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Abstract:We investigate a delayed intraguild predation (IGP), or
tri-trophic model that incorporates intraspeci�c competition and
two distinct time delays, capturing gestation and handling e�ects.
The system exhibits rich dynamics, including multistability and
delay-induced oscillations. Using analytical techniques, we establish
the existence of a continuous family of positive equilibria produced
by cosymmetry. We investigate the stability of the equilibria from
this family and de�ne delays under which Poincar�e�Andronov�
Hopf bifurcations occur. The stability of the equilibria in the continuous
family depends on the combination of time delays. Numerical simulations
con�rm the analytical predictions and illustrate how delays selectively
destabilize parts of the equilibrium family. These �ndings highlight
the complex interplay between time delays and multistability in
shaping the dynamics of tri-trophic ecological systems.
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1 Introduction

Intraguild predation (IGP) � a complex ecological interaction involving
simultaneous competition and predation among species � plays a signi�cant
role in shaping community structure and biodiversity [1, 2]. Mathematical
modeling of IGP systems has provided insights into the dynamic behaviors
observed in natural ecosystems, including coexistence, extinction, and complex
oscillatory patterns [3, 4, 5, 6]. Incorporating delays such as gestation periods,
maturation times, and handling times into these models has enriched the
understanding of the temporal dynamics and stability properties inherent to
ecological interactions [7, 8].

The stability and asymptotic properties of solutions in biological systems
with delay were analyzed using theory of functional di�erential equations
[9, 10]. Speci�c applications to population dynamics, including predator-prey
interactions and other living systems models, are investigated to establish
conditions for local stability and characterize long-term behavior [11, 12, 13].

Recent studies on three-species prey�predator�superpredator systems have
incorporated time delays of distinct biological origin, which can be broadly
classi�ed into three types. The �rst type is the gestation delay, representing
the lag between prey consumption and the corresponding growth in predator
biomass. This delay has been shown to be the primary driver of stability
switches in tri-trophic food chains [14, 15]. The second type is the maturation
or stage-structure delay, re�ecting the time required for juvenile predators
or intraguild prey to reach reproductive maturity [16, 17]. The third type is
the handling time delay, associated with the time a superpredator requires
to process captured prey, which enters the functional response and governs
foraging e�ciency. Models incorporating this delay alongside a gestation
delay � including two-delay intraguild predation systems � have demonstrated
that the two delays interact cooperatively to destabilize equilibria and generate
persistent oscillations [18, 19, 20].

Vital problems require a study of the coexistence of species and the possibility
of multiple scenarios for population system evolution. Research in physics
and biology has yielded important results about multistability and its in�uence
on dynamics and processes [21, 22, 23]. Multistability in predator-prey IGP
systems was examined in [6, 24, 25] by using the cosymmetry theory [26,
27, 28]. The continuous family of equilibria for the IGP model was �rst
detected in [6]. The appearance of a family of oscillatory regimes was found
and studied in [25]. However, the combined e�ect of multiple time delays
on a system possessing a cosymmetry-induced family of equilibria remains
unexplored. This work aims to bridge that gap by investigating how two
distinct delays selectively in�uence the stability landscape of a tri�trophic
IGP model with an inherent continuum of steady states.

We consider a delayed prey�predator�superpredator model that accounts
for both intra- and interspecies interactions. The prey x grows logistically
and is consumed by two predator populations y and z. The predator y hunts
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on x and is also consumed by the superpredator z. The system incorporates
time delays τ1 and τ2 to describe gestation or handling times in predator
responses. The inclusion of discrete time delays re�ects biologically realistic
processes, which introduce memory e�ects into population growth. The
resulting system of delay di�erential equations is given by:

dx

dt
= x

(
1− x− y − z

)
dy

dt
= −µ1y + η1 x(t− τ1) y(t− τ1)− d1zy

dz

dt
= −µ2z + η2 x(t− τ1) z(t− τ1) + d2 y(t− τ2) z(t− τ2).

