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Annotation. Abstract. In this paper we derive formulas for the information function under 

Cramér–Rao regularity conditions for a density F in both continuous and discrete cases when the 

parameter  𝜽 is unknown. We prove that the regularity conditions remain valid even when the 

sample is incomplete. Based on the stated theorems, two main results are obtained: (1) an explicit 

expression for the information function and (2) the applicability of the Kramér–Rao bound in the 

presence of incomplete samples. Examples illustrating the results and applications are provided. 
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The problems of determining and estimating parameters in the process of statistical 

observation are one of the main research areas of probability theory and mathematical statistics. 

One of the most important concepts used in assessing the quality of estimates is the information 

function (Fisher information), which is of fundamental importance in measuring the accuracy of 

the selected parameters of a statistical model. The information function is closely related to the 

Cramér–Rao limit and theoretically determines the ability of estimators to achieve the smallest 

variance. 

Many theoretical results work when complete observations or complete samples are 

available. However, in applied statistics, data are often observed in the form of incomplete samples 

due to various reasons - technical errors, interruptions in observation, incompletely recorded 

values, measurement limitations, or unfavorable experimental conditions. In such conditions, the 

exact calculation of the information function and the study of its properties are one of the important 

theoretical and practical issues. In particular, the question of the fulfillment of the regularity 

conditions and the existence of Fisher information in cases of incomplete samples has not been 

sufficiently studied. 

In the literature, the Kramer–Rao regularity conditions are usually given in terms of 

complete sampling. Therefore, how to generalize these conditions to the incomplete sampling 

situation and to determine the calculation formulas for the information function in continuous and 

discrete forms of the density function remain one of the pressing issues. 

In this article, we present general formulas for the information function with respect to an 

unknown parameter θ when the density function 𝑭(𝒙; 𝜽) is continuous and discrete. We also prove 

new results on the validity of the Kramer–Rao type regularity conditions even in cases of 

incomplete sampling. 

In statistics, a complete sample is a data set that contains all possible values of the population, 

from which the parameters of the distribution can be fully determined.  

An incomplete sample represents a situation where some observations are missing or the 

available data are only partially known. In such cases, the density function (i.e., the probability 

density) is constructed based on the available (incomplete) observations, rather than on the basis 

of the complete data. 

If 𝑿 = (𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏) is a complete sample and its probability density function is 

represented by 𝒇(𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏;  𝜽), then the density function for an incomplete sample 𝒀 =
(𝒀𝟏, 𝒀𝟐, … , 𝒀𝒎),𝒎 < 𝒏 is defined as follows: 

𝑔(𝑦1, 𝑦2, … , 𝑦𝑚; 𝜃) = ∫𝑓(𝑥1, 𝑥2, … , 𝑥𝑛;  𝜃)𝑑𝑥𝑚+1…𝑑𝑥𝑛 

i.e., obtained by integrating over the missing data. This approach allows us to determine the 

probability density function for incomplete samples. 

Suppose that the random variables 𝑿𝟏, 𝑿𝟐, 𝑿𝟑 ~𝑵(𝝁, 𝝈
𝟐) – that is, they have the same 

normal distribution. The probability density function for the complete sample is: 
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𝒇(𝒙𝟏, 𝒙𝟐, 𝒙𝟑;  𝝁, 𝝈) =  
𝟏

(𝟐𝝅𝝈𝟐)
𝟑
𝟐

𝒆𝒙𝒑(−
(𝒙𝟏 − 𝝁)

𝟐 + (𝒙𝟐 − 𝝁)
𝟐 + (𝒙𝟑 − 𝝁)

𝟐

𝟐𝝈𝟐
) 

Suppose we only have 𝑿𝟏 and 𝑿𝟐 observed, meaning that the value of 𝑿𝟑 is missing 

(incomplete sample). So, the incomplete sample is: 𝒀 = (𝑿𝟏, 𝑿𝟐). 
For this case, the density function:  

We integrate over 𝑿𝟑, which is not complete from the density function: 

𝑔(𝑥1, 𝑥2;  𝜇, 𝜎) = ∫ 𝑓(𝑥1, 𝑥2, 𝑥3;  𝜇, 𝜎)𝑑𝑥3 

∞

−∞

 

By the normality property, this integral gives the following result: 

𝑔(𝑥1, 𝑥2;  𝜇, 𝜎) =
1

2𝜋𝜎2
𝑒𝑥𝑝 (−

(𝑥1−𝜇)
2+(𝑥2−𝜇)

2

2𝜎2
).  

It is clear that by integrating over the missing 𝑋3, our density function changes, but it remains 

in the form of a normal distribution. This approach is the basis for statistical analysis, probability, 

and Fisher information calculations for incomplete samples. 

