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Abstract: We study a one-dimensional system of cold plasma
equations taking into account electron-ion collisions in both relati-
vistic and nonrelativistic cases. It is known that for a constant
collision coefficient ν, the solution to the Cauchy problem for such
a system can lose smoothness. However, if the dependence of ν
on the electron density N is more than linear, then the solution
remains globally smooth for any initial data. However, the appear-
ance of the dependence ν(N) leads to a change in the type of the
system, it loses hyperbolicity, which leads to computational prob-
lems. In this paper, we propose a new implicit solution method
in Euler variables that overcomes these difficulties. It can be used
in both nonrelativistic and relativistic cases and is tested for the
threshold case of a linear dependence ν(N) = ν1 + ν0N , when
smoothness can still be lost. The computational experiments car-
ried out are in full agreement with the available theoretical results.
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1 Introduction

We will consider nonlinear equations for cold plasma oscillations in the
case where all physical quantities depend only on the coordinate x and time
t, and the vectors are oriented along the x axis. In this case, the system of
hydrodynamic equations and Maxwell’s equations for dimensionless values
of the velocity V = vx/c, momentum P = px/(mec), and electron density
N = ne/N0e, as well as the electric field E = −eEx/(mewpc), taking into
account collisions with a frequency νe, can be represented as

∂

∂θ
P + V

∂

∂ρ
P = −E − νP,

∂

∂θ
E + V

∂

∂ρ
E = V, (1)

N = 1− ∂

∂ρ
E, (2)

Here P, V,E,N are functions of θ and ρ, where θ = wpt, ρ = kpx; in addition,
ν = νe/wp, wp =

(
4πe2N0e/me

)1/2 is the plasma frequency, kp = wp/c , N0e

is the electron density at equilibrium, e, me are the charge and mass of the
electron, and c is the speed of light. The velocity of electrons is related to
their momentum by the following relation

V = P/γ, γ =
√

1 + P 2. (3)

The quantity γ = γ(ρ, θ) is usually called the Lorentz factor.
The system of equations (1), (2) is one of the simplest plasma models,

often referred to as the equations of «cold» plasma hydrodynamics; it is well
known and described in sufficient detail in textbooks and monographs (see,
for example, [1], [12], [13], [15], [29], [30]).

Electron-ion collisions are described by the term νP in the momentum
equation. This effect can be interpreted as a frictional force between parti-
cles; in the nonrelativistic case (see, for example, [1]), they use a formula

−ναβ (vα − vβ) ,

where ναβ is the effective collision frequency of charged particles of type
α with particles of type β, when α ̸= β. For stationary ions (vβ = 0),
the formula is simplified. A detailed description of the formulas for plasma
transport coefficients is presented in [3]. If ν is constant, then the equations
(1) can be considered independently of (2). The system (1) is non-strictly
hyperbolic according to the standard classification (e.g., [22]). Namely, the
matrix of derivatives has a single eigenvalue, but there is a complete set of
eigenvectors forming a basis for the space. The properties of such systems
are well studied, and it is known that the solution of the Cauchy problem for
such systems with smooth initial data can develop a singularity in finite time,
associated with either the solution itself or its derivatives becoming infinite
[11]. It is easy to see that the solution of the system (1) itself is bounded,
but the derivatives can become infinite. Moreover, as can be seen from (2),
a singularity forms at the component of the electron density. In plasma
physics, this effect is usually called breaking of oscillations. As shown in [33],
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the singularity that arises when the electron density tends to infinity in the
Eulerian description of the medium’s motion is equivalent to the intersection
of electron trajectories in its Lagrangian description.

For ν = 0, in [24] (see [25] for detailed proofs), a criterion for singularity
formation in terms of initial data for the nonrelativistic case was obtained.
For ν = const > 0, a criterion for singularity formation in the nonrelativistic
case was obtained in [26]; in [27], this problem was considered for the relati-
vistic case. The results of these studies included the construction and valida-
tion of high-precision algorithms for the numerical simulation of nonlinear
oscillations of cold plasma using Lagrangian variables [10]. Approximate
methods in second- and third-order Eulerian variables are also known [6], [7];
however, modeling the breaking effect using them is complicated by the
presence of large gradients of the solution near the singular density values.

