ϕ1), θ(∼ϕ1), . . . , θ(ϕn), θ(∼ϕn)),



DEFINABILITY IN LOGICS WITH STRONG NEGATION 151

θ(∼c(ϕ1, . . . , ϕn)) = β(c)(θ(ϕ1), θ(∼ϕ1), . . . , θ(ϕn), θ(∼ϕn)),

where ϕ,ϕ1, . . . , ϕn ∈ FormL1. If c ∈ L1 is a constant then α(c) and β(c)
may contain propositional variables, say α(c) = ψ(p1, . . . , pk) and β(c) =
χ(p1, . . . , pk), but we assume that these formulas are equivalent to their
partial cases w.r.t. the Tarski congruence, i.e.,

(ψ(p1, . . . , pk), ψ(ξ1, . . . , ξk)), (χ(p1, . . . , pk), χ(ξ1, . . . , ξk)) ∈ Ω̃(L2)

for any ξ1, . . . , ξk ∈ FormL2.

De�nition 7. Let L1 = ⟨L1,⊢L1⟩ and L2 = ⟨L2,⊢L2⟩ be sn-implicative logics.
Let

θ ∶ FormL1 → FormL2 and ρ ∶ FormL2 → FormL1

be weakly structural translations.
We say that L1 and L2 are weakly de�nitionally equivalent via θ and ρ, if

the following conditions hold:

(1) if Γ ∪ {ϕ} ⊆ FormL1 , then Γ ⊢L1 ϕ implies θ(Γ) ⊢L2 θ(ϕ).
(2) if Γ ∪ {ϕ} ⊆ FormL2 , then Γ ⊢L2 ϕ implies ρ(Γ) ⊢L1 ρ(ϕ).
(3) for every ϕ ∈ FormL1 and ψ ∈ FormL2,

(ϕ, ρθ(ϕ)) ∈ Ω̃w(L1) and (ψ, θρ(ψ)) ∈ Ω̃w(L2).

Our next goal is to distinguish the class of sn-implicative logics, for which
the notion of weak de�nitional equivalence coincides with that of a de�nitional
equivalence.

De�nition 8. Let L = ⟨L,⊢L⟩ be an sn-implicative logic. We say that L is
a bl-logic, if there is a formula ⊙(p, q) ∈ FormL such that for every ϕ,ψ ∈
FormL the following holds

(⊙(ϕ,ψ), ϕ) ∈ Ω̃w(L) and (∼ ⊙ (ϕ,ψ), ψ) ∈ Ω̃w(L).

Examples of logics satisfying this de�nition are the logics based on bilattices,
e.g., Modal bilattice logic MBL [24, 17]. This fact explains the name "bl-
logic".

De�nition 9. (1) Let L = ⟨L,⊢L⟩ be a logic and R ⊆ (FormL)
2. We say

that χ(p1, . . . , pn) ∈ FormL is agreed with R, if

(ϕ1, ψ1), . . . , (ϕn, ψn) ∈ R implies (χ(ϕ1, . . . , ϕn), χ(ψ1, . . . , ψn)) ∈ R.

(2) Let L1 = ⟨L1,⊢L1⟩ and L2 = ⟨L2,⊢L2⟩ be logics, R ⊆ (FormL2)
2

and →,∼ ∈ L1 ∩ L2. A weakly structural translation θ ∶ FormL1 →
FormL2 determined by the mappings α and β is said to be agreed
with R, if for every n-ary connective c ∈ L1 ∖ {∼} the formulas
α(c)(p1, q1, . . . , pn, qn) and β(c)(p1, q1, . . . , pn, qn) are agreed with R.

Recall that for a logic L = ⟨L,⊢L⟩, a rule

ϕ1, . . . , ϕn
ψ
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is admissible in L if for every substitution s we have sψ ∈ Thm(L) whenever
{sϕ1, . . . , sϕn} ⊆ Thm(L).

Proposition 3. If L = ⟨L,⊢L⟩ is an sn-implicative logic with DT, then

χ(p1, . . . , pn) ∈ FormL is agreed with Ω̃w(L) i� the rule

p1 ↔ q1, . . . , pn ↔ qn
χ(p1, . . . , pn) ↔ χ(q1, . . . , qn)

(1)

is admissible in L.

