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O TEHEPUYECKOI CJIOXKHOCTU NMPOBJIEMBI
PEIMTEHNA YPABHEHNVIN B MOHOMN/JIAX

A.H. PoiBAJIOB, A.H. ITIEBJIAKOB

Abstract: This paper studies the generic complexity of the problem
of solving systems of equations in Skolem form in finitely generated

monoids. Three variants of this problem are considered. The first

variant is the problem of recognizing the solvability of dense systems
of equations, where the number of equations is bounded cubically

in the number of variables. For this problem, we prove its strongly

generic decidability in polynomial time. The second variant is a

similar problem for sparse systems of equations, where the number

of equations is bounded linearly in the number of variables. For

this problem, we prove that, given its worst-case intractability, no

strongly generic polynomial algorithm exists. This means that for

any generic polynomial algorithm, there exists an efficient method

for randomly generating inputs on which this algorithm cannot

solve the problem. Finally, the third variant is the problem of
searching solutions to systems of equations. For this problem, the

input is a system of equations for which a solution is known to exist

and at least one solution must be found. Search problems, unlike

recognition problems, find application in cryptography, where a
solution is always known to exist and this solution must be found.

For the search problem, it is proven that, given its intractability,

there exists a subproblem of this problem for which there is no

generic polynomial algorithm.
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1 Bseaenune

Pemenne ypapuenuii u cucreM ypaBHEHUN HAJT BEITECTBEHHBIMHU, KOMILIEKC-
HBIMH, PANUOHAJBHBIMU, II€/JIBIMU YUCIAMU SBJIASETCH KJIACCUYECKON TeMOit
WCC/IEIOBAHUN B PA3JIMIHBIX 00/ACTAX MATEMATUKNA B TEUYEHWE THICAY JIET.
Knaccudaeckas asrebpamdeckasi reoMeTpus M3ydaeT MHOXKECTBa PEIICHU
ayredpanvyeckKnxX ypaBHEHN HA M TOJSIMHU BEIECTBEHHBIX U KOMIIJIEKCHBIX UH-
cen. B pavkax nnodanToBO reoMeTpun 1 AUO(pAHTOBA AHAIN3A U3YIAIOTCS
pertenns aaredpandeckux YpaBHEHUN HAJ MEIBIMU U PAIUOHAIBHBIMY THC-
gamu. B XX Bexe 60JIbITy10 POJIB HAYAIH UTI'PATH BBIYUCAUTEIBHBIE ACTIEKTHI
stux Teopuil. M3ydeHne aaropuTMuYecKux npobdsieM, CBSI3aHHBIX C OIpejie-
JIEHWEM HAJIMUUsl PENIEHUs] V CUCTEM yDaBHEHUI, a TaKXKe ¢ HAXOXKIEHNEM U
OTIMCAHUEM MHOYKECTBA, PEIIEHUN, SIBJISETCS TEMON MHOTOUYMCJIEHHBIX TEOpe-
THYECKUX U MPAKTUYECKUX UCCIEIOBAHUI.

B nocsienave necatuiierys GpOKYC UCCIEOBAHNN TIEPEMEITAETCs] Ha HEKJIAC-
cudeckue obracT, Takue Kak rpynmnsl |1, 6, 7|, mosxyrpynoet [4], tpadwr [§],
gacruaable mopsiku [5]. [lorpebHOCTh perrenusi ypaBHeHHi B 9THX CHCTe-
MaxX BO3HUKAET [PU PACCMOTPEHUN PABJIUUHBIX MPAKTUIECKUX NPObJIeM WH-
dbopmaTuku, Kpunrorpadun, TeOpUn A3bIKOB NporpaMmMupoBanus. Hanpu-
Mep, CBODOJIHBIE TIOJIYTPYIIITbI sIBJASIOTCH DAZUCOM JIJTsd OIMMCAHUS BAXKHENUIITUX
KJIACCOB (DOPMAIBHBIX A3BIKOB U TPAMMATHK: PEryJIAPHBIX, KOHTEKCTHO CBO-
6oaubix. HacTo mpu 3TOM n3ydaeMbrit (hOPMATBLHBIN T3BIK 33AeTCA HEKOTO-
PBIM HADOPOM ypaBHEHUT, MHOYKECTBO PEITeHNH KOTOPBIX TaeT HYKHbIA HAM
s3bIK. K He0OX0quMOCTH pereHust ypaBHeHuit Hax rpadamMu TpUBOIAT 3a-
JIQ9M TIPOBEPKU BJIOKUMOCTH (COBMECTUMOCTH) OJHONW KOMMYHUKAITMOHHO
CeTH B IPYTYIO CETh.

