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O TEHEPUYECKO! CJIOYKHOCTU TTPOBJIEMEI
PEITEHUS YPABHEHUI B ®OPME CKOJIEMA HAJI
MOHOUNIAMMN

A.H. PrisAJIOB, A.H. IIIEBJIIKOB

Abstract: We study the generic complexity of the problem of
solving systems of equations in the Skolem form over finitely ge-
nerated monoids. Three variants of this problem are considered.
The first variant is the problem of recognizing the solvability of
dense systems of equations, where the number of equations is
bounded cubically in the number of variables. For this problem,
we prove its strongly generic decidability in polynomial time. The
second variant is a similar problem for sparse systems of equations,
where the number of equations is bounded linearly in the number
of variables. For this problem, we prove that, given its worst-
case intractability, no strongly generic polynomial algorithm exists.
This means that for any generic polynomial algorithm, there exists
an efficient method for randomly generating inputs on which this
algorithm cannot solve the problem. Finally, the third variant is
the problem of searching solutions to systems of equations. For this
problem, the input is a system of equations for which a solution is
known to exist and at least one solution must be found. Search
problems find application in cryptography, where a solution is
always known to exist and this solution must be found. For the
search problem, it is proven that, given its intractability, there
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exists a subproblem of this problem for which there is no generic
polynomial algorithm.

Keywords: generic complexity, monoids, solvability of equations.

1 Bseaenue

Pernenve ypasHeHuil siBjisiercsi KJ1acCU4eCKON TEMOW UCC/IE0BAHNN B Pa3-
JUYHBIX 00/ICTSX MATEMATUKU B T€UEHUE ThiCsd JieT. Kiaccuaeckas aired-
panveckas reoMeTpus n3y94aeT MHOXKECTBA PelreHuit ajaredpanieckux ypas-
HEHUI HaJ TTOJSIMU BENIeCTBEHHBIX W KOMILIEKCHBIX duces. B pavkax gamo-
¢danTOBOII TeoMeTpuU U ANOMAHTOBA AHAIM3A U3YUAIOTCA PEIIeHUS aared-
pamdecKuX YpaBHEHUU HAJ MEJbIMUA U pallnoHaIbHBIME dncaamu. B XX Be-
Ke OOJIBIITYI0 POJIb HAYAJN UTPATh BBHIUYHUCIUTEIbHBIE ACTIEKTHl 9TUX TEOPHil.
Wzyuenune asropurMudeckux TpobJeM, CBSI3aHHBIX C ONpEIeJeHIHeM HaJIu-
Yhsi PEIIeHs § CUCTEM YPaBHEHHUI, a TaK:Ke C HAXOXKIEHWEeM U ONUCAHUEeM
MHOXKECTBA PEIIeHnl, SBJISIETCS TEMOW MHOTOUYUCJIEHHBIX TEOPETHUYECKUX U
OPAKTUYECKUX UCCAETOBAHUI.

B nociiennue necstuieTuss BHUMaHUE YYEHBIX MEPEMEITAETCS HA HEKJIAC-
cudeckue obracT, Takue Kak rpynmnsl |1, 6, 7|, mosxyrpynoet [4], tpadwr [§],
gacruaable mopsiku [5]. [lorpebHOCTh perrenusi ypaBHeHHi B 9THX CHCTe-
MaxX BO3HUKAET [PU PACCMOTPEHUN PABJIUUHBIX MPAKTUIECKUX NPObJIeM WH-
dbopmaTuku, Kpunrorpadun, TeOpUn A3bIKOB NporpaMmMupoBanus. Hanpu-
Mep, CBODOJIHBIE TIOJIYTPYIIITbI sIBJASIOTCH DAZUCOM JIJTsd OIMMCAHUS BAXKHENUIITUX
KJIACCOB (DOPMAIBHBIX A3BIKOB U TPAMMATHK: PEryJIAPHBIX, KOHTEKCTHO CBO-
6oaubix. HacTo mpu 3TOM n3ydaeMbrit (hOPMATBLHBIN T3BIK 33AeTCA HEKOTO-
PBIM HADOPOM ypaBHEHUT, MHOYKECTBO PEITeHNH KOTOPBIX TaeT HYKHbIA HAM
s3bIK. K He0OX0quMOCTH pereHust ypaBHeHuit Hax rpadamMu TpUBOIAT 3a-
JIQ9M TIPOBEPKU BJIOKUMOCTH (COBMECTUMOCTH) OJHONW KOMMYHUKAITMOHHO
CeTH B IPYTYIO CETh.

