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Ïðåäñòàâëåíî

Abstract: The generalized Radon transform is considered, de�ned
as a set of integrals from a function over all hyperplanes in an
n−dimensional Euclidean space. The integrand is the product of a
smooth weight function of 2n variables and a piecewise continuous
function of n variables. The aim of this work is to obtain useful
information about the unknown integrand in an even-dimensional
Euclidean space. More speci�cally, the object of the search here is
the discontinuity surface of the integral expression, if its generalized
Radon transform is known. Such information is valuable for problems
of sensing media with physical signals. Possible applications may
include X-ray tomography, �aw detection, geology, geophysics, eco-
logy, and others. In this paper, a new algorithm is tested numerically,
which was theoretically justi�ed in one of the previous works of
the co-author of the article. The essence of the approach used
is to de�ne an integro-di�erential indicator, which is a function
that is unbounded only near the desired surface. When visualizing
the indicator values, a set of points becomes visible where the
indicator values are abnormally large. Thus, the desired surface is
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approximately located. The results obtained allow us to recommend
our algorithm for practical use.

Keywords: generalized Radon transform, integral geometry, probing,
inhomogeneity indicator, discontinuous functions, numerical experiment.

1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Íàñòîÿùàÿ ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [1], ñîäåðæàùåé
òåîðåòè÷åñêîå èññëåäîâàíèå ïðîáëåìû ÷àñòè÷íîãî îáðàùåíèÿ îäíîãî èç
âàðèàíòîâ îáîáùåííîãî ïðåîáðàçîâàíèÿ Ðàäîíà. Ïðåäñòàâëÿåòñÿ åñòå-
ñòâåííûì ñîõðàíèòü îáîçíà÷åíèÿ è îïðåäåëåíèÿ, ïðèíÿòûå â [1]. Â ÷àñò-
íîñòè èñïîëüçóþòñÿ ñëåäóþùåå îáîçíà÷åíèÿ: En, n ≥ 2, � n-ìåðíîå åâ-
êëèäîâî ïðîñòðàíñòâî, ∂T � ãðàíèöà ìíîæåñòâà T ; ρ(x, T ) � ðàññòîÿíèå
îò òî÷êè x äî ìíîæåñòâà T ; Ω � åäèíè÷íàÿ ñôåðà â En; ω � òî÷êà ñôåðû
Ω; ∆x � îïåðàòîð Ëàïëàñà ïî ïåðåìåííîé x = (x1, ..., xn); ∇x � ãðàäèåíò.
Â ïðîñòðàíñòâå En ðàññìàòðèâàåòñÿ îãðàíè÷åííàÿ îáëàñòü G, ñîäåð-

æàùàÿ ïîäîáëàñòè Gi, i = 1, ..., l, òàê ÷òî äëÿ îáúåäèíåíèÿ G0 îáëàñòåé
Gi âåðíî ðàâåíñòâî G0 = G. Êàæäóþ ãðàíèöó ∂Gi ñ÷èòàåì (n−1)-ìåðíîé
íåïðåðûâíîé çàìêíóòîé ïîâåðõíîñòüþ. Ëåãêî âèäåòü, ÷òî ∂G0 ñîâïàäàåò
ñ îáúåäèíåíèåì ïîâåðõíîñòåé ∂Gi, i = 1, ..., l. Íà ìíîæåñòâå ∂G0 îïðåäå-
ëÿþòñÿ êîíòàêòíûå òî÷êè z, äëÿ êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ: â íåêî-
òîðîé îêðåñòíîñòè òî÷êè z êðîìå òî÷åê ìíîæåñòâà ∂G0 ñîäåðæàòñÿ òîëü-
êî òî÷êè äâóõ îáëàñòåé Gi, Gj , i, j = 1, ..., l, à îáùàÿ ÷àñòü ãðàíèö ýòèõ
îáëàñòåé â ýòîé îêðåñòíîñòè åñòü ãëàäêàÿ ïîâåðõíîñòü êëàññà C2. Ñ÷è-
òàåòñÿ, ÷òî ìíîæåñòâî êîíòàêòíûõ òî÷åê ïëîòíî â ìíîæåñòâå ∂G0\∂G.
Ãèïåðïëîñêîñòè â En îáîçíà÷àåì Y (x, ω) = {y : y ∈ En, (y − x) · ω = 0}.
Ðàññìàòðèâàþòñÿ ôóíêöèè F (x, y) è λ(y), x, y ∈ En, ñî ñëåäóþùèìè

