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NUMBER OF DISTINCT VALUES IN A LARGE
SAMPLE WITH DEPENDENT OBSERVATIONS UNDER
FGN FROM AN INFINITE DISCRETE DISTRIBUTION
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Abstract: The growth dynamics of the number of distinct values

in samples obtained from a stationary sequence of dependent observations
with an infinite discrete distribution is investigated. The analysis of

this behavior for samples formed from a sequence of i.i.d. random
variables is well-established. In this paper, the expected number

of distinct values in the independent case is compared with that

for dependent observations. A connection is established between

the estimation of these expectations and the problem of estimating
multivariate normal distributions. The application of the considered
stationary sequences to statistical text modeling is discussed.

Keywords: urn scheme, fractional noise, transform of Gaussian
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1 Introduction

Consider the following urn scheme. Let n balls be thrown into an infinite
array of cells, and the probability of each ball hitting j-th cell is p;, j =
1,2,... (assume that p; > 0 for all j). By X} we denote the number of
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the cell into which the k-ball hits (k = 1,...,n), as a result we obtain a
sample of identically distributed random variables: (X7, ..., X,), where X
has a discrete distribution with atoms at points 1,2,... and probabilities
p1,P2,.... Let F' denote the cdf corresponding to the mentioned discrete
distribution. Denote by 7,, the number of distinct values in (Xi,...,X,).
Note that when (X7, ..., X,,) are independent (which corresponds to n balls
being thrown independently of each other), as n — 400, the law of large
numbers and the central limit theorem hold for T,,, as established in [1] and
[2], respectively.

In this paper, a stationary (in the strict sense) sequence { Xy, k=1,2,...}
such that X; has a distribution specified by F' is defined constructively, and
the behavior of T, is investigated for this sequence. In particular, it is proved
that T,, — +oo almost surely (a.s.).

Additionally, we compare ET"? and ET{" (H # 1/2), where the
superscripts denote the independent and dependent cases for the sequence
{Xk}, respectively (a detailed definition is provided below).

2 Main results

2.1. Preliminaries. We denote by F~! the quantile transformation of the
function F, defined as F~1(t) := inf{z : F(x) > t}. Let {2} be a standard
fractional Gaussian noise (fGn) with parameter H € (0,1), i.e., a centered
Gaussian sequence with covariance function:

. 1, . . . i
p(3) = 5 (15 + 127+ |5 = 127 = 2|j*), j > 0. (1)

If it is important to emphasize that {2} is the fractional noise with parameter
H, we will add the index (H): {2},
We consider the sequence

Xy = F Y (®(z), k=1,2,..., (2)

where @ is the cdf of the standard normal law. Note that ®(z) i Ulo,1], k =
1,2,..., and hence, Xj, k =1,2,... follow the distribution specified by F'.
The constructed {Xj} is a stationary (in the strict sense) sequence of
random variables. In the case H = 1/2 this sequence becomes a sequence of
independent random variables.
In cases where it is important to emphasize that T,, corresponds to { X}
formed by the fractional noise with parameter H, we will use this notation:

T H).

Remark 1. In the case H > 1/2, the following holds for the covariance
function of the fractional noise: p(k) ~ H(2H — 1)k?"=2 k — 40 (e.g.,
see [3, Proposition 7.2.10]). Suppose that the distribution specified by F
possesses a finite second moment. We establish that Cov (X1, Xy41) and
p(k) have the same asymptotic order as k — +oo. By F; we denote the cdf
of (X1 —a)/o, where a := EXy, 0% := Var(X;). In accordance with item
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3 of Theorem 1 in [4], we derive that Cov (X1, Xpy1) ~ 02¢2p(k), where
gi=[% 2F7H(®(x))p(x) d (here ¢ is the pdf of the standard normal law).
In [4] it is proved that ¢ > 0. This asymptotic behavior of Cov (X7, Xy1)
implies the so-called long-range dependence of { X} (e.g., see [5, 6]).