(1)

The �rst equation describes logistic growth of the prey population with
limitations arising from both self-regulation and predation. The second and
third equations model the delayed predator�prey interactions/ The reproduction
of y depends on a time-lagged predation term η1 x(t− τ1) y(t− τ1), while the
dynamics of z involve two delayed interactions�one with the basal resource
and another with the intermediate predator�via the terms η2 x(t− τ1) z(t−
τ1) and d2 y(t − τ2) z(t − τ2), respectively. Parameters η1, η2 characterize
the consumption of prey by predator and superpredator, d1, d2 de�ne the
consumption of a predator by the superpredator and µ1, µ2 are the natural
mortalities for predator and superpredator.

This paper is organized as follows. We begin by identifying the equilibrium
points of system (1) in Section 2. In Section 3, conditions for a nontrivial
cosymmetry and parameters leading to the continuous family of equilibria are
derived. The stability of these family members is also analyzed. Numerical
simulations presented in Section 4 illustrate the dynamic behavior near the
continuous family of equilibria. Di�erent delay scenarios are listed, speci�cally
the cases of a single non-zero delay (τ1 = 0, τ2 ̸= 0 and τ2 = 0, τ1 ̸= 0) and
equal delays (τ1 = τ2). Finally, Section 5 provides a concluding discussion of
the results.

2 Equilibrium points

System (1) has one trivial equilibrium E0 = (0, 0, 0), one axial equilibrium
E1 = (1, 0, 0), irrespective of any parametric restriction, and some boundary
equilibria.

The superpredator�absent equilibrium exists and is stable when η1 > µ1

E2 =

(
µ1

η1
, 1− µ1

η1
, 0

)
.

Predator�absent equilibrium is stable when η2 > µ2

E3 =

(
µ2

η2
, 0, 1− µ2

η2

)
.
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Under some conditions on parameters there exists the interior equilibrium
E4 = (x4, y4, z4). It corresponds to the scenario when all three interacting
species will survive,

x4 =
1

a
(−d1d2 + d1µ2 − d2µ1), a = −d1d2 + d1η2 − d2η1,

y4 =
1

a
(−d1µ2 + d1η2 + µ1η2 − µ2η1),

z4 =
−1

a
(−d2µ1 + d2η1 + µ1η2 − µ2η1).

To analyze the local stability of the equilibria of the delay system, we
provide linearization of the system on the steady state (x4, y4, z4). Setting
the perturbations as u = (u1, u2, u3), x(t) = x4 + u1(t), y(t) = y4 + u2(t),
z(t) = z4 + u3(t), the linearized system has the form

du

dt
= J0 u(t) + Jτ1 u(t− τ1) + Jτ2 u(t− τ2) (2)

where the instantaneous Jacobian matrix J0 is

J0 =

1− 2x4 − y4 − z4 −x4 −x4
0 −µ1 − d1z4 −d1y4
0 0 −µ2

 (3)

and the delay matrices Jτ1 and Jτ2 correspond to terms involving delayed
variables:

Jτ1 =

 0 0 0
η1y4 η1x4 0
η2z4 0 η2x4

 , Jτ2 =

0 0 0
0 0 0
0 d2z4 d2y4

 . (4)

The characteristic equation determining stability is given by

det
(
σI − J0 − e−στ1Jτ1 − e−στ2Jτ2

)
= 0, (5)

Here, I denotes the 3 × 3 identity matrix, and σ is the spectral parameter.
The exponential terms e−στ1 and e−στ2 incorporate the e�ects of time delays
in the feedback loops.

At the extinction equilibrium E0, the delay-dependent Jacobian matrices
Jτ1 and Jτ2 are null. The characteristic equation (5) reduces to det(σI −
J0) = 0, yielding the eigenvalues directly:

σ1 = 1, σ2 = −µ1, σ3 = −µ2.

Since σ1 = 1 > 0, the equilibrium E0 is unstable for all parameter values
and delays τ1, τ2 ≥ 0.

Lemma 1. The equilibrium E1 is locally asymptotically stable for all delays
τ1, τ2 > 0 when µ1 > η1, µ2 > η2.

