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TOYHBIE ITAPBI J1JIAd APUOMETUNYECKNX
NAEAJIOB IIOJIVPEIIETOK POJ2KEPCA

3.K. IIIEAPUKOBA

IIpedcmasaerno I1.I1. ITTETPOBBIM

Abstract: In this paper we study the question of the existence of
exact pairs for ideals in upper semilattices of computable num-
berings and prove that all proper :9-ideals in the semilattices
of computable numberings of the families of all partial recursive
functions, r.e. sets, left-r.e. reals, and Martin-Lo6f random left-r.e.
reals have exact pairs.
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1 Bsenenue

B crarpe m3ydaercs BOIPOC O CYIIECTBOBAHUE TOYHBIX [Ap JIJIs UIEAI0B
nostypenterok Po/prepca (BepXHIX MOIYPEIIETOK BBIMUCAUMBIX HyMepaIluii)
CeMefCTB PeKYPCUBHO MEPEINCIUMBIX (P.II.) MHOXKECTB M YaCTHIHO PEKYP-
CUBHBIX (DYHKIIHUIA, T.e. TAKUX [P UX JEMEHTOB &, b, 4To mjeas COCTOUT
B TOYHOCTU U3 SJIEMEHTOB X, JUIsi KOTOPbIX X < a u X < b (Bce ucrnonnb-
3yeMble B CTaThe CBEJIEHUs U3 TEOPUH HyMEpPaIlMil ColepKaTcs B MOHOIDa-
dbun F0.J1. Epmosa [1| u ero crarbe [2|). D1n ucciie1oBanust MOTHBHPOBAHBI
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BOIPOCOM, chopMyIupoBanibM B [3, §2.2|: BepHO Jin, uTo Besikuit &”-p.r.
KJIACC BBIYUCJUMBIX HyMepallnuii mMoJceMeiicTB ceMeiicTBa P BeeX yHApPHBIX
YACTUIHO PEKYPCUBHBIX (DYHKITHI, HE COJEPKAIIMIL €10 IVIABHON HyMepaluu,
UMeeT HErJIABHYIO BEPXHIOIO I'DAHUILy (OTHOCHTEIHHO CBOJAUMOCTH HyMepa-
it ).

CorutacHo pesysibrary paboTsl [4], eciu counenenne A @ B p.I. MHOXKECTB
A n B KpeaTuBHO, TO OJHO U3 9TUX MHOXKECTB CAMO SIBJISIETCST KPEATHBHBIM.
U3 pesysbraros pador [1, 5| ciaemyer, uro mogobHOE yTBEPXKICHUE CIPABE/-
JINBO TaK>Ke JIJI BBIYUCIUMBIX HyMepaluili cemeficTB P BceX YHApPHBIX da-
CTUYHO PEKYPCUBHBIX DYHKIUH 1 £ BCeX P.II. MHOXKECTB: €CJIN IIPAMAasi CyMMa,
a @ [ ux HyMepanuii « u [ TyiaBHast, TO OJIHA U3 ITUX HyMeEpaIil cama sB-
asiercst TaaBHOiL. B pabore [3] 6bu1 nosryden 6eCKOHEUHBLH aHAION 9TOrO pe-
gynabTara. A mMenno, B Teopeme 2.1.7 TponuTHPOBAHHON pabOThl OBLIO yCTa-
HOBJICHO, 9TO BCAKHIT @'-p.II. KJIacC BBIMUCIMMBIX HyMepaluil moaceMeiicTs
cemMeiicTBa P, He COmeprKaIlnii ero IJIaBHOW HyMEpAIluu, NMeeT HErJIaBHYIO
BEPXHIOIO TDAHUILY.