Kax mpaswmio, mpobiiema perrenusd CUCTEM YPABHEHUN HAJ PA3IUIHBIME
anredpandecKuMu CUCTEMAMU ABJISIETCS JIMOO HepaspermmmMoii, mubo mMeer
OOJIBIIYI0 BBIUKCJUTEIHHYIO CJA0KHOCTH. Jlayke Ha KOHEUHBIMEU ajredpa-
MYEeCKUMU CHCTEMaMHU 3T MpobjemMa dacTo okasbiBaercss NP-mosHoit. 910
o3HaYaeT, aTo, npu ycaosun P # NP, 11 Hee He CyIecTByeT MoJTHHOMUAA b
HBIX aJaropuTMoB. [[09TOMY aKTya bHBIM ABJIAETCA U3YyIE€HUE FeHEPUICCKOM
caioxkHOCTH [3] panHbIX 1pobsieM. B paMKax reHepuueckoro mojxo/a asro-
puTMugecKas npodjieMa paccMaTPUBAECTC HE HA BCEM MHOXKECTBE BXOJOB, a
HA HEKOTOPOM MOJIMHOYXKECTBE «IOUTH BCex» Bx070B. C 0/HOI CTOPOHBI, TIO-
JIOXKUTEBHBIE PE3YIBTATHI O BO3MOXKHOCTU 3D (DEKTUBHOTO PEITeHUsT KAKIX-
JbO TPYIHBIX 33Jad JJid TMTOUYTH BCEX BXOJOB TOJIE3HBI /i npakTuku. C
JIPYTOif CTOPOHBI, HETATHBHBIE PE3YITATHI O TeHEPUIECKON TPYAHOCTH HEKO-
TOPBIX TTPOOJIEM AT HAJIEXKIY HA BOZMOXKHOE UX UCIIOTH30BAHNE B KPUIITO-
rpacdun, rje Kak pa3 BaXKHO 4To0bI IpobieMa B3JI0Ma KPUIITOCUCTEMBI ObLITA
TPYIAHOU JJIsd [IOUYTH BCEX BXOJOB.
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B pmamnoit crarbe m3ydaercs reHepUYeCcKasi CJI0XKHOCTH 1TPODJIEMBbI perrre-
Husi cucreMm ypasHeHuii B ¢gopmve CKojieMa B KOHEYHO MOPOXKJIEHHBIX MO-
HoMgax. Ypasuenusi B hopme Cronema mmerorT Bux o = (v, vme «, 3,7y
— TmepeMeHHbIe WM TOpoXKaatorue. JIerko moxas3aTs, uTo Jirobas cucreMa
ypaBHEHUI HaJ MOHOUIOM 3KBHUBAJICHTHA HEKOTOPOM CHCTEeMe ypaBHEHUN B
dopme Cronema. Ilpu 310M UnCTIO TTEPEMEHHBIX U KOJHYECTBO YPABHEHU B
HOBOII CUCTEME TI0 CPABHEHWIO C UCXOJIHOI yBEIUYNBaeTCs He Hojiee ueM To-
JnHOMUAIRHO. KpoMe Toro, cama mpoleaypa MoCTPOeHusi CUCTEMBI B (hopMe
Ckosiema SBJIsIETCS OJUHOMHUAJIBHON 10 BPEMEHHU.

PaccmarpuBatorcst Tpu BapuanTa 3Toii npobsiembl. llepBriit BapuanT —
npobJieMa paclio3HaBaHUS PA3PEIIUMOCTH NAOMHHLEL CUCTEM yDaBHEHUH, KO-
rJa 9UCJI0 YPABHEHUI OrpaHUdeHO KyOUUYecKu OT 4ducjia nepemeHHbix. s
910l MpobJieMbl JOKA3BIBAETCS €€ CUJIBHO I'eHepUYecKasl Pa3perruMocThb 33
[OJIMHOMUAJIbHOE BpeMd. BTopoit BapuadT npobsieMbl — aHAJOIUYHALA IIPO-
GiteMa [Tt pa3pesicennbia CUCTEM YPaBHEHUN, KOT/IAa YMCJI0 YPABHEHUIA Orpa-
HUYEHO JIMHEHHO OT 4uca nepeMeHHbiX. [yt 9Toli npobsieMbl JOKa3bIBaeT-
cst, 9TO, TPW YCJOBWUM ee TPYAHOPA3PENTUMOCTH B XyAIIEM CIIydae, He CYIIe-
CTBYeT CHJIBHO MEHEPUUIECKOTO MOJMHOMUATBLHOTO AJITOPUTMA. DTO O3HATAET,
910 AJis JII0O0TO TEHEePUIECKOTO MOJUHOMHUAILHOTO AJTOPUTMA, CYIIECTBY-
er 3 PEeKTUBHBIN METON CAYYafHON TeHePAIuN BXOI0B, HA KOTOPBIX ITOT
AJITOPUTM HE MOXKET PemnTh paccmarpuBaemyto npobsemy. Hakowmer, Tpe-
THil BapuaHT — mpobJeMa MOWCKA PelleHus CUCTeM ypasuenuit. [laa sToit
npobIeMBbI BXOJOM SIBJISETCA CUCTEMA YPABHEHUH, g KOTOPOU 3aBEIOMO
CYIIIECTBYET PEIeHne, HyKHO HalTu X0Td ObI 0H0 €€ perrnenue. [Ipobiembr
MOMCKA YaCTO HAXOAAT MPUMEHEHWsS B KPUITOrpaduu, Te BCEraa M3BECT-
HO, YTO PEIeHre eCTh W HAJI0 HaiTu 310 pernenue. s mpobaembl moucka
peleHnst JOKa3bIBAeTCs, UTO, IPHU YCJIOBUM €€ TPYTHOPA3PENINMOCTH, CYIIIe-
crByeT moznpobsiema 3Toit npobdeMbl, Jjig KOTOPOH HET HOJIMHOMUAJIBHOTO
FeHEPUYECKOT0 aJilOPUTMA.

2 IlpenBapuresibHBIE CBEAEHUA

ITycts I — HEKOTOPOE MHOYXKECTBO BXOIOB, a I, — TOAMHOYXKECTBO BXOJ0B
pasmepa n. dnsg noagmuoxkecrsa S, C I onpepesuM 10CAEL0BATEALHOCTD

_ 15

n=1,2,3,...,
rae S, = S NI, — MHOXKECTBO BXOJOB U3 S pa3mepa n. Acumnmomuseckor
NAOMHOCTLI S HA30BEM MPEIET

p(S) = lim p,(S).

MHOXKeCTBO S HA3BIBAETCS NPEHEOPENCUMBIM, €CITH €r0 ACUMITOTHIECKAs
wiotHOCTE p(S) = 0. Crenys [3], Haz0BEM MHOKECTBO S cuavHO npenetpe-
HCUMDBLM, €CJTH TIOCJIE/IOBATEIEHOCTD pp (S) IKCIOHEHIMATBHO OBICTPO CXO-
autes kK 0, T.e. cymecTBytoT kKoHcTranTel 0, 0 < o < 1, u C > 0, Takue, 4T0
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1L JIEO0Oro N
pn(S) < Co™.
Terepb S Ha3BIBAETCH CUALHO 2eHEPUYECKUM, ecan ero pononnenne I \ S
CIJIBHO TIPEHEOPeKMMO.
Ausropurm A ¢ muO)ecTBOM BX0/10B I 1 MHO)KecTBOM BbIx00B J U{?}(? ¢
J) Ha3bIBAETCHA (CUABHO) 2EHEPUUECKUM, €CII

(1) A ocranasimuBaercs Ha Beex Bxojax u3s [;
(2) muoxecro {z € I : A(x) = 7} saasiercst (CUIIbHO) HPEHEOPEKUMBIM.