Kax mpaswmio, mpobiiema perrenusd CUCTEM YPABHEHUN HAJ PA3IUIHBIME
anredpandecKuMu CUCTEMAMU ABJISIETCS JIMOO HepaspermmmMoii, mubo mMeer
OOJIBIIYI0 BBIUKCJUTEIHHYIO CJA0KHOCTH. Jlayke Ha KOHEUHBIMEU ajredpa-
MYEeCKUMU CHCTEMaMHU 3T MpobjemMa dacTo okasbiBaercss NP-mosHoit. 910
o3HaYaeT, aTo, npu ycaosun P # NP, 11 Hee He CyIecTByeT MoJTHHOMUAA b
HBIX aJaropuTMoB. [[09TOMY aKTya bHBIM ABJIAETCA U3YyIE€HUE FeHEPUICCKOM
caioxkHOCTH [3] panHbIX 1pobsieM. B paMKax reHepuueckoro mojxo/a asro-
puTMugecKas npodjieMa paccMaTPUBAECTC HE HA BCEM MHOXKECTBE BXOJOB, a
HA HEKOTOPOM MOJIMHOYXKECTBE «IOUTH BCex» Bx070B. C 0/HOI CTOPOHBI, TIO-
JIOXKUTEBHBIE PE3YIBTATHI O BO3MOXKHOCTU 3D (DEKTUBHOTO PEITeHUsT KAKIX-
JbO TPYIHBIX 33Jad JJid TMTOUYTH BCEX BXOJOB TOJIE3HBI /i npakTuku. C
JIPYTOif CTOPOHBI, HETATHBHBIE PE3YITATHI O TeHEPUIECKON TPYAHOCTH HEKO-
TOPBIX TTPOOJIEM AT HAJIEXKIY HA BOZMOXKHOE UX UCIIOTH30BAHNE B KPUIITO-
rpacdun, rje Kak pa3 BaXKHO 4To0bI IpobieMa B3JI0Ma KPUIITOCUCTEMBI ObLITA
TPYIAHOU JJIsd [IOUYTH BCEX BXOJOB.
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B pmamnoit crarbe m3ydaercs reHepUYeCcKasi CJI0XKHOCTH 1TPODJIEMBbI perrre-
Husi cucreMm ypasHeHuii B ¢gopmve CKojieMa B KOHEYHO MOPOXKJIEHHBIX MO-
HoMgax. Ypasuenusi B hopme Cronema mmerorT Bux o = (v, vme «, 3,7y
— TmepeMeHHbIe WM TOpoXKaatorue. JIerko moxas3aTs, uTo Jirobas cucreMa
ypaBHEHUI HaJ MOHOUIOM 3KBHUBAJICHTHA HEKOTOPOM CHCTEeMe ypaBHEHUN B
dopme Ckosema. PaccmarpuBatorcs Tpu BapuanTa 310l npobsembl. [lep-
BBIIl BapUaHT — PpobJIeMa PACIO3HABAHUS PA3PENTUMOCTU NAOMMHHLE CUCTEM
ypaBHEeHU, KOrja 9uc/ji0 YpaBHEHNH OrpaHndeHo KyOudaecku oT 4ucia mepe-
MeHHbIX. yisi 370oit TpobaeMbl JOKA3bIBAETCS €€ CUJIbHO T'eHepUYecKasi pas-
PEITUMOCTE 33 TOJIMHOMUAIBHOE BpeMsi. Bropoii BapuanT mpobieMbl — aHa-
JIOTHYHAs TpobJyieMa JIJIsi PA3PANCEHHBIT CUCTEM YpaBHEHUH, KOIJa YHCJIO0
ypaBHEHUH OIpaHUY€eHO JIMHEHHO OT Yucja nepeMeHHbiX. s sToit mpobiie-
MBI JOKa3bIBAETCd, YTO, IIPH YCJOBHU €€ TPYIHOPA3PEIINMOCTH B XyJIIEM
cJydae, He CYIIECTBYET CUJIBHO I'eHEPUUECKOTO IOJRHOMHUAJIBHOIO aJTOPUT-
Ma. DTO 03HAYAET, YTO JIJIsi JTFOOOT0 MEHEPUIECKOTO MOJIMHOMUAIBHOIO aJIro-
putrma cytecTByeT 3bMEKTUBHBI METO/| CIy4YaiiHOl reHepalun BX00B, Ha
KOTOPBIX 3TOT AJITOPUTM HE MOXKET PEelUTh PACCMATPUBAEMYIO MPOOJIEMY.
Haxomerr, Tperwnit BapuanT — npobiemMa mONCKa, PEIeHns CUCTEM YPaBHEHHIA.
Jlist 9TO# TPOOIEMBI BXOIOM SIBJISIETCST CHCTEMa YPABHEHWH, Jisi KOTOPOIf
3aBEIOMO CYIIIECTBYET DPEIeHne, HyKHO HAlTh XOTd ObI OJHO €€ perreHue.
Kax paz mpobsiembr moucka, B oryimdaue OT mpobieM paclo3HABAHNA, HAXO-
O4T TPUMEHeHus B Kpunrorpadun, riae Bceraa m3BeCcTHO, UTO PEIeHne eCTh
¥ HaI0 HalTH 910 pernenne. JIasa mpobyieMbl TOMCKa PEITIeHNsT TOKA3bIBAETC,
YTO, [IPU YCJIOBHH €€ TPYAHOPa3PENInMOCTH, CYIeCTBYeT rnojipobiema 31oit
HpO6J’[eMbI, AJIA KOTOpOfI HET ITOJIMHOMHUAJIBHOTO T'€HEPUYICCKOTO aJITOPUTMA.

2 IlpenBapuresibHBIE CBEAEHUSA

IIyctb I — HEKOTOPOE MHOXKECTBO BXOJIOB, & [, — IOJMHOXKECTBO BXOJOB
pazmepa n. ng mogmuoxkectBa S, C I ompemesnM moCIeI0BATETBHOCTE

|5l
p?’l(S) - ’I ’ Y
n
rae S, = S NI, — MHOKECTBO BXOIOB U3 S pa3Mepa n. Acumnmomuyeckor
NAOMHOCTHI0 S HA30BEM TpPeJe

p(S) = lim p,(S).

MmuozxkecTBO S HA3BIBACTCIT NPEHEOPENCUMBIM, €CITH €T0 ACHMITOTHIECKAS
wiorHoctb p(S) = 0. Cuenys [3], HazoBém MHOXKeCTBO S cuavHo npenebpe-
DHCUMDbLM, €CJIN TIOCJEI0BATETBHOCTD Py, (S) 9KCIOHEHIUATBHO OBICTPO CXO-
autes kK 0, 1. e. cymecrBytorT kKoHcTanThl 0, 0 < o < 1, u C > 0, Takue, 9410
A1t JIE000ro M

n=123,...,

pn(S) < Co™.

Tenepb S HA3BIBAETCST CUABHO 2eHepuMecKuM, ecan ero jponoauenue I \ S
CUJIBHO TIPEHEOPEKUMO.
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Ausropurm A ¢ MHOKeCTBOM BX010B I 1 MHOKecTBOM BbixogoB JU{O}H (O ¢
J) Ha3bIBAETCHA (CUABHO) 2EHEPUUECKUM, €CIIN

(1) A ocranasimBaerca Ha BCeX Bxogax u3 [;
(2) mmoxectso {z € I : A(z) = O} sBasiercst (cnmibro) mpenebpexn-
MBIM.

