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Abstract: We consider a parking permit problem with three
permit types. We propose a randomized primal-dual algo-
rithm that achieves better competitive ratio than any de-
terministic algorithm. We propose a prediction-augmented
modification for the randomized algorithm, that allows both
utilizing uncertain information about the future while still
providing worst-case guarantees. We prove consistency and
robustness bounds for this modification.

Keywords: online, prediction-augmented, randomized al-
gorithm, competitive analysis.

1 Introduction

Online algorithms make decisions using only the information available at
the moment, without being able to account for information revealed later.
Because of this uncertainty the algorithms are usually analysed for the worst-
case scenario, resulting in pessimistic quality metrics.

In the last decade studies have used machine-learning based predictions
to improve online algorithms’ quality. This new approach is made possible
with the latest achievements of artificial intelligence and machine learning
methods, enabling predictions of input data for optimization problems. This
additional information can improve online algorithms, as is evident with
semi-online algorithms. However, semi-online algorithms assume total cor-
rectness of this additional data. This assumption often cannot be achieved
in practice. On the opposite, predictions are rarely guaranteed to be cor-
rect. Thus, prediction accuracy should not be relied upon when designing
prediction-augmented algorithms. The algorithms are instead required to
be consistent and robust, i.e.,

• if the prediction is close to accurate, the solution found should be
close to either the best offline solution or to the optimal solution,
• if the prediction is arbitrarily inaccurate, the solution found should

be close to the classic online solution.
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The difficulty in designing such an algorithm arises in finding a balance
between these qualities. Following the prediction blindly can lead to a bad
solution. On the other hand, if the algorithm doesn’t trust the prediction
at all, it cannot benefit from a good prediction. This approach was first
described in [22] and [23], where such algorithms were named ”learning-
augmented” or ”prediction-augmented”. Similar algorithms were later de-
veloped for other combinatorial optimization problems, such as the ski rental
problem [2, 9, 17, 27], scheduling problems [3, 4, 5, 10, 17, 18, 28] and many
others.

Our paper considers the parking permit problem, which was first proposed
in [24], and is a generalization of the ski rental problem. In the literature on
online algorithms, the problem under consideration is classified as a ”rent
or buy” problem. Although ”rent or buy” problems have been studied in-
tensively over the last two decades, the results obtained are mainly related
to two cases. In the first case, authors consider a model in which the choice
is between two options: either buying or renting the required resource. The
ski rental problem, the most famous of these problems, has been studied
from various angles [11, 21, 14], including the analysis of online prediction
algorithms [17, 9, 2]. In the second case, an arbitrary number k of options
are considered [24, 19]. As a rule, the authors obtain interesting theoretical
results, but the competitiveness of their algorithms asymptotically depends
on k. In this case, the constant for the function of k is ignored, which makes
it difficult to evaluate these algorithms from a practical point of view.

The purpose of our study is to examine the competitiveness of algorithms
for a problem slightly more complex than the ski rental problem in order
to understand how much the accuracy of the algorithm deteriorates with an
increase in the number of types of parking permits. We propose a random-
ized primal-dual algorithm for the restricted version of the problem with
three permit types, and present a bound for its’ competitive ratio. We also
propose parametrized prediction-augmented algorithms with two prediction
types, and show the consistency and robustness bounds. Additionally, we
note that the predictions differ significantly and can be interpreted as local
and global, which is not the case in different modifications of the ski rental
problem.

1.1. Problem Definition. We consider the following problem, denoted
as P. There are three parking permit types. For permit type k, k = 1..3, its
cost Ck and duration Dk are known. For each k the entire time interval of
the problem consists of disjoint intervals of length Dk. Permit is only valid
during the time interval it was purchased on. W.l.o.g. we suppose that

• C1 = 1, D1 = 1,
• C2 = B,D2 = d, we designate this time interval as a ”week”,
• C3 = A,D3 = nd, we designate this time interval as a ”year”,

where all numbers are positive integers.
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We also suppose that B < d and A < Bn. Otherwise, buying a weekly
or annual permit does not make sense. The schedule consists of days, some
of which are marked as rainy. The days are revealed to the algorithm one
at a time. If the new day is rainy and no purchased permit covers it, algo-
rithm must choose, which type of permit to purchase. The algorithm cannot
use information about subsequent rainy days. Moreover, no assumption on
the distribution of rainy days is imposed. Purchased permits cannot be re-
funded. Algorithm has to find the set of permits with the minimum total
cost.

An instance I of the problem P is defined by concrete values of A,B, d, n
and a schedule Σ of rainy days. Denote the cost of algorithm’s solution with
ALG(I) and the cost of optimal solution with OPT (I) for the instance I.

Value RALG = max
I

ALG(I)
OPT (I) is called the competitive ratio of the algorithm.