B macrosimiei cTaThe yCTAHABIHBAETCS, UTO BCIKIIH COOCTBEHHBIH Y9-111e-
aJI ToJrypereTku Pomkepea Kaxkioro u3 ceMeiicte P u £ 0b1a1aeT TOIHOIM
napoit. OTcro/a, B 9aCTHOCTH, CJIEJyeT, 4To 3aKJoueHne teopembl 2.1.7 [3]
OCTaeTcsl CHpaBe/IUBbIM U I &”-P.I. KJIacCOB BBIYMCIMMBIX HyMepaluii
(em. crencrsue 2). [IoMIMO 3TOTO yCTaHABIMBAETCS, YTO COOCTBEHHBIC Y9-
neasibl oJypenerok Poskepca cemeiictB L u R, COCTOSIIIUX U3 BCEX P.II.
CHU3Y ¥ Bcex ciay4dainbix 1o Maprun-Jledy p.1. cHU3y BelecTBEHHBIX YNCET
COOTBETCTBEHHO, 00JIaIal0T TOIHBIME MTAPAMIU.

B 0bo3HaveHUsIX U TEPMUHOJIOIMH TEOPUHU PEKYPCHH MbI B OCHOBHOM IPU-
nepxusaemcst MoHorpaduu P.U. Coapa [6]. Tak 1epes ¢, u W, Mbl 0603Ha~
JaeM YaCTUIHO PEKYPCUBHYIO (PYHKIIUIO U P.I. MHOYKECTBO C T'eIeJIEBCKIMUI
HOMEpPaMU € COOTBETCTBEHHO. J1s TPOU3BOILHON YaCTUIHON DYHKIUU 1) 006-
JIACTB ee olpeJieieHnst obo3HadaerTcss Kak dom ), a obJacTh ee 3HAYEHUN —
kak ran . s varypasubroro x numeM ¢(x) |, eciim ¢ € dom ), u (x) 1 B
[IPOTUBHOM CJIydae.

Yepes c¢(z,y) Oymem 0603HAYATH CTAHJIAPTHYIO OOIIEPEKYPCUBHYIO OHEK-
o 27 (2y 4 1) — 1, orobpazkatontyio N x N ma N. Bmecro ¢(c(z,y), z) bymem
npocto nucarhb ¢(x,y, z). [lycrs [ u r — obmepexypcusabie DyHKIMN, TaKKe,
aro [(c(z,y)) =z u r(c(r,y)) =y Juist Bcex T 1 Y.

Yepez D, OyseMm 0603HAYATH KOHEYHOE MHOXKECTBO ¢ KAHOHUYIECKUM HH-
nekcoMm e. Ilociie1oBaTE IbHOCTD KOHEYHBIX MHOXKECTB HA30BEM CUALHO 6bi-
YUCAUMOT, €CJTN KAHOHUIECKUI UHJIEKC KaXKJIOT0 ee 3JIeMEeHTa OIPeesIseTCs
PaBHOMEDPHO IO €r0 HOMEDY.

Barmcs 3%z [. . . | o3HaTaeT “CymecTByeT OECKOHETHO MHOTO X, TAKUX, ITO .
JpoitcTBennblit KBaHTOD “y1st OUTH Beex &, T.e. dxoVe > x| .. ], obo3na-
qaercst depe3 VOr [...].

MHuozkecTBO BCeX KOHEYHBIX U OECKOHEYHBIX CTPOK, cocrosmmx u3 0 u 1
6yneM 0b6o3HauaTh depes 2<% u 2 cooTBercTBeHHO. 151 cTpoK 0 € 2<% u
T € 2% U 2¥ Gyaem nucarh o <, T, €Clu JMOO 0 FABISETCA HAYAJIOM T,
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6o o(n) = 0 u 7(n) = 1, rge n — HaMMEHbIIEe YUCJIO, JIJIsi KOTOPOTO
o(n) # 7(n). Ecim 0 # 7, 1o BMecTo 0 <, T Gyzem mmcarsb o <, T.