We note that the solutions of the Vlasov kinetic equation, from which
the system (1), (2) is obtained in a certain limiting case, do not exhibit
the breaking effect [18]. Therefore, various attempts have been made to
regularize the cold plasma equations; for example, it has been proposed to
include electron-ion collisions in the model along with viscosity (see [17],[32]).
Of course, this led to a smoothing of the solutions due to a change in the type
of equations being solved (from hyperbolic to parabolic), but at the same
time, the physical model of the process was qualitatively changed. n [4], for
the non-relativistic case, a regularization was proposed using the electron-ion
collision coefficient, which was considered a linear function of the electron
density, which is quite consistent with the physics of the phenomenon [3].
Using numerical experiments on solutions linear in the spatial coordinate
(they are also called affine or axial [5]), it was shown in [4] that the linear
dependence of the collision frequency on the density does indeed prevent the
occurrence of the overturning effect, in contrast to cases where the coefficient
ν is a positive constant or equal to zero. However, it was subsequently shown
in [23] that the effect of complete regularization for the case of a linear
dependence ν(N) exists only for affine solutions, and in the general case,
to completely suppress the breaking, one must require a dependence ν(N)
stronger than linear (for example, ν = εN s, s > 1). These results were
obtained for the nonrelativistic case, but it can be shown that they remain
valid in the relativistic case as well.

Thus, the most physically reasonable case

ν(N) = ν0N + ν1. (4)

where ν0, ν1 are some non-negative constants, is a threshold case, and it is
natural to attempt a numerical study of the influence of the coefficients on
the properties of the solution.

However, it should be noted that the linear dependence of the collision
coefficient on density qualitatively changes the mathematical properties of
the cold plasma model, namely, the system of equations (1) ceases to be
hyperbolic. Indeed, if we substitute the value of N from (2) into (1), it is



502 E.V. CHIZHONKOV, O.S. ROZANOVA

easy to see that the matrix of derivatives becomes a Jordan block. This
matrix still has two coinciding eigenvalues, but they correspond to only one
eigenvector. That is, the system (1) becomes structurally the same as the
famous «pressureless» gas dynamics system (e.g., [33]), which can develop
a strong singularity in the solution component (i.e., in V,E, not in N).
This automatically calls into question the applicability of traditionally used
difference methods for numerical solutions [19]. Of course, the smallness of
ν0 allows us to hope for similar properties of the solutions of the original
hyperbolic and perturbed systems, but this requires rigorous proof. In any
case (whether the solutions are close or significantly different), approximate
methods for solving new nonlinear formulations that are perturbations of
hyperbolic systems are of particular interest. The primary motivation for
this research was the numerical solution of nonstandard equations.

We study the Cauchy problem for (1), (3) under initial conditions corres-
ponding to plasma oscillations localized in space near the the axis ρ = 0.
We assume that the initial velocity and momentum of the electron are zero,
that is,

V (ρ, θ = 0) = 0, P (ρ, θ = 0) = 0, (5)

and the oscillations are excited at the initial moment of time by an electric
field of the following type [5]:

E(ρ, θ = 0) = αρ exp

{
−2

ρ2

ρ2∗

}
, α =

(
a∗
ρ∗

)2

, (6)

where the parameters ρ∗ and a∗ characterize the scale of the localization
region and the maximum value Emax = a2∗/(ρ∗2

√
e) ≈ 0.3a2∗/ρ∗ of the

electric field (6), respectively. In accordance with the form of the electric
field (6), the electrons are initially shifted from the axis ρ = 0 in different
directions, which subsequently leads to their oscillations relative to this axis.
The form of the function (6) is chosen based on the fact that such oscillations
can be excited in a rarefied plasma (wl ≫ wp) by a laser pulse with frequency
wl when it is focused into a line (this can be achieved using a cylindrical
lens [28]).