Incomplete sample density functions: 

 F- with absolute discontinuity 

𝑔(𝑥; 𝜃) = {

𝐹(𝑎; 𝜃) = ∫ 𝑓(𝑢; 𝜃)𝑑𝑢, 𝑎𝑔𝑎𝑟 𝑥 = 𝑎
𝑎

−∞

𝑓(𝑥; 𝜃), 𝑎𝑔𝑎𝑟 𝑎 < 𝑥 < 𝑏

1 − 𝐹(𝑏; 𝜃) = ∫ 𝑓(𝑢; 𝜃)𝑑𝑢, 𝑎𝑔𝑎𝑟 𝑥 = 𝑏
∞

𝑏

                                   (1) 

by the formula and in the case of F- being discrete, 

𝑔(𝑥; 𝜃) = {

∑ 𝑓(𝑥𝑖; 𝜃)(𝑖;𝑥𝑖<𝑎)
, 𝑎𝑔𝑎𝑟 𝑥 = 𝑎

𝑓(𝑥𝑖; 𝜃), 𝑎𝑔𝑎𝑟 𝑥 = 𝑥𝑖 ∈ (𝑎; 𝑏)
∑ 𝑓(𝑥𝑖; 𝜃)(𝑖;𝑥𝑖>𝑏)

, 𝑎𝑔𝑎𝑟 𝑥 = 𝑏

                                                (2) 

𝑔𝑛(𝑥
𝑛; 𝜃) = [𝐹(𝑎; 𝜃)]𝑚1 ∗ [1 − 𝐹(𝑏; 𝜃)]𝑚2 ∗ ∏ [𝑓(𝑥𝑖; 𝜃)]

𝐸𝑖𝑛
𝑖=1                     (3) 

let us consider the formulas for calculating Fisher's information function for an unknown 

parameter θ when given by the formulas. If we apply this directly (i.e., with certain regularity 

conditions met) to formulas (1) and (2), then in the case of incomplete sampling, the information 

function is continuous 

𝐼∗(𝜃) = (
𝜕𝑙𝑜𝑔𝐹(𝑎; 𝜃)

𝜕𝜃
)

2

∙ 𝐹(𝑎; 𝜃) + ∫(
𝜕𝑙𝑜𝑔𝐹(𝑥; 𝜃)

𝜕𝜃
)

2

∙ 𝑓(𝑥; 𝜃)𝑑𝑥 +

𝑏

𝑎

 

+(
𝜕 log(1−𝐹(𝑏;𝜃))

𝜕𝜃
)
2

∙ (1 − 𝐹(𝑏; 𝜃))                                                (4) 

using the formula and in discrete form 

𝐼∗(𝜃) = (
𝜕𝑙𝑜𝑔𝐹(𝑎; 𝜃)

𝜕𝜃
)

2

∙ 𝐹(𝑎; 𝜃) + ∑ (
𝜕𝑙𝑜𝑔𝐹(𝑥; 𝜃)

𝜕𝜃
)

2

∙ 𝑓(𝑥; 𝜃) +
{𝑖;𝑎<𝑥𝑖<𝑏}

 

+(
𝜕 log(1−𝐹(𝑏;𝜃))

𝜕𝜃
)
2

∙ (1 − 𝐹(𝑏; 𝜃))                                                (5) 

that is, it is calculated using a formula similar to (4). 

Now let us recall the regularity conditions mentioned above:  
(𝑹𝟏) Let the set {𝒙; 𝒇(𝒙; 𝜽) > 𝟎} be independent of θ;  



(R2) The derivative 
𝝏𝒇(𝒙;𝜽)

𝝏𝜽
 exists and is finite for all θ;  

(R3) For i=1,2 and for all θ 

{
 
 

 
 
∫ |

𝜕𝑖𝑓(𝑥; 𝜃)

𝜕𝜃𝑖
| 𝑑𝑥 < ∞, 𝐹 − 𝑖𝑓 𝑖𝑡 𝑖𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠;

∞

−∞

∑|
𝜕𝑖𝑓(𝑥; 𝜃)

𝜕𝜃𝑖
| 𝑑𝑥 < ∞, 𝐹 − 𝑖𝑓 𝑖𝑡 𝑖𝑠 𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒;

𝑖

 

(R4) The condition 𝑰𝒙(𝜽) < ∞is satisfied for all θ.  

Usually, in mathematical statistics, the conditions R(1)-R(4) are called the Cramer–Rao 

regularity conditions. 