Proof. Assume that χ(p1, . . . , pn) is agreed with Ω̃w(L) and

ϕ1 ↔ ψ1, . . . , ϕn ↔ ψn ∈ Thm(L). (2)

Then (ϕ1, ψ1), . . . , (ϕn, ψn) ∈ ΛL by (SN5). Since ΛL = Ω̃w(L) by Proposition 2

we obtain (χ(ϕ1, . . . , ϕn), χ(ψ1, . . . , ψn)) ∈ Ω̃w(L). Applying again Proposition 2
we obtain that χ(ϕ1, . . . , ϕn) and χ(ψ1, . . . , ψn) are mutually inferable in L,
whence χ(ϕ1, . . . , ϕn) ↔ χ(ψ1, . . . , ψn) ∈ Thm(L) by DT.

Now we assume that (1) is an admissible rule of L. If

(ϕ1, ψ1), . . . , (ϕn, ψn) ∈ Ω̃w(L) = ΛL,

then by DT we arrive at (2). The admissibility of the rule (1) implies
χ(ϕ1, . . . , ϕn) ↔ χ(ψ1, . . . , ψn) ∈ Thm(L), which is equivalent to the relation

(χ(ϕ1, . . . , ϕn), χ(ψ1, . . . , ψn)) ∈ Ω̃w(L). �

Theorem 2. Let L1 = ⟨L1,⊢L1⟩ and L2 = ⟨L2,⊢L2⟩ be bl-logics with DT. Let
θ ∶ FormL1 → FormL2 and ρ ∶ FormL2 → FormL2 be two weakly structural
translations such that L1 and L2 are weakly de�nitionally equivalent via θ
and ρ. Assume that θ is agreed with Ω̃w(L2), ρ is agreed with Ω̃w(L1). Then
there are structural translations θ′ and ρ′ commuting with ∼ and such that
logics L1 and L2 are de�nitionally equivalent via θ′ and ρ′.

Proof. Since θ is a weakly structural translation it is determined by some
mappings α and β acting from L1∖{∼} to FormL2 . Let γ and δ be mappings
from L2 ∖ {∼} to FormL1 that determine ρ.

Since L1 and L2 are bl-logics, there are formulas ⊙1(p, q) ∈ FormL1 and
⊙2(p, q) ∈ FormL2 such that

(⊙i(ϕ,ψ), ϕ) ∈ Ω̃w(Li) and (∼ ⊙i (ϕ,ψ), ψ) ∈ Ω̃w(Li)

for all ϕ,ψ ∈ FormLi , i ∈ {1,2}. For every f ∈ L1 ∖ {∼} of arity n and
g ∈ L2 ∖ {∼} of arity m we put

ζ(f) = ⊙2(α(f)(p1,∼p1, . . . , pn,∼pn), β(f)(p1,∼p1, . . . , pn,∼pn)),

η(g) = ⊙1(γ(g)(p1,∼p1, . . . , pm,∼pm), δ(g)(p1,∼p1, . . . , pm,∼pm)).

De�ning
ζ(∼) = ∼p and η(∼) = ∼p.

we obtain two mappings ζ ∶ L1 → FormL2 and η ∶ L2 → FormL1 , which can
be used to de�ne structural translations

θ′ ∶ FormL1 → FormL2 and ρ′ ∶ FormL2 → FormL1 .
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By de�nition θ′ and ρ′ commute with ∼. Moreover, they are connected with
θ and ρ as follows.

Lemma 1. For every ϕ ∈ FormL1 and ψ ∈ FormL2, we have

(θ(ϕ), θ′(ϕ)) ∈ Ω̃w(L2) and (ρ(ψ), ρ
′(ψ)) ∈ Ω̃w(L1).

Proof. We prove that (θ(ϕ), θ′(ϕ)) ∈ Ω̃w(L2) by induction on the structure
of formulas, the proof of the second relation is similar. For p ∈ Prop by
de�nition we have

θ′(p) = p = θ(p) and θ′(∼p) = ∼θ′(p) = ∼p = θ(∼p).

For every ϕ ∈ FormL2 , we obviously have (ϕ,ϕ) ∈ ΛL2 = Ω̃w(L2), in particular,

(p, p), (∼p,∼p) ∈ Ω̃w(L2).
Let f be an n-ary connective of L1. Assume that for ϕ1, . . . , ϕn ∈ FormL1

we proved

(θ(ϕi), θ
′(ϕi)), (θ(∼ϕi), θ

′(∼ϕi)) ∈ Ω̃w(L2), i = 1, . . . , n.

We have then

θ′(f(ϕ1, . . . , ϕn)) = ⊙2(α(f)(θ
′(ϕ1), θ

′(∼ϕ1), . . .), β(f)(θ
′(ϕ1),∼θ

′(∼ϕ1), . . .)),

and by the properties of ⊙2(p, q)

(θ′(f(ϕ1, . . . , ϕn)), α(f)(θ
′(ϕ1), θ

′(∼ϕ1), . . .)) ∈ Ω̃w(L2).