We obtain a nonrelativistic approximation of the system (1). Since, under
the assumption that the electron velocity V is small, (3) implies the represen-

tation P = V +
V 3

2
+ O(V 5), V → 0, then, up to cubically small terms,

we can assume that P = V . This assumption allows us to write (1), (2) in
the form

∂V

∂θ
+ V

∂V

∂ρ
+ E + νV = 0,

∂E

∂θ
+ V

∂E

∂ρ
− V = 0, N = 1− ∂E

∂ρ
. (7)

In this case, the initial conditions (5) remain unchanged.
We consider the dimensionless collision frequency ν in the form (4). In the

literature, the case ν1 > 0, ν0 = 0, is most often considered; here, however,
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it is useful for comparison with the case ν1 = 0, ν0 > 0, which is the main
focus of our attention.

The paper is organized as follows. Section 1 proposes a numerical al-
gorithm similar to the implicit MacCormack scheme for solving relativistic
equations. This algorithm generalizes the well-known explicit MacCormack
scheme and is easily adapted to the nonrelativistic case. Section 2 is de-
voted to numerical experiments. It is shown that a linear dependence of
the collision coefficient on the electron density leads to a stronger damping
of the oscillation amplitude compared to the absence of this dependence in
both the relativistic and nonrelativistic cases. It is further established that
the influence of electron-ion collisions manifests itself in a slowdown of the
breaking process of multi-period oscillations, even to the point of its com-
plete elimination. The Conclusions systematize the results of the conducted
research.

Let us emphasize the main goal of numerical experiments: determining the
moment when a discontinuity arises from infinitely differentiable initial data.
To do this, one must be able to distinguish the formation of discontinuities
from the numerical instability of the solution method. Algorithms that struc-
turally contain so-called «limiters» (monotonizers) and/or Riemann solvers
(e.g. [31]) are completely unsuitable for this purpose. Indeed, the «limiters»
intended to ensure the TVBM (total variation bounded in the means) pro-
perty «mask» discontinuities in the solution, rather than making them more
visible. It seems quite likely that MacCormack-type schemes are best suited
in this case. They offer second-order accuracy on a smooth solution, but
generate non-physical oscillations near the discontinuity. These oscillations
serve as a kind of indicator of the emerging discontinuity in the problem’s
solution. An additional desirable property of the scheme is its implicitness,
which minimizes the impact of numerical errors. The accuracy of the scheme
has been repeatedly verified on problems of cold plasma dynamics, in which
the exact solutions and the exact time of occurrence of the singularity are
known (for example, [9], [10], [25]).

2 Implicit MacCormack-type scheme for relativistic
equations

Taking into account the explicit expression for the electron density N(ρ, θ)
in (4), we reduce system (1) to a vector form convenient for the case under
consideration

∂U

∂θ
+A(V, γ)

∂U

∂ρ
= S(U), (8)

where the matrix

A(V, γ) = V

(
1 −ν0γ
0 1

)
(9)
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has the form of a second-order Jordan block for ν0 ̸= 0, U = (P,E)T ,
S = (−E − (ν0 + ν1)P, V )T are vector functions considered in the half-
plane {(ρ, θ) : θ ≥ 0, ρ ∈ R}. The matrix A(V, γ) has two identical real
eigenvalues, but only one eigenvector, i.e. (8) is not of the hyperbolic type,
so traditional numerical methods oriented toward hyperbolic conservation
laws [11] should be applied to (8) with great caution.