1.2. Prediction Model. In our work, we consider a new prediction model.
At the start the algorithm is advised, whether it should buy the year-long
permit. At the start of each week the algorithm is advised, whether it should
buy the permit covering this week. We denote the entire set of these advice
as the prediction Π. Thus, if the prediction Π is perfectly accurate, we can
compute the cost of optimal solution of instance I of the problem P. Let
ΣI,Π be an arbitrary rainy day schedule for which the optimal strategy is to
follow the forecast Π exactly. Denote by Cost(I,Π) the cost of the optimal
solution for such a schedule. In addition, we consider two forecast confi-
dence parameters λ and µ, where λ, µ ∈ (0, 1). The values λ and µ reflect
the degree of mistrust in the annual and weekly predictions, respectively.
The closer the value of these parameters is to 0, the more we trust the pre-
diction. Raising the values of λ and µ makes the algorithm more robust to
prediction mistakes, but makes less use of the provided information. Denote
the cost of algorithm’s solution with ALG(I,Π, λ, µ) for the instance I and
the prediction Π.

If for any instance I and any prediction Π

ALG(I,Π, λ, µ)

OPT (I)
≤ β(λ, µ),

we say that the algorithm is β(λ, µ)-robust.
If for any instance I and any prediction Π

ALG(I,Π, λ, µ)

Cost(I,Π)
≤ γ(λ, µ),

we say that the algorithm is γ-consistent.
The consistency and robustness have the following intuitive interpreta-

tion. A consistent algorithm finds an approximation for the solution of the
predicted schedule, and if the schedule was predicted correctly, the algo-
rithm approximates the optimal solution well. Robustness is independent of
the prediction, and guarantees the algorithm will approximate the optimal
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solution regardless of prediction errors. Thus, the consistency is the com-
petitive ratio under perfect predictions whereas the robustness is the upper
bound of competitive ratio when the predictions can be arbitrary bad.

1.3. Related Work. The ski rental problem requires you to decide whether
to pay a small fee to rent skis on the current day or buy skis and ski on
them on subsequent days. Unfortunately, you don’t know how long you’ll be
skiing. It depends on the weather, health and a host of other circumstances.
Thus, you are faced with the simplest online problem, first mentioned by
Rudolph in the context of the work on competitive snoopy caching. By
applying a simple rule: buy skis when the rental cost reaches the cost of
the skis, we guarantee a 2-approximation solution in the worst case. This
rule represents the best possible deterministic strategy. A randomized e

e−1 -

competitive algorithm was proposed in [13].
Due to the simplicity and universality of the ski rental problem, various

formulations with predictions are intensively studied for it [3, 9, 16, 17, 27].
Note that in our work we use an approach based on the construction of a
primal-dual algorithm proposed for online problems with predictions in [3].

The ski rental problem allows for many direct generalizations: the multi-
shop ski rental problem [26], the parking permit problem [24], the Bahncard
problem [8]. In addition, the issue of renting or buying is key for such
complex online problems as snoopy caching [12, 13], TCP acknowledgment
[6], total completion time scheduling [25] and others.

In this paper, we consider the parking permit problem proposed by [24].
In his paper, Meyerson considered the problem with k types of permits and
presented k-competitive deterministic and O(log k)-competitive randomized
online algorithms. He also proved that an arbitrary deterministic algorithm
has a competitive ratio of at least k/3, and an arbitrary randomized algo-
rithm has a competitive ratio of at least (log k)/2. Note that these results
do not provide a reasonable lower bound on the competitive ratio for small
values of k. For k = 3, a parameterized deterministic algorithm with ex-
tended prediction is presented in [15], and it is proven that no deterministic
algorithm can achieve a competitiveness ratio less than 3.

2 A Primal-dual Online Algorithm

In this section we present a randomized algorithm for P. The algorithm
is based on the primal-dual approach introduced by [1]. The survey by [7]
contains an extensive review of this approach. For each day the algorithm
computes fractional values x, yi, zij , that correspond to the probabilities of
purchasing respective permit types on this day.

To apply the primal-dual method we formulate the parking permit prob-
lem with three permit types as an integer linear programming problem. Let
D denote the set of pairs (i, j), where j is the number of a rainy day in the
i-th week.
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The integer linear program is formalized as follows:

Ax+B
n∑
i=1

yi +
∑

(i,j)∈D

zij → min (1)

x+ yi + zij ≥ 1 ∀(i, j) ∈ D (2)

x, yi, zij ∈ {0, 1} (3)

The linear programming relaxation (LP) is:

Ax+B

n∑
i=1

yi +
∑

(i,j)∈D

zij → min (4)

x+ yi + zij ≥ 1 ∀(i, j) ∈ D (5)

x ≥ 0, yi ≥ 0, zij ≥ 0 (6)

The dual program (DP) is: ∑
(i,j)∈D

ξij → max (7)

∑
(i,j)∈D

ξij ≤ A (8)

∑
j|(i,j)∈D

ξij ≤ B ∀i (9)

0 ≤ ξij ≤ 1 ∀(i, j) ∈ D (10)

We note that our ILP-formulations requires perfect knowledge of the set
of rainy days. In order to take into account the online formulation of the
problem, the algorithm must satisfy the following properties.

• In online mode, the linear constraints defining a feasible LP solution
are given to the algorithm one at a time on each new rainy day.
In order to maintain a feasible solution for the current set of given
constraints, the algorithm is allowed to change the values of the
variables.

This results in a sequence of solutions (x(i,j), y
(i,j)
i , zij) that are updated

with each new rainy day (i, j) ∈ D. Let’s number the rainy days in the

order they appear. Let (x(k), y
(k)
i , zij) = (x(i,j), y

(i,j)
i , zij), where (i, j) ∈ D

is the k-th rainy day. The next lemma slightly generalizes the result of [7]
obtained for the ski rental problem.