2 IlpenBapuresibHBIE CBEIEHUS

Hymepayueti HemmycToro He OoJiee YeM CUeTHONO MHOXKecTBa S OyieMm Ha-
3bIBATh JIFOOYIO clopbeknuio v : N — S, CkaxkeM, 9T0 HyMepaIust [t c800uma
K HyMepanuu v (B 9TOM Cjlydae HCIOJIb3yeTcsi 0003HAUEHUE (1 < V), eC/Iu
cylecTByer Takast obepekypceuBHast Gyukius f, aro p(r) = v(f(x)) mua
Beex x. Hymeparuu p u v Ha3bIBaIOTCs 9K6UBAAEHMHUMU (B 9TOM CJIydae Uc-
HOJIB3YETCsl 3AIUCH (L = V), ecli pt < V 1 V < 1. Kilace =-5KBUBAJIEHTHOCTH
HyMepanuu v 6ynem obosHadars depes [v]. pamotl cymmoti Hymepanuii v
U V] Ha3bIBaEeTCd HyMepaIus vy@ vy, onpelienennas njst Bcex © € Nu i = 0,1
CJIEJTYFOIIMM 00pa30M:

(vp @ 11)(2x + 1) = vi(x).

Hywmeparuro o cemeiicTBa p.1. MHOXKeCTB A Ha30BEM 8bl4UCAUMOU, €CTTH MHO-
2KECTBO
Ga = {c(z,y) 1y € v(z)}

p.1i. CemeticTBa, 06J1a1aI0ME BHIYUCIUMBIMI HYMEPAIUSIMU, TaKKe Oyaem
Ha3BIBATh 8biuuCAUMbLMU. Ha30BeM BBIUUCINMYIO HyMepalui v cemeiicta A
2/06HOT, ecau K Hell cBoauMa Jitobasi ero BbIUHCIUMAas HyMmepalus. bymem
TOBOPUTH, UTO HyMmepalus [ ceMeficTBa YHApHBIX YaCTUIHO PEKYPCUBHBIX
dynkmmit B evvucauma, ecam mymeparya x — L'g , rie

Ly ={c(z,y) : ¥(x) I=y}
JUIsL IPOU3BOJIBLHOM YacTUIHON QyHKIUU 1) € Pp, BbIUUC/IUMA KAK HyMepa-
1usi ceMeiicTBa p.ll. MHOXKeCTB. B jasibaeiieM Oy/ieM OTOXK/IECTBIISATD dJie-
MeHTBl ¢ € Pp ¢ p.a1. mHOKectBamu I'y. g KaxKJ0ro HaTypaJsbHOIO e
gepes Ve OysieM 0003HAYATD BBIYUCIUMYIO HYMEDAIHIO

Ve:x = {y:c(x,y) € W}

O4eBUIHO, YTO JIJIsT KAXKIOM BRIMUCIUMON HYyMepaIluu (v CyIIecTByeT TaKoe €,
9TO O = V.

st mponsBoJibHOrO MHOYXKecTBa X KJjiace C BRIMUC/IUMBIX HYMEpAIHil Ha-
3bIBaeTCcd X-p.n., ecau cyiecTByeT Takasi dpyukius f <7 X, 910

C = {vye e €N}
Yepes S(C) byuem obosHavarh undexchoe muodtcecmeo Kiaacca C, T.e. MHO-
JKECTBO
S(C) ={e:v. €C}.
[Tocsie1oBaTEILHOCTD BBIYUCUMBIX HyMepaIwii {, }nen HA30BEM 6bMUCAU-
MOT, eCJTi CyIIeCTBYeT Takasi obIepeKypcruBHast (pyHKIus f, 910
On = Vf(n)

IJIS BCeX N.
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MHO)KeCTBO KJIACCOB KBUBAJIEHTHOCTU BBIUUCIUMBIX HYMepaIluil BbIUUC-
JIUMOTO ceMeficTBa A OTHOCHTENBHO MOPSIIKA, 3aAHHOT0 OTHOIIIEHUEM CBO-
JIUMOCTH HyMepaluil, 00pa3yeT BEpXHIOI IOJIyPEIIeTKY, HA3BIBAEMYIO N0-
aypeuwemxoti Podoicepca cemeiicta A. B 9Toli mosyperiieTke HanMeHbIIEH
BEpXHEN IPaHbIO KJIACCOB IKBUBAJIEHTHOCTH JIBYX HyMmepanmii cemeiicrsa A
SIBJISIETCSI KJIACC SKBUBAJICHTHOCTH UX HPAMOMl CyMMbl. QYeBUIHO, UTO KJIACC
SKBUBAJIEHTHOCTH TJIABHOM HyMeparnu A sBisieTcst HanboIbITNM 97IEMEHTOM
ero nosyperetkn Pomxkepca.