Proof. At the predator-free equilibrium E1, the Jacobian matrix Jτ2 is zero.
The characteristic equation (5) takes the form:

(σ + 1)g(σ) = 0, g(σ) =
(
σ + µ1 − η1e

−στ1
) (

σ + µ2 − η2e
−στ1

)
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The �rst factor gives σ = −1. The stability of E1 is thus governed by the two
transcendental equations associated with the predator (y) and superpredator
(z) populations. Here, µ1, µ2, η1, η2 > 0 and τ1 > 0. We now analyze the
distribution of zeros of g(σ). When µ1 > η1, µ2 > η2. All roots of g(σ) have
negative real parts. Speci�cally, there exists a unique negative real root, and
all complex roots satisfy ℜ(σ) < 0. Therefore, the equilibrium E1 is locally
asymptotically stable for all delays τ1, τ2 ≥ 0. Conversely, if µ1 < η1 or
µ2 < η2. The function g(σ) possesses a positive real root. Consequently, E1

is unstable. □

Remark 1. when µ1 = η1 (µ2 = η2), the equilibrium E2 (E3) branches o�
from E1 in a transcritical bifurcation.

The stability analysis for other equilibria may be done only for speci�c
values of parameters. For example, the case τ1 = τ2 was considered for the
Bazykin model in [29], where no continuous family of equilibria was found.
Furthermore, the study in [6], the study with τi = 0 (i = 1, 2) revealed
multistability, demonstrating that multiple stable states can exist under
additional parameter conditions.

3 Cosymmetry

V.I. Yudovich [26] introduced the concept of cosymmetry to explain the
emergence of a continuous family of equilibria with a varying stability spectrum.
In particular, cosymmetry is a vector �eld orthogonal to the right-hand side
of a system of �rst-order autonomous di�erential equations. The continuous
family of equilibria associated with cosymmetry di�ers from an orbit under a
symmetry group action in that the stability spectrum of the equilibria varies
along the family [27]. The family itself may consist of intervals of linearly
stable and unstable equilibria. The stability of an equilibrium means its
asymptotic stability in the manifold (subspace) transversal to the family.

To �nd multistability in system (1), we de�ne a vector orthogonal to the
right-hand side of the system of di�erential equations without delays. To
obtain such a vector, some additional constraints on the system parameters
are required. Then we verify that this vector (cosymmetry) does not vanish
at the equilibria E2 and E3. In this case, each given equilibrium belongs to
a family [26].

Proposition 1. Under the parameter conditions:

µ2 = d2

(
1 +

µ1

d1

)
, η2 = d2

(
1 +

η1
d1

)
. (6)

the system (1) has a cosymmetry

L =

[
yz,− 1

d1
xz,

1

d2
xy

]T
(7)
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and possesses a continuous family of equilibria given by

Q =

{
x ∈

[
µ1

η1
,
d1 + µ1

d1 + η1

]
, y = 1 +

µ1

d1
− (1 +

η1
d1

)x, z =
η1x− µ1

d1

}
(8)

Proof. For τi = 0, multiplying the right side of system (1) on cosymmetry
(7), we get:

< F,L >= xyz
[
1− x− y − z + c1(−µ1 + η1x− d1z)

+ c2(−µ2 + η2x+ d2y)
] (9)

After substitution (7) to (9) and simpli�cation, we obtain < F,L >= 0. This
means that the vector function L is orthogonal to the right-hand side of the
system (1), i.e., L is a cosymmetry of the system. □

It should be noted that the family of equilibria includes the boundary
equilibrium E2 (x = µ1

η1
) and the equilibrium E3 (x = d1+µ1

d1+η1
).

Proposition 2. System (1) under conditions (6) and τ1 = τ2 = 0 has a
continuous family of stable equilibria (8).