The induction hypothesis and the assumption that θ is agreed with Ω̃w(L2)
yield

(θ′(f(ϕ1, . . . , ϕn)), α(f)(θ(ϕ1), θ(∼ϕ1), . . .)) ∈ Ω̃w(L2),

i.e., (θ′(f(ϕ1, . . . , ϕn)), θ(f(ϕ1, . . . , ϕn))) ∈ Ω̃w(L2). For a negated formula
we have θ′(∼f(ϕ1, . . . , ϕn)) = ∼θ

′(f(ϕ1, . . . , ϕn))=

∼ ⊙2 (α(f)(θ
′(ϕ1),∼θ

′(ϕ1), . . .), β(f)(θ
′(ϕ1),∼θ

′(ϕ1), . . .)).

Applying again the properties of ⊙2(p, q) we obtain

(θ′(∼f(ϕ1, . . . , ϕn)), β(f)(θ
′(ϕ1),∼θ

′(ϕ1), . . .)) ∈ Ω̃w(L2).

The fact that β(f) agrees with Ω̃w(L2) implies

(θ′(∼f(ϕ1, . . . , ϕn)), β(f)(θ(ϕ1),∼θ(ϕ1), . . .))) ∈ Ω̃w(L2),

i.e., (θ′(∼f(ϕ1, . . . , ϕn)), θ(∼f(ϕ1, . . . , ϕn))) ∈ Ω̃w(L2). �

Let ϕ1, . . . , ϕn, ψ ∈ FormL1 . By the above lemma

(θ(ϕ1), θ
′(ϕ1)), . . . , (θ(ϕn), θ

′(ϕn)), (θ(ψ), θ
′(ψ)) ∈ Ω̃w(L2).

The equality Ω̃w(L2) = ΛL2 implies then

θ′(ϕ1) ⊢L2 θ(ϕ1), . . . , θ
′(ϕn) ⊢L2 θ(ϕn) and θ(ψ) ⊢L2 θ

′(ψ).

This fact and the transitivity of ⊢L2 entail that

θ(ϕ1), . . . , θ(ϕn) ⊢L2 θ(ψ) implies θ′(ϕ1), . . . , θ
′(ϕn) ⊢L2 θ

′(ψ).
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This fact and the assumption that θ embeds L1 into L2 imply that θ′ embeds
L1 into L2 too. In a similar way, one can prove that ρ′ embeds L2 into L1.

It remains to check Item 3 of De�nition 7. We have by assumption (ϕ, ρθ(ϕ)) ∈

Ω̃w(L1) for every ϕ ∈ FormL1 , and by Lemma 1, (θ(ϕ), θ′(ϕ)) ∈ Ω̃w(L2),
which is equivalent to θ(ϕ) ⊢L2 θ

′(ϕ) and θ′(ϕ) ⊢L2 θ(ϕ). Since ρ embeds L2
into L1, we obtain ρθ(ϕ) ⊢L1 ρθ

′(ϕ) and ρθ′(ϕ) ⊢L1 ρθ(ϕ), i.e., (ρθ(ϕ), ρθ
′(ϕ)) ∈

Ω̃w(L1). By Lemma 1, (ρθ′(ϕ), ρ′θ′(ϕ)) ∈ Ω̃w(L1). Applying twice the transitivity
of weak Tarski congruence, we conclude (ϕ, ρ′θ′(ϕ)) ∈ Ω̃w(L1). Since both θ

′

and ρ′ commute with ∼, from (∼ϕ, ρ′θ′(∼ϕ)) ∈ Ω̃w(L1) we obtain (∼ϕ,∼ρ
′θ′(ϕ)) ∈

Ω̃w(L1) Finally, the conjunction (ϕ, ρ′θ′(ϕ)) ∈ Ω̃w(L1) and (∼ϕ,∼ρ
′θ′(ϕ)) ∈

Ω̃w(L1) is equivalent to (ϕ, ρ′θ′(ϕ)) ∈ Ω̃(L1) by Item 1 of Proposition 2.