M xkimacca C BeramcamMbIx HyMeparmii cemeiicrsa A depes I(C) Gymem
0b03HAYATD WJIeaJl €ro MoJypenteTkn Pojpkepca, TOPOKICHHBIN KaccaMn
SKBHUBAJIEHTHOCTU HyMepaluii, npuHayiexxamux C.

Pexypcusro nepeducaumvim cHU3y 4UCAOM HA30BEM BCIKUN JIEMEHT p €
2% 171t KOTOPOTO MHOXKECTBO

{o €20 <y p}

p.ii. Yepes L Oymem 0603HAYATH CEMEHCTBO BCEX P.II. CHU3Y UHCE], a de-
pe3 R — cemeiicTBo Beex cirydaiinbix mo Maprus-Jledy (cm., Hanpumep, [7,
8]) p.u. camsy umcen. Coemyst |9], HasoBeM Hymepalwio « mojcemeiicTBa L
B8VLNUCAUMOY, €CTIT HyMepallus

r—{0e2%%: 0 <y alx)}

BBIUUC/INIMA, KAK HyMepallus CeMeficTBa P.II. MHOYKECTB (IIPH MPOU3BOJIHLHOM
zapaHee (pukcupoBaHHOM 3(PHEKTUBHOM B3aUMHO OJHO3HAYHOM COOTBETCT-
BUM MEXK/Iy 3JIeMeHTaMu 2<% 1 HaTypaJbHBIMU YUCJIaMu). B jgajibHeiinem
Oy/eM OTOXKJIECTBJIATD ojiceMeiicTBa BB cemeiictBa L ¢ cemeiicTBaMu

{{oe2*¥:o<y1}:7€B}.

Haszosem nymepaimio v gipudbepeosoti, eciu v(x) # v(y) st T06bIX pas-
JUYHBIX = U Y. VI3 pesysbraroB pabors [10] BeiTekaer, uro cemeiictea Py u £
0018 1a10T PPUAOEPrOBBIMI BHIYUCTUMBIMU HYyMEPAITASIMA, & U3 PE3YJIbTATOR
pa6orsl [11] — uro dpuabeproBbiMu BHIYUCIUMBIMU HYMepaIysiMu 00J1a/1a-
for cemeiictBa £ u R (cm. Takxe [12, 13]).

3 PesyabraTrhl

Crenymonasi TeopeMa HO3BOJISIET HOJIYYUTh JIOCTATOYHOE YCJIOBHE CyIIe-
CTBOBaHMs TOYHBIX Hap Jyist uieasnos uga I(C), rae C — Ki1ace BBIYUCIUMBIX
mymeparuit ¢ S(C) € 9.

Teopema 1. Ilycmv A — cemelicmso p.n. MHOMCECNS, MAKOE, YMO OAA
aobozo X € A u daa aw0boz20 xonewnozo F' C X cyuecmeyem beckoneuno
Mmro20 Y € A, daa xomopwzx F C Y. Tozda ecau A obradaem ¢pudbepeosoti
BHUUCAUMOT HYMEPAUUEL, MO OAf NA060T SHUUCAUMOT NOCACIOBAMEALHO-
cmu €20 HYMEPAUUL
oo <ag <.