Proof. In the absence of delays (τ1 = τ2 = 0) and under conditions (6), the
characteristic equation (5) reduces to

det (σI − J0 − Jτ1 − Jτ2) = 0, (10)

and the stability of the family of equilibria is determined by the eigenvalues
of the matrix J = J0 + Jτ1 + Jτ2 . The Jacobian matrix at the family of
equilibria (8) is given by:

JQ =

 −x −x −x
yη1 0 −yd1
zη2 zd2 0

 (11)

The characteristic equation for JQ is written as:

σ3 +A2σ
2 +A1σ = 0

where

A2 = x

A1 = η1xy + η2xz + d1d2yz (12)

The zero root σ1 = 0 corresponds to neutral stability along the family Q.
Since A1, A2 > 0, the equilibria of the family Q are stable. □

The family of equilibria (8) exists for any values of τ1 and τ2. Notably,

any point x ∈
[
µ1

η1
, d1+µ1

d1+η1

]
constitutes an equilibrium, and it can be realized

through the appropriate choice of initial history functions on t ∈ [−τmax, 0],
where τmax = max(τ1, τ2). For nonzero delays τi (i = 1, 2), the stability
analysis of equilibria belonging to the family requires numerical computations.
Only a few special cases can be treated analytically.



150 AHMAD ALMASRI AND V.G. TSYBULIN

Lemma 2. For the case τ1 = 0, the boundary equilibria E2 and E3 are locally
asymptotically stable for any τ2 > 0.

Proof. Under the cosymmetry conditions in (6), the characteristic equation
at the boundary equilibrium E2 (where the superpredator is absent, z = 0)
is:

σ + d2y(1− e−στ2) = 0. (13)

We �rst observe that this equation admits no real roots σ > 0 or σ < 0.
Assume σ = iw with ω > 0. Separating real and imaginary parts leads to

d2y(1− cos(wτ2)) = 0, w + d2y sin(wτ2) = 0. (14)

Since d2y > 0, the �rst equality implies cos(wτ2) = 1, hence wτ2 = 2πk,
k ∈ Z. Substituting into the second equation (14) yields ω = 0, contradicting
w > 0. Therefore, there exist no nonzero purely imaginary roots σ = iω
of (13). The only root on the imaginary axis is σ = 0.

At the boundary E3 (where the predator is absent, y = 0), the characteristic
equation σ(σ2 + xσ + η2xz) = 0, which is independent of τ2. Consequently,
the stability of this boundary equilibrium is una�ected by the delay τ2. □

Furthermore, we present numerical results for speci�c parameter values
that demonstrate a scenario of partial instability within the family of equilibria.

4 Numerical analysis

To investigate the system's dynamics, we use MATLAB with the DDE-
BIFTOOL package [30] for numerical continuation and bifurcation analysis.
This approach enables a detailed exploration of its response to variations in
the delay parameters. The values of the parameters are taken as: µ1 = 1,
η1 = 10, d1 = 1, d2 = 1, and µ2, η2 satisfying (6).

The regime map on the parameter plane η2 and µ2 is displayed in Fig. 1.
Symbol Ej marks the stability domain for the equilibrium Ej , j = 2, 3, 4.
Stable equilibria E2 and E3 coexist for the parameter values within the
bistability region E2,3. The domains E2, E3, E4, and E23 share a point
F , which corresponds to the family of equilibria. The symbol C denotes
the region of values for which limit cycles exist for τ1 = τ2 = 0. Fig. 1
also shows the region Cτ obtained through a computational experiment for
τ1 = τ2 = 0.05. This region Cτ represents the parameters (η2, µ2) for which
the equilibrium E4 is unstable and stable limit cycles exist. When the delay
increases, the size of region Cτ becomes larger. Furthermore, each point
within Cτ corresponds to a unique limit cycle.

For the non-delayed case τ1 = τ2 = 0, the family Q (8) (point F in Fig. 1)
contains only stable equilibria, see Propositions 1 and 2. Furthermore, we
will demonstrate that, under the in�uence of delay, some parts of the family
become unstable, and the entire family may contain unstable equilibria.