Arguing in a similar way we obtain (ψ, θ′ρ′(ψ)) ∈ Ω̃(L2) for ψ ∈ Form(L2).
�

3 Examples of weakly de�nitionally equivalent logics

In this section we will consider logics in di�erent languages, but all these
logics are local consequence relations de�ned via models of the form M =
⟨W,≤, v+, v−⟩, where W is a non-empty set of worlds (information states),
≤⊆ W ×W is a preorder relation, and the valuations v+, v− ∶ Prop → 2W

are such that v+(p) and v−(p) are cones w.r.t. ≤ for every p ∈ Prop, i.e.,
w ∈ v+(p) and w ≤ u imply u ∈ v+(p), and the same holds for v−. Every logic
L = ⟨L,⊢L⟩ under consideration is de�ned via a class of L-models as follows.
For an L-modelM, the support of truth and support of falsity relations ⊧+L
and ⊧−L between worlds ofM and L-formulas are de�ned so that we always
have

M,w ⊧+L p ⇔ w ∈ v+(p) and M,w ⊧−L p ⇔ w ∈ v−(p);

M,w ⊧+L ∼ϕ ⇔ M,w ⊧−L ϕ and M,w ⊧−L ∼ϕ ⇔ M,w ⊧+L ϕ.

For Γ ∪ {ϕ} ⊆ FormL, the relation Γ ⊢L ϕ means that for every L-model
M and a world w ofM,

(M,w ⊧+L ψ for all ψ ∈ Γ) ⇒ M,w ⊧+L ϕ.

In what follows we omit the lower index −L if the reference to L is clear from
the setting.

Lemma 2. Let L = ⟨L,⊢L⟩ be a logic, where ⊢L is de�ned as a local consequence
relation over a class of L-models, and ϕ,ψ ∈ FormL. If L is an sn-implicative
logic with DT, then the following equivalences hold:

(1) (ϕ,ψ) ∈ Ω̃w(L) i� for every L-modelM and a world w ofM,

M,w ⊧+L ϕ ⇔ M,w ⊧+L ψ;

(2) (ϕ,ψ) ∈ Ω̃(L) i� for every L-modelM and a world w ofM,

M,w ⊧+L ϕ ⇔ M,w ⊧+L ψ and M,w ⊧−L ϕ ⇔ M,w ⊧−L ψ.
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Proof. Item 1 follows from the de�nition of ⊢L and the fact that (ϕ,ψ) ∈

Ω̃w(L) i� {ϕ} ⊢L ψ and {ψ} ⊢L ϕ (see Lemma 2). Item 2 follows from the

equivalence of (ϕ,ψ) ∈ Ω̃(L) and (ϕ,ψ), (∼ϕ,∼ψ) ∈ Ω̃w(L) (see Lemma 2
again). �

Thus, for logics considered in this section, the weak Tarski congruence is
the equivalence argeed with the truth in every world of every model, the
Tarski congruence is the equivalence argeed with the truth and the falsity as
well.

First we establish the weak de�nitional equivalence of Nelson's constructive
logic N4� [1, 16] and of Wansing's constructive connexive logic C� [27, 8].
Both logics are de�ned via the class of all models in the language L∼ =
{∨,∧,→,�,∼}. For N4�, we de�ne ⊧+ and ⊧− as follows:

M,w ⊧+ ϕ ∨ ψ ⇔ (M,w ⊧+ ϕ or M,w ⊧+ ψ)
M,w ⊧− ϕ ∨ ψ ⇔ (M,w ⊧− ϕ and M,w ⊧− ψ)
M,w ⊧+ ϕ ∧ ψ ⇔ (M,w ⊧+ ϕ and M,w ⊧+ ψ)
M,w ⊧− ϕ ∧ ψ ⇔ (M,w ⊧− ϕ or M,w ⊧− ψ)
M,w ⊧+ ϕ→ ψ ⇔ ∀u ≥ w (M, u ⊧+ ϕ⇒M, u ⊧+ ψ)
M,w ⊧− ϕ→ ψ ⇔ (M,w ⊧+ ϕ and M,w ⊧− ψ)
M,w /⊧+ � and M,w ⊧− �

In the case of C� the support of truth is de�ned as above and the support
of falsity also is de�ned as above except for the case of implication:

M,w ⊧− ϕ→ ψ ⇔ ∀u ≥ w (M, u ⊧+ ϕ⇒M, u ⊧− ψ)

Let us de�ne weakly structural translations θ, ρ ∶ FormL∼ → FormL∼ so
that they commute with binary connectives, θ(�) = �, ρ(�) = �, and for
negated formulas they are de�ned as follows:

θ(∼(ϕ ∨ ψ)) = θ(∼ϕ) ∧ θ(∼ψ), θ(∼(ϕ ∧ ψ)) = θ(∼ϕ) ∨ θ(∼ψ)

θ(∼(ϕ→ ψ)) = θ(ϕ) ∧ θ(∼ψ), θ(∼�) = ∼�;

ρ(∼(ϕ ∨ ψ)) = ρ(∼ϕ) ∧ ρ(∼ψ), ρ(∼(ϕ ∧ ψ)) = ρ(∼ϕ) ∨ ρ(∼ψ)

ρ(∼(ϕ→ ψ)) = ρ(ϕ) → ρ(∼ψ), ρ(∼�) = ∼�.