CYULLCMBYIOM, €20 biiuUcAuUMBE Hymepayuu By u B1, ydosiemeoparoujue cie-
dyrowum 068YM YCAO0BUAM.:
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(a) an < Bo u ay < B1 dan scex n,
(b) das w060l BvUCAIUMOT HYMepayuy 7Y, makol, wmo ¥ < By u vy < P,
cywecmsyem n, 044 KOMOPo2o Yy < Q.

Loxasameavcmeo. 3adurcupyeM GpuabeproBy BRIYUCIUMYO HYMEPAIUO 0
cemeiicTBa A # IOCTPOUM €ro BLIYUCIUMBIE HyMepauun Bg 1 81, YIOBIECTBO-
PSIIOIIIe JIJIst BCEX N, €9 U €] CJIEJIYIONUM TpeOOBaHUSIM:

Qn : 3KV [Bo(c(k,n, ) = Bi(c(k,n,z)) = an(z)],
Re(egrer) (pey U e, BCIOy Ompeiesiensl) & 5o 0 pe, = P10 e, =
= 3Am [Bo © pe, < ).

OueBuHO, 9TO TOra HyMmepanuu Sy, 51 OYAyT HCKOMBIMH.
Ilocmpoenue

[lar 0. Iomaraem Boo(x) = fro(x) = & s Beex x u oo = Y19 = .
Yacruaubie GyHKIUT 1Py 1 P OyIyT UCIOIB30BATHCA B IOCTPOEHUN JIJIsI BbI-
nosnenus Tpebosanuil R ;). 3aduKkcupyem CHILHO BHIMUCIUMBIE MOCIIE-
JIOBATEJIBHOCTH KOHEYHBIX MHOKECTB { iy s(T) }n z.seN B {05(2) } 5 zeN, Takue,
YTO

an,s(l') - an,s+1($)a 5s($) - 5s+1(x)7
an(z) = Uanvt(a:), d(z) = U(St(:c)
JUISE BCEX M, S U .

[Tar s+1 = 2t+ 1. Ha sTux marax BoeinoJiasieM Tpebopanust Q,, n € N. Jla
Beex ¢ = 0,1 u k,n,z € N, rakux, aro c(k,n,x) & ran ([ o 9); 5), nomaraem

Bi,s—l—l(c(ka n, ZL‘)) = Op s+1 (37)

[Har s+1 = 2c(eo, e1,t)+2. Ha srux marax seimosmasem Tpebopanue R o, )-
Ecmu v s(eo, e1) T, ¥1,s(€0, 1) T u cymecrByior uucia y, ki, n;, ; < S, T1e
1 =0, 1, yJIOBJIETBOPSIONINE CJIE/IYIONUM YCJIOBUIM:

(i) n; > c(ep,e1),

(i) @e;,s(y) I= c(ki, i, i),
TO 3adUKCUpyeM OIUH U3 TaKuX HAOOPOB Y, k;, N;, T; U BBIOEPEM TaKHe 9HCIa
20, 21 U U, 9TO 20 # 21 U

Bis(c(ki,ni, ;) C 6y(2i), (1)
zi ¢ ran (1 oy ) Uran (1 o ¢ 4), (2)

(u3 ycsioBUil TEOPEMBI HEMOCPECTBEHHO BBITEKAET, UTO MOAXOJSIINE 20, 2]
U U CYIIECTBYIOT) W OIPEIETIM

iaer(corer) = {c(C(kzi,m,xi),zz'), ecin c(ki,ni, ;) & ran (1 o ¢ 5), )

T, B IPOTUBHOM CJIy9ae.
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Host Beex ¢ = 0,1 u dp, dy € N, miist koropeix ;. s(do, d1) ., monaraem

Bis+1(l(vildo, d1))) = Bi.s(U(¢i(do, d1))) U 05 (r(¢i(do, d1)))- (4)

B konne nocrpoenns nonaraeM [;(x) = J, fis(z) u ¥ = U, ¢i,s 11 Becex
1=0,1luzxzeN.