We define a discretization of the independent variables using constant
parameters τ and h such that

θn = n τ, n ≥ 0, ρi = ih, i = 0,±1,±2, . . .

and we denote the dependent variable U(ρ, θ) at the grid node (ρi, θ
n) as

Un
i .
Let us introduce useful notations for the forward difference operators D+

and backward difference operators D−, for which the argument can be either
vector or scalar:

D+Fi = Fi+1 − Fi, D−Fi = Fi − Fi−1,

and write an implicit MacCormack-type scheme for system (8), assuming
that Pn

i , E
n
i are known:

1) We define a predictor with the result Up
i using the following algorithm:

First, we calculate γni =
√

1 + (Pn
i )

2, V n
i = Pn

i /γ
n
i , then for

V n
i+1/2 =

(
V n
i+1 + V n

i

)
/2 we define the matrix

Cn
i+1/2 = A

(
|V n

i+1/2|, γ
n
i

)
and sequentially calculate

∆Un
i = − τ

h
A
(
V n
i+1/2, γ

n
i

)
D+Un

i + τSn
i ,

(
I − λ

τ

h
Cn

i+1/2 D
+
)
δUp

i = ∆Un
i ,

Up
i = Un

i + δUp
i .

(10)
2) We define a corrector with the result Uc

i using the following algorithm:

We first calculate γpi =
√

1 + (P p
i )

2
, V p

i = P p
i /γ

p
i , then for

V p
i−1/2 =

(
V p
i−1 + V p

i

)
/2 we define the matrix

Cp
i−1/2 = A

(
|V p

i−1/2|, γ
p
i

)
and sequentially calculate

∆Up
i = − τ

h
A
(
V p
i−1/2, γ

p
i

)
D−Up

i + τSp
i ,

(
I + λ

τ

h
Cp

i−1/2 D
−
)
δUc

i = ∆Up
i ,

Uc
i = Un

i + δUc
i .

(11)
In formulas (10), (11) the superscript p (or c) denotes the predictor (or
corrector) step, or n denotes the time layer θn, and λ denotes a constant
parameter of the circuit, which will be defined below.



LOSS OF HYPERBOLICITY 505

The final formulas, generating the solution at the next time layer with the
number (n+ 1), are as follows:

Un+1
i =

Up
i +Uc

i

2
, Nn+1

i = 1−
En+1

i+1 − En+1
i−1

2h
.

The scheme can be applied to solving the system (7) (the nonrelativistic
case) if we set γni = γpi ≡ 1 in formulas (10), (11).

Note that in the case of ν0 = 0 (the diagonal matrix A in (9)), the scheme
has proven itself to be excellent for both the relativistic equations (1) and
the simplified nonrelativistic analog (7) (see [8], [9]). These same papers also
describe the properties of the scheme using the example of a scalar transport
equation, including approximation, stability, and implementation features.

Note that for λ = 0, the proposed implicit scheme (10), (11) transforms
into the well-known explicit MacCormack scheme [20], adapted for modeling
plasma oscillations [6]. Furthermore, if the matrix A has the shape of a
Jordan block, then the transition operator in the difference scheme, respon-
sible for its stability, will have a similar form. For a sufficiently large number
of time steps, the norm of the transition operator will exceed unity, which
will lead to an increase in the computational error for any choice of grid
parameters. In other words, the choice of an implicit scheme (for example,
for λ = 1) in this case is dictated by the need for stable calculations over
long time intervals for a system of equations that is not hyperbolic, but close
to it (due to 0 < ν0 ≪ 1).

Let us illustrate this with a simple example. Consider a natural implemen-
tation of the well-known «upwind» scheme in the presence of a second-order
Jordan block:

un+1
m − unm

τ
+ a

unm − unm−1

h
+ b

vn+1
m − vn+1

m−1

h
= 0,

vn+1
m − vnm

τ
+ a

vnm − vnm−1

h
= 0,

(12)

where the constants a > 0, b ≥ 0, a ≫ b are given, and τ and h, as above,
determine the discretization parameters.

To analyze the stability of the scheme (12), we use the spectral stability
criterion [2]. Let

unm = c1q
n expimφ, vnm = c2q

n expimφ,

where i is the imaginary unit, and we write the second relation (12) as

vn+1
m = q vnm, q = 1− τ a

h

(
1− exp− iφ

)
.