ñâîéñòâàìè. Ôóíêöèÿ λ(y) íåïðåðûâíà ïî Ãåëüäåðó â êàæäîé îáëàñòè
Gi, i = 1, . . . , l è λ(y) ðàâíà íóëþ âíå îáëàñòè G. Êàê âèäíî, òàêèå ôóíê-
öèè ìîãóò èìåòü ðàçðûâû â òî÷êàõ ìíîæåñòâà ∂G0. Ôóíêöèÿ F (x, y)
èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïî yi ïåðâîãî ïîðÿäêà è äî n
� ïîðÿäêà ïî xi. Êðîìå òîãî, ïðåäïîëàãàåòñÿ ÷òî |F (x, x)| > 0, x ∈ G.
Ðàññìàòðèâàåòñÿ âàðèàíò îáîáùåííîãî ïðåîáðàçîâàíèÿ Ðàäîíà â ôîð-

ìå ñëåäóþùåãî ïîâåðõíîñòíîãî èíòåãðàëà ïî ãèïåðïëîñêîñòè Y (x, ω)

[V λ](x, ω) =

∫
(y−x)·ω=0

F (x, y)λ(y)dyσ, x ∈ G, ω ∈ Ω . (1)

Â ðàáîòå [1] äëÿ ñëó÷àÿ n = 2m îïðåäåëåí è èññëåäîâàí èíòåãðî -
äèôôåðåíöèàëüíûé îïåðàòîð ñëåäóþùåãî âèäà

Ind(x) = |∇x(∆x)m−1

∫
Ω

[V λ](x, ω)dω|, x ∈ G0 (2)
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Íå ñòàâÿ ñåáå çàäà÷ó ïðèâåñòè ïîäðîáíûé îáçîð òåîðèè ïðåîáðàçîâà-
íèÿ Ðàäîíà, óêàæåì ïðåæäå âñåãî îòäåëüíûå ðàáîòû îñíîâîïîëîæíè-
êîâ, òàêèõ êàê Ð. Êóðàíò [2], Ô. Éîí [3], È.Ì. Ãåëüôàíä [4]. Óïîìÿíåì
òàêæå ðîäñòâåííûå èññëåäîâàíèÿ ìàòåìàòè÷åñêîé øêîëû Ì.Ì. Ëàâðåí-
òüåâà è Â.Ã. Ðîìàíîâà, ïîñâÿùåííûå îáðàòíûì çàäà÷àì äëÿ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè [5, 6]. Âîîáùå, èìååòñÿ çíà÷èòåëüíîå êîëè÷å-
ñòâî èññëåäîâàíèé, ïîñâÿùåííûõ åäèíñòâåííîñòè îáðàùåíèÿ ïðåîáðàçî-
âàíèÿ Ðàäîíà ïðè äîâîëüíî îáùèõ ïðåäïîëîæåíèÿõ. Îäíàêî, èçâåñòíûå
íàì ôîðìóëû, óäîáíûå äëÿ ïîñòðîåíèÿ ÷èñëåííûõ àëãîðèòìîâ, äîêàçà-
íû òîëüêî äëÿ ãëàäêèõ ôóíêöèé, ÷òî íåñêîëüêî ñíèæàåò èõ ïðèêëàä-
íóþ öåííîñòü. Íåêîòîðîå ïðåäñòàâëåíèå î ïðîâåäåííûõ èññëåäîâàíèÿõ
ìîæíî ïîëó÷èòü èç ðàáîò, óêàçàííûõ â ñïèñêå ëèòåðàòóðû. Ïðèâåäåì
êðàòêîå îïèñàíèå èõ ñîäåðæàíèÿ. Öèòèðóåìûå ðàíåå ðàáîòû È.Ì. Ãåëü-
ôàíäà, Ì.Ì. Ëàâðåíòüåâà, Â.Ã. Ðîìàíîâà, à òàêæå ðàáîòà A. Markoe
[7], ïîñâÿùåíû ïðèìåíåíèþ ïðåîáðàçîâàíèÿ Ðàäîíà â òàêèõ îáëàñòÿõ,
êàê ñåéñìîðàçâåäêà, ãèäðîëîêàöèÿ, ýëåêòðîííàÿ ìèêðîñêîïèÿ, ãåîôèçè-
÷åñêîå êàðòîãðàôèðîâàíèå, äåôåêòîñêîïèÿ è òîìîãðàôèÿ. Ïðè ýòîì àâ-
òîðû èñïîëüçîâàëè ïðåèìóùåñòâåííî ÷èñëåííûå ìåòîäû, ïðèìåíÿåìûå
è äëÿ ðàçðûâíûõ ôóíêöèé.
Ðàçëè÷íûå âèäû îáîáùåíèé ïðåîáðàçîâàíèÿ Ðàäîíà ïðèâåäåíû â ïóá-