Theorem 1: If the regularity conditions R(1)-R(4) are satisfied, then the derivatives 
𝝏𝑭(𝒂;𝜽)

𝝏𝜽
 

and 
𝝏𝑭(𝒃;𝜽)

𝝏𝜽
 exist for all θ, which are finite and this 

(
𝜕𝑙𝑜𝑔𝐹(𝑎;𝜃)

𝜕𝜃
)
2

∙ 𝐹(𝑎; 𝜃) ≤ 𝐼𝑥(𝜃),                                                (6) 

(
𝜕 log(1−𝐹(𝑏;𝜃))

𝜕𝜃
)
2

∙ (1 − 𝐹(𝑏; 𝜃))  ≤ 𝐼𝑥(𝜃),                                      (7) 

𝐼∗(𝜃) ≤ 3𝐼𝑥(𝜃)                                                                (8) 

Proof. We restrict ourselves only to the case where F-absolutely continuous. The claim for 

the discrete case is proved in a similar way. By conditions R(1)-R(3), 

𝑆𝑢𝑝
𝜃∈𝐻

[
𝜕𝐹(𝑎;𝜃)

𝜕𝜃
] = 𝑆𝑢𝑝

𝜃∈𝐻
|
𝜕

𝜕𝜃
∫ 𝑓(𝑥; 𝜃)𝑑𝑥
𝑎

−∞
|.    

It is sufficient to take into account inequalities (7) and the following, that is, for all θ: 

𝐼∗(𝜃) ≤ 2𝐼𝑥(𝜃) + ∫ (
𝜕𝑙𝑜𝑔𝑓(𝑥;𝜃)

𝜕𝜃
)
2

∙ 𝑓(𝑎; 𝜃)
𝑏

𝑎
𝑑𝑥 ≤ 3𝐼𝑥(𝜃) < ∞.  

The theorem is proved.  

It is known that as a→-∞ and b→+∞, the approximation 𝑰∗(𝜽) → 𝑰(𝜽) is reasonable, that 

is, as the interval that does not allow the observation results to be incomplete disappears, the Fisher 

information corresponding to the incomplete sample should approach the Fisher information 

corresponding to the complete sample. In Theorem 2 below, we prove this claim rigorously. As 

above, we prove it only for the continuous case. 

Theorem 2: Assuming that conditions R(1)-R(4) hold, if a→-∞ and b→+∞, then 

𝐼∗(𝜃) → 𝐼(𝜃)                                                              (9) 

Proof. The proof of this claim is trivial, since ∫ 𝒇(𝒙; 𝜽)𝒅𝒙 = 𝟏
∞

−∞
 is an equality for all θ and 

the regularity conditions R(1)-R(3) 

𝜕

𝜕𝜃
∫ 𝑓(𝑥; 𝜃)𝑑𝑥 =

∞

−∞

𝜕

𝜕𝜃
 

yoki ∫
𝜕𝑓(𝑥;𝜃)

𝜕𝜃
𝑑𝑥 = 0

∞

−∞
                                          (10) 

It follows that. We know that from the R(4)-regularity condition 

lim
𝑎↓−∞
𝑏↑+∞

∫ (
𝜕𝑙𝑜𝑔𝑓(𝑥;𝜃)

𝜕𝜃
)
2

∙ 𝑓(𝑎; 𝜃)
𝑏

𝑎
𝑑𝑥 ↑ ∫ (

𝜕𝑙𝑜𝑔𝑓(𝑥;𝜃)

𝜕𝜃
)
2

∙ 𝑓(𝑎; 𝜃)
∞

−∞
𝑑𝑥 = 𝐼𝑥(𝜃) < ∞;   (11) 

So, to prove the claim 



lim
𝑎↓−∞

(
𝜕𝑙𝑜𝑔𝐹(𝑎;𝜃)

𝜕𝜃
)
2

𝐹(𝑎; 𝜃) = 0                                   (12) 

lim
𝑏↑∞

(
𝜕log (1−𝐹(𝑏;𝜃))

𝜕𝜃
)
2

(1 − 𝐹(𝑏; 𝜃)) = 0                             (13) 

it is enough to show that the equations are valid. 

0 ≤ lim
𝑎↓−∞

(
𝜕𝑙𝑜𝑔𝐹(𝑎;𝜃)

𝜕𝜃
)
2

𝐹(𝑎; 𝜃) ≤ lim
𝑎↓+∞

∫ (
𝜕𝑙𝑜𝑔𝑓(𝑥;𝜃)

𝜕𝜃
)
2

∙ 𝑓(𝑥; 𝜃)
𝑎

−∞
𝑑𝑥 = 0  

0 ≤ lim
𝑏↑∞

(
𝜕log (1 − 𝐹(𝑏; 𝜃))

𝜕𝜃
)

2

(1 − 𝐹(𝑏; 𝜃)) ≤ lim
𝑏↑+∞

∫ (
𝜕𝑙𝑜𝑔𝑓(𝑥; 𝜃)

𝜕𝜃
)

2

∙ 𝑓(𝑥; 𝜃)

+∞

𝑏

𝑑𝑥 = 0 

So, (9) is valid.  