Lemma 1. Let (x(k), y
(k)
i , zij) be a solution of LP restricted to the linear

constraints imposed after k raining days. Let x(k) + y
(k)
i ≤ 1 for all k. If

the sequences x(k) and y
(k)
i are non-decreasing then we can turn a fractional

solution into an online randomized algorithm with expected cost no greater
than the cost of the fractional solution.
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Proof. Let us arrange the increments of x on the interval [0, 1] on the left,
starting from the point 0, and the increments of yi on the right, starting
from the point 1 for all i. Choose α0 ∈ [0, 1] uniformly at random. We are
going to buy the year-long permit on the day corresponding to the increment
x to which α belongs. If the year-long permit has not yet been purchased,
then we buy the weekly permit on the day corresponding to the increment
of yi to which α belongs. The probability of buying the year-long permit

Fig. 1. Example of increment arrangement on the [0, 1] in-
terval. The value α belongs to the second increment of y,
corresponding to the second day of the current week.

on the day corresponding to the increment of x is equal to the magnitude
of that increment. It follows that the expected cost of buying this permit
is precisely Ax. Similarly, the expected cost of buying the weekly permit yi
on week i is exactly Byi. Suppose we have neither a year-long nor a weekly
permit covering the kth rainy day (i, j). The probability of this event is

equal to 1 − x(k) − y(k)
i . From (5) we have 1 − x(k) − y(k)

i ≤ zij . Thus, by
linearity of expectation, for any number of rainy days, the expected cost of
the randomized algorithm is at most the cost of the fractional solution. �

Denote eT (α) = (1+ 1
T )αT . Note that when T increases, eT (α) approaches

eα from below.
Algorithm 1 is a primal-dual algorithm, which is a modification of the

algorithm for the ski rental problem presented in [6]. The algorithm starts
with a zero solution to the primal problem. Each new rainy day (i, j) ∈ D
adds a new constraint x + yi + zij ≥ 1. To satisfy this constraint, the
algorithm updates the primal and dual variables in such a way as to keep the
ratio between the objective function values of the primal and dual problems
as small as possible.

We will first prove a technical lemma about updating the variables.

Lemma 2. Suppose an algorithm has a variable x which is equal to 0 at the
start of the algorithm and gets updated multiple times by using the formula

x← (1 +
1

T
)x+

1

(eT (α)− 1)T
.

Then x will be greater than or equal to 1 after at most αT such updates.
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Algorithm 1 The primal-dual online algorithm

1: x← 0, yi ← 0, ŷi ← 0, zij ← 0 ∀i, j
2: if schedule is empty then
3: Z← Ax+B

∑n
i=1 yi +

∑
(i,j)∈D zij

4: return x, yi, zij as the fractional solution.
5: end if
6: Reveal the next rainy day (i, j) ∈ D.
7: while x + yi < 1 do (denote the following procedure as ”updating
x, yi, zij”)

8: x← (1 + 1
A)x+ 1

(eA(1)−1)A

9: yi ← (1 + 1
B )yi + 1

(eB(1)−1)B

10: zij ← max{0, 1− x− yi}
11: ξij ← 1
12: end while

Proof. After αT updates

x =
1

(eT (α)− 1)T
+

1

(eT (α)− 1)T
(1+

1

T
)+ · · ·+ 1

(eT (α)− 1)T
(1+

1

T
)αT−1.

(11)
Using the formula for the sum of a geometric series and the definition of
eT (α) we get

x =
1

(eT (α)− 1)T

αT−1∑
k=0

(
1 +

1

T

)k
=

1

(eT (α)− 1)T

(
1 + 1

T

)αT − 1(
1 + 1

T

)
− 1

= 1.

(12)
�

Theorem 1. Algorithm 1 is 1 + 1
(eA(1)−1) + 1

(eB(1)−1) -competitive.

Proof. On each update the primal solution is feasible by definition of zij .
Suppose the dual solution is not feasible. We will show that the constraints
(8), (9) are satisfied. Suppose that∑

(i,j)∈D

ξij > A.

It is only possible after at least A+1 updates of x. Note that after A updates
x = 1 by lemma 2. Thus, update number A+1 is not performed, as x is not
less than 1, which leads to a contradiction. Similarly, for any i = 1, . . . , n,∑

j|(i,j)∈D

ξij ≤ B.

Thus, the dual solution is feasible.
Denote the value of goal function for the primal problem as Z, for the

dual problem – as D and let R = Z/D. Since the cost of the dual solution is
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a lower bound on OPT (I), R is the competitive ratio of Algorithm 1. At the
start of the algorithm both of these values are zero. Suppose the algorithm
has just processed an arbitrary rainy day. Let ∆Z,∆D be the increments
of goal function for primal and dual problem, respectively. We will find a
bound on the ratio ∆Z

∆D .

∆Z

∆D
≤ ∆Z = A

(
x

A
+

1

(eA(1)− 1)A

)
+B

(
yi
B

+
1

(eB(1)− 1)B

)
+ zij ≤

≤ x+
1

eA(1)− 1
+ yi +

1

eB(1)− 1
+ zij ≤ 1 +

1

eA(1)− 1
+

1

eB(1)− 1
(13)

The last inequality follows from the fact that the update of x, yi, and zij
occurs when x+ yi < 1.