ëèêàöèÿõ [8, 9, 10]. Ìíîãîîáðàçèå òàêèõ îáîáùåíèé äîñòèãàåòñÿ çà ñ÷åò
âàðèàöèé îáëàñòåé îïðåäåëåíèÿ, à òàêæå áëàãîäàðÿ ñïåöèàëüíûì âèäàì
ïðåîáðàçîâàíèÿ Ðàäîíà, òàêèì êàê ñôåðè÷åñêîå è êîíè÷åñêîå îòîáðàæå-
íèÿ. Â ðàáîòàõ [11, 12] äàíû ïðèìåðû èñïîëüçîâàíèÿ ïðåîáðàçîâàíèÿ
Ðàäîíà ïðè ðåøåíèè íåêîòîðûõ çàäà÷ ñïåöèàëüíîãî âèäà.
Â ñòàòüÿõ [13, 14] ñîäåðæàòñÿ ìíîãî÷èñëåííûå ðåçóëüòàòû äëÿ îïðå-

äåëåíèÿ îáðàòíûõ ïðåîáðàçîâàíèé Ðàäîíà, ïîçâîëÿþùèõ âîññòàíîâèòü,
ïîëíîñòüþ èëè ÷àñòè÷íî, ïîäûíòåãðàëüíûå ôóíêöèè.
Òàê â [13] îáñóæäàþòñÿ íåêîòîðûå ïðîáëåìû ñåéñìîðàçâåäêè âåðõíåé

ìàíòèè îò îñíîâàíèÿ çåìíîé êîðû. Ïðåäïîëàãàåòñÿ, ÷òî èññëåäóåìûå
ñðåäû ÿâëÿåòñÿ íåîäíîðîäíûìè è îïèñûâàåòñÿ ðàçðûâíûìè ôóíêöèÿìè.
Äëÿ îáðàáîòêè äàííûõ çîíäèðîâàíèÿ ïðåäëàãàåòñÿ èñïîëüçîâàòü òàê íà-
çûâàåìîå ðàçðåæåííîå ïðåîáðàçîâàíèå Ðàäîíà. Â ðàáîòå [14] èññëåäóåòñÿ
ïðîáëåìà îáðàùåíèÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ðàäîíà, êîãäà ïîäûí-
òåãðàëüíàÿ ôóíêöèÿ èìååò ðàçðûâû. Ïðåäëàãàþòñÿ íåêîòîðûå ñïîñîáû
ðåøåíèÿ çàäà÷è è ïðîâîäèòñÿ èõ ïðîâåðêà ÷èñëåííûì ýêñïåðèìåíòîì.
Â ðàáîòàõ [15, 16, 17] áûëà ðåøåíà áëèçêàÿ íàì ñïåöèàëüíàÿ çàäà÷à

î íàõîæäåíèè ïîâåðõíîñòåé ðàçðûâîâ ôóíêöèé èç îáëàñòè îïðåäåëåíèÿ
èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ.
Â íàñòîÿùåé ðàáîòå, êàê è â [1, 16, 17], íå ñòàâèòñÿ çàäà÷à î ïîëíîì

îïðåäåëåíèè ïîäûíòåãðàëüíîãî âûðàæåíèÿ. Ìû îãðàíè÷èâàåìñÿ ïîèñ-
êîì òîëüêî ïîâåðõíîñòè åãî ðàçðûâà, ÷òî ïðåäñòàâëÿåò çíà÷èòåëüíóþ
öåííîñòü äëÿ çîíäèðîâàíèÿ.
Â ðàáîòå [1] äîêàçàíî, ÷òî ïðàâàÿ ÷àñòü ðàâåíñòâà (2), ÿâëÿåòñÿ ñèí-

ãóëÿðíûì èíòåãðàëîì è îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.
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1. Ôóíêöèÿ Ind(x) îãðàíè÷åíà íà âñÿêîì íåïóñòîì ìíîæåñòâå

{x : x ∈ G0, ρ(x, ∂G0) > ε}, ε > 0.