3necsk cumBog [ obozHauaer HeonpeeseHHbI 0TBeT. ['eHepuveckuii aaro-
put™ A swvuucasem dpyuximio f: I — N ecom 151 Bcex © € I BBITTOJTHEHO

(A(x) # D) = (f(z) = A(x)).

ITpo6ema pacmosnaBanus MHOXKecTBAa A C I (cuavho) zenepuyecku pas-
PEWUME 3G NOAUHOMUAABHOE 6PEMSA, CCJIN CYIMIECTBYET IIOJMHOMUAILHBINA
(CHITBHO) PeHEPUIECKUT AJITOPUTM, BBITUCIISIFOITIN XapaK TePUCTHIECKYT0 DyHK-
M0 MHOXKECTBa A.

VMeeTcs CyIeCTBEHHOE DAY MEXK Ty TeHEPUIECKH PA3PEIIAMBIMH IIPO-
OJleMaMi M CHILHO TeHepHYeCKH paspelmMbIMu IpobaeMamu. Jlomycrum,
nMeercd IpobiemMa S, paspelnMas Ha HEKOTOPOM Pa3pelInMOM 32, IIOJIIHHO-
MHAaJLHOE BpeMsl MeHepPHIeCKOM MHOXKecTBe (7, IJIg KOTOPOTO

GNI,| n—1
1] no

Taxum obpazom G — reHeprdecKoe, HO He CHJILHO MeHEPHIECKOe MHOYKECTBO.
Teneprs xoTh n npobsiema S paspemmMa JJIst TOYTH BCEX BXOIOB, TeM HE
MeHee, ecTh 3(PGHEKTUBHBIN CIOCOD MOJYYUTh <«ILJIOXOH» BXOJ, HA KOTOPOM
reHepUYIecKnil aaropuT™ He padoraer. [TommHOMWANIRLHBIN aJTOPUTM /IS Te-
Hepanuy IJIOXUX BXOHOB CJIELYIOIIUNA.

(1) CrenepupoBaTh PAaBHOMEPHO CJYYalHBIN BXOI T pa3Mepa 1.
(2) Ecim z € G, moropuTh mar 1, nHavue 3aKOHINUTD.

JleficTBUTEILHO, BEPOSTHOCTL HOIYYUTh TOJIBLKO XOPOIINe BXOMBI 33 N’ pa-

VHIOB:
2
<n > (<1 - ) > e
n n

TTosromy ¢ BepogTHOCTBIO, OUeHb O1M3K0#H K 1, OymeT momyueH maoxoi BXO/I.
C apyroit CTOPOHBI, JIETKO BUIETH, 9TO €CIU MPOobIeMa, pa3permMa Ha CHITh-
HO TEHEPUYECKOM MHOXKECTBE, TO TAKON IIPOCTOH aJrOPUTM T'€HEPAIUU I10-
TpebyeT IKCIIOHEHITNAIBHOTO YuC/ia PayH10B u Oyaer neaddextuubim. Js
OPUIOKEHUN K KpUIITOrpaduu, 3T0 03HAYALT, 9TO IIPOCTO MeHEPUIECKAS JIET-
KOPAa3PENInMOCTb MPOHIeMBI HE JeIaeT 9Ty mpobeMy Oecro/ie3Hoil it co-
3JIaHUS HA €€ OCHOBE KPUITOCUCTEMBI, TAK KaK JJjIs Hee CymecTByeT ahdex-
TUBHAS MNPOIEAypa TeHEpaIllud TPYIHBIX BXOJ0B. B TO Ke BpeMsi, CHUIBHO
PEHEPUIECKN JETKOPA3PENINMbIe TTPOOIEMbI B 3TOM CMBICJIE DECTIONE3HBI JJIs
KPUITOTPahUN.

Hamomuaum Takke HEKOTOPBIE TTOHATUS KJIACCHUIECKON TEOPUH CI0KHOCTH
BLIYUCJICHUH.
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Bepoamnocmuaa mawunae Toropuneza — 910 mMamumbaa ThIOPUHTA, B TPO-
rpamMMe KOTOPOH JIOIyCKAIOTCS 11apbl HEJleTePMUHUPOBAHHBIX [IPaBUJI, KOTO-
pble OJTHOBPEMEHHO MPUMEHWMBI B JaHHOW cuTyaruu. B mporecce paboThI
TAKOW MAIlMHBI C BEPOSTHOCTHIO 1/2 BBIOMpAETCs MEepBOe MPABUJIO U C Be-
positHOCTBIO 1/2 BTOpOE. Bpemst paborsl ¢y (z, T) BEPOATHOCTHOM MAITMHBI
ThropuHTra Ha BXOJIE T 3aBUCUT OT BBIYUCIUTEILHOTO TYTH (OCJIEI0BATE -
HOCTH BBITIOJIHEHHBIX KOMaH 1) 7. BepositHocrHast mamunaa Teiopunra M Ha-
3BIBAETCS NOAUHOMUAADHOT, CITH CYIIECTBYET TIOJTHHOM p(1) TAKOH, 9TO I
J000T0 T M 7715 JTI0HOTO BEIYHCTATENBHOTO TYTH T MaImuabl M Ha T uMeer
mecto tar(x, 7) < p(size(z)).

O6o3znaunm gepes P(M(z) = y) BepogaTHOCTH TOTO, UTO MamwHa M Ha
BXOJIe T BBIIaeT oTBeT Y. Beposruoctras marmna M ewuucasem HyHKITIIO
f:1— J, ecan gns aoboro x € I uMeer MecTo

(f@) =) = P(M() =) >2/3.