ITposepku (i) B mocTpoeHnr 0GECIEUUBAIOT, UTO JJIs KAXKIOTO N CyIIe-
CTBYeT JIWIb KOHEeYHOe uncio mnap k,x, takux, aro [;(c(k,n,z)) # anp(zr)
st mekoroporo ¢ = 0, 1. Orciona ciemyer, 94To Jis Beex n Tpebosanne Q.
BBITIOJTHEHO.

Bacukcnpyem IPOU3BOJILHBIC €0, €] U MOKazKeM, 9T0 TpeboBanue Re(q) )
TaKzKe BBIIOJHEHO. 1IperionoKuM, 9To cobIIoaaeTcs jieBasg 9acTh NMILII-
Kalyuu B TpeboBanuut Ry (e, ;). B oana us byHKnuii @e,, @, Orpanudena,
TO, OCKOJIBKY BCe TpeOOBaHUs (9, BBIIOJIHEHBI, CYIIECTBYET M1, J1JIs KOTOPO-
10 00 Yey < Q. Econ ke Kaxk1as u3 GYyHKIUH e, Pe, HE OTPAHUYEHA, TO
Haiizercs mar s + 1 = 2¢(ep, e1,t) + 2 mocTpoeHusi, Ha KOTOPOM CYIIECTBYET
Habop, cocrodmuii u3 qmucen y, k;,n;,x; < s, rae ¢ = 0,1, uw u, 29 U z1, rIE
20 # 21, yaosrerBopstomux yeaosusm (i), (i) u (1), (2). Crano 6biTh, Ipu-
cBamBanus (3) u (4) obecreduBaroT, YTO CyIIECTBYET Y, YJOBIETBOPSIOIIEE
YCJIOBHIO

Bo(@eo (¥)) # B1(pe, (¥))-

Takum 0bOpasoM, JeBast 4acTh MMIUIMKAUKU B TpeboBaHnn Ry .,) He CO-
osmomaercst. [losmydennoe nporuBopeyne 3aBepInaer J0Ka3aTeIbCTBO TEOpe-
MBI. O

YT00BI MOJIyIUTh KCKOMOE JIOCTATOYHOE YCJIOBUE CYIIECTBOBAHUST TOUHBIX
map, HaM IOHAJO0UTCS cjejaymomiee onpeesienne. Hazosem cemeiicTs p.iI.
MHOXKECTB A KOHEeUHO-annpoKcuMupyemvim, eIl CyIEeCTBYeT Takas GuHAD-
Hasl YACTUIHO PEKYypPCUBHAS DYHKIUS 1, ITO JIJIsi BCEX N, M U € CIIPABEJITUBbI
cJIeyIoNe UMILINKAIUN:

Dy CW kW, € A= ¢(n7e) ! & D, C Ww(n,e) - We&Wip(me) S -Aa (5)
1/1(7% 6) 1= Ww(n,e) €A, (6)
D, C Dm&¢(n, e) i &'Lﬂ(TrL, 6) = Wlﬁ(”ﬁ) - Ww(m,e)' (7)

Herpynano BujieTh, uro cemeiicrBa Pp, € u L KOHEUHO-AIIIPOKCUMUPYEMBI.
[Mockombky Jr060it cay4gaiiubiit o Maprun-Jledy ssement 2% HeBbIIUCIUM
U OCTAETCs TAKOBBIM IIOCJIE JII0OOro M3MeHeHus ero npedukca, ceMeiicTo R
TaK>Ke KOHETHO-AITPOKCHMUPYEMO.

W3 cnemyromeit TeopeMbl BBITEKAET, 4TO JIIOOOM Eg—lxmean [TOJIy PEIeTKN
Pojizxkepca BBIYUCINMOTIO KOHETHO-AIIIPOKCUMUPYEMOT'O CeMefCTBa, SBIISETCS
BBIMHUCJINMO TOPOK/IEHHBIM.