2. Åñëè â êîíòàêòíîé òî÷êå z, ôóíêöèÿ λ(x) èìååò íåíóëåâîé ðàçðûâ
ïåðâîãî ðîäà, òî ïðè |x− z| → 0, x ∈ G0, ôóíêöèÿ Ind(x)→∞.
3. Â ñëó÷àå, êîãäà ôóíêöèÿ λ(x) äåéñòâèòåëüíî ðàçðûâíà â êàæäîé

êîíòàêòíîé òî÷êå z, òî âñëåäñòâèè ïëîòíîñòè ìíîæåñòâà òî÷åê z
â ∂G0 \ ∂G ôóíêöèÿ Ind(x)→∞ ïðè ρ(x, ∂G0)→ 0.
Ïåðå÷èñëåííûå ñâîéñòâà ïîçâîëÿþò íàçâàòü ôóíêöèþ Ind(x) èíäèêà-

òîðîì íåîäíîðîäíîñòè ñðåäû G. Ïðè ýòîì ïîâåðõíîñòü ∂G0 \∂G ïðèáëè-
æåííî îïðåäåëÿåòñÿ êàê ìíîæåñòâî òî÷åê ñ àíîìàëüíî áîëüøèìè çíà÷å-
íèÿìè èíäèêàòîðà.
Îòìåòèì, ÷òî âûðàæåíèå Ind(x) îïðåäåëåíî äëÿ x ∈ G0, íî ïðè äèñ-

êðåòèçàöèè çàäà÷è îïðåäåëåíèÿ èñêîìîé ïîâåðõíîñòè ìîæåò ïðîèçîéòè
ïîïàäàíèå óçëà ñåòêè àðãóìåíòîâ íà ìíîæåñòâî ∂G0. Îäíàêî òàêîå ñî-
áûòèå äîëæíî ñ÷èòàòüñÿ ìàëîâåðîÿòíûì, êîòîðîå íå ìîæåò îñëîæíèòü
ïðîöåññ âèçóàëèçàöèè íåèçâåñòíîé ãðàíèöû.
Òàêèì îáðàçîì, àëãîðèòì ðåøåíèÿ çàäà÷è î íàõîæäåíèè ïîâåðõíîñòè

∂G0 ñâîäèòñÿ ê èñïîëüçîâàíèþ ôîðìóëû (2) äëÿ âû÷èñëåíèÿ Ind(x) è ê
âèçóàëèçàöèè ïîëó÷åííûõ ðåçóëüòàòîâ.
Â ñëåäóþùåì ïóíêòå ìû ïðîâåðÿåì óêàçàííûé ìåòîä ïóòåì ÷èñëåí-

íîãî ýêñïåðèìåíòà, åñëè n = 2. Â ýòîì ñëó÷àå ôîðìóëà (2) ïðèîáðåòàåò
áîëåå ïðîñòîé âèä

Ind(x) = |∇x

∫
Ω

[V λ](x, ω)dω|, x ∈ G0,

ãäå [V λ](x, ω) ïðåäñòàâëÿåò ñîáîé èíòåãðàëû ïî ïðÿìûì, ïðîõîäÿùèì
÷åðåç òî÷êó x ïåðïåíäèêóëÿðíî âåêòîðó ω.

2 Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Â äàííîì ðàçäåëå ïðèâåäåíû ðåçóëüòàòû îïðåäåëåíèÿ ðàçðûâîâ òåñòî-
âîé êóñî÷íî-íåïðåðûâíîé ôóíêöèè λ(x) ïî äàííûì îáîáùåííîãî ïðåîá-
ðàçîâàíèÿ Ðàäîíà (1) ñ âåñîâîé ôóíêöèåé F (x, y) = e−|x−y|

2
è íàïðàâëå-

íèÿìè ω = (cos θ, sin θ), θ ∈ [0, π) c øàãîì äèñêðåòèçàöèè π/180.
Äàííûå çàäàþòñÿ â îáëàñòè G = {x = (x1, x2) ∈ [−1, 1] × [−1, 1]}, íà

äèñêðåòíîì ìíîæåñòâå òî÷åê

xk,l = (−1+
2k

N
,−1+

2l

N
), k = 0, . . . , N−1, l = 0, . . . , N−1, N = 256.

Â êà÷åñòâå òåñòîâîé ôóíêöèè (ðèñ. 1) ðàññìàòðèâàåòñÿ ñóììà

λ(x) =
6∑

j=1

Aj roundRj (x− xj) +A0 recta,b(x− x0),
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Ðèñ. 1. Òåñòîâàÿ ôóíêöèÿ λ(x)

õàðàêòåðèñòè÷åñêèõ ôóíêöèé êðóãà

roundR(x) =

{
1, |x| 6 R,
0, |x| > R,

è ïðÿìîóãîëüíèêà

recta,b(x) = recta(x1)rectb(x2), rectc(s) =

{
1, |s| 6 c/2,
0, |s| > c/2,

,

ñî ñëåäóþùèìè çíà÷åíèÿìè ïàðàìåòðîâ

A0 = 2, x0 = (−0.1, 0.2), a = 0.5, b = 0.2,

A = (−1, 3, 1, 2, 1, 5), R = (0.4, 0.1, 0.3, 0.2, 0.4, 0.1),

{xj} =


0.5, 0.3

0, 0.6
−0.5, 0.3
−0.5, −0.3

0, −0.6
0.5, −0.3

 .