MmuoxkecTBo npunaaiexut kiaaccy BPP | ecou cymecrByer mosmHOMUaIb-
Hasd BEPOATHOCTHAS MAIMHA, BBIYUCILIONIAS XAPAKTEPUCTHIECKYIO (PYHK-
[IAI0 9TOTO MHOYKECTBA.

Bepostaoctubie mamuabl Thioprara (hOpMATU3YIOT MOHATHE AJITOPUTMA,
HCIIOJIB3YIOIIEro TeHEePATOP CIIydailHbIX Yuces. BOIBIINHCTBO CIIEIUAINCTOB
110 TEOPETHYeCKOil nHMOPMATHKE CEIYaAC CUNTAET, YTO JII000H TOTMHOMUAI b-
HBII BEPOSITHOCTHBIN aJIrOpuT™M MOXKHO d((PEKTUBHO I1epaHI0MUBUPOBATh,
T.€. MIOCTPOUTH TOJMHOMHUAIBHBIN JeTEePMUHUPOBAHHBIN AJTOPUTM, PEIIA0-
wmit Ty ke 3ajady. B wacrnocru, cunraercd, wro BPP = P. Xora stor
dakr elle He JIOKA3aH, UMEIOTCsl CEPbE3HbIE PE3YJIbTAThI B 110J1b3Y HEro [2].

3 IlgorHBIE cuCTEMBI ypaBHEHMIl

ITycts M — KOHEYHO TOPONKIEHHBI MOHOW[ C MHOXKECTBOM ITOPOKIAI0-
mux A = {ai,...,an}. JTbyto cucremy ypasaeruil Hajg 9 MOXKHO pe-
06pa3oBaTh B 3KBUBAJIEHTHYIO €il cucremy B opme Ckosema, B KOTOPOit
KaXkJi0e ypaBHEHWe WMeeT Buj « = [, Thae «, 3,7y — MepeMeHHble Wi To-
poxaatorue. B nannom pazzgesne 6yaeM mpencTaBiadaTh CUCTEMbBI YPABHEHU
vag M coenyrommm obpazom. Bo-mepsoix, 3adukcupyem mepeMeHHbBIE CH-

CTEMBI X1,...,Tn. Has eguHoobpasmsa o603HAINM HADOP MOPOXKIAONINX
[HE€PEMEHHBIX B IIOPAJJKE BO3PACTAHUSA UHIAEKCOB (1, . .., A, L1, - - - , Ty UEPES
Q1. ey Qpim- Jajiee paccMOTPUM TaK HA3BIBAEMBIH KYO GKANUEHUS — ITO

Ky0 ¢ M+ m no3unmsaMu 10 KaxA0i pasmepuocru. Ha mecre ¢ koopaunara-
mu (7,7, k) 3amucbiBaeM 1, ecn B CHCTeMe eCTh ypaBHEHHE a; = a0y, 1 0
ecau HeT. BymeM 0TOXJIECTBIATE CUCTEMY YDABHEHUHN U ee KyD BKIIOUCHUS.

SaMeTnM, UTO TaKOW CIocod MpeaCTaBICHUs CUCTEM YPABHEHUN aHAJIOTHU-
Y€H KJIACCHYECKOMY TIPEJICTABJIEHUI0 TPadQOB C TIOMOIILI) MATPHI] CMEKHO-
cru. Y Hac ke Kyb BK/IOUEHHd 3ajaeT runeprpad, B KOTOPOM TPOUKU Bep-
IIIUH COEMHSIOTCS TUureppedpaMu, COOTBETCTBYIOIIUMHU ypaBHeHusdAM. [Ipu
CIy9IaiiHoi paBHOBEPOSTHON TeHepalny KyOOB BKJOUCHHA pa3Mepa n —+ m
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TUIUYHBIME CUCTEMAME OyJIyT CUCTEMBI ¢ YMCI0M ypasHenuii 6osbnie C'(n+
m)3, ¢ koncranroit C' > 0. DT0 ciefyer u3 HEHTPAIBHON IIPEIeIbHON TeO-
PeMBI [T PABHOMEDHOTO pachpeieenus (cxema BepHyim ¢ BEposiTHOCTBIO
ycrexa p = % s (n+m)? HezaprcHMBIX membITanmii). TaxmM o6pasom, co-
OTBETCTBYIOIINE TUITHIHBIE THTEPTPadbl TOMYIAIOTCS TOCTATOUHO «TLIOTHDI-
MI» ¢ BOJBITIM YHCTIOM TUTIEppebep, JTUITh B KOHCTAHTY Pa3 OTIHIAOTITIMC ST
oT MaxcuMasbHOro (n 4+ m)3 umera rumeppebep. IlosTomy ecrecTBenHO Ha-
BBIBATH CHCTEMBI YPABHEHUH B 9TOH MOJETN NAOTMHbBLMU.

Ywuemo mepeMeHHBIX 1 IOTHOH CHCTEMBl YpaBHEHUH HA30BEM DA3MEPOM
cucmemat. B aToM pazmene OyaeM paccMaTpUBATh TOJBKO TIOTHBIE CUCTEMBI
ypaBaenuit. Obo3uaunM yepe3 D MHOXKECTBO IJIOTHBIX CHUCTEM ypaBHEHUi
a1 N, npeJicTaBIEHHBIX TAKUM 00pa30M.

Jlemma 1. Yucao naommnox cucmem pasmepa n wad M ecmo
|Dn‘ = 2(n+m)3.

Jokazameavemeo. B kaxaoit us (n+m)? nosunmit Kyba BKIIOUEHNS MOKET

(n+m)?

croatek aubo 0, ymbo 1. Beero monygaercs 2 BapHAHTOB. O

Dynem maspBaTh cuCTeMy ypaBHEHUU HemMpusuasvbHol, eciu B Hell OT-
CYyTCTBYIOT ypaBHeHus Buia « = (7, rae «, 3,77 — TOJbKO MOPOXKIAOIIHIE.
Hazosem monoun 9 nempusuaavrvim, €CJIA CyIIECTBYeT HETPUBUAIbHAS CH-
creMa ypaBHeHU{, KoTopasd He uMmeer perenus Haj 9. B nporuBHOM city-
qae, MoHou st MM mpusuasvnvitd. O9eBUIHO, UTO JJis TPUBUAIBHBIX MOHOUIOB
npobJsieMa Paclo3HaBaHUS PA3PEITUMOCTH CUCTEM ypPaBHEHUH pa3periuma 3a
[OJINHOMUAJIBHOE BPEMSI.