The theorem is proved. It should be noted that so far we have only considered the Fisher 

information for the case where the result of the observation is incomplete. In the case of a complete 

sample, according to the above additivity property 𝐼𝑋(𝑛)(𝜃) = 𝑛𝐼𝑥(𝜃), that is, to calculate the 

information of the sample 𝑋(𝑛) = (𝑥1, … , 𝑥𝑛), it was enough to multiply the information of 𝐼𝑥(𝜃) 
by n. Now, for the case of an incomplete sample, if we take into account formula (6), 

𝐼𝑛
𝑥(𝜃) = 𝑀𝜃 [

𝜕𝑙𝑜𝑔𝑔𝑛(𝑥
𝑛; 𝜃)

𝜕𝜃
]

2

= 

= 𝑀𝜃 [𝑚1

𝜕𝑙𝑜𝑔𝐹(𝑎; 𝜃)

𝜕𝜃
+ 𝑚2

𝜕log (1 − 𝐹(𝑏; 𝜃))

𝜕𝜃
+∑𝐸𝑖

𝜕𝑙𝑜𝑔𝑓(𝑋𝑖; 𝜃)

𝜕𝜃

𝑛

𝑖=1

]

2

 

we make sure that it is determined by a complex expression. This, in turn, shows that calculating 

the information function with incomplete samples is not a trivial matter, unlike with complete 

samples. It should also be noted that so far we have only considered the case when the unknown 

parameter is a scalar, that is, one-dimensional. If the parameter is multidimensional, that is, a 

vector 𝜃 = (𝜃1, … , 𝜃𝑘), then we have to deal with Fisher information matrices, not information 

functions. In this case, the elements of the Fisher information matrix 𝐽𝑥(𝜃) = ‖𝐼𝑥
𝑖𝑗
(𝜃)‖

𝑖,𝑗=1,𝑘̅̅ ̅̅
 

corresponding to the random variable X are: 

𝐼𝑛
𝑖𝑗(𝜃) = 𝑀𝜃 [(

𝜕𝑙𝑜𝑔𝑓(𝑋; 𝜃)

𝜕𝜃𝑖
) (
𝜕𝑙𝑜𝑔𝑓(𝑋; 𝜃)

𝜕𝜃𝑗
)]

=

{
 
 

 
 

∫ (
𝜕𝑙𝑜𝑔𝑓(𝑥; 𝜃)

𝜕𝜃𝑖
)(
𝜕𝑙𝑜𝑔𝑓(𝑥; 𝜃)

𝜕𝜃𝑗
)𝑓(𝑥; 𝜃)𝑑𝑥;

∞

−∞

∑ (
𝜕𝑙𝑜𝑔𝑓(𝑥𝑘; 𝜃)

𝜕𝜃𝑖
)(
𝜕𝑙𝑜𝑔𝑓(𝑥𝑘; 𝜃)

𝜕𝜃𝑗
)𝑓(𝑥𝑘; 𝜃)

{𝑥;𝑎<𝑥𝑘<𝑏}

;

 

is determined by the formulas. If we consider the case where the observation of X is incomplete, 

then the elements of the Fisher information matrix 𝐽𝑥(𝜃) = ‖𝐼∗
𝑖𝑗
(𝜃)‖

𝑖,𝑗=1,𝑘̅̅ ̅̅
 are similar to (7), (8) 

𝐼𝑛
𝑖𝑗(𝜃) = (

𝜕𝑙𝑜𝑔𝐹(𝑎; 𝜃)

𝜕𝜃𝑖
)(
𝜕𝑙𝑜𝑔𝐹(𝑎; 𝜃)

𝜕𝜃𝑗
)𝐹(𝑎; 𝜃) + (

𝜕log (1 − 𝐹(𝑏; 𝜃))

𝜕𝜃𝑖
)(
𝜕log (1 − F(𝑏; 𝜃)

𝜕𝜃𝑗
)

+ 

+𝐼𝑖𝑗 ∗ (𝑎; 𝑏; 𝜃); 
determined by formulas, here 



𝐼𝑖𝑗 ∗ (𝑎; 𝑏; 𝜃) =

{
 
 

 
 

∫(
𝜕𝑙𝑜𝑔𝑓(𝑥; 𝜃)

𝜕𝜃𝑖
)(
𝜕𝑙𝑜𝑔𝑓(𝑥; 𝜃)

𝜕𝜃𝑗
)𝑓(𝑥; 𝜃)𝑑𝑥;

𝑏

𝑎

∑ (
𝜕𝑙𝑜𝑔𝑓(𝑥𝑘; 𝜃)

𝜕𝜃𝑖
)(
𝜕𝑙𝑜𝑔𝑓(𝑥𝑘; 𝜃)

𝜕𝜃𝑗
)𝑓(𝑥𝑘; 𝜃)

{𝑥;𝑎<𝑥𝑘<𝑏}

;

 

will be. 
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