31eck cuMBOJI «7» 0603HAYAET HEOTIPEJIEJEHHBIN OTBET. | eHepuIecKuil aaro-
purm A evuucasem dyaknmio f: I — N, ecm qns Bcex & € I BBITTOTHEHO

(A(z) #7) = (f(z) = A(z)).
IIpobrema pacmosnaBanns MuHOKecTBa A C I (cuavno) eenepuyecku pas-
PEWUMA 30 NOAUHOMUANOHOE BPEMA, €CJIH CYIIECTBYET MOJUHOMUAIBHBIN
(CHTBHO) TeHepUYIeCKUil aJrOPUTM JTsi BBIYUC/EHUS XapaKTEPUCTUICCKOM
dpyHRIuE MHOXKeCTBa A.

WmeeTcs cymecTBEHHOE Pa3iudne MeXKTy TeHEePHIeCKH AATOPUTMAMU 1
CUJIRLHO TeHepmueckn ajaropurmamn. JJomycrnm, nmeerca npobmaema, S, pas-
pemmMast Ha HEKOTOPOM PA3PENMMOM 38 TIOJNHOMAAIBHOE BPEMS TeHEprYe-
CKOM MHOXKecTBe (G, JIIsT KOTOPOTro

GNI,] n-1

|1, no
Taxum obpazom G — reHepUYecKOe, HO HE CHJIBHO NEHEPUIECKOE MHOYKECTBO.
Teneps xo1h u npobsiema S paspemuma JJisi IOYTU BCEX BXOJOB, T€M HE
MeHee, ecTh 3(D@PEKTUBHBII CIOCOD MOJYUNTE «ILJIOXOi» BXOJ, HA KOTODPOM

reHepuyecKknii ajroput™ He paboraer. [losuHoMuaNbHBIN aATOPUTM JIJIst Te-
Hepalluu IUIOXUX BXOJOB CJIEYIOIINA.

(1) CrenepupoBaTh PAaBHOMEPHO CJyYallHBIN BXOI T pa3Mepa 1.
(2) Ecim z € G, moropuTh mar 1, nHave 3aKOHIUTD.

JleiicTBUTEILHO, BEPOATHOCTD TIOJIYYNTh TOJBKO XOPOIIHE BXOIBI 32 N’ pa-

VHJIOB:
2
1 n 1 n n
(n > ((1 > > e
n n

TTosromy c BeposTHOCTBIO, OUeHb O1M3K0# K 1, OymeT mosiyueH maoxoi BXO/I.
C Jpyroit CTOPOHBI, JIETKO BUJIETH, 9TO €C/Iu MPOobIeMa pasperimMa Ha CHITh-
HO I'€HEPUYECKOM MHOXKECTBE, TO TAaKON HPOCTON aJI'OPUTM I'€HEpaluu I110-
TpebyeT 3KCIOHEHIINATLHOTO UUCIa PAyHI0B U OyaeT HeaddekTuBHbIM. J71sT
OPUIOKEHUN K KPUTITOrpahun, T0 03HAYAET, UTO TTPOCTO TeHEPUUIECKAsT JIer-
KOPAa3pennMOCTb MPOoBHIeMbl HE JIEJIaeT 9Ty mpobieMy Oecro/ie3Hoil it co-
3JIaHUS HA €€ OCHOBE KPUITOCUCTEMBI, TAK KaK JJjIs Hee CymecTByeT ahdek-
THBHAS MPOIEAypa I'eHepalluu TPYIHBIX BXOJ0B. B TO Ke BpeMs, CHUIBHO
FEHEPUYECKN JETKOPA3PENINMbIe TTPOOJIEMbBI B 3TOM CMbBICJIE OECTIONE3HBI JJIsT
KPUITOTPaphUL.
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HaHOMHI/IM TaK2Ke€ HCKOTOPbIEC IIOHATU A KJIACCUYECKOM Teopun CJI0XKHOCTU
BBIYUCJICHUT.

Bepoamnocmmuas mauwuna Toropunea — 370 Mamuaa ThiopuHra, B TIPO-
rpamMMe KOTOPO#i JOMYyCKAIOTCS TTaphl HeJIeTeEPMAHUPOBAHHBIX TPABUII, KOTO-
pbleé OJHOBPEMEHHO NMPUMEHHUMBI B JaHHON curyanuu. B mpormecce paboTbi
TAKOW MAIllMHBI C BEPOSATHOCTHIO 1/2 BBIOMpAETCst MepBoe MPABUJIO U C Be-
posiTHOCTBIO 1/2 BTOpOE. Bpemst paborsl ¢y (z, T) BEPOATHOCTHOM MAITMHBI
ThropuHTra Ha BXOJIE T 3aBHCUT OT BBIYUCIUTEIBLHOTO TYTH (OCIEI0BATE -
HOCTH BBITIOJIHEHHBIX KOMaH1) 7. BepositHocTHast mamunaa Teiopunra M Ha-
3BIBAETCS NOAUHOMUAADHOT, €CITH CYIIECTBYET TIOJTHHOM p(71) TAKOH, 9TO I
J060ro x M jJist JII06Oro BEIYUCIUTEILHOrO yTH 7 Mamuiel M Ha - mMeer
mecto tas(x, 7) < p(size(z)).

O6o3znaunm gepes P(M(z) = y) BepogaTHOCTH TOTO, UTO MammHa M Ha
BXOJIE & BBIJAET oTBeT y. BepositHocTHast Marmna M ewuucasem HyHKIUIO
f:I — J, ecnu nns groboro x € I umeer MecTo

(f@) =) = P(M(@)=y) > 23

MuoxkectBo npunaaiexut kjgaccy BPP, ecou cymecrByer nosmaoMuaib-
Has BEPOATHOCTHAs MAIKMHA, BBIYUC/IAIONIAS XAPAKTEPUCTUIECKYIO (PYHK-
[0 TOT0 MHOXKECTBA.