Teopema 2. [Tycmv A — KoHeuHO-ANNPOKCUMUPYEMOE CEMETLCTNEO D.N. MHO-
orceeme u C — menycmotl Kaacc e2o svucaumour nymepayui ¢ S(C) € Zg.
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Tozda cywecmeyem GvUUCAUMAA NOCALIOBAMEALHOCTND { iy fneN HYMeEDPa-
yul A, maxas, wmo udean I(C) nopoostcdaemes MHuoscecmeom Kaaccos sK6u-
BAAEHMHOCTNU BCET €€ INEMEHMOE.

Jloxaszameavcmeo. Ilycth 1 — OuHapHas YacTUIHO PEKYPCUBHAs (DYHKIIHS,
KOoTOpas BMecre ¢ cemeiicrBoM A yiosierBopsier yeiaosusaM (5)—(7) st Bcex
n, m u e. [ockombky S(C) € XY, cymmecTByeT CHIBLHO BLIYHCIHMAS TIOCIIE-
JIOBATEILHOCTh KOHEUHBIX MHOXKECTB { B }scN, Takasi, 9To JJIsl BCEX € UMeeT
MECTO PABHOCUJILHOCTH

e € S(C) & FtI*s|c(e,t) € Byl.
Sadurcupyem o0IepeKypcuBable (byHKIUu f u g, Takue, 9To

Wf(evx) = Ve(-:U), DQ(E,S) - We’s

Juist Beex e, ¢ u S. (Hamomuum, aro We g = @ juist Beex e.)

Tenepb ONnpe/e MM BBIMUCIUMYIO MOCJIEI0BATENBHOCTD {a } ccN HyMepa-
nuii mojceMeiicTs A, Takyio, 4TO Kaykias w3 HyMmepamuil kinacca C 9KBUBa-
JICHTHA OJIHOMY W3 €€ 3JIeMEeHTOB U [l KaKJIol Taphl ¢, e, 6o o Hymepy-
eT KOHeuHoe nojceMeiicTBo A, b0 0OHa SKBHBAJEHTHA HEKOTOPOH HyMepa-
nuu, npunayiexkaeit C. C 31oii 1esibio 3aduKcupyeM HEKOTOPOE MHOXKECTBO
X € A. BoibepeM IpOU3BOJIBHBIE €, t, U, T U OLIPEIeIUM

ag(c(u, z)) = X,

e

ecmit Py, (0, f(e,z)) 1. Ecim ke 1, (0, f(e, z)) |, To monaraem ot (c(u, x)) pas-
HBIM MHOZKECTBY

U ({sz(g(f(e,w),s),f(e,x)) : C(eat) €B;&s > x&w(g(f(€7$)73)7f(evx)) { }U

U{Www,f(e,x))}) :

(Ormernm, uro Dy = @).

IToKazkeM, 9TO MOCJIEJ0BATENLHOCTD {0k} cen sBIsIETCS HCKOMOiL. [list
9TOro BbIOEpPEM NPOU3BOJIbHBIE € U ¢, Takue, yro 3°s[c(e,t) € Bs]. Torma
JUIst BCEX U M & BBIIOJIHSETCS

wu(o’ f(e7x)) 1= ai(c(u,x)) = Wf(e,x) = Ve(x)7
(0, f(e,2)) 1= al(c(u,z)) = X.

Takum obpaszoMm, ol = v.

Ecmm Vs [c(e, t) ¢ Bs], To KOUBIOHKT “s > & B OIIPEEICHUI MHOXKECTBA
al(c(u,x)) npu ¥y, (0, f(e,x)) | obecneuusaer, uTo ) HymepyeT KoHeuHOe
nozcemeiicTeo A.

Tenepsb BbIGEpEM KaKyIo-HUOY/ b HyMepanuio & € C U JJist BCEX N TIOJIOXKUM

_ ln)
p = Ozr(n) D .

OdeBHHO, YTO MOCIIEJOBATEIBHOCTD { Oy freN Y/IOBJIETBOPSIET 3aKJIIOYCHIIO
TEOPEMBI. O
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Caencreue 1. [Tycmv A — odno us cemeticms Py, £, L, R u nycms C —
nenycmoti xaacce e2o evuciumur nymepayut ¢ S(C) € %Y. Tozda udear I(C)
UMEEM, MOUHYIO NAPY.