Table 1 presents six points selected from the family of equilibria (8), where
all three species coexist (prey�predator�superpredator). For these points,
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Fig. 1. Two-parameter bifurcation diagram with respect to
η2 and µ2, Ej (j = 2, 3, 4) � regions of monostability, E2,3 �
the region of bistability, C � the region of limit cycles without
delay, Cτ � the region of limit cycles with delay τ1 = τ2 =
0.05, point F corresponds to the family of equilibria; µ1 = 1,
η1 = 10, d1 = 1, d2 = 1.

i Qi(xi, yi, zi) τ2 = 0 τ2 = 0.1 τ2 = 0.3

1 Q1(0.11, 0.77, 0.12) 0.140 0.134 0.130

2 Q2(0.12, 0.64, 0.23) 0.146 0.137 0.133

3 Q3(0.14, 0.51, 0.35) 0.151 0.142 0.140

4 Q4(0.15, 0.38, 0.47) 0.157 0.149 0.149

5 Q5(0.16, 0.25, 0.58) 0.163 0.157 0.159

6 Q6(0.17, 0.12, 0.7) 0.168 0.164 0.167

Òàáëèöà 1. Critical values τ crit1 for several equilibria from
the family Q under di�erent delay τ2; µ1 = 1, η1 = 10, d1 = 1,
d2 = 1.
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we compare the bifurcation threshold τ crit1 across di�erent delay scenarios:
τ2 = 0, τ2 = 0.1 and τ2 = 0.3. The analysis shows that the parameter
τ crit1 increases monotonically with the index i (number of an equilibrium
Qi). Consequently, for lower values of i, where τ1 remains below a critical
threshold τ crit1 , the entire family of equilibrium points is stable. However,
stability across the family Q varies with τ crit1 �while some parts remain
stable, others undergo instability. These critical values determine exactly
when oscillations appear in the system, illustrating how the delays τ1 and τ2
in�uence the onset of biological dynamics.

τ
1

crit

0.13 0.14 0.15 0.16 0.17 0.18

τ
2

0

0.1

0.2

0.3

0.4
 Q

1
 Q

2  Q
3

 Q
4

 Q
5  Q

6

Fig. 2. Poincar�e�Andronov�Hopf bifurcation curves for the
family of equilibria Qi, i = 1, . . . , 6, in the (τ1, τ2) parameter
plane; µ1 = 1, η1 = 10, d1 = 1, d2 = 1.

Fig. 2 presents the Poincar�e�Andronov�Hopf bifurcation curves for several
equilibria from the family Q (see Table 1), in the (τ1, τ2) parameter plane.
Each curve delineates the boundary between the asymptotic stability of
the equilibrium (to the left) and the oscillatory regime (to the right). The
diagram reveals two characteristic tendencies. Firstly, for a �xed τ2, the
critical delay τ crit1 increases monotonically with the equilibrium index i: from
Q1 to Q6 the system tolerates a larger delay before losing stability. Secondly,
for a �xed equilibrium Qi, the value of τ

crit
1 decreases for moderate values of

τ2 and increases noticeably for larger values of τ2. This indicates the nonlinear
dependence of τ1 on τ2 and the predator�prey relationship. For speci�c values
of the delay parameters, a large superpredator-to-predator ratio ensures the
stability of stationary states.
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When τ1 = 0 and τ2 ̸= 0, the family Q (8) contains only stable equilibria.
Fig. 3a shows that the trajectories converge oscillatory toward the family of
equilibria (black line E2E3) for di�erent initial conditions when τ1 = 0, τ2 =
1. For τ2 = 2, the trajectories exhibit faster convergence to the equilibrium
family compared to τ2 = 1 (see Fig. 3b).

0.2

x0.1

0

0.5y

1
0

0.4

0.8

z E
3

E
2

a

0.2

x
0.1

0
0.5y

1

0.4

0.8

0

z
E

3

E
2

b

Fig. 3. Convergence to equilibria of the family Q (black line)
from di�erent initial points for τ1 = 0. a) τ2 = 1, b) τ2 = 2;
µ1 = 1, η1 = 10, d1 = 1, d2 = 1.

To illustrate the realization of stable equilibria with di�erent initial conditions,
we consider the dynamics for two sets of delays τ1, τ2. Fig. 4 presents the
basins of attraction for two representative values of the superpredator density
(z1 = 0.24, z2 = 0.57). The family of equilibria Q is divided into �ve
segments, each marked by a distinct color. Initial conditions (x0, y0) are
colored according to the segment of Q to which the corresponding trajectory
converges. One can observe a clear partition of the initial condition plane
into colored sectors. The consistent ordering of colors between the family
segments and the attraction sectors on the plane z = const con�rms that
the one-dimensional continuum of equilibria acts as a structured attractor of
the delayed system.