BepositnocTabie mamuabl Thiopuara (opMaau3yioT MOHIATAE AJTOPUTMA,
HCIIOJIb3YIOIIEr0 NEHEPATOP CJIYHANHBIX YUCE. BOJIBITMHCTBO CIIEIUAIUCTOB
10 TEOPETUIECKOH MHMOPMATHKE CeHYIAC CUUTALT, UTO JIOO0H TOTHHOMUAT-
HBIfl BEPOSITHOCTHBIN AJITOPUTM MOXKHO dhHEKTUBHO JIepaHI0MU3UPOBATH,
T.e. IOCTPOUTH TOJMHOMHUATBHBIN JeTepMUHUPOBAHHBIM aJTOPUTM, PETIaro-
muit Ty XKe 3agady. B gactHOCTH, cumTaercs, uro BPP = P. Xotg sTor
dakT erme He TOKA3aH, UMEIOTCSI CEPhE3HBIE PE3YJIBTATHL B MOJB3Y HEro [2].

3 IlmorHBIE cECTEMBI ypaBHEHMIl

IIycte M — KOHEYHO MOPONKIEHHBIR MOHOW C MHOXKECTBOM ITOPOKIAI0-
mux A = {ay,...,an}. JJbyto cucremy ypasaenuii Haj 9 MOKHO Hpe-
06pa3oBaTh B 3KBUBAJIEHTHYIO €ii cucremy B opme Ckoaema, B KOTOPOit
KaXkJioe ypaBHEHWE mMeeT Buj| o = [37, Tje «, 3,7y — IMepeMeHHble WK 110~
poxkaatorue. B nannom pazgesie OyaeM npencTaBidTh CACTEMbI yPaBHEHUT
Hag I caenyromuMm obpaszoM. Bo-mepBhiX, 3aduKcupyeM mepeMeHHbIE CH-

CTeMBI X1, ...,%Tn. Aig enuHOOOpas3us 0003HAYNM HaOOP MOPOKIAIONINX U
OEePEMEHHLIX B IOPSIKE BO3PACTAHUS UHIEKCOB (1, ..., 0m, L1, .. . , Ly I€PE3
Q.o y Qpim. Jajiee paccCMOTPUM TaK HA3BIBAEMBIH KYH 6KAOUEHUA — ITO

Kyb ¢ n + m MO3UIUAME 10 Kaxk10it pazmeproctu. Ha Mecre ¢ koopauHaTa-
mu (4, j, k) 3amuceiBaeM 1, ecin B CHCTeMe eCTh ypaBHEHHE o = oy, 1 0
ecau HeT. ByjieM 0TOXKJIECTBJIATE CUCTEMY YDABHEHUN 1 ee KyD BKIIOUEHUS.
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BamMernmM, 9TO TAKOH CHOCOD NPEeCTABICHUS CUCTEM YPABHEHU aHAJIOIU-
Y€H KJIACCMYECKOMY LIPEJICTaBJIeHnIo I'PadOB C HOMOIILIO MATPUL] CMEXKHO-
ctu. Y Hac ke Kyb BKIOUEHUS 3a7aeT runeprpad, B KOTOPOM TPOHWKM Bep-
IIIUH COENUHSIOTCS TUneppedpaMu, COOTBETCTBYIOIIUMHU ypaBHeHUIM. [Ipu
CIyJIaliHOM PABHOBEPOSITHON TeHeparuu KyDOB BKJOUEHUS pa3Mepa 1 + m
TUIUIHBIME CHCTEMAMU GYIyT CHCTEMBI ¢ YHCIOM ypasHenuii 6osbiie C'(n+
m)3, ¢ koucrauToit C' > 0. D10 ciaeqyer u3 MEHTPATBHON TIPEeJIebHOl Teo-
PEMBI [Tt PABHOMEDHOTO pachpeieenus (cxema BepHyun ¢ BEposiTHOCTBIO
ycrexa p = % s (n+ m)3 HE3aBUCUMBIX MCObITaHuii). Takum obpazom, co-
OTBETCTBYIOIIUE TUIIUYHbIE TUIIEPTPAMDI IOJIYYAIOTCS JTOCTATOUYHO ILJIOTHBI-
Muy» ¢ GOJIBIITUM YUCJOM runeppedep, JUIlb B KOHCTAHTY pa3 OTJIHYAI0NINMCS
0T MakCHMaJbHOTO (N + m)3 qncsa runeppebep. [losTomy ecrecrsenHo Ha-
3BIBATH CUCTEMBI YPABHCHNUN B 3TON MOLECTH NAOMHLLMU.

Yucio mepeMeHHbIX 1 MJAOTHOW CHCTEMBI YPABHEHUN HA30BEM PA3MEPOM
cucmemdt. B sTom pazmese Oymem paccMaTpUBaAThL TOJBKO IJIOTHBIE CUCTEMBI
ypasaenuit. ObozraunM uepe3 D MHOXKECTBO TIJIOTHBIX CHCTEM ypaBHEHUI
Hax I, IpecTaBIEHHBIX TaKUM 0DPaz3oOM.

Jlemma 1. Yucao naommnox cucmem pasmepa n wad M ecmo
Dy = 2lmtm)®

Joxaszameavemeo. B xaxoit w3 (n-+m)? mosumuii Kyba BKIIOUYEHNS MOMKET

(n+m)3

croatek aubo 0, ymbo 1. Beero nonygaercst 2 BapHAHTOB. O

Dynem maspBaTh cucTeMy ypaBHEHHUU HempusuasbHol, ecqu B Hell OT-
CYyTCTBYIOT ypaBHeHus Buia o = (7, rie «, 3,7 — TOJbKO MOPOXKIAOIIHIE.
Hazosem monous I nempusuaavrbim, €CJid CyIIECTBYeT HETPUBUAIbHAS CH-
creMa ypaBHeHU{, KoTopad He uMmeer pernenusd Hajg 9. B nporuBHOM city-
qgae, Mmonou st MM mpuesuasvroit. O4eBUIHO, UTO JJid TPUBUAIbHBIX MOHOUIOB
npobJsieMa pPaclo3HaBaHUS PA3PEIIMMOCTH CUCTEM yPaBHEHWH pa3peniuma 3a
MTOJIMTHOMHAAJIHBHOE BPEMSI.