Teopema 1. IIpobaema pacno3Ha8GHUS PA3PEUUMOCTIY NAOMHBIL CUCTEM
YPOBHEHUT HA0 KOHEUHO TOPOHCOEHHBIM HEMPUBULALHBIM MOHOUOOM I Cub-
HO 2EHEPUHECKU PASPEUWUMA 30 NOAUHOMUGALHOE BPEM.

Jloxazameavcmso. Ilycte S’ — Kakasg-To (PUKCUPOBaHHAsS HETPUBUAILHAS
cucTeMa ypaBHEHUI U3 s ypaBHeHHUil pa3mepa t, Hepasperumas Hag M. Ta-
KM 06pasoM, B cucreme S’ ydacTBYIOT ¢ mepeMeHHBIX. [lonmHOMUATBHDII
CUJIBHO TeHEPUYECKUil aJICOPUTM JIJIsi PACIIO3HABAHUS PA3PEITUMOCTH CHCTEM
ypasHenwuit va 9 6yaer paborars HA cucTeme S pazMepa n CaeIymuM 06-
pazom.

(1) Nmer B cucreme S mogcucremy, skeuBajgenTayio S’. Jro penaercs
ciaenytomum obpazom. [lepebupaem Bce BHIOOPKHU 10 ¢ HEpEMEHHBIX
U3 N mepeMeHHbIX cucteMbl S. g kaxmoit BeIbOpKU uieM B S BCe
YPaBHEHIS M3 CUCTeMBbI S’ ¢ y9eToM 3aMeHBl MepeMeHHBIX S’ cooT-
BETCTBYIOIIUMHU TIePEeMEHHBIMU U3 BBIOOPKU. UHUCI0 TaKUX BBIOOPOK
C! = O(n') nomHOMUATBLHO, U TPOBEPKa KarKI0il BLIOOPKH Je1aeT-
cd 32 TOJIMHOMHUAJBHOE OT 1 BPEMS.

(2) Ecmm sxBuBaseHTHAs MOICHCTEMA HAILIACH, TO BBlaeT oTBeT « HET».

(3) Ecsu mer, soimaer orser «HE 3HAIO».
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Jns 1oKa3aresibCTBa CUABHON TE€HEPUYHOCTH 3TOr0 AJrOPUTMA, MMOKAKEM,
4YTO MHOZKECTBO CUCTEM ypaBHeHI/H‘;I, HEC COoAepzKalliuX IMOACHUCTEMbI, S9KBUBA-
nentaoit S’ (06o3HAMMM 3TO MHOKeCTBO A), SABISETCS CUILHO TpeHEGpe-
JKUMBIM. PaccMOTpUM MHOXKECTBO cHcTeM B, B KOTOPBIX Ha TepeMEeHHBIX
{z1,...,x,} 3anpemena nogcucremMa S’ Ha MEpEMEHHBIX {1, ..., T}, HA He-
PEMEHHBIX {41, .., T2}, - - -, HA TTEPEMEHHBIX { Ty ([n/f]—1)+1 - - - > Te[n /] } - 37ECH
gepes [a] obozHadena 1esrast gacTh dncaa a. Tak Kak ajs cucreM u3 B 3a-
OpeToB MeHble, 9eM s cucreM u3 A, o A C B.
MoxHO TIOCINTATh, 9YTO

|B,| = 2n+m)*=sin/1 (23 B 1) In/t]

Dro caepyer u3 TOro, 4To B Kybe BrirodeHusi B «3anpemiens» [n/t] paccra-
HOBOK €JIMHUIL Ha MHOXKECTBAX MECT Pa3Mepa §, COOTBETCTBYIOIIMX CUCTEME
S’ wa nepemenHbIx {X1,..., T}, HA NEPEMEHHBIX {T¢11,...,%2t}, - .., HA €
PEMEHHBIX {Zy([n/t]=1)41> - - - » Te[n/t] }- SAMETHM, YTO ITH MHOKECTBA MECT HE
nepecekatorcsi. QcrasibHble MeCTa B KyDe MOXKHO 3allOJHATD HyJIsIMU U €14~
HUIAMEA TPOU3BOJIHHO.

Teneps
2(n+m)378[n/t] <23 . 1) [n/t]
p(B) = lim |Bu| = lim =
—00 |Dn‘ n—00 9(n+m)3
N
= 1 7@ ) lim (1 1)Wt]—o
DTO MOKA3BIBAET, UTO MHOXKECTBO B SBJISIeTCS CHJIBHO TPEHEOPEKUMBIM, a,
BHAYWT, W €T0 TTOJMHOKECTBO A TakKe CHIBLHO TTPeHebPesKuMO. O

4 Pazps>keHHbI€ CUCTEMbI YpPaBHEHU

B sTom pasmesne bymem Takke pacCMaTPUBATL CUCTEMBI ypaBHEHUH B (POp-
me Ckosiema Hagr MonougoM 9. Ho mog pasmepom cucmemuv, 6ymem moapa-
3yMeBaTh 9MCI0 ypaBHeHUH B Heil. Takke cucTemMbl OyIyT PO araTbCs
HOPMAAUSOBGHHDIMU. DTO O3HATAET, UYTO B k-M YDPABHEHUU CHCTEMBI MOTYT
BCTPEUYaThCA TOJALKO IIOPOXKIAIOIINE U epeMeHHble T;, riae 1 < 3k. D10 co-
OTBETCTBYET eCcTeCTBEeHHOM HyMepanuu IHIEPEMEHHBIX B CHUCTEME: B IIEPBOM
YPABHEHWM IIEPEMEHHbBIE €CTeCTBEHHO 0003HAYaTh T1, T3, T3, HO HE Cpaly
100, BO BTOPOM — JIHOO «CTapbiey MEepeMeHHBIE U3 IEPBOr0 YPABHEHNS, TUO0
T4, T5, Tg, ¥ T.0. OueBUAHO, 9TO JTHOOVIO cucTemy B (hopme CroseMa MOKHO
HOPMAaJIN30BATH C MOMOIIBIO ITOAXOAINIEH TePeHyMEePAIMd IePEeMEHHbIX.