Panel (a), corresponding to τ1 = 0.1, τ2 = 0, shows a relatively regular
partition of the phase space, where trajectories smoothly converge to di�erent
parts of the equilibrium family depending on initial conditions. In contrast,
panel (b), with τ1 = 0.1, τ2 = 0.2, demonstrates a more intricate basin
geometry. The introduction of the second delay leads to a deformation of
the basin boundaries, indicating an increased sensitivity to initial conditions
and a more complex organization of attractors.
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This �gure highlights a key consequence of cosymmetry: the presence of a
continuous set of equilibria gives rise to multistable behavior with distributed
basins of attraction, where each equilibrium (or segment of equilibria) possesses
its own domain of in�uence. Moreover, time delays modify not only the
stability of equilibria but also the geometric structure of their basins, potentially
leading to fragmentation and increased complexity in the phase space. From a
biological perspective, this structure re�ects the existence of multiple alternative
stable con�gurations of the ecological system under identical environmental
conditions.

a b

Fig. 4. Basins of attraction of system (1) for tow planes
z = 0.24 and 0.57. The continuous family of equilibria Q is
partitioned into �ve segments. Initial conditions (x0, y0, z0)
are colored according to the segment of Q to which the
corresponding trajectory converges. a) τ1 = 0.1, τ2 = 0; b)
τ1 = 0.1, τ2 = 0.2. Other parameters are µ1 = 1, η1 = 10,
d1 = 1, d2 = 1.

For system (1) with τ2 = 0, τ1 ̸= 0 the stability of the equilibria Q1 (curve
2) and Q5 (curve 3) is analyzed using their eigenvalues (see Fig. 5). The
critical bifurcation points τ crit1 are marked in red. Both Q1 (curve 2) and Q5

(curve 3) are stable for delays τ1 < τ crit1 and lose stability via a Poincar�e�
Andronov�Hopf bifurcation when τ1 exceeds this critical value. For τ1 = τ crit1 ,
it gives a periodic solution.

For τ2 = 0, the Table 1 shows that the critical value τ crit1 varies from 0.14 to
0.168. So, in the case of τ1 = 0.151, we obtain stable and unstable equilibria,
as well as a periodic solution (see Fig. 6). Fig. 6a shows the time evolution
of the superpredator population for initial points from vicinity of the family
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τ
1

0.1 0.15 0.2

-0.02

-0.01

0

0.01

0.02

1

2

3

Fig. 5. Dependence upon τ1 of real parts of the eigenvalues
for Jacobian at equilibria Q1 (curves 1, 2) and Q5 (curves 1,
3), τ2 = 0; µ1 = 1, η1 = 10, d1 = 1, d2 = 1.

of equilibria Q. The results demonstrate three distinct behaviors: a stable
equilibrium at z = 0.7 and 0.58, an unstable equilibrium at z = 0.23, and a
periodic solution z = 0.35. Fig. 6b demonstrates that trajectories converge
oscillatorily towards the family of equilibria (black line E2E3) when z = 0.7
and 0.58. A limit cycle is realized at z = 0.35, while growing oscillations at
z = 0.23.

t

0 200 400 600 800 1000

z

0.12

0.23

0.35

0.47

0.58

0.70

a

0.2

x0.10

0.5y

0.8

0

0.4

z

E
3

E
2

b

Fig. 6. Dynamics scenarios for System (1) with τ1 = 0.151,
τ2 = 0, under cosymmetry conditions (6) from di�erent initial
points; µ1 = 1, η1 = 10, d1 = 1, d2 = 1.
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For the case τ1 = τ2 = τ , we �nd that the bifurcations for the equilibria
(Qi, i = 1, .., 6) occur at critical values τ crit = 0.133, 0.135, 0.14, 0.147, 0.155,
0.163, respectively. When τ1 = τ2 = 0.1, all equilibrium points Qi are stable,
see Fig. 7. The principal eigenvalues constituting the stability spectrum for
these solutions Qi have been computed and are tabulated on the right of
Fig. 7.