Since the cost of a feasible solution of the dual problem is a lower bound
for the cost of the optimal solution of the primal problem, we get R ≤
1 + 1

(eA(1)−1) + 1
(eB(1)−1) . �

Remark 1. Note that for A ≥ 4 and B ≥ 2 we get R < 2.5, and by
increasing A and B the value of R tends to e+1

e−1 ≈ 2.16. If A ≤ 4 and B ≤ 2
a deterministic 2-competitive algorithm can be derived easily.

Theorem 1 shows that the competitive ratio of Algorithm 1 is significantly
less than the competitive ratio of any detirministic algorithm. Recall that no
deterministic algorithm can achieve a competitiveness ratio less than 3 [15].
In the next section, we present a randomized algorithm that finds a solution
based on a weather forecast for a selected period and a given confidence
level. As will be seen from the subsequent analysis, a confidence level can
be selected such that, in the worst-case scenario, we obtain a solution close
in quality to the solution of the best deterministic algorithm, and in the case
of an accurate forecast, we obtain a solution close to the optimal one.

3 Prediction-Augmented Primal-Dual Algorithm

In this section, we suppose that predictions are provided and design a
prediction-augmented algorithm. For convenience, we will use binary pa-
rameters to indicate which forecast for the current week was obtained. For
each i-th week we set pi = 1 if a rainy week is expected and pi = 0 otherwise.

Suppose that the algorithm receives binary values P, pi and rational-
valued parameters λ, µ ∈ (0, 1). To simplify the presentation we assume that
λA, µB, Aλ and B

µ are integer numbers. Denote δ(T, α) = min{T, 1
eT (α)−1}.

We note that δ(T, α) = 1
eT (α)−1 if α ≥ 1

T and δ(T, α) = T otherwise.

Same as Algorithm 1, the prediction-augmented algorithms start with a
zero solution to the primal problem. Each new rainy day (i, j) ∈ D adds a
new constraint x + yi + zij ≥ 1. To satisfy this constraint, the algorithm
updates the primal and dual variables. The dual variables are updated to
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maximize the dual objective function without violating constraints (8) and
(9).

Depending on the annual prediction, we consider two algorithms: RAINY
YEAR and CLEAR YEAR. The first algorithm is used if the year is pre-
dicted to be rainy, the other is used if the prediction doesn’t recommend
buying year-long permit. Algorithm RAINY YEAR increments x faster and
Algorithm CLEAR YEAR increments x slower. The increase rates of weekly
permit variables yi similarly depend on the prediction.

Since the procedures are applied independently and the choice of a spe-
cific procedure depends on the initial forecast for the year, we will divide
the description of the procedures and the analysis of their quality into two
subsections.

3.1. Rainy Year. Let a rainy year be predicted. Denote µ̄ = max{µ, BAλ}.
In this subsection we present Algorithm RAINY YEAR and establish its
robustness and consistency. The algorithm starts with a zero solution to
the primal and dual problem. Each new rainy day (i, j) ∈ D adds a new
constraint x+ yi+ zij ≥ 1. To satisfy this constraint, the algorithm updates
the primal and dual variables. The values of the primal and dual variables
do not decrease during the update. The algorithm outputs a fractional
solution, which, according to Lemma 1, can be transformed into an online
randomized algorithm with expected cost no greater than the cost of the
fractional solution. See Algorithm 2 for pseudocode of the algorithm.

We first show that Algorithm RAINY YEAR construct feasible solutions
of the primal and dual problems.

Lemma 3. Algorithm RAINY YEAR produces a feasible solution of the
primal and dual program.

Proof. The primal solution is feasible by definition of zij .
We will show that the dual solution is also feasible. If δ(A, λ) = A,

the procedure makes exactly one update and the dual solution is clearly
feasible. Let δ(A, λ) = 1

(eA(λ)−1) . By lemma 2 after λA updates x is equal

to 1, the condition in line 6 of the procedure RAINY YEAR is not satisfied
and there are no more variable updates. Each update of x increments the
sum

∑
(i,j)∈D

ξij at most by 1. Thus,
∑

(i,j)∈D ξij ≤ A.

Let us show that the constraint (9) holds for all i, i.e.,∑
j|(i,j)∈D

ξij ≤ B.

Suppose that the week i is rainy. If δ(B,µ) = B, the procedure makes ex-
actly one update of yi and the dual solution is feasible. Otherwise δ(B,µ) =

1
(eB(µ)−1) .Again, by lemma 2 after µB updates yi reaches 1 and

∑
j|(i,j)∈D ξij ≤

B. Let the week i be clear. As mentioned previously, all variables are up-
dated at most λA times. Thus, if µ̄ = B

Aλ then
∑

j|(i,j)∈D ξij ≤ B.
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Algorithm 2 RAINY YEAR

1: x← 0, yi ← 0, zij ← 0, ξij ← 0, ∀i, j
2: if schedule is empty then
3: Z← Ax+B

∑n
i=1 yi +

∑
(i,j)∈D zij

4: return x, yi, zij as fractional solution.