2.2. Application to text modeling. Consider a vocabulary compiled
from a complete corpus of texts in a given language. To each word in this
vocabulary, we assign its frequency of occurrence within the corpus. By the
rank r (r = 1,2,...) of a word, we mean its position in the frequency list,
sorted in descending order of frequency. We note a well-known empirical
regularity in the word frequency distribution of natural languages, known as
Zipf’s law: the product of a word’s rank and its frequency of occurrence is
(approximately) constant (see |7, 8]).

Thus, we can assert that the probability of finding a word with rank r
in an arbitrary literary text is inversely proportional to this rank. Let f(r)
denote this probability. Consequently, we obtain the following regularity:

a
fr) = -, (3)
r
wherer = 1,2,..., N; here, N is the maximum rank, and a is the normalization

constant. In what follows, we consider a refinement of the law (3), namely,
the Zipf-Mandelbrot law (see, e.g., [9]):

b
r)=—"+, 4
F0) = e @
where r =1,2,..., s> 1, ¢ > —1, and b is the normalization constant.

The sequence { X} } can be used to model text as follows. Words in the text
are randomly selected from a countably infinite vocabulary and numbered
1,2,.... The random nature of word selection is described by the sequence
{Xk}: where X} is the number of the word from the vocabulary at the k-th
position in the text. Note that in this case it is natural to assume that X3
has the Zipf~-Mandelbrot distribution (4).

2.3. Theorems.
Theorem 1. For each H € (0,1), we have T,, — 400 as n — oo (a.s.).

Theorem 1, by virtue of Fatou’s lemma, implies immediately that ET;,, —
+00 as n — +00.

Next we proceed to compare ET" (H > 1/2) and ET"/ 2), for this
purpose we will use the following lemma.
Lemma 1. For each H € (0,1), the following equality holds:

—+00

ET, =Y (1-P(z1 ¢ (@7 1(Pj-1), @ 1 (P))] -, 20 & (@7 (Pjm1), @71 (F))))),
j=1

where Py := 0, P; := Z{lei Jorj > 1.
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Thus, it follows from Lemma 1 that the problem of comparing ET,SH)
(H # 1/2) and ET"? reduces to the problem of comparing P(z%H) ¢
(c.d),..., 28" ¢ (c,d)) and P(z\"? ¢ (c,d), ..., 2% ¢ (c,d]), where ¢ < d,
ce RU{—o0} and d € R.

Observe that for H > 1/2, the inequality Cov(zi(H), zj(-H)) > Cov(zi(l/z), 251/2))
holds for each pair i, j. Consequently, in the case ¢ = —oo, the following
inequality holds for any d € R:

P\ ¢ (c,d],.... 2D ¢ (c,d])

> PP ¢ (c,d],..., 2P ¢ (¢, d)). ®)

This result follows directly from [10, Lemma 1] (see also [11, Lemma 4.2.3]).
Note the monograph [12] devoted to multivariate normal distributions, in
particular, this monograph deals with inequalities of the form (5). It is
also worth noting the works [13, 14], in which inequalities of type (5) are
established for arbitrary Borel sets, provided that the difference between the
covariance matrices of the respective Gaussian vectors is positive semidefinite,
although this condition is not satisfied in our setting.

For finite ¢ and d, inequality (5) is established in the present paper only
for the case n = 2 (see Proposition 1 and Corollary 1).

Theorem 2. Let H > 1/2; then, ETS") < ET{*/?,

Note that in the proof of this theorem, the condition H > 1/2 plays a
crucial role, as it ensures the positivity of the covariance function p(-) (see
the proof of Corollary 1).

2.4. Statistical illustration and some assumptions. We will simulate
n = 5000 independent samples of the fractional noise with parameter H =
0.9 and size n: Z := (2k1,...,2kn), k = 1,...,n. Let F be specified by
a discrete distribution with atoms at points ¢ = 1,2,... and probabilities
p; := b/i*, where b is the corresponding normalization constant. Based on Zj,
kE=1,...,n, we construct Xy ; := F_1(¢(zk7i)), t=1,....n, k=1,...,n
(see (2)).