Íà ðèñ. 2 ïðèâåäåí ðåçóëüòàò âû÷èñëåíèÿ ïî äèñêðåòíîìó àíàëîãó
ôîðìóëû (2) èíäèêàòîðà Ind(x).
Â ñèëó âûáîðà âåñîâîé ôóíêöèè F (x, y) íàáëþäàåòñÿ ýôôåêò õîðîøå-

ãî îïðåäåëåíèÿ ëèíèé ðàçðûâîâ âäîëü ãëàâíîé äèàãîíàëè x1 = x2 îáëà-
ñòè îïðåäåëåíèÿ ôóíêöèè λ(x), è îñëàáëåíèå ðåçóëüòàòà îïðåäåëåíèÿ ïî
ìåðå óâåëè÷åíèÿ ðàññòîÿíèÿ îò ãëàâíîé äèàãîíàëè.
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Ðèñ. 2. Âèçóàëèçàöèÿ ëèíèé ðàçðûâà ôóíêöèè λ(x) è
èíäèêàòîðà Ind(x)

Íà ðèñ. 3 ïðèâåäåíû ðåçóëüòàòû âû÷èñëåíèÿ Ind(x) ñ âíåñåííûì â
èñõîäíûå äàííûå îáîáù¼ííîãî ïðîåîáðàçîâàíèÿ Ðàäîíà øóìîì, êîòîðûé
ìîäåëèðîâàëñÿ ðàâíîìåðíî ðàñïðåäåëåííîé ïñåâäîñëó÷àéíîé âåëè÷èíîé
ñ îòíîñèòåëüíîé àìïëèòóäîé â 1%, 3% è 5%.

ÇÀÊËÞ×ÅÍÈÅ

Äëÿ îïèñàíèÿ íåîäíîðîäíûõ ñðåä â òåîðèè çîíäèðîâàíèÿ äëÿ îáîá-
ùåííîãî ïðåîáðàçîâàíèÿ Ðàäîíà åñòåñòâåííî èñïîëüçîâàòü ðàçðûâíûå
ôóíêöèè. Òàêîé ïîäõîä íàïðàâëåí íà øèðîêîå ïðèìåíåíèå ðåçóëüòàòîâ
è, ÷òî îñîáåííî âàæíî, îí îáåñïå÷èâàåò íàëè÷èå ñàìîãî ïðåäìåòà ïîèñ-
êà. Îäíàêî, êàê óæå îòìå÷àëîñü, àâòîðàì íàñòîÿùåé ðàáîòû íå óäàëîñü
îáíàðóæèòü â ðàáîòàõ äðóãèõ àâòîðîâ ïîäõîäÿùèõ ñòðîãî äîêàçàííûõ
ôîðìóë òèïà îáðàùåíèÿ äëÿ òàêèõ ôóíêöèé. Ïðè ýòîì èìååòñÿ äîâîëü-
íî ìíîãî óñïåøíûõ ÷èñëåííûõ èññëåäîâàíèé íà ýòó òåìó. Íàøà ðàáîòà
ñî÷åòàåò äâà òàêèõ ïîäõîäà. Ìû èñïîëüçóåì äîêàçàííûå ñâîéñòâà èí-
äèêàòîðà íåîäíîðîäíîñòè è ïðîâåðÿåì èõ ÷èñëåííûì ýêñïåðèìåíòîì.
Äîñòèãíóòûå ðåçóëüòàòû ïîêàçàëè õîðîøåå ñîîòâåòñòâèå òåîðåòè÷åñêîãî
àíàëèçà è ÷èñëåííîãî ìîäåëèðîâàíèÿ, ÷òî ïîçâîëÿåò íàì ðåêîìåíäîâàòü
ïîëó÷åííûå âûâîäû äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ.
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Ðèñ. 3. Âèçóàëèçàöèÿ çíà÷åíèé èíäèêàòîðà Ind(x) äëÿ
äàííûõ Ðàäîíà ñ óðîâíåì øóìà 1%(a), 3%(b) è 5%(c)
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