Teopema 1. [lpobaema pacnosnaganui pa3petuMocy NAOTIHUET CUCTIEM
YPABHEHUT HAO0 KOHEYHO TLOPOHCOEHHBIM HETNPUSUAALHBIM MOHOUIOM I cunb-
HO 2EHEPUYECKYU PASPEWUME 3G TOAUHOMUGADHOE GDEMA.

Jlokazameawvcmso. Ilycts S’ — xakasg-To (PUKCUpOBaHHAs HETPUBUAILHAS
cucTeMa ypaBHeHUil U3 s ypaBHeHUil pazmepa t, Hepasperumas Has M. Ta-
KuM o6pa3oM, B cucreme S’ y9acTBYIOT ¢ IEpEMEHHBIX. AJITOPUTM I Pac-
[IO3HABAHUS PA3PENINMOCTH cucTeM ypapHenuit Hajg 9N Oyner paborars Ha
cucteme S paszMepa n CAeAYIONHIM 06pPa3oM.

(1) Umer B cucreme S mogcucreMy, sKBUBaJeHTHYIO S'. D10 memaercs
caenyromumM obpazoMm. [lepebupaem Bce BRIOOPKU TIO ¢ MEPEMEHHBIX
u3 N nepeMeHHbIX cucrembl S. s kax ot BeibopKu uiieM B S BCe
YPaBHEHHS M3 CHCTEMBI S’ ¢ y9eTOM 3aMeHBl MepeMeHHbIX S’ cooT-
BETCTBYIONAMH TTEPEMEHHBIMA W3 BHIOOPKH.

(2) Ecam Taxkas mojcucTeMa HaIIack, To Begaer orseT «HET».
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(3) Ecsm mer, Bbaer orser «7».

Jnsa pokasaTemhCTBa MOJMHOMUAIBHOCTH MOCTPOEHHOTO ANTOPUTMA, 3aMe-
TUM, 4TO Ha mare 1 umcno mposepsieMbix BeiGopox C! = O(n') momumo-
MUAJIBHO OT PasMepa BXOJa 7, U MPOBEPKA KaXKJA0H BBIOOPKH JI€JAeTCA 33,
MOJIMHOMHAJIHHOE OT 1 BPEMS.

Jns nokasare beTBa CUIBLHON FEHEPUYHOCTH STOrO aJATOPUTMA OKAKEM,
4TO MHOZKECTBO CUCTEM ypaBHeHI/IfI, HEC COoAepzKallluX IMOACHUCTEMbI, S9KBUBA-
neutaoit S’ (06o3HAMMM 3TO MHOKeCTBO A), SABISETCS CUILHO TpeHEGpe-
JKUMBIM. PaccMOTpUM MHOXKECTBO cHucTeM B, B KOTOPBIX Ha TepeMeHHBIX
{z1,...,x,} 3anpemena nogcucremMa S’ Ha MEpEMEHHBIX {1, ..., T}, HA He-
PEMEHHBIX {41, ..., T2}, - - -, HA TIEPEMEHHBIX {Ty([n/f]—1) 41 - - - > Ten /] - 1e-
pe3 [a] 31eck obo3HavueHa Tieaas YacTh dncaa a. Tak kak s cucreM u3 B
3AMPETOB MeHbIIe, UeM s cucteMm n3 A, o A C B.

MoxHO TIOCUYNTATh, 9YTO

|B,| = 2n+m)*=sin/1 (28 B 1> In/t]

Dro caepyer u3 TOro, 4To B Kybe BrirodeHusi B «3anpemniensr» [n/t] paccra-
HOBOK €JIMHUI[ HA MHOXKECTBAX MECT PazMepa S, COOTBETCTBYIONMX CUCTEME
S’ na nepemennbix {X1,..., T}, HA NEPEMEHHBIX {T¢11,. .., %2}, - .., HA [E-
PEMEHHBIX {Z¢([n/t]=1)41> - - - » Te[n/t] }- SAMETHM, UTO STH MHOKECTBA MECT He
nepecekaoTcst. OcTabHbIE MECTa B KyGe MOXKHO 3aIlOJIHATD HYJAMA U €1~
HUI[AMU TPOU3BOJIBLHO.

Teneps

n+m)3—s[n S (/1]
By 2 [/t]<2 _1>
p(B) = lim — = lim =

n—00 ‘Dn‘ T S 2(”+"L)3

RENCY
. (-l , N
:hmizhm(l—f) :O

n—00 9s[n/t] n—00 28
DT0 JOKA3LIBAET, 9TO MHOMKECTBO B SBJISCTCA CHIBHO NPEHEOPEKUMBIM, a,
3HAYUT, U eT0 IIOIMHOKECTBO A TaK:Ke CHJILHO IIpeHebPe:KIMO. O