Then the first relation (12) can be rewritten as

un+1
m = q unm + q y vnm, y = − τ b

h

(
1− exp− iφ

)
,
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which allows us to define the transition operator G in the scheme (12):(
un+1
m

vn+1
m

)
= G

(
unm
vnm

)
, G = q

(
1 y
0 1

)
.

Consider ∥G∥22, the square of the spectral norm [2] of the matrix G, equal
to the maximum eigenvalue of the matrix G∗G; recall that this norm is
subject to the usual Euclidean vector norm. Simple calculations lead to the
expression

∥G∥22 = |q|2
[
1 + |y|2/2 + |y|

√
1 + |y|2/4

]
.

It is well known (see, for example, [2]) that for b = 0, which yields y = 0,
the scheme (12) is stable for τ a/h ≤ 1, that is

∥G∥22 = |q|2 ≤ 1 ∀φ ∈ [0, 2π).

In the considered case of a Jordan block (for b > 0) we have

|y| = 2
τ b

h
|sin(φ/2)| ,

which for φ = π, τ a = h yields

∥G∥22 > 1 + 2
τ b

h
= 1 + 2

b

a
,

that is, instability of the scheme (12).
It can also be shown that even a more general choice of τ and h does not

guarantee the formal stability of this scheme. Indeed, consider the case of
small positive angles φ, then the leading terms of the asymptotics (linear
with respect to φ) will have the form

|q|2 ≈ 1, |y| ≈ τ b

h
φ.

This leads to the expression

∥G∥22 ≈ 1 +
τ b

h
φ = 1 + c

τ

h

with a constant c independent of the discretization parameters. The spectral
stability criterion is not satisfied here, so for small ratio b/a and over short
time intervals, the scheme (12) can, of course, be used, but with caution; for
a large number of time steps, an implicit (more stable!) difference scheme is
recommended.

3 Numerical experiments

For numerical simulation of plasma oscillations, the computational domain
must be bounded; we define it as a segment [−d, d], at the endpoints of which
artificial boundary conditions must be specified. Section 3.6 of the book [5]
is devoted to a discussion of their construction; here, we restrict ourselves to
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«cutting off» the infinite domain using homogeneous boundary conditions of
the first kind:

P (±d, θ) = V (±d, θ) = E(±d, θ) = 0.

Of course, the parameter d should be chosen sufficiently large. Due to the
exponential decay of the function E0(ρ), it is sufficient to set d = 4.5ρ∗. In
this case, we have exp2{−d2/ρ2∗} ≈ 2.5768 · 10−18. This means that, when
calculating with double precision, the magnitude of the jump in the initial
function E0 at the points ρ = ±d is commensurate with machine preci-
sion, i.e., with the usual rounding error. In other words, when numerically
modeling the oscillations, the effect of truncating the initial conditions will
be completely unnoticeable, which fully corresponds to the concept of an
«artificial boundary».

3.1. Non-relativistic calculations.

0 5 10 15 20
0

2

4

6

8

10

12
 0=0,    1 =0

 0=0,    1 =10-2 

 0=10-2, 1 =0

N
axis

 = 0.4761

Fig. 1. Dynamics of density in nonrelativistic oscillations for
α = 0.4761: the breaking effect is absent for different collision
coefficients