Denote by T}, ; (j =1,...,n, k =1,...,n) the number of distinct values
of (Xk:,la ey Xk,j)' Set

_ 1< .
Thj = EZTM, j=1,2,.... (6)
k=1

Note that Tnd- is a consistent estimator for ETj(O'g).

In the case H = 1/2, the value of ETj(l/Q) is of the form (see [1])

+oo
BT =3 (10— (1 - pi)?).
k=1
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Consider the plots of y1(j) := ETJ-(l/z) and y2(j) :==Thj, i =1,...,n (see
Figure 1).

I I I I
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Fig' 1. yl(]) = Ez}(I/Q)v y2(]) = Tn,ja Di = b/i4a 1= 1727 e

Let us give an estimate of the proximity of y; to ya relative to y; (corresponding
to the case H = 1/2). We have Ay := max;(y1(j) — y2(4))/y1(j) =~ 0.25.

Consider the situation where {p;} decays to 0 at a slower rate than in the
above case. Let p; :=b/(i+q)°, i =1,2,..., where ¢ = 2.7, s = 1.5, b is the
normalization constant.

Note that the parameters s &~ 1 and g ~ 2.7 have been previously observed
in the works of B. Mandelbrot in his analysis of texts (e.g., see the review of
[15).

Next, as before, we form {X},;} on the basis of the fractional noise with
the parameter H = 0.9. The corresponding plots of yi(j) := ETJ-(1/2) and

y2(j) :==Tnj, j =1,...,n are shown in Figure 2.
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Fig. 2. y1(j) = ET\""?, yo(j) = T, pi = b/ (i +20)15, i =1,2,...
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The estimate of the proximity of y; to y2 (relative to y;) in this case is
Ay = max;(y1(j) — y2(4))/y1(J) =~ 0.07. As a result, we obtain that Ay is
significantly smaller than Ap. In connection with this, it is noteworthy that
the slower decay of {p;} to 0 (compared to the first case) has a significant
impact on the growth dynamics of ETj(O'g)
than the influence of the dependence structure of {Xx}. In particular, we
may formulate the following hypothesis.

, which is substantially greater

Hypothesis 1. The asymptotic growth of the expected number of distinct
words in samples derived from natural language texts is primarily determined
by the properties of the underlying marginal distribution (typically assumed
to be the Zipf~-Mandelbrot distribution), while being largely invariant to the
specific dependence structure of the word generation process.

According to Figure 1 and Figure 2, we may assume that ETJ.(l/ 2 s

ETj(O'g) for all j = 1,...,n (see also the remark to the proof of Theorem
2 in Subsection 3.2).

3 Proofs

3.1. Proof of Theorem 1. Below, we use the following lemma (e.g., see
[11]).

Lemma 2. Let {&,} be a stationary sequence of standard normal random
variables with covariances {r,} satisfying the condition r,Inn — 0. Then,
for each x € R, it holds that

lim P(a,(max & —b,) < x) =exp(—e ¥),

n—-+400 1<i<n
where a, = 2(Inn)'2, b, = a, — (2a,) " (Inlnn + In47).

For almost every w, the sequence {7, (w)} is increasing; therefore, for
almost every w, there exists lim 7}, (w) (finite or infinite). Consider B :=
{w: lim T}, (w) < 4+o0}. It holds that

“+00
BC | J{X1<jXo<j,.. )
j=1
Recall the notation: Py = 0, P; = Z{zl pi, j > 1. Note that {X < j}
coincides with {zj, € (—oo, ®~1(P;)]}.
Let us estimate P(X; < 7, Xy < j,...). The following relations are
satisfied:

P(X;<j,X2<j,...)
=Pz <O (P, 20 <O H(P)),...) (7)
= lim P(max z < & 1(P;)).

n—+oo  ‘1<i<n =
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In the case H = 1/2, it immediately follows from (7) that P(X; < j, X <
Jy-..) =0; therefore P(B) = 0 (note that this case is discussed in [1]).