t0 100 200 300

z

0.12

0.23

0.35

0.47

0.58

0.70

Qi σ1 σ2,3

Q1 −7.870× 10−8 −0.011± 0.975i

Q2 −1.172× 10−7 −0.012± 1.031i

Q3 −1.294× 10−7 −0.014± 1.074i

Q4 −1.217× 10−7 −0.017± 1.108i

Q5 −9.694× 10−8 −0.020± 1.133i

Q6 −5.635× 10−8 −0.024± 1.151i

Fig. 7. Convergence to equilibria of the family Q at τ1 =
τ2 = 0.1 for di�erent initial conditions (left). Main values of
the stability spectrum for equilibria (right); µ1 = 1, η1 = 10,
d1 = 1, d2 = 1.

The destabilizing e�ect of the delay τ1 on the stability of family is vividly
demonstrated in Fig. 8. This �gure captures the phenomenon of multistability
� the coexistence of multiple attractors for a single set of parameters. It is
a direct consequence of cosymmetry. We �x the delay τ1 = τ2 = 0.14 and
select di�erent points along the family of equilibria Q (see. Table 1). This
speci�c value τ is supercritical for some equilibria and subcritical for others,
allowing us to observe multiple dynamical regimes simultaneously.

Fig. 8a shows the time series of the superpredator density (z). It reveals
three distinct outcomes based solely on initial conditions. At high z, the
trajectories starting near the family of Q (e.g., z = 0.7 or 0.58) converge
with oscillations to stable equilibria. This indicates that for these population
densities, the system is resilient and returns to steady coexistence. The
trajectory starting near z = 0.47 evolves to a persistent, stable periodic
oscillation. Here we see a Poincar�e�Andronov�Hopf bifurcation, where a
stable limit cycle occurs. A trajectory starting near a low-density superpredator
equilibrium (z = 0.23) deviates away from it. This indicates that this speci�c
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equilibrium is unstable one, making coexistence at these population levels
unsustainable for the given parameters.

The location of the various trajectories and objects is shown in Fig. 8b
The continuous family of equilibria Q is represented by the solid black line
connecting the boundary equilibria E2 and E3. The trajectories show how
the dynamics are determined by its initial state. One can see convergence
to stable equilibria on the family's line, while others are attracted to the
isolated limit cycle or tend to the equilibrium E2.

In summary, Fig. 8 provides a compelling visual representation of how the
delay τ selectively destabilizes speci�c segments of the continuous family of
equilibria, leading to a complex landscape where stable and unstable points
as well as periodic solutions coexist. This underscores the critical importance
of the initial predator-superpredator proportion in the long-term scenario of
delayed intraguild predation systems.
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Fig. 8. Dynamics scenarios under cosymmetry conditions
(6) and delay τ1 = τ2 = 0.14. Dependence of the
superpredator population on time (a) and trajectories (b)
originating from di�erent initial conditions near the family
of equilibria Q; µ1 = 1, η1 = 10, d1 = 1, d2 = 1.

Figure 9 shows that a su�ciently large time delay can completely destabilize
the entire continuous family of equilibria, leading to the emergence of persistent
oscillatory dynamics. The �gure 9a depicts a trajectory (shown in red),
originating from an initial condition near equilibrium Q6 of the family Q.
However, unlike in scenarios with smaller delays, where trajectories converge
to stable equilibria of the family, this trajectory evolves into a stable limit
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cycle without a superpredator. In addition to this cycle, there is also a prey�
superpredator cycle (without predator), see both cycles in �gure 9b.