MoKHO TOKa3aTh, YTO IIPHU CJIyIailHON reHepaliny TaKUX CHCTEM pa3Mepa,
7, KOTIa, A71s1 KaXKJI0TO IOCIEIYIONIEr0 VpaBHEeH S TIEPEMEHHbIE DABHOBEPOSIT-
HO BBIOMPAIOTCA U3 MPEABIAYIIUX U TPEX HOBLIX, THIUIHBIME OYIYT CHCTEMEI,
B KOTODBIX YHUCJIO repeMeHHBIX m > Cn, ¢ HekoTopoit koucranToit C > 0.
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Jpyrumu CjoBaMu 9UCIO YPABHEHUN 1 MEHBIIIE %, e m — 4UCIO IIePpeMeH-
vbix. Takum 06pa3oM, CpaBHUBAS C IJIOTHBIMU CUCTEMAMU U3 IIPEILIIYIIErO
paszienia, TaKue CUCTEMBI MOXKHO HA3BATDH PA3PANCEHHHLMU.

B sTom paznmene O6ymem paccMaTpuBaTbh TOJBKO Pa3PAXKEHHBIE CHCTEMBI
ypasaenuit. ObozHaunM uepe3 S MHOYKECTBO BCEX PA3PAKEHHBIX CHCTEM YPaB-
HEHH.

Jlemma 2. Yucao paspasicennux cucmem ypasuenut 6 gopme Crorema pas-

MEPA T €CIMb
n

1Snl = J] (3% + m)®.
k=1

Zoxasameavcmeo. B k-m ypasuennn o = v B cucreme S € S, BMeCTo «
ecTb 3k BapuaHTOB BEIOpATH MEPEMEHHYIO T, ¢ < 3Kk U m BApUaHTOB BLIOPATH
nopoxk gatomuii. To ke camoe aas B u . Uroro jis k-ro ypaBHeHUs: €CTb
(3k +m)3 BapmanTOB. A 17 BCelf CHCTeMbI W3 N yPaBHEHMI HMeeM
n
Sul = T 3k + m)?
k=1

BapHUAHTOB. ([

st Ipou3BOJIbHOIN paspsizKeHHoit cucrembl ypasuenuit S = {S1,..., Sk}
pPaccMOTPUM MHOYKECTBO paspsKeHHBIX cucreM eq(S),, Koropwie moJyda-
0TCa Jo0aBIeHNeM K cucTeMe S TMPOU3BOJIBHBIX «OJHOPOSHBIXY YpaBHEHU
Sk+1,---,Sn, TA€ l-e ypaBHEHNE UMeeT BUJ, X; = T;T¢, mpwdeM 3k < i, 7,1 <
3(I+ k). Jlerko Bumers, uro awobast cucrema u3s eq(S), cOBMECTHA HaJl MOHO-
upoMm I Torma u TOABKO TOTUA, Koraa coBMmecrHa Hax I cucrema S. [eii-
CTBUTEJIbHO, CAMHUYHBIC SHAUYCHM A HOBBIX IICPEMEHHBIX y,Z[OBJ'[eTBOpHIOT BCEM
HOBBIM ypaBHeHI/IHM u IepeMeHHbIC 13 HOBBIX ypaBHeHI/Iﬁ HUKaK HE y‘{aCTBy-
IOT B CTapPbIX ypaBHeHI/IHX.

Jlemma 3. Jlas 410601 paspascennoti cucmemnvt S pasmepa k u ar06ozo n > k
UMEEM MECTO OUEHKQ

_ leg(S)n] (m!)?
pn(ed(S)n) = s 17 7 G ket m)Pn(@En - )P

Hoxaszameavemeso. Ilycre n > 2k. Ias t-ro mobGamjeHHoro K S ypaBHEHUsT
BUa T; = X1y, e 3k < i,7,1 < 3(t + k), nmeerca (3t)® = 27t3 BapnanTos.
TTosromy

n—k

leq(S)n| = H(3t>3-
t=1
Teneps o semme 2

Clea(S)  TIFGH® T 3t N3 1
pu(ea(S)n) = =g _H?1(§t+m)3_H<3t+m) nH Bt +m)3
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OnenuM CHU3Y CHavYa/a [epPBOE IPOU3BEJIEHIE:
T2 = (2 - (Mo 52>
3t+m/ 3t+m/ 3t+m
t=1 t=1 t=1
k n—k
m 3 t 3
(- 2= (I ) -
<H ( t+ m) tljll t+m

_( 1 2 1+m 2+m n—k—m n—=k )3_
S \l4+m 24m T 142m 242m " n—-k T n—k+m/

B 1-2-...-m 3 (m!)3
_((n—k+1)(n—k+2)-(n—k+m)) ~ (n—k+m)3m

Tenepnb olleHnM BTOpOE TPOU3BEEHUE:

n

1 1
> =7 -
tn1:£+1 (Bt+m)® = (3n+m)3k

HToro monyuaem

eq(9), m!)3
pulea(s)) = Cfén‘) > (n_k+n§)3"2(3n+m)3k'

0

Teopema 2. [lycmo dasa npobaemst Pacno3na8aHuA Pa3peuiuMocmy Pa3pa-
HCEHHBLT CUCTEM YPABHEHUT HAO0 KOHEUHO NOPOHCIEHHBM MOHoudom I He
cyuwecmeyem noasuHomuasvhozo aszopumma u P = BPP. Tozda das smoti
nPOOAEMDBL HE CYULECTNBYEM CUADHO 2EHEPUMECKO20 NOAUHOMUAABHOZO (A20-
PUMMG.