Proposition 4. Logics N4� and C� are sn-implicative logics with DT. Moreover,
N4� and C� are weakly de�nitionally equivalent via θ and ρ.

Proof. It is routine to check using the semantical de�nitions of ⊢N4� and ⊢C�
that both N4� and C� are sn-implicative logics and that they satisfy DT.

The next lemma can be easily proved by induction on the structure of
formulas.

Lemma 3. For every modelM= ⟨W,≤, v+, v−⟩, w ∈W , and ϕ ∈ FormL∼ the
following equivalences hold:

M,w ⊧+
N4�

ϕ i� M,w ⊧+C� θ(ϕ)

M,w ⊧+
N4�

ρ(ϕ) i� M,w ⊧+C� ϕ.
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Applying this lemma twice for a formula ϕ we obtain that for any ϕ,

M,w ⊧+
N4�

ϕ i� M,w ⊧+
N4�

ρθ(ϕ)

M,w ⊧+C� ϕ i� M,w ⊧+C� θρϕ.

According to Lemma2 these equivalences mean exactly that

(ϕ, ρθ(ϕ)) ∈ Ω̃w(N4
�) and (ϕ, θρ(ϕ)) ∈ Ω̃w(C

�)

for any ϕ.
It remains to check that θ and ρ embed N4� into C� and, respectively,

C� into N4�. These facts easily follow from the de�nition of consequence
relations and Lemma 3.

�

Now we add to the language L∼ constants b and n, LB = L∼ ∪ {b,n},

and de�ne N4B and CB as expansions of N4� and C�, respectively, via the
following semantical clauses:

M,w ⊧+ b, M,w ⊧− b and M,w /⊧+ n, M,w /⊧− n. (3)

These de�nitions demonstrate the similarity of constants b and n to Belnapian
truth values Both and Neither, respectively.

Proposition 5. Logics N4B and CB are bl-logics.

Proof. Let us consider the formula1

⊙(p, q) = (p ∧ b) ∨ (∼q ∧ n).

It can be immediately checked that for any ϕ,ψ ∈ Form
LB , any model M,

and its world w,

M,w ⊧+ ⊙(ϕ,ψ) ⇔M,w ⊧+ ϕ and M,w ⊧− ⊙(ϕ,ψ) ⇔M,w ⊧+ ψ.

Applying Lemma 2 we obtain for L ∈ {N4B,CB}

(⊙(ϕ,ψ), ϕ) ∈ Ω̃w(L) and (∼ ⊙ (ϕ,ψ), ψ) ∈ Ω̃w(L).

�

Proposition 6. Logics N4B and CB are de�nitionally equivalent.

Proof. We de�ne the translations θB and ρB as expansions of θ and ρ to
the language LB that preserve constants b and n. Naturally, N4B and CB

are weakly de�nitionally equivalent via θB and ρB. Further, the translations
θB and ρB are agreed with Ω̃w(C

B) and Ω̃w(N4
B), respectively, because

the mappings αθ, βθ and αρ, βρ de�ning these translations use only ∼-free
formulas, e.g.,

βθ(→) = p1 ∧ q2 and βρ(→) = p1 → q2.

1This formula was found in [2] and used to prove that bilattice connectives ⊕ and ⊗
are de�nable via ∨, ∧, b, and n:

p⊕ q ∶= ⊙(p ∨ q, p ∨ q) and p⊗ q ∶= ⊙(p ∧ q, p ∧ q).



DEFINABILITY IN LOGICS WITH STRONG NEGATION 157

Therefore, we can apply Theorem 2 to infer the de�nitional equivalence of
N4B and CB from Propositions 4 and 5. �

H. Wansing [28] introduced and motivated sixteen logics (Ii,Cj), i, j ∈
{1,2,3,4} extending Heyting-Brouwer logic HB (see [5, 7, 22, 23, 29]), with
the strong negation connective. We will consider these logics in the language
L∼HB = L∼ ∪ {−�}. The new symbol −� is used to denote the coimplication
connective, the operation dual to the intuitionistic implication. In algebraic
models of HB the coimpication −� form a residual pair with ∨, where as the
implication → forms a residual pair with ∧. The support of truth for this
connective is de�ned as follows.