This behavior occurs because the chosen delay τ = 0.2 exceeds the critical
bifurcation value τ crit for all equilibria in the family Q. As detailed in
Table. 1, the critical values for the family points Q1 to Q6 when τ1 = τ2
lie in the interval [0.134, 0.164]. Since τ = 0.2 is greater than all these
thresholds, every equilibrium point on the family Q has lost its stability
via a Poincar�e�Andronov�Hopf bifurcation. Thus, Figure 9 illustrates the
powerful destabilizing role of time delays, showing that beyond a critical
threshold, they can destroy the multistability in a cosymmetric system and
produce oscillatory regimes in a lower-dimensional subspace.
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Fig. 9. Phase portrait of the system (1) for τ1 = τ2 = 0.2.
a) Convergence to the limit cycle in the absence of the
superpredator, b) shows the superpredator-free limit cycle
(red) and the predator-free limit cycle (black), the solid black
line E2E3 represents the continuous family of equilibria Q;
µ1 = 1, η1 = 10, d1 = 1, d2 = 1.

5 Conclusions

This study presents an analytical and numerical investigation of the dynamics
of a tri-trophic intraguild predation model with two distinct time delays.
The main focus is on a family of equilibria that occurs in multi-species
ecological models when certain additional conditions are met for parameters
that characterize predator behavior. The primary novelty of this paper,
compared to previous own work on intraguild predation (IGP) systems [6, 24,
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25], lies in its speci�c investigation into the combined e�ect of two distinct
time delays on a tri-trophic model that inherently possesses a cosymmetry-
induced family of equilibria.

Our results concern the role of time delays in governing the stability of
the family of equilibria:

• The delay τ2 (associated with the superpredator's handling time) is
non-destabilizing; the entire family of equilibria remains stable for
any τ2 > 0 when τ1 = 0.

• In contrast, the delay τ1 (associated with predator gestation) acts as
a critical bifurcation parameter. The system undergoes a Poincar�e�
Andronov�Hopf bifurcation when τ1 exceeds a threshold value τ crit1 ,
moving from stable coexistence to persistent periodic oscillations.
This shows how inherent biological lags can drive population cycles
in complex food webs.

• The scenario of equal delays (τ1 = τ2 > 0) also yields a Poincar�e�
Andronov�Hopf bifurcation at a critical value, con�rming that delays
can synergistically destabilize the system.

Critical delay thresholds were calculated throughout the family of equilibria,
revealing that stability does not degrade uniformly. As a result, stable and
unstable equilibrium states coexist under identical parameter conditions,
underscoring the system's multistable nature. Numerical simulations con�rm
this complex behavior, visually demonstrating trajectories that converge to
stable points or form limit cycles.

Biologically, the observed multistability � where a system can sustain
multiple stable states under identical environmental parameters � underscores
the ecological plasticity inherent in many food webs. This phenomenon is
crucial for understanding how ecosystems adapt to environmental �uctuations
[31]; it re�ects the concept that a community's historical trajectory can
profoundly shape its future dynamics and species persistence [32]. The occurrence
of stability switches, bifurcations, and oscillatory behaviours induced by
time delays further elucidates irregular population �uctuations frequently
observed in natural intraguild predation systems [33, 34].

To ground these �ndings in concrete biological scenarios, consider a well-
documented terrestrial tri-trophic food web: herbivorous insects such as
aphids (Aphididae spp.) as prey (x), specialist predators such as ladybugs
(Coccinellidae) as the intermediate predator (y), and generalist insectivorous
birds as the superpredator (z), which prey on both aphids and ladybugs,
thereby exhibiting intraguild predation. In this context, τ1 corresponds to
the gestation or reproductive lag of the intermediate predator (ladybugs),
re�ecting the time elapsed between adequate prey consumption and the
recruitment of new predator o�spring � a delay well documented in insect
predator�prey systems [35]. The delay τ2 represents the handling time or
digestive processing delay of the superpredator (birds), a physiological constraint
central to functional response models of generalist predators.
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Analogous delayed dynamics arise in marine ecosystems, where zooplankton
serve as prey, small planktivorous �sh as intermediate predators, and larger
piscivores as superpredators, with well-documented reproductive cycles and
digestion-related handling times in�uencing population dynamics [36, 37].
Understanding these delayed interactions is essential for predicting long-term
population outcomes, including species coexistence, oscillatory behaviour,
and local extinction risk in response to environmental change [38, 39].
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