5: end if
6: Reveal new rainy day (i, j) ∈ D. . Denote the following steps as ”variables update”

7: if x+ yi < 1 then

8: x← (1 + 1
A

)x+ δ(A, λ)A−1

9: if pi = 1 then

10: ξij ← 1

11: if x+ (1 + 1
B

)yi + δ(B,µ)B−1 < 1 then

12: yi ← (1 + 1
B

)yi + δ(B,µ)B−1

13: else

14: yi ← max{yi, 1− x}
15: end if

16: end if

17: if pi = 0 then
18: ξij ← µ̄

19: if x+ (1 + 1
B

)yi + δ(B,µ−1)B−1 < 1 then

20: yi ← (1 + 1
B

)yi + δ(B,µ−1)B−1

21: else
22: yi ← max{yi, 1− x}
23: end if

24: end if
25: zij ← max{0, 1− x− yi}
26: end if

27: Go to step 2.

Let µ̄ = µ. By lemma 2 yi reaches 1 after Bµ−1 updates. Each update in-
creases

∑
j|(i,j)∈D

ξij by at most µ. Thus,
∑

j|(i,j)∈D ξij ≤ B and the constraint

(9) of the dual problem is satisfied. �

First, we analyze the robustness of the algorithm. Let R(λ, µ) denote the
competitive ratio of the algorithm for different values of these parameters.
We start with extreme cases where Algorithm RAINY YEAR makes a small
number of updates.

Lemma 4. Let a rainy year be predicted. If λA ≤ 1, then Algorithm RAINY
YEAR makes a single update of x, Z = A and R(λ, µ) ≤ A for an arbitrary
µ.

Proof. Let the algorithm get the first rainy day, say (i, j) ∈ D. The current
values of the variables x and yi are 0. When λA ≤ 1, we have δ(A, λ) = A
and δ(A, λ)A−1 = 1. It follows that x will be assigned the value 1 on line
8. After this step, the algorithm does not make any new updates to the
variables. So, we get Z = A and R(λ, µ) ≤ A. �



PREDICTION AUGMENTED ALGORITHM 11

Lemma 5. Let a rainy year be predicted. If 1 < λA ≤ B, then Procedure
RAINY YEAR makes at most B updates of x and

R(λ, µ) ≤ max


δ(A, λ)

(
1− 1

A

)
+ δ(B,µ)

(
1− 1

B

)
+ 1,

B + δ(A, λ)
(
1− B

A

)
,

1
λ +B

 .

Proof. From the proof of lemma 3 it follows that Procedure RAINY YEAR
makes at most λA ≤ B updates. Let the number of updates be r.

Suppose that the algorithm made exactly one update, i.e., r = 1. After
the first update we have x = δ(A, λ)A−1 < 1. The variable y is updated as
much as possible while maintaining the constraint x+ y ≤ 1. Therefore two
cases may occur.

Case 1. δ(B,µ)B−1 ≤ 1− x. Then y = δ(B,µ)B−1, and z = 1− x− y.
Substituting the values of x, y, and z into the objective, we obtain

Z = δ(A, λ)

(
1− 1

A

)
+ δ(B,µ)

(
1− 1

B

)
+ 1.

Case 2. δ(B,µ)B−1 > 1 − x. In this case the constraint becomes tight
before y reaches its target value, hence y = 1− x, and consequently z = 0.
Thus

Z = Ax+B(1− x).

Substituting x = δ(A, λ)A−1, we get

Z = δ(A, λ) +B

(
1− δ(A, λ)

A

)
= B + δ(A, λ)

(
1− B

A

)
.

Since for r = 1 we have OPT (I) ≥ 1, the competitive ratio is

R(λ, µ) ≤ max

{
δ(A, λ)

(
1− 1

A

)
+ δ(B,µ)

(
1− 1

B

)
+ 1,

B + δ(A, λ)
(
1− B

A

) }
.

Let 1 < r ≤ λA. Since λA ≤ B, no more than B rainy days have passed
and OPT (I) ≥ r. Then

x =
1

(eA(λ)− 1)A

r−1∑
k=0

(
1 +

1

A

)k
=

(1 + 1
A)r − 1

eA(λ)− 1
.

With each update, the sum of the variable values increases by no more
than 1. Thus,

R(λ, µ) ≤
A((1 + 1

A)r − 1)

r(eA(λ)− 1)
+B ≤

≤
A((1 + 1

A)λA − 1)

λA(eA(λ)− 1)
+B =

1

λ
+B. (14)

�
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Lemma 6. Let a rainy year be predicted. If B
A < λ, then

R(λ, µ) ≤ max{1 + δ(A, λ) + δ(B,µ), µ̄−1 · [1 + δ(A, λ) + δ(B,µ−1)]}.

Proof. Let Z and D be the values of the goal function for the primal and dual
programs, respectively. At the start of Algorithm RAINY YEAR both of
these values are equal to zero. Suppose that the algorithm has just processed
an arbitrary rainy day. Let ∆Z,∆D be the increments of the goal functions.
We will find a bound on the ratio ∆Z

∆D .
There are two possible combinations of increments.