M,w ⊧+ ϕ−�ψ ⇔ ∃u ≤ w (M, u ⊧+ ϕ and M, u /⊧+ ψ)

All logics (Ii,Cj), i, j ∈ {1,2,3,4} have the same support of truth ⊧+

de�ned for −� as above and for ∨, ∧,→, and � in the same way as for N4�. The
support of falsity for ∨, ∧,→ also is de�ned as for N4�. In (Ii,Cj), the support
of falsity for implication satis�es the condition cIi and for coimplication the
condition cCj , i, j ∈ {1,2,3,4}:

cI1 M,w ⊧− (ϕ→ ψ) ⇔ (M,w ⊧+ ϕ andM,w ⊧− ψ)
cI2 M,w ⊧− (ϕ→ ψ) ⇔ ∀u ≥ w(M, u /⊧+ ϕ orM, u ⊧− ψ)
cI3 M,w ⊧− (ϕ→ ψ) ⇔ ∃u ≤ w(M, u ⊧+ ϕ andM, u /⊧+ ψ)
cI4 M,w ⊧− (ϕ→ ψ) ⇔ ∃u ≤ w(M, u /⊧− ϕ andM, u ⊧− ψ)
cC1 M,w ⊧− (ϕ−�ψ) ⇔ (M,w ⊧− ϕ orM,w ⊧+ ψ)
cC2 M,w ⊧− (ϕ−�ψ) ⇔ ∃u ≤ w(M, u ⊧− ϕ andM, u /⊧+ ψ)
cC3 M,w ⊧− (ϕ−�ψ) ⇔ ∀u ≥ w(M, u /⊧+ ϕ orM, u ⊧+ ψ)
cC4 M,w ⊧− (ϕ−�ψ) ⇔ ∀u ≥ w(M, u ⊧− ϕ orM, u /⊧− ψ)

Now we de�ne a weakly structural translation θi,j ∶ FormL∼
HB
→ FormL∼

HB

that embeds logic (Ii,Cj) into any other logic (Ik,Cl), k, l ∈ {1,2,3,4}. The
translation θi,j preserves propositional variables, formulas � and ∼�, and
commutes with binary connectives. For negated ∨ and ∧ we have:

θi,j(∼(ϕ ∨ ψ)) = θi,j(∼ϕ) ∧ θi,j(∼ ψ)

θi,j(∼(ϕ ∧ ψ)) = θi,j(∼ϕ) ∨ θi,j(∼ ψ)

The most essential parts of our de�nition are the translation clauses for
negated implication and negated coimplication. They depends on i and j as
follows:

θ1,j(∼(ϕ→ ψ)) = θ1,j(ϕ) ∧ θI1,Cj(∼ ψ)

θ2,j(∼(ϕ→ ψ)) = θ2,j(ϕ) → θ2,j(∼ ψ)

θ3,j(∼(ϕ→ ψ)) = θ3,j(ϕ)−� θ3,j(ψ)
θ4,j(∼(ϕ→ ψ)) = θI4,Cj(∼ψ)−� θ4,j(∼ϕ)
θi,1(∼(ϕ−�ψ)) = θi,1(∼ϕ) ∨ θi,1(ψ)

θi,2(∼(ϕ−�ψ)) = θi,2(∼ ϕ) ∧ θi,2(ψ)

θi,3(∼(ϕ−�ψ)) = θi,3(ϕ) → θi,3(ψ)

θi,4(∼(ϕ−�ψ)) = θi,4(∼ ψ) → θi,4(∼ ϕ)
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Proposition 7. Logics (Ii,Cj), i, j ∈ {1,2,3,4}, are sn-implicative logics
with DT. Moreover, (Ii,Cj) and (Ik,Cl) are weakly de�nitionally equivalent

via θi,j and θk,l.

Proof. This statement can be proved via a natural modi�cation of the proof
of Proposition 4. �

As above we add to the language L∼HB constants b and n and de�ne the

expansion (Ii,Cj)
B of (Ii,Cj), i, j ∈ {1,2,3,4}, to the language L∼HB ∪{b,n}

via the semantical clauses (3).

Similarly to N4B and CB the obtained logics are bl-logics.

Proposition 8. Logics (Ii,Cj)
B, i, j ∈ {1,2,3,4}, are bl-logics.

Finally, analogously to Proposition 6 we obtain.

Proposition 9. Logics (Ii,Cj)
B, i, j ∈ {1,2,3,4}, are de�nitionally equivalent.