4 Pa3pexkeHHbI€ CUCTEMbI yPaBHEHMIA

B sTom pasmesne bymem Takke pacCMaTPUBATDL CUCTEMBI ypaBHEHU B (pOp-
me Ckosiema Hagt MonowgoM 9. Ho mog pasmepom cucmemuv, 6ynem moapa-
3yMeBaTh 4muC/I0 ypaBHenuil B Heil. Takyke cucrembl OyyT IIPEIIIOIaraTbCs
HOPMAAUSOBAHHBLMU, DTO O3HAYAET, 9YTO B k-M ypaBHEHHM CHCTEMBI MOTYT
BCTPEUATHCA TOJILKO MOPOKIAIONINE U IepeMeHHble T;, e ¢ < 3k. 9To co-
OTBETCTBYET €CTECTBEHHON HyMepallud IIEPEMEHHLIX B CHCTEME: B IePBOM
yPaBHEHUH IIePEeMeHHbIe eCTeCTBEHHO 0003HavaTh I, Ty, I3, HO He cpasy
2100, BO BTOpOM — JiH0O «CTaphley IIepeMeHHble U3 IEPBOr0 YpaBHEHHsI, JUO0
T4, T5, Tg, 1 T.21. OueBnAHO, 9T0 JHOOVIO cuctemy B (hopme CkrojieMa MOKHO
HOPMAaJIN30BATH C IOMOIIBIO ITOAXOAAIICH MepeHyMepallii IePeMEHHbBIX.
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MoxkHO 110Ka3aTh, YTO IIPHU CJIy4dailHON reHepaium TaKuX CUCTEM Pa3Mepa
N, KOTJIA /18 KaXKJI0T'0 TIOC/IEIYIONIEr0 YPaBHEHUST I€PEMEHHbIE PABHOBEPOSIT-
HO BBIOMPAIOTCA U3 MPEIBIIYIIUX U TPEX HOBBIX, THITUYHBIMHI OYIyT CUCTEMBI,
B KOTOPBIX YHUCJO mepeMeHHBIX m > Cn, ¢ HekoTopoit koucranToit C' > 0.
Hpyrumu cioBaMy 9ucI0 ypaBHeHU# 1 MeHbIIe ¢, T7e 1M — 9UCI0 TIepeMeH-
uvbix. Takum o6pazom, cpaBHUBAS C MJIOTHBIMA CUCTEMAME U3 IIPEIBIIYIIETO
pasjiesia, TakKue CUCTEMBl MOXKHO HA3BATH PA3PENHCEHHHMU.

B sTom paszzene 6yiem paccMaTpUBATB TOJBKO pPa3peKEHHBIE CHUCTEMBI
ypapaenuit. Obo3HaunM yepes S MHOYKECTBO BCEX PA3PEKEHHBIX CUCTEM YPaB-
HEHU.

Jlemma 2. Yucao paspescennux cucmem ypasnenuti 8 gopme Crosema pas-

MEPA M €CMMb
n

1Sl = T3k +m)?.
k=1

Zoxasameavcmeo. B k-m ypaBuennn o = 3y B cucreme S € S, BMeCTO «
ecTb 3k BapuaHTOB BLIOpATH EPEMEHHYIO T, ¢ < 3k U ™M BApUAHTOB BLIOPATH
moposxaatoruii. To ke camoe g § u . Utoro g k-ro ypaBHeHHUsST €CTh
(3k +m)3 BapmanTOB. A J7TA BCell CHCTeMbI I3 N yPaBHEHHI HIMeeM

1Snl = T (3K +m)?
k=1

BapuaHTOB. [l

st mpomsBo/bHO# paspexkenHoil cucrembl ypasuenuit S = {S1,..., Sk}
PaCCMOTPHM MHOYKECTBO pa3pekeHHBIX cucreM eq(S),, KOTOpble MOJIyYa-
1oTCs gobaBIeHrneM K cucTeMe S MPOMU3BOIBHBIX «OJHOPOIHBIXY ypaBHEHUIT
Sk+1,--.,5n, TIe l-e ypaBHeHHe IMeeT BUI T; = TjT¢, upudeM 3k < 4, j,t <
3(I+ k). Jlerko BumeTs, uto amobas cucteMa u3 eq(S), COBMECTHA HAJT MOHO-
uaoM 91 Torma m TONBKO TOTZA, KOTAa coBMecTHa Hamg I cucrema S. eii-
CTBUTEIHHO, eJMHUIHBIE 3HAYEHUST HOBBIX TIEPEMEHHBIX YIOBJIETBOPSIOT BCEM
HOBLIM YPaBHEHHSAM U [epEeMeHHbIe U3 HOBbIX yPaBHEHUIl HUKAK He yIacTBY-
IOT B CTApPBIX YPaBHEHUSIX.

Jlemma 3. /J[aa aobofi paspescennoti cucmemn, S pasmepa k u arbozon > k
UMEEM MECTNO OUEHKD

eq(S)n m!)?
Pn(€Q(S)n) = ’ qén‘) ’ > (n_k+rfl)3wz(3n+m)3k'

Hoxazameavemso. Ilycre n > 2k. g t-ro mobasienHoro K S ypaBHEHUst
BUTA T; = X7y, e 3k < 4,7,1 < 3(t + k), umeerca (3t)® = 27t3 BapuanTos.
IToaTomy

n—k

ea(S)al = [ (36)%.

t=1



O TEHEPUYECKOW CJ/JIOYKHOCTU TTPOBJIEMBHI... 9

Teneps o emme 2

_lea(S)l __TTEFBO° T -
pn(GQ(S)n) - ‘Sn’ - H?:1(§t+m)3 - t1_11<3t+m> H 3t+m

t=n— k+1

OrnermM CHU3Y CHadYaIa MePBOE TPON3BEIEHTE:

n—k ek L
H(St:—)}:m)?) - <tHl 3t3fm)3 = (tH1(1 _ 3t2’:m))3 -

n—k n—k

m 3 t 3
(o) () -
<H( t+m) tl_Ilt—&-m
_( 1 2 1+m 24+m n—k—m n—=k )3_
\1l+4+m 24+m " 142m 242m " n—-k T n—k+m/

B 1-2-...-m 3 (m!)3
_((n—k—l—l)(n—k-i—Q)-(n—k—l—m)) ” (n—k+m)3m

Temepsb olleHNM BTOpPOE TPOU3BEIEHIE:

n

1 1
>
t:nlj[k-i—l (3t+m)? = (3n+m)3k

Nroro monyuaem

eq(S), m!)3
pulea(s)) = (fén‘) = (n_k+rr(1)3”2(3n+m)3k

O

Teopema 2. ITycmov daa npobaemvt PACNO3HABAHUA PA3PEWUMOCTIU PA3Pe-
HCEHHDIT CUCTNEM YPABHEHUT HAd KOHEUHO Nopodiclerntvim Mmonoudom M e
cyuecmsyem nosuHomuasvhozo aszopumma u P = BPP. Tozda das smot
NPOOAEMBL He CYWLECNEYEM CUADHO 2EHEPUNECKO20 NOAUHOMUAALHOZO QN20-
PUMMA.