(1) pi = 1:

∆Z

∆D
≤ ∆Z ≤ A

(
x

A
+
δ(A, λ)

A

)
+B

(
yi
B

+
δ(B,µ)

B

)
+ zij ≤

≤ 1 + δ(A, λ) + δ(B,µ). (15)

(2) pi = 0:

∆Z

∆D
≤ ∆Z

µ̄
≤

≤ 1

µ̄
·
[
A

(
x

A
+
δ(A, λ)

A

)
+B

(
yi
B

+
δ(B,µ−1)

B

)
+ zij

]
≤

≤ 1

µ̄
·
[
1 + δ(A, λ) + δ(B,µ−1)

]
. (16)

Combining these two cases we obtain the statement of Lemma 6. �

The above lemmas give the following theorem.
Let

β1(λ, µ) =



A if λ ≤ 1
A

max


δ(A, λ)

(
1− 1

A

)
+ δ(B,µ)

(
1− 1

B

)
+ 1,

B + δ(A, λ)
(
1− B

A

)
1
λ +B

if 1
A < λ ≤ B

A

max

{
1 + δ(A, λ) + δ(B,µ)

µ̄−1 · [1 + δ(A, λ) + δ(B,µ−1)]
if B

A < λ

Theorem 2. Algorithm RAINY YEAR obtains a fractional solution with a
cost not greater than β1(λ, µ) ·OPT (I) if a rainy year was predicted, where
OPT (I) denotes the cost of optimal solution for the given problem instance.

The Table 1 provides an example of robustness bound as a function of
λ and µ. For this example arbitrary values of A = 3000 and B = 30 were
chosen.
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Table 1. Sample β1 values for given λ, µ (lower is better)

λ\µ 0.01 0.1 0.25 0.5 0.75 0.9 0.99
0.01 130.000 130.000 130.000 130.000 130.000 130.000 130.000
0.1 105.100 105.101 42.120 21.345 14.505 12.238 11.210

0.25 113.037 45.215 18.166 9.368 6.520 5.584 5.161
0.5 127.091 25.419 10.247 5.409 3.881 3.385 3.161

0.75 142.160 18.955 7.662 4.116 3.019 2.666 2.508
0.9 151.676 16.853 6.821 3.696 2.739 2.433 2.296

0.99 157.552 15.915 6.446 3.508 2.614 2.329 2.201

Next, we analyze the consistency of Algorithm RAINY YEAR. Let

γ1(λ, µ) =

{
1 if λ ≤ 1

A

λδ(A, λ) +
(
λ− 1

A

)
(1 + δ(B,µ)) if 1

A < λ ≤ 1

Theorem 3. Algorithm RAINY YEAR obtains a fractional solution with a
cost not greater than γ1(λ, µ) ·c(Π) if a rainy year was predicted, where c(Π)
denotes the cost of the predicted solution.

Proof. We suppose that the prediction Π is correct. Then the cost of the
optimal offline solution is A. We consider two cases.

Case 1: λ ≤ 1
A . In this case we have δ(A, λ) = A. Let (i, j) ∈ D be the

first rainy day. We have δ(A, λ)A−1 = 1 . It follows that x will be assigned
the value 1 and we get γ1(λ, µ) = 1.

Case 2: λ > 1
A . In this case we have δ(A, λ) = 1

eA(λ)−1 . Suppose the

algorithm receives a new rainy day (i, j) ∈ D and x+yi < 1. From inequality
(15) and (16) we have ∆Z ≤ 1 + δ(A, λ) + max{δ(B,µ), δ(B,µ−1)}. Since
δ(B,µ−1) = 1

eB(µ−1)−1
≤ 1

eB(µ)−1 = δ(B,µ) we obtain

∆Z ≤ 1 + δ(A, λ) + δ(B,µ).

Moreover, in the last iteration of updating x the variables yi and zij are not
updated. Since x reaches 1 after λA updates we obtain

Z = λAδ(A, λ) + (λA− 1)(1 + δ(B,µ)).

Since Cost(I,Π) = A, we have

γ1(λ, µ) = λδ(A, λ) +

(
λ− 1

A

)
(1 + δ(B,µ)) .

�

The Table 2 provides an example of consistency bounds as a function of
λ and µ with the same arbitrary values of A = 3000 and B = 30.

We can see that for the RAINY YEAR algorithm consistency can be
traded for robustness by increasing the inverse trust parameter λ, with the
robustness ratio approaching the competitive ratio of the Algorithm 1. This
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Table 2. Sample γ1 values for given λ, µ (lower is better)

λ\µ 0.01 0.1 0.25 0.5 0.75 0.9 0.99
0.01 1.295 1.098 1.040 1.020 1.014 1.012 1.011
0.1 4.041 2.015 1.408 1.208 1.142 1.121 1.111

0.25 8.620 3.545 2.026 1.523 1.359 1.305 1.282
0.5 16.261 6.104 3.063 2.057 1.728 1.622 1.574

0.75 23.911 8.674 4.110 2.601 2.108 1.948 1.876
0.9 28.506 10.220 4.743 2.932 2.341 2.148 2.062

0.99 31.265 11.149 5.125 3.133 2.482 2.270 2.176

is expected, since for high λ algorithm RAINY YEAR ignores the predicted
information, effectively defaulting to the prediction-less version.

In case of low values of λ, the consistency ratio approaches 1, which
means algorithm RAINY YEAR finds solutions close to the predicted one.
Surprisingly, the consistency bound also decreases with the increase of µ.
This is a side effect of the algorithm purchasing weekly permits aggressively
when a rainy week is predicted, and in the case of a rainy year, lowering
the trust in weekly predictions slows down the rate of these unnecessary
purchases.