4 Beth property in implicative logics with strong negation

In this section we pass from the mutual de�nability of logics to the de�nability
of parameters in di�erent logics. In 1953 [3], W.E. Beth proved that in
classical predicate logic the implicit de�nability of a predicate by a theory
implies that this theory de�nes the predicate expicitly too. Since that studying
interrelations between di�erent forms of de�nability became an important
branch of investigations in non-classical logics.

De�nition 10. Let L = ⟨L,⊢L⟩ be a logic such that →∈ L. We say that
L has the Beth property (B2) if the following holds. For every L-formula
ϕ(p̄, q) = ϕ(p1, . . . , pn, q) if

{ϕ (p̄, q) , ϕ (p̄, q′)} ⊢L q↔ q′, (4)

then there is an L-formula ψ(p̄) such that

{ϕ (p̄, q)} ⊢L q↔ ψ (p̄) . (5)

The premiss (4) of B2 means that formula ϕ(p̄, q) implicitly de�nes the
variable q, i.e., it uniquely determines the truth of q. The conclusion (5) of
B2 means that the truth of q is explicitly de�ned by formula ψ(p̄). There is
also an implicative form B1 of Beth property, where the inference relations
(4) and (5) are replaced by statements that that the implications

(ϕ (p̄, q) ∧ ϕ (p̄, q′)) → (q↔ q′) and ϕ (p̄, q) → (q↔ ψ (p̄))

are L-theorems. For logics with DT the properties B1 and B2 are obviously
equivalent. The projective Beth property PBP assumes that ϕ also contains
parameters di�erent from p̄ and q. We will not consider PBP.

In 1960 [12], G. Kreisel proved that every superintuintionistic logic L
possesses the property B1 (equivalent to B2 in superintuitionistic logics).
The short proof of this theorem can be easily generalized to an arbitrary
implicative logic with DT.
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Theorem 3. Every implicative logic with DT possesses B2.

Proof. Recall that {ϕ (p̄, q) , ϕ (p̄, q′)} ⊢L q↔ q′ means that q → q′ and q′ →
q are inferable from the set of premisses. From {ϕ (p̄, q) , ϕ (p̄, q′)} ⊢L q → q′

by DT we obtain {ϕ (p̄, q)} ⊢L ϕ (p̄, q
′) → (q′ → q). Further, substituting ⊺

for q′ (⊺ ∶= p0 → p0) yields

{ϕ (p̄, q)} ⊢L ϕ (p̄,⊺) → (⊺ → q).

From (IL1) and (IL4) we obtain {⊺ → q} ⊢L q. By DT, (⊺ → q) → q ∈ Thm(L).
By (IL2) and the transitivity of inference

{ϕ (p̄, q)} ⊢L ϕ (p̄,⊺) → q.

On the other hand, from (IL3) we have {q ↔ q′} ⊢L ϕ (p̄, q) → ϕ (p̄, q′), in
particular,

{q↔ ⊺} ⊢L ϕ (p̄, q) → ϕ (p̄,⊺) ,

From (IL5) we have {q} ⊢L ⊺ → q and q → ⊺ ∈ Thm(L). By monotonicity
{q} ⊢L q → ⊺. Whence {q} ⊢L ϕ (p̄, q) → ϕ (p̄,⊺) by transitivity of inference.
Applying DT twice we obtain

{ϕ (p̄, q)} ⊢L q → ϕ (p̄,⊺) .

�

We say that an sn-implicative logic L is explosive if

{p,∼p} ⊢L q.

Now we adopt the Beth property for sn-implicative logics. Since the truth
and the falsity are to some extent independent in sn-implicative logics, we
replace the conclusion of (4) by q ⇔ q′. The conclusion (5) of B2 means
that the truth of q is explicitly de�ned by formula ψ(p̄). In the case of sn-
implicative logics it would be natural to replace ψ(p̄) by a pair of formulas,
one of these formulas will explicitly de�ne the truth of q, while the other �
the falsity of q.

Theorem 4. Let L = ⟨L,⊢L⟩ be an explosive sn-implicative logic with DT.
For every ϕ(p̄, q) = ϕ(p1, . . . , pn, q) ∈ FormL, the following holds. If

{ϕ (p̄, q) , ϕ (p̄, q′)} ⊢L q⇔ q′,

then there are ψ+(p̄), ψ−(p̄) ∈ FormL such that

{ϕ (p̄, q)} ⊢L q↔ ψ+ (p̄) and {ϕ (p̄, q)} ⊢L ∼q↔ ψ− (p̄) .

Proof. For ψ+(p̄) ∶= ϕ(p̄,⊺), we repeat the arguments from the previous proof
to obtain

{ϕ (p̄, q)} ⊢L ψ
+ (p̄) → q.