Hoxazameavcmeo. Jlonmycrum, 4T0 CyIMIECTBYET CUJIBHO T'E€HEPUYUECKUI 110-
JIMHOMUATHHBIN anropuT™ A, ompeessiionuii pa3spermMOCTh Pa3pIKEeHHBIX
cucteMm ypasaennii Hag 1. IlocTpoum BepOITHOCTHBIN MTOJTMHOMUAILHBIN aJI-
roput™ B, permaroruii 3Ty mpobemMy Ha BCeM MHOXKeCTBe BXomoB. Ha cucre-
Me S pazmepa n aaroput™m B Oymer paboTaTh CIAEIYIOINMM 06pa30M.

(1) Temepupyer ciaydaiiHo U PABHOBEPOATHO cucTeMy S’ W3 MHOKECTBA
eq(S) pasmepa n?.

(2) Bamyckaer ajropur™ A Ha cucreme S’

(3) Ecmu A(S") # 0, T0 aaropuT™ NpaBUIbLHO OIPEJENsieT, PA3PernMa
i cucreMa S’, a BMecTe ¢ Heil m cucrema S.

(4) Ecmu A(S") = O, ro Boimaer orser «HET» — BO3MOKHO HENpaBU/Ib-
HBII.

3ameTnM, 9TO TOJHHOMHUAIBHBIN BEPOSTHOCTHBINH aJropuT™ B BBIAET Ipa-
BIJIBHBII OTBeT Ha Iare 3, a Ha mmare 4 MOXKeT BBIIATH HETIPABU/IBHBIA OT-
ser. Haio Jj0Ka3aTh, 9T0 BEPOSITHOCTH TOTO, YTO OTBET BbIJIACTCS Ha Iare 4,
MenbIme 1/3.
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OrneHuM BEpOATHOCTH BbIJauu OTBeTa Ha mare 4. BeposgTHOCTh TOTO, 9TO
st S” mmeer mecro A(S') = O ne 6osbie

{S' €S+ AS) =Ohel _ S €S AS) = Tho| IS,
|€CI(S)n2‘ |Sn2| |QQ(S)7L2"

Tak kak MHOKecTBO {S' € S : A(S') = O} cunabHO npenebpekuMoOe, TO
CYIIECTBYeT KOHCTaHTa o > () Takasi, 9To

{S' €S AS) =0}, 1

<
‘Sn2‘ 20m?
nast aoboro n. Ilo gemme 3
|Sp2| - (n? —n +m)3™(3n? + m)3"
|€q(S)n2| (m!)3

ITosToMy mckOMas BEpOSATHOCTH OTBETA Ha Iare 4 He 6OJIbIE
(TLQ —n4+ m)Sm(3n2 + m)?m 93mlog (n?—n+m)+3nlog (3n2+m)
an? (ml)3 o 9an? (ml)?;

1 1
< 9an?—3mlog (n2—n+m)—3nlog (3n2+m) < g

<

OpU TOCTATOYHO OOJIBIITUX 7.

Takum obpazom, mpobsema TPOBEPKH PABPEITUMOCTH PA3PAKEHHBIX CH-
creMm ypapaenuit maj 9N npunaiexur kiaaccy BPP. A tak kaxk BPP =
P, 1o ona npunamexut kiaccy P. A 970 mpoTuBOpednT TOMY, UTO /I HEE
HET [OJIMHOMUAJIBHOTO AJITOPUTMA. O

5 IIpobaema momcka pemieHNs CUCTEM YpPaBHEHUIT

B sTom paszpesie BepHEMCS K pACCMOTPEHUIO TIJIOTHBIX CUCTEM yPaBHEHW B
dopme Croema Ha MorougoMm M. HamomumM, 9T0 1101 pa3MepoM MIOTHOH
CHACTEMBI TOHUMAETCsT 9HUCJI0 MePEeMEHHBIX, yaacTByonux B meit. [Ipobrema
TOMCKA PEITIEHNs CUCTEeM ypPaBHEHWH Hal MOHOUAOM I COCTOMT B TOM, 9TO 10
3aJaHHON TPOM3BOIBLHON pasperumoit Has NN cucreme ypaBuenuit Tpedyercs
Halitu r060e eé pererne. Oboszraunm 3ty npobaemy SEPay.

Paccymorprum 6eckoHEUHYIO TTOCI€IOBATEIHFHOCTE CUCTEM YPABHEHUH

o ={S1, 52, ., Sy ...}

TaKywo, 4To S, mMeer paszmep n gaga n = 1,2 3,.... Jlaa kaxmaoii mocse-
JIOBATEIBHOCTH CHCTEM O OTIPEIEJAM MTOANPOOIEMy TONCKA, PEITEHUA CUCTEM
ypasrenuit SEPgn(0) kax orpanndyenune ucxoguoi mpodaembr SEPgy HA MHO-
JKECTBO BXOJ0B

{§:5=85,,5, € o,n e N}

Saecy S1 = Sy 03HAUAET, YTO CHUCTEMBI S1 U S9 — 9TO CHCTEMBI OT OIHOTO
MHOYKECTBA TIEPEMEHHBIX {1, ..., Ty}, U CHCTEMA S] TOJIyIeHA W3 CHCTEMBI
So HEKOTOPOU TIEPECTAaHOBKON IepeMeHHBIX.
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Jlemma 4. Ecau ne cyuecmsyem nosuHoMuUaAsbH020 8EPOATNHOCTNHOZ0 4420~
pumma o peuserus npobaemv SEPgy, mo natidemes nocaedosamesvbHOCb
cucmem o MaKasd, 4mo He CYWECTNEYEM NOAUHOMULADHOZO GEPOATNHOCTIIHOZ0
anzopumma 0as pewerus npobaemv SEPoy(0).