Joxaszameavcmeo. Ilo Teopeme 2 cymiecTByeT BBIMUCIUMAS TOC/IEI0OBATE b
HOCTB {7V, }nen HyMepanuii cemeiicta A, takas, aro uigean I(C) nopoxia-
€TCsl MHOYKECTBOM KJIACCOB SKBUBAJIEHTHOCTU BCEX ee 3jIeMeHTOB. JIs1 KaxK-
JIOrO 7 OIPEIEIUM BBIUUCAUMYIO HyMEPaIuIo oy, ceMeiicTsa A, I0JI0OKUB

Qp = @’Ym-

m<n

[Mycrs By, f1 — BBIYUCIMMBIE HyMepaluu ceMmeiicTa A, yI0BJI€TBOPSIONIIE
BMeECTE C II0CJIE/IOBATEILHOCTHIO

ap Lo < ...

yenosusim (a) u (b) dopmyauposku teopembr 1. Torga napa [5yl, [51] 6yaer
tounoit g nneana I(C). O

Caencrue 2. [Iycmv A — odno us cemeticme Py, £ u nycmv D — &"-
P.N. KAACC GOHUCAUMBLET HYMePayul e2o nodcemeticms, ne codeporcausuli e2o
2aa68HLT Hymepayuti. Toeda A obaadaem makot 6b4UCAUMOT HE2AABHOT HY-
mepayuets B, wmo a < B das ecex aw € D.

Hoxazamesvemeo. 3adbukcupyeM TPOU3BOJIBHYIO BBIYUCIUMYIO HEIVIABHYIO
HyMepaIuio « ceMeiicrBa A 1 pacCMOTPUM KJIacc

C={a®p:pBeD}.

[TockombKy HUKaKas TJIaBHAs HyMeparus cemeiictBa A He SKBUBAJIEHTHA
IPSAMOM CyMMe BBITHCIUMBIX HyMepaIuii, He STBIISIONNXCS TUIABHBIMY HYMe-
panmsmu A, mosrydaeM, 9To kiaace C He COMEPAKUT eT0 TVIABHBIX HyMepAITnii.
Taxum obpazom I(C) siBistercst cOBCTBEHHBIM njeasoM moJypenterku Pos-
wepca A. Beumy toro, urto D swaserca @”-p.r., mmeem S(C) € 9. Craso
6birb, ueas I(C) obuasgaer TouHOI apoii, B KOTOPOIi 110 KpaiiHeii Mepe oxuH
9JIEMEHT He sIBJISIETCST KJIACCOM SKBUBAJIEHTHOCTH TU1aBHOM HyMepanun A. OT-
crona ciaenyer, aro A objamaer Hymeparueii 3, YIOBIETBOPSIIOIIEH 3aKJIiO-
YEeHUIO TEOPEMBDIL. O

Crnencreue 2 MoxKeT yrxe He ObITb BepHBIM B ciaydae S(D) € I19. B ca-
MoM giesie, corsiacHo Teopeme A.B. Xyropenkoro [14] mis sro6oit BbIdmC-
JINMOI HeTrJIaBHOM HyMepallii (¢ IIPOU3BOJILHOTO ceMeiicTBa B cyrecTByeT
ero BbIUUC/IUMAs HerJiaBHasi Hymeparusi v > «. OTcioa cjejyer, 4ro eciiu
KJIacCC D COCTOUT N3 BCEBO3MOXKHBIX HEIJIABHBIX BBbBIYNCJ/INMBIX HyMepaLH/HU/I
nojicemeiicTs cemeiictsa Py umm € (HeTpy/Ho BueTh, uto Tormaa S(D) € 119),
TO OH He MMeeT BLIYUC/IUMBIX HErJIaBHBIX BEPXHUX TPAHMIL.
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