We fix the parameters a∗ = 0.414, ρ∗ = 0.6. Their choice is significant
primarily for the range of electron density: the electron concentration in
the center of the region can be many times greater than the equilibrium
(background) value of unity. These parameters lead to low-intensity oscilla-
tions when collisions are absent: the maximum density is only approximately
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10 times greater than the background value. Given the exponential nature
of the initial perturbation in (6), we choose sufficiently small discretization
parameters: τ = h = 1/4000. This allows us to keep the error for the
least smooth electron density function N(ρ, θ) within a tenth of a percent
where it is possible to compare the numerical and analytical solutions (see,
for example, [8]). Recall that the MacCormack scheme (both explicit and
implicit) has, under the stability conditions, an asymptotic order of accuracy
of O(τ2 + h2), so the indicated choice of grid steps is quite sufficient for
adequately reproducing the solution (see. [6]). Fig.1 illustrates the collision
models under consideration for the chosen a∗ and ρ∗; they correspond to
the value α = 0.4761. Recall that in the absence of collisions, the chosen α
satisfies the condition of the global existence of a solution [24], [25], the black
graph in Fig. 1 corresponds to a 2π−periodic perturbation of the electron
density. As shown in [26], if a global solution without collisions exists, then
a global solution with any positive constant collision coefficient also exists.
The red graph in Fig.1 corresponds to the case ν0 = 0, ν1 = 10−2. The
time-damped oscillations of the electron density are completely consistent
with the available theoretical results. Finally, the blue color in Fig.1 denotes
the case of a linear dependence of the collision coefficient on density (ν0 =
10−2, ν1 = 0). For general initial conditions, this case does not yet have a
complete theoretical justification [23], although it is intuitively clear that a
variable collision coefficient should enhance the damping of the oscillation
amplitude compared to a constant coefficient when the solution is sufficiently
smooth, i.e., when it exists globally without taking collisions into account.
Next, with the same value of ρ∗ = 0.6, we increase the value of a∗ in (6) to
obtain α = 0.51.

This value leads to the breaking of oscillations without taking into account
collisions, but their amplitude will be limited when the collision coefficient
is constant (ν0 = 0, ν1 = 10−2). Fig.2 illustrates this situation. Note a
characteristic difference from Fig.1, a significant increase in the oscillation
amplitude (approximately sevenfold). However, by virtue of the existence
theorem [26], we observe a monotonic attenuation of the oscillation ampli-
tude over time at a constant collision coefficient (black graph), in full agree-
ment with theory. More interesting is the observation that, similar to the
case with a globally smooth solution, oscillations with a variable collision
coefficient (ν0 = 10−2, ν1 = 0) also decay faster than those with a constant
coefficient. In this case, this fact is experimental and does not yet have a
full theoretical basis.

Based on numerical experiments conducted for nonrelativistic equations
(7), we can formulate the hypothesis that the use of the variable collision
coefficient ν = ν0N , ν0 > 0, leads to an expansion of the set of initial data
leading to the existence of a globally smooth solution, compared to the case
of a constant coefficient ν = ν1. Additionally, we note that for the given
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 = 0.51

 0=0,    1 =10-2 
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N
axis

Fig. 2. Dynamics of density in nonrelativistic oscillations for
α = 0.51: the breaking effect is absent only for non-zero
collision coefficients

set of initial data (5), (6) in the case of the collision coefficient ν = ν0N ,
the breaking effect never occurs, i.e., the electron density does not have a
singularity for any ν0 > 0. It can be assumed that this is related to the
specific type of solution, as was the case for axial (affine) solutions [23].

3.2. Relativistic calculations. To demonstrate the proposed algorithm
(10), (11) for solving the relativistic problem (1), we present calculations of
the breaking effect, which can be observed after several oscillation periods.
We fix the parameters a∗ = 3.105, ρ∗ = 4.5 in order to satisfy the condition
of a local in-time existence of a solution for the system (1) at ν = 0 [24], [25],
and also to maintain continuity with the results of the numerical and asymp-
totic analysis from [14].