Consider for example λ = 0.75, µ = 0.99. In this case, RAINY YEAR
algorithm achieves consistency less than 1.9, which means that if the pre-
diction was correct, the algorithm pays no more than 2 times the price of
optimal solution. At the same time, even if the prediction was completely
wrong, RAINY YEAR algorithm still has robustness ratio less than 2.7,
which means that it still pays less than 3 times the price of optimal solu-
tion. As was discussed previously, no deterministic algorithm can guarantee
a consistency ratio less than 3.

3.2. Clear Year. Let a clear year be predicted. In this subsection we
present Algorithm CLEAR YEAR and establish its robustness and consis-
tency. See Algorithm 3 for pseudo-code of the procedure.

Similarly to Lemma 3 we have the following result.

Lemma 7. Algorithm CLEAR YEAR produces a feasible solution of the
primal and dual program.

We now provide guarantees for Algorithm CLEAR YEAR.
Let

β2(λ, µ) = max

{
λ−1 · [1 + δ(A, λ−1) + δ(B,µ)]

(min{µ, λ})−1 · [1 + δ(A, λ−1) + δ(B,µ−1)]

Theorem 4. Algorithm CLEAR YEAR obtains a fractional solution with
cost not greater than β2(λ, µ) · OPT (I), where OPT (I) denotes the cost of
optimal solution for the given problem instance.
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Algorithm 3 CLEAR YEAR

1: x← 0, yi ← 0, zij ← 0, ξij ← 0, ∀i, j
2: if schedule is empty then
3: Z← Ax+B

∑n
i=1 yi +

∑
(i,j)∈D zij

4: return x, yi, zij as fractional solution.

5: end if
6: Reveal new rainy day (i, j) ∈ D. . Denote the following steps as ”variables update”

7: if x+ yi < 1 then

8: x← (1 + 1
A

)x+ δ(A, λ−1)A−1

9: if pi = 1 then

10: ξij ← λ

11: if x+ (1 + 1
B

)yi + δ(B,µ)B−1 < 1 then

12: yi ← (1 + 1
B

)yi + δ(B,µ)B−1

13: else

14: yi ← max{yi, 1− x}
15: end if

16: end if

17: if pi = 0 then
18: ξij ← min{λ, µ}
19: if x+ (1 + 1

B
)yi + δ(B,µ−1)B−1 < 1 then

20: yi ← (1 + 1
B

)yi + δ(B,µ−1)B−1

21: else
22: yi ← max{yi, 1− x}
23: end if

24: end if
25: zij ← max{0, 1− x− yi}
26: end if

27: Go to step 2.

Proof. Let Z and D be the value of goal function for the primal and dual
program, respectively. At the start of the algorithm both of these values are
equal to zero. Suppose the algorithm has just processed an arbitrary rainy
day. Let ∆Z,∆D be the increments of the goal functions. We will find a
bound on the ratio ∆Z

∆D .
Consider possible increment combinations.

(1) pi = 1:

∆Z

∆D
≤ ∆Z

λ
≤

≤ 1

λ
·
[
A

(
x

A
+
δ(A, λ−1)

A

)
+B

(
yi
B

+
δ(B,µ)

B

)
+ zij

]
≤

≤ 1

λ
·
[
1 + δ(A, λ−1) + δ(B,µ)

]
. (17)
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(2) pi = 0:

∆Z

∆D
≤ ∆Z

min{µ, λ}
≤

≤ 1

min{µ, λ}
·
[
A

(
x

A
+
δ(A, λ−1)

A

)
+B

(
yi
B

+
δ(B,µ−1)

B

)
+ zij

]
≤

≤ 1

min{µ, λ}
·
[
1 + δ(A, λ−1) + δ(B,µ−1)

]
. (18)

Combining these two cases considered together we obtain the statement of
the theorem.

The Table 3 provides an example of robustness bounds as a function of λ
and µ with the same arbitrary values of A = 3000 and B = 30. �

Table 3. Sample β2 bound values for given λ, µ (lower is better)

λ\µ 0.01 0.1 0.25 0.5 0.75 0.9 0.99
0.01 3100.000 1067.395 458.678 257.397 191.636 170.236 160.674
0.1 310.000 106.740 45.868 25.740 19.164 17.024 16.068

0.25 124.075 42.770 18.422 10.371 7.740 6.884 6.502
0.5 115.658 21.661 9.487 5.461 4.146 3.718 3.527

0.75 135.806 14.709 6.593 3.909 3.033 2.747 2.620
0.9 149.088 14.909 6.043 3.405 2.675 2.437 2.331

0.99 157.293 15.730 6.371 3.471 2.589 2.308 2.202

To present the consistency bound, we introduce new notations.
Let

γ2(λ, µ) =

{
1 + δ(A, λ−1) + δ(B,µ−1) if µ ≤ 1

B

δ(A, λ−1) + µ(1 + δ(B,µ)) if 1
B < µ ≤ 1.

Theorem 5. Algorithm CLEAR YEAR obtains a fractional solution with a
cost not greater than γ2(λ, µ) · c(Π) otherwise, where c(Π) denotes the cost
of the predicted solution.