Let us prove that the inverse implication is inferable from {ϕ (p̄, q)} too. By
Proposition 2 the weak replacement rule (WR) is derivable in L, so we have

{q⇔ q′} ⊢L ϕ (p̄, q) → ϕ (p̄, q′) ,
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in particular, {q⇔⊺} ⊢L ϕ (p̄, q) → ϕ (p̄,⊺), i.e.,

{q → ⊺ , ⊺ → q , ∼q → ∼⊺ , ∼⊺ → ∼q} ⊢L ϕ (p̄, q) → ϕ (p̄,⊺) ,

We just noticed that q → ⊺ ∈ Thm(L). Since L is explosive {⊺,∼⊺} ⊢L ∼q
and by DT we obtain ∼⊺ → ∼q ∈ Thm(L). In a similar way, {q} ⊢L ∼q → ∼⊺.
Finally, {q} ⊢L ⊺ → q by (SN5). Thus, we obtain

{q} ⊢L ϕ (p̄, q) → ψ+ (p̄) .

Applying DT twice we conclude that {ϕ (p̄, q)} ⊢L q → ψ+ (p̄).
Recall that {ϕ (p̄, q) , ϕ (p̄, q′)} ⊢L q⇔ q′ abbreviates four inferences, one

of which is {ϕ (p̄, q) , ϕ (p̄, q′)} ⊢L ∼q
′ → ∼q. Substituting ∼⊺ for q′ we obtain

{ϕ (p̄, q) , ϕ (p̄,∼⊺)} ⊢L ∼∼⊺ → ∼q.

Since ∼∼⊺ ∈ Thm(L), the application of (SN4) and DT yields

{ϕ (p̄, q)} ⊢L ϕ (p̄,∼⊺) → ∼q.

Let us substitute ∼⊺ for q′ in {q⇔ q′} ⊢L ϕ (p̄, q) → ϕ (p̄, q′). As a result we
have

{q → ∼⊺ , ∼⊺ → q , ∼q → ∼∼⊺ , ∼∼⊺ → ∼q} ⊢L ϕ (p̄, q) → ϕ (p̄,∼⊺) ,

From the assumption that L is explosive we obtain {∼⊺ → q , ∼q → ∼∼⊺)} ⊆
Thm(L) and {∼q} ⊢L q → ∼⊺. By (SN5) we have {∼q} ⊢L ∼∼⊺ → ∼q. In this
way,

{∼q} ⊢L ϕ (p̄, q) → ϕ (p̄,∼⊺) .

The double application of DT yields {ϕ (p̄, q)} ⊢L ∼q → ϕ (p̄,∼⊺). Thus, one
can choose ϕ (p̄,∼⊺) as ψ−(p̄) .

�

The explosive extension N3� of Nelson's logic N4� can be de�ned via the
class of N3�-models ⟨W,≤, v+, v−⟩ satisfying the condition

v+(p) ∩ v−(p) = ∅ for all p ∈ Prop.

The support of truth and support of falsity relations, ⊧+ and ⊧− are de�ned
in the same way as for N4�. As in Proposition 4 one can proof that N3�

is an explosive sn-implicative logic with DT. So we can apply the previous
theorem to N3� as well as to every its axiomatic extension.

Corollary 1. Every axiomatic extension of the explosive Nelson's logic N3�

satis�es Theorem 16.

5 Conclusion

We just started the investigation of sn-implicative logics, so there is a
sense to mention some questions for subsequent studies. The �rst group of
questions concerns the algebraizability of sn-implicative logics.

● Is it possible given an sn-implicative logic L to de�ne a class of
algebras K such that L is algebraizable with respect to K with the
equivalence formulas {p⇔ q} and the de�ning identity p→ p = p?
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● Is it possible to obtain a sort of twist-structure presentation (see [15])
for algebraic models of sn-implicative logics?

● In [18], it was proved that the lattice of axiomatic extensions of N4B

is isomorphic to the lattice of superintuitionistic logics. Is it possible
to prove an analog of this statement for arbitrary bl-logics?

Naturally, one can formulate numerous questions concering the investigation
of di�erent versions of de�nability and interpolation in sn-implicative logics.
We mention only two of them.

● To which extend one can weaken the assumption of Theorem 16
preserving the truth of its conclusion?

● Classical regular logics de�ned in [10, Sec. 7.1] have a remarkable
property: the Craig interpolation property and the Beth property
B1 are equivalent in this class of logics. Is it possible to de�ne a
version of classical regular logics with strong negation so that the
Craig interpolation property and the Beth property B1 (or some
natural analogs of these properties) are equivalent for such logics?
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