Calculations for system (8) were performed with τ = h = 1/2000 until the
electron density function became infinite. To ensure accuracy, calculations
were also performed with grid parameters half as small as the main (working)
ones. The results of the calculations in Eulerian variables are completely
consistent with those obtained using high-precision methods based on Lag-
rangian variables [10] for all the experiments presented below both without
collisions and using a constant coefficient ν1.
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Naxis

Nmax

Fig. 3. Dynamics of density in relativistic collisionless
plasma: maximum over the region (black) and at the ori-
gin (red)

For a constant collision coefficient, in [14] asymptotic methods were used
to establish the dependence of the breaking time on ν1θ

(0)
wb , where θ

(0)
wb is the

breaking time of oscillations without taking collisions into account, but with
the same parameters a∗ and ρ∗. For comparison, Fig.3 shows the dependence
of the maximum of density on time in a collisionless plasma, i.e., for ν0 =
0, ν1 = 0. It follows from this that, for the given calculation parameters, the
maximum of density off the oscillation axis is formed in the fourth oscillation
period, which already in the next period at θ(0)wb ≈ 29.5 has an infinite value.

Fig. 4 shows the spatial distributions of the momentum P and the electric
field E in a collisionless plasma at the moment of breaking θ ≈ 29.5, when
the absolute maximum density outside the origin becomes unbounded. Note
that, due to the structure of equations (1) their solutions P and E remain
odd functions of the coordinates if the initial data have this property (see [9]).
The initial data (6) are precisely such, therefore, the functions are shown only
on the positive semi-axis. We emphasize that the breaking has the character
of a «gradient catastrophe», i.e., the functions P and E themselves remain
bounded [22].

When electron collisions are taken into account, the time for the appea-
rance of a density singularity increases; we present the results for the case
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Fig. 4. Momentum and electric field at the moment of break-
ing in a relativistic collisionless plasma

ν0 = 0. For example, for ν1θ
(0)
wb = 0.3, the off-axis maximum (see Fig. 5)

reaches infinity only in the fourth period after its formation, and not in
the second period, as was the case in the collisionless case. Calculations
show that, for given initial parameters, a singularity of density arises only
in the case of relatively rare collisions, when the inequality ν1θ

(0)
wb ≤ 0.422

is satisfied. When the equality ν1θ
(0)
wb = 0.422 holds, the time it takes for

the singularity to appear is θwb ≈ 75.22, which is approximately 2.5 times
longer than the breaking time in a collisionless plasma. When the condition
ν1θ

(0)
wb > 0.422 is satisfied, the density singularity no longer occurs. In this

case, the off-axis maximum initially increases after its formation, but then
decreases due to the strong damping of the oscillations [10], [14].

Let us estimate the nonlinear oscillation breaking time for some typical
plasma parameters [14]. If plasma oscillations are excited by a gaussian elec-
tric field with parameters a∗ = 3.105, ρ∗ = 4.5, then the breaking time in
a collisionless plasma is θ

(0)
wb ≈ 29.5, as follows from calculations. Hence, in

accordance with the numerical result for the threshold value of the dimen-
sionless collision frequency ν1θ

(0)
wb ≤ 0.422, it follows that the breaking effect

occurs when the inequality ν1 ≤ 1.43 · 10−2 is satisfied. In a fully ionized
plasma, the dimensionless frequency of electron-ion collisions is determined
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Fig. 5. Dynamics of density in relativistic oscillations taking
into account collisions (ν0 = 0, ν1θ

(0)
wv = 0.3): maximum over

the region (black) and at the origin (red).

by the formula [30]

ν = Z

√
8

3
η3/2 ln Λ, (13)

where Z is the ion charge number, ln Λ is the Coulomb logarithm, and η

is the ratio of the electron interaction energy e2N
1/3
0e to the electron kinetic

energy Te,

η =
e2N

1/3
0e

Te
. (14)

Let a laser pulse with a wavelength of λ = 1.24 µm (frequency ωl ≈ 1.5 ·
1015s−1), duration τ ≈ 36 fs and dimensionless electric field amplitude equal
to 2.5 propagate in a rarefied, fully ionized plasma with an ion charge Z = 5,
electron density N0e = 1018cm−3, and temperature Te = 50 eV. If a laser
pulse is focused by a cylindrical lens into a line with a transverse dimension
of Lx ≈ 24 µm, then in the wake wave behind the pulse, mainly flat one-
dimensional oscillations of electrons with parameters a∗ = 3.1, ρ∗ = 4.5 are
excited, which are close to the values used above in the calculations.