Joxasameavcmeo. Ilycts Py, Pa, ... — BCe MOIUHOMUAIbHBIE BEPOSITHOCTHBIC
AJITOPUTMBI. EC.HI/I HE CyH_LeCTByeT TTOJIMHOMHUAJIbHOT'O BEPOATHOCTHOT'O aJITO-
purMa, ajst upobaembl SEPgy, TO Jiist AI000Ir0 BEPOSITHOCTHOIO ILOJIAHOMMU-
AJILHOrO aJaropuT™Ma P, Halinércsa 0eCKOHEeUHO MHOTO CHCTEM, IS KOTOPLIX
ajroput™m P, #e Moxer permuth SEPgy. 1loaToMy MOXKHO BBEIOpATH TaKyIO
nocaenoBaTebHOCTE cucteM o = {S1,S9,..., Sy, ...}, 9To anropur™m P, He
Moxker pemuTh SEPgy mns S, g Bcex n. Bojsee TOro, MOXKHO CUMTATD,
49T0 ¢/ ymopsiIodeHa Mo BO3PACTAHUIO Pa3MepoB. Temeph MOKHO PACIIIPHUTh
[OCIE0BATEILHOCTD 0 J10 TOCIE0BATEILHOCTH 0 ¢ CACTEMaMHA Sy, IJId BCeX
pasMepoB n. V3 mocTpoenns o ciaeayer, YTO He CYMIECTBYET MOJIHHOMUIAIL-
HOTO BEPOSITHOCTHOTO AJITOPUTMA JIJIst perternst mpobiembl SEPoy(0). O

113 onpe/enenns BUAHO, 9TO MHOKECTBO BCEX BXOJOB pasMepa n Ajs Ipo-
6nembl SEPon(0) BhIDIALET TAK:

I,={S:525,,5, o}

Jlemma 5. Ilycmo 0 — npouseosbran nocacdosamesbHOCMb CUCTIEM YPAGHE-
null. Feau cyuwecmeyem zenepureckuti NOAUHOMUAADHOT GAZOPUMM, DEWA-
rowguti npobaemy SEPop(0), mo cywecmsyem 6epoAMHOCTIHIL NOAUHOMU-
anLHOL AGAZOPUMM, PEWAIOWUT ITNY NPOOAEMY HA BCEM MHOHCECMEE 8L0J08.

ZHoxazameavcmeo. JlomycTuM, 9TO CYIIECTBYET reHEPUIECKUH TOJTMHOMUAIb-
HBIH asropuT™ A, permatoruit mpobaeMy TONCKa, peIiennst CHCTeM ypaBHeHUH
SEPon (o). IlocTponm BEpOSTHOCTHBI MTOJTHHOMUATBHBII aaroputM BB, pera-
oIt 3Ty npobjieMy Ha BceM MHOXecTBe BX0/0B. Ha cucreme S pazmepa n
ajiropuT™M B paboraer ciIeLynmM 00pa3oM.

(1) Bamyckaer aaropurm A Ha S.

(2) Ecan A(S) # O, ro B Bbinaer orser A(S) n ocranapinBaercsi, nHade
uAET Ha 1mar 3.

(3) Temepupyer cryvaiiHO 1 PABHOMEPHO TIEPECTAHOBKY T HA MHOYKECTBE

HOMEDOB TIePEMEHHBIX {1, . . ., Ty } 1 Bhraucasier cucremy S’ = 7(.9).
(4) Bamyckaer aaropurm A ma S’
(5) Ecmm A(S’) =0, To BBIIACT OTBET (4, ...,a), TAe a € A — BO3MOXKHO
HeIIPaBUJILHBIHA.
(6) Ecm A(S") ={a1,...,an} — pemenne cucremer S’, To
7 Yai,...,a,) = (Ar=1(1)s -5 Ar1(n))

apjigercs pemennem cucrembl S = - 1(S”).

JJist ToOKa3aTeIbCTBa KOPPEKTHOCTH PA0OThI BEPOATHOCTHOTO AJIFOPUTMA, Ha-
10 TI0KA3aTh, 9TO BEPOSATHOCTH TOro, uTo A(S") = [, mensbuie 1/3. Bamernm,
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aro 7(.S) npu BAPHUPOBAHUY NEPECTAHOBKH T IIPOOEraeT BCE MHOXKECTBO BXO-
o8B pasmepa n. Muoxecrso {S : A(S) = O} npenebpexumo, 103romy Be-
positrOCTE Toro, uto A(S’) = O, crpemurcst K 0 Ipy yBeTUYEHAN N. U

Teopema 3. Ecau 0as npobaemvt NOUCKSG PEWEHUA CUCTIEM YPASHEHUT Had
Mmonoudom M we cyuecmsyem 6epoAMHOCIMHO20 NOASUHOMUAALHOZ0 (A20-
PUMMEG, MO CYUWLECTNEYEM, NOCAEIOEGMEABHOCTNL CUCTNEM YPAEHERUT T Ma-
Kas, wmo oan pewerus npobaemvs SEPop(0) ne cywecmeyem 2enepuuecrozo
NOAUHOMUAADHOZO GAZOPUMMG.

Hoxaszameavemeo. Ilycre myist mpobiiembl SEPgy HET BEPOSITHOCTHOTO TTOJIH-
HOMUATLHOTO anropurMa. 110 semme 4 HafimeTcsa Takas MoCaeI0BaTeTbHOCTh
cucrem o, aro u aag SEPop(0) HET MOJMHOMUATBEHOTO BEPOSITHOCTHOTO aJI-
ropurma. Teneps, ecim monyctutsh, aro aus SEPyy(0) cymecTByer nomno-
MUAJIbHBIN reHepuvecKuii agaropurs, To, o gemme 5, aist SEPoy (o) naitmer-
s TIOIMHOMUABHBIH BEPOATHOCTHBIN anroput. [Tomydenroe npoTusopedne
JOKA3bIBAET TEOPEMY. U
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