Hoxazameavcmeo. lonmycTuM, YTO CYMIECTBYET CHUJIBLHO TeHEPUYUECKWH IT0-
JMHOMUATHHBIN aIrOpUTM A, OTpeIesionTuil pa3penmMoCcTh PA3peKEeHHBIX
cucreM ypastaennit Haj . IlocTpouM BepOATHOCTHBIN TOJMHOMUAIBHBIN aJI-
roputM B, permatoriuii 3Ty mpobseMy Ha BceM MHOXKecTBe BXomoB. Ha cucre-

Me S pasMepa n aaroputm B Gymer paboTaTh CAEIYIOMUM 00pPa3oM.
(1) Temepupyer caydaiiHo U PABHOBEPOATHO cucTeMy S’ W3 MHOXKECTBA
eq(S) pasmepa n?.
(2) Bamyckaer ajropur™ A Ha cucreme S’
(3) Ecmu A(S’) # 7, TO aaropuT™ NPaBUILHO OTPEJEJISeT, PA3PEIInMa
m cucreMa S’, a BMecTe ¢ Heil n cucrema S.
(4) Ecmu A(S") = ?, 10 Beigaer otser «HET» — BO3MOXKHO HENpaBU/Ib-

HBI.
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BamMernmM, 9T0 NOJUHOMUAIBHBIN BEPOATHOCTHBIN ajaroputM B BblIaer mpa-
BUJIBHBIA OTBET Ha 11are 3, a Ha HIare 4 MO2KeT BblAaTb HeraBI/IJI])HbIﬁ orT-
Bet. Hamo nokasaTs, 9To BEPOATHOCTH TOTO, 9TO OTBET BBIIAETCS Ha mare 4,
MenbIme 1/3.

OnennM BEepOSTHOCTD BBIIAYM OTBETa Ha mare 4. BepogaTHOCTH TOTO, 9TO
nnst S umeer mecro A(S') = 7 He Gosrbiie

[{5"€S: AMS) = We| _ {" €S AMS) = The| | [Sw2l
|6(J(S)n2| “S‘n2| |6(J(S)n2|.

Tak xax muoxkectBo {S' € S : A(S') = ?} cuibrO npeneGpexumoe, TO
CYIIECTBYeT KOHCTaHTa v > () Takas, 9T0

{S' € S:AS) = 7},2] 1

|Spz| 20m
aast aoboro n. ITo memme 3
|S,2| (n? —n +m)3™(3n? 4+ m)3"
|€q(5) 2| (ml)?3

IToaToMy mckoMas BEpOSTHOCTB OTBETA Ha Iare 4 He 6ojIbIe
(TLQ —n+ m)Sm(3n2 + m)?m 93m log (n?—n+m)+3nlog (3n2+m)
9an? (ml)3 o 9an? (ml)?;

1 1

< 9an?—3mlog (n?—n-+m)—3nlog (3n2+m) < g

<

[pU JOCTATOYHO BOJIBIITHUX N.

Taxum obpazoM, mpobiieMa MPOBEPKU PA3PEITUMOCTH Pa3PEKEHHBIX CHU-
creM ypasHenuit wag I mpuaagmexnt kiaccy BPP. A rak kak BPP =
P, To oHa npuHaTEKAT Kaaccy P. A 9T0 TpOTHBOPEIUT TOMY, UTO JIJIsT Hee
HeT NOJUHOMUAJIBHOTO AJITOPUTMA. O

5 IIpobaema moucka pemHieHHusS CUCTEM YpPaABHEHUIT

B sToMm paznene BepHeMCs K pACCMOTPEHUIO TIJIOTHBIX CUCTEM yDaBHEHUI B
dopme Ckosema waa Moroupom M. HamoMuuM, 9T0O 10T pa3MepoM IIOTHO
CUCTEMBI TOHUMAETCsT YNCI0 TTePEMEHHBIX, yJacTByromux B Heil. [Ipobiema
[IOWCKA PEITIeHNsT CUCTEM YPaBHEHUN HaJl MOHOUI0M 9 COCTOUT B TOM, UTO T10
3aJIAHHOU TTPOU3BOJILHON pazpermoii Hat I cucreMe ypaBHeHUit Tpebyercs
Hafitu jroboe e€ perenune. Oboznauum 31y npobaemy SEPay.

PaccmoTpum 6eCKOHEUHYIO TOCTIE0BATEIBHOCTE CUCTEM YpaBHEHUIT

o=1{51,52,...;8n,...}

TaKylo, 4T0 S, uMeer paszmep n jgiag n = 1,2, 3,.... Jaa kaxaoii mocie-
JIOBATEJBHOCTH CUCTEM O ONPEJEJUM MTOANPODIEMY MONCKA PEITEHUS CUCTEM
ypasuenuit SEPgn(0) kax orpannvenue ucxoguoi npodaembr SEPgy HA MHO-
JKECTBO BXOJ0B

{§:5=85,,5, € o,n e N}
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Baecs S1 = Sy o3Hauyaer, 4ro cucreMbl S1 U S9 — 9TO CHUCTEMbI OT OJHOIO
MHOXKECTBA IIEPEMEHHBIX {1, ..., Ty}, U cUCTEMA S] HOJyYeHA U3 CUCTEMbI
So HEKOTOPOU TepecTaHOBKON MepeMeHHBIX.

Jlemma 4. Ecau ne cyuecmeyem nosuhoMuasbH020 6EPOATIHOCTNH020 (AA20-
pumma daa peuserusa npobaemv, SEPoy, mo natidemes nocaedosamesvbHOCL
CUCTNEM O MAKAA, YN0 HE CYUWECTMEYEM NOAUHOMUAALHO20 8EPOATIHOCIIHOZO
anzopumma 0asn pewerusa npobaemvr SEPoy(0).