Note that when a laser pulse with moderately relativistic intensity a0 ≈
1−3 propagates in a rarefied plasma, the condition for optimal excitation of
plasma waves [16] is approximately preserved, and the amplitude of plasma
oscillations is related to the laser field by the same relation a2∗ ≈ 1.52 a20 as
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Fig. 6. Density dynamics in relativistic oscillations taking
into account collisions (ν0θ

(0)
wv = 0.3, ν1 = 0): maximum over

the region (black) and at the origin (red)

in the nonrelativistic limit. For the given plasma parameters from formulas
(13), (14) we find that the dimensionless collision frequency ν1 is less than
the threshold value 1.43 · 10−2 . Therefore, in this case, the breaking effect
occurs, and the breaking time is approximately equal to θwb ≈ 43, since
the parameter ν1θ

(0)
wb ≈ 0.3. If we consider the propagation of a laser pulse

with the above parameters in a plasma with the same density, but with
a temperature of Te = 20 eV, then calculations using the formulas (13),
(14) yield the following value for the dimensionless collision frequency: ν1 ≈
1.8 · 10−2 (parameter ν1θ

(0)
wb ≈ 0.52), which exceeds the threshold value.

Therefore, in the case of such a choice of parameters, the breaking of plasma
oscillations in the wake wave of the laser pulse does not occur due to strong
attenuation [14].

For the case of a variable collision coefficient (ν0 > 0, ν1 = 0), the breaking
effect is not observed under weaker constraints. Figure 6 shows the dynamics
of density for the parameters ν0θ

(0)
wb = 0.3, ν1 = 0. It is easy to see that

the absolute values of maxima of the electron density do not exceed 20,
although they are near this value for approximately ten consecutive periods.
Meanwhile, the axial density values decrease monotonically.

Based on the numerical experiments conducted for relativistic equations
(1), we can formulate the hypothesis that the use of a variable collision
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coefficient ν = ν0N makes it possible to significantly increase the oscillation
breaking time compared to the case ν = ν1, ν0 = 0. In other words, the
regularization of cold plasma hydrodynamic equations proposed in paper [4]
is very useful and interesting from a mathematical point of view, but this
cannot completely prevent the breaking of oscillations.

In conclusion, we emphasize that long-term calculations were performed
only using the implicit scheme, while calculations over relatively short time
intervals (5−7 periods) were performed using both the implicit and implicit
schemes. Moreover, the calculation results for identical grid parameters diffe-
red little from each other.

Conclusion

In this paper, a new implicit second-order solution method in Euler vari-
ables is constructed for one-dimensional plane cold plasma equations, taking
into account electron-ion collisions. This method can be used both with and
without taking relativistic effects into account.

The main feature of the proposed method is its applicability when the
original hydrodynamic model of cold plasma loses its hyperbolic type and
the matrix of derivatives does not have a complete set of eigenvectors.

The computational experiments performed are fully consistent with exis-
ting theoretical results obtained by both analytical methods (nonrelativistic
case) and asymptotic methods (relativistic case).

Furthermore, a numerical analysis of the new model (with a linear depen-
dence of the collision coefficient on the electron density) revealed that in
the relativistic case, the well-known effect of breaking multi-period plasma
oscillations is observed, and it was confirmed that it has the character of a
gradient catastrophe. It was also shown that taking electron-ion collisions
into account leads to a smoothing of the solution when relativity effects are
neglected, and also slows down the process of breaking relativistic oscillations
to the point of its complete elimination (for a sufficiently large ν0).

These results can be used in numerical modeling of laser-plasma interac-
tions, as well as for developing a theory of numerical methods for solving
singularly perturbed hyperbolic systems.

OR (theoretical part of the work) is supported by the Russian Science
Foundation under grant no. 23-11-00056-P, performed at RUDN University.
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