Proof. Denote the number of rainy weeks as r0, and the number of rainy
days that are not included in any rainy week as d0. We suppose that the
prediction Π is correct. Then the cost of the optimal offline solution is
r0B + d0.

Each update of the d0 updates performed outside rainy weeks, according
to (18), adds to objective function the cost

1 + δ(A, λ−1) + δ(B,µ−1). (19)

Supposing that i is a rainy week, we consider two cases.
Case 1: µ ≤ 1

B . We have δ(B,µ) = B and x+(1+ 1
B )yi+δ(B,µ)B−1 ≥ 1.

According to lines (11-14) of Procedure CLEAR YEAR, the variable yi will
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receive the value 1−x and no other variable updates will be made this week.
It follows that the total cost will increase by no more than

x+ δ(A, λ−1) +Byi ≤ B + δ(A, λ−1).

Taking into account (19) we get

Z ≤ d0

(
1 + δ(A, λ−1) + δ(B,µ−1)

)
+ r0

(
B + δ(A, λ−1)

)
.

Since OPT = r0B + d0 we have

γ2 ≤
d0

(
1 + δ(A, λ−1) + δ(B,µ−1)

)
+ r0

(
B + δ(A, λ−1)

)
r0B + d0

≤

≤ 1 +

(
(r0 + d0)δ(A, λ−1) + d0δ(B,µ

−1)

r0B + d0

)
≤ 1 + δ(A, λ−1) + δ(B,µ−1),

where the last inequality follows from B > 1 and r0B + d0 > 0.
Case 2: µ > 1

B . We have δ(B,µ) = 1
eB(µ)−1 . In this case, on each rainy

week µB updates are performed. Each of these updates, according to (17),
increases the total cost by no more than 1+δ(A, λ−1)+δ(B,µ). Taking into
account (19) we obtain the total cost of the fractional solution is

Z ≤ µr0B
(
1 + δ(A, λ−1) + δ(B,µ)

)
+ d0

(
1 + δ(A, λ−1) + δ(B,µ−1)

)
=

(µr0B + d0)δ(A, λ−1) + µr0B(1 + δ(B,µ)) + d0(1 + δ(B,µ−1)). (20)

Let us estimate the expression in brackets in the last term in (20):

1 + δ(B,µ−1) = 1 +
1

eB(µ−1)− 1
=

eB(µ−1)

eB(µ−1)− 1
=

1

1− eB(−µ−1)
=

=
1

1− (1 + 1/B)−B/µ
≤ µ

1− (1 + 1/B)−µB
=

µ

1− eB(−µ)
=

=
µeB(µ)

eB(µ)− 1
= µ+

µ

eB(µ)− 1
= µ(1 + δ(B,µ)),

where the inequality follows from Lemma 19(2) in [3].
Substituting the obtained expression into (20) we obtain

Z ≤ (µr0B + d0)δ(A, λ−1) + µr0B(1 + δ(B,µ)) + d0µ(1 + δ(B,µ))

Since the cost of optimal solution is equal to r0B + d0, we get

γ2(λ, µ) ≤ δ(A, λ−1) + µ(1 + δ(B,µ)).

�

The Table 4 provide an example of consistency bounds as a function of λ
and µ with the same arbitrary values of A = 3000 and B = 30.

Similar to the RAINY YEAR algorithm, CLEAR YEAR allows consis-
tency to be traded for robustness by increasing the inverse trust parameters
λ and µ. Low values lead to algorithm following the prediction accurately
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Table 4. Sample γ2 values for given λ, µ

λ\µ 0.01 0.1 0.25 0.5 0.75 0.9 0.99
0.01 1.000 1.067 1.147 1.287 1.437 1.532 1.591
0.1 1.000 1.067 1.147 1.287 1.437 1.532 1.591

0.25 1.019 1.086 1.165 1.306 1.456 1.551 1.609
0.5 1.157 1.224 1.303 1.444 1.594 1.689 1.747

0.75 1.358 1.425 1.505 1.645 1.795 1.890 1.949
0.9 1.491 1.558 1.638 1.778 1.928 2.023 2.082

0.99 1.573 1.640 1.720 1.860 2.010 2.105 2.164

at the cost of worst-case scenario robustness. As with algorithm RAINY
YEAR, some combinations of λ and µ (e.g. λ = 0.9, µ = 0.75) allow to both
achieve a consistency less than 2 while still having better robustness than
any deterministic algorithm. Based on the observed quality of predictions,
other values can be chosen, if following the prediction more accurately is
expected to give better results.

Conclusion

A parking problem with three permit types is considered. First, we
present a randomized primal-dual algorithm. Then we consider a model in
which the algorithm receives two types of predictions: long-term and short-
term. We propose prediction-augmented algorithms that make decisions
based on the predictions received and a given level of confidence in them.
We prove consistency and robustness bounds for the algorithms which de-
pend on confidence levels. In turn, calculations of bounds can influence the
choice of confidence levels when using the algorithm. In particular, based
on the calculations presented in Table 2, in a rainy year it is more profitable
to focus on the annual permit and ignore the weekly permits.

In our case, the levels of confidence in the forecasts are assumed to be
given and not changing during the algorithm’s operation. The next step in
studying this problem would be to consider a more flexible algorithm that
responds to the accuracy of the forecasts obtained.
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