Hoxazameavcmeo. Ilycts Pi, Py, ... — BCe IOJUHOMAANBHBIE BEDOITHOCTHEIE
aJITOPUTMEL. ECIn He CylecTByeT IOJHHOMUAILHOIO BEPOATHOCTHOIO aJIro-
purMma, ajst npobaembl SEPgy, TO s A000r0 BEPOSTHOCTHOTO ITOJIMHOMMU-
AJLHOrO aaropuTMa P, Halnérca GECKOHEYHO MHOTO CHCTEM, JJIS KOTOPBIX
asroput™m P, He Moxer permuth SEPgy. TlosToMy MOXKHO BBEIOPATH TaAKYTO
oCIeIOBATETHHOCTE cucteMm o’ = {S1,Ss,...,5y,...}, aro anroput™ P, He
Moxker pemnth SEPgy mast S, aasd Bcex n. Bojee TOro, MOXKHO CYUTATH,
4yTOo ¢ yrnopsiouena 1o BO3pacTaHuio pazMepos. Tenepb MOXKHO PaCIIUPUThH
H0CJIeI0BATEe/IbHOCTh 0 J10 TIOCIe/I0BATEILHOCTH 0 C CUCTeMaMu Sy, [ BCex
pasmepos n. 13 mocTpoenns o caemyer, 9To HE CYMIECTBYET MOJMHOMMATh-
HOTO BEPOATHOCTHOTO AATOpuTMa g permerns npobaembl SEPoy (o). O

13 onpe/enenns BUAHO, 9TO MHOKECTBO BCEX BXOJOB pa3Mepa n Ajs Ipo-
6nembl SEPop(0) BhIDISAIET TAK:

I,={S:5%85,,S, €0}

Jlemma 5. Ilycmo 0 — npoussosbnan nocacdosamesbHOCMb CUCTIEM YPABHE-
null. Feau cyuwecmeyem zenepureckuti NOAUHOMUAADHUT GAZOPUMM, DEWA-
rowguti npobaemy SEPop(0), mo cywecmsyem 6epoAMHOCTIHDIL NOAUHOMU-
AALHOI AGAZOPUMM, PEWAIOWUT ITNY NPOOAEMY HA BCEM MHOHCECMEE 8L0J08.

oxazameavcmeo. Jlomyctum, 9T0 CYyIIECTBYET F€HEPUIECKUN OJTMHOMUA/ b
HbI# asnropurm A, pematonuit mpodaeMy Moncka penieHnst CMCTeM ypaBHEHUT
SEPop (o). IlocTponm BEpOSITHOCTHBIN MOJTHHOMUATBHBIH aaroputm BB, pera-
FOIIit 3Ty mpobJieMy Ha BCceM MHOXKecTBe BX0m0B. Ha cucreme S pazmepa n
ajyiropuT™ B paboTaeT CIeAVIONIM 00Pa3oM.

(1) Bamyckaer aaropur™ A Ha S.

(2) Ecmm A(S) # 7, To B Bonaer orer A(S) 1 ocTanaBInBaeTcs, nHATe
uaET Ha 1ar 3.

(3) Temepupyer cry9aiiHo U pABHOMEPHO TIEPECTAHOBKY T HAa MHOYKECTBE

HOMEPOB TIePEMEHHBIX {X1, . . ., Ty } 1 Bbraucaser cucremy S = 7(9).
(4) Bamyckaer aaropurm A wa S’
(5) Ecmm A(S") = ?, To BBRIIAET OTBET (a,...,a), TAe a € A — BO3MOXKHO
HEeIIPaBUJILHBIHA.
(6) Ecm A(S") = {a1,...,an} — pemenne cucremsr S’ To

mHay, ... a) = (Ar=1(1)s -5 Ar=1(n))

ABJIAETCs permenneM cuctembl S = 7 H(S).



12 A.H. PBIBAJIOB, A.H. IIIEBJIAKOB

s nokazaresbCTBa KOPPEKTHOCTH PAbOThl BEPOATHOCTHOTO A/ IrOPUTMA, Ha-
J10 TI0KA3aTh, 9T0 BEPOATHOCTE Toro, 4yro A(S’) = 7, menbmie 1/3. Bamernm,
uTo 7(.S) Ipyu BAPHUPOBAHUY MIEPECTAHOBKY T TIPOOETAET BCE MHOXKECTBO BXO-
noB pazmepa n. Muoxecrso {S : A(S) = 7} npenebpeRuMO, MOITOMY BEpO-
aTHOCTH TOro, uro A(S’) = 7, crpemurcst K 0 Mpu yBeUdenun n. O

Teopema 3. Ecau dasa 410600 nocaedosamesbHhocmuy cucmem YpasHeHuld o
dan pewenus npobaemv, SEPon(0) cywecmeyem zenepudeckutds NOAUHOMU-
anvHol AA20PUMM, MO OAf NPOOAEMBL NOUCKA PEULEHUA CUCTNEM YPAEHEHUL
nad monoudom M cywecmseyem 6epoAMHOCTHBLY TOAUHOMUAALHBIE GA20-
pUMM.

Joxasameavcmeo. Jlokaxkem yTBepxKaeHue oT mpPoTuBHOTO. IlycTh muaga jro-
6oit oCIe10BATETHHOCTH CUCTEM ypaBHEHuU o misa npobiaembr SEPoy (o) cy-
MECTBYET TEHEPUIECKU MOJMHOMUAIBHBIN AJTOPUTM, HO HET BEPOATHOCT-
HOT'O IMMOJIMHOMHMAJIBHOT'O aJITOPUTMa JIJId Hp06ﬂeMbI IIOMCKa PemeHnd CUCTeM
ypasuenwuit nag mounounom M. Torma, mo semme 4 mHafigercs Takasd mTOCIETO0-
BATEJILHOCTD cucTeM 0, 910 1 Jist SEPon(0) HeT NOJIMHOMUAIBHOIO BEPOSIT-
HOCTHOrO asropurma. Oauako, no jgemme 5, Tak Kak s SEPgy(0) cyme-
CTByeT FeHepI/I‘JECKI/H‘/’I IIOJIMHOMUAJIbHBIT aJITOPUTM, TO AJIdA HEe CylueCTByeT
Y IIOJTMHOMUAIbHBIN BEPOSTHOCTHBIA ayiropurm. [oayuennoe nporusope«une
JOKa3bIBAET TEOPEMY. ([l

ABTOpPBI BRIPAXKAIOT OJIATOMAPHOCTD PETICH3EHTY 3a TOJE3HBIE 3aMETaHsT
U MPEJJIOKEHNS IO YIIYUIIIEHUIO TeKCTa CTATbHHU.
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