Now let H # 1/2. Consider the right-hand side of the last equality in
(7). Let € be an arbitrarily small positive number. Choose z such that
exp (—e™ ") < e. Given that a,, — 400 and b, — +00 as n — +oo (where
ap, by are defined in Lemma 2), we deduce that for all sufficiently large n,
the following inequality holds

x
< d7HP)) < < .
P(max 2 < @ (F)) < P(max 2 < ot bn) (8)
From (8) and Lemma 2, given that p(n) ~ H(2H —1)n?"7=2 n — 4+ (e.g.,
see |3, Proposition 7.2.10]), we obtain the relation

limsup P(max z < ® 1(Pj)) <exp(—e ) <e.
n—-+oo 1<i<n

Thus, lim;, 4o P(maxi<i<, zi < <I>*1(Pj)) = 0, from which we deduce:

P(X; <j,Xo9<j,...) =0 (see (7)). As aresult, we conclude that P(B) = 0.
The theorem is proved. ([

3.2. Proof of Theorem 2. Prior to proceeding, we prove the following
statements: Proposition 1, Corollary 1, Lemma 1 and Lemma 3.

Note that the proof of Proposition 1 follows the scheme of the proof of
Theorem 4.2.1 of [11]. We also note the work [16], which considers assertions
similar to Proposition 1 below.

Proposition 1. Let (&1,...,&,) and (n1,...,mn) be Gaussian vectors of
standard normal variables with positive definite covariance matrices A1 =
()\}j) and A = ()\%), respectively. Then for any ¢, d € R such that ¢ < d, the
following relation holds:

P( ¢ (¢,d] forj=1,2,...,n) = P(n; ¢ (¢,d] for j=1,2,...,n)

! 9
= Z()\le - )\?j)/ / . / As(yi = c,y; =d)dy’ | dd, 9)
0 R\[e,d) R\[e,d)

1<j

where As(yi = c,y; = d) == fs(yi = c,y; = ) + fs(yi = d,y; = d) — 2f5(yi =
¢,y; = d). In the previous relation, fs denotes the n-dimensional normal
density corresponding to A° = ()\fj), where A% := GAT+(1—-6)A%, 0 <6 <1,
and f5(y; = ¢,y; = d) is a function of n — 2 variables that is obtained from
f5(y1, .- un), if we set y; = ¢, y; = d (thus, the integration in (9) is over
all variables yi,...,yn except y;, yj).

Specifically, for n =2, it holds that

P(&; & (c,d] for j =1,2) =P(n; ¢ (¢, d] forj =1,2)

= (Mg — A) /Ol(fa(c, ¢) + f5(d,d) — 2fs(c, d)) ds. (10)



NUMBER OF DISTINCT VALUES IN A LARGE SAMPLE 151

Proof. We have
P(@-%(c,d]forj:1,2,...,n):/ / filyr, -, yn) dy
R\[c,d) R\[c,d)
and
P(njgé(c,d]forj:1,2,...,n):/ / folyr, -, yn) dy.
R\[c,d) R\[c,d)
Define F'(§) as follows:

PT5)¢==j/ ---}/ fs(yrs - ym) dy.
R\[c,d) R\ [¢,d)
The left part (9) is equal to F'(1) — F(0). It is obvious that

F(1) — F(0) = /OIF’(cS) ds,

F'(6) :/ / Mdy (11)
R\[cd)  JR\[cd) 9o

The density fs depends on § through )\fj (i < j), noting that XS =1 (recall
that As = 0A' 4 (1 — §)A%). From (11) we deduce

Ofs Ny
(e,d) R\[c,d 8)\25- a6

IZ()\%]‘_/\%)/ / g)]\cgd
— R\[c,d) R\[¢,d) UA;

1<J

where

The following equality holds (see the proof of Theorem 4.2.1 in [11])

s _ 0
8/\% 8y18y] '

Consequently,

9 fs
F'(0) =) (A =\ / / dy
©) Z( 3 M) R\led)  JR\[c,d) OYiOY;j

1<j

By integrating with respect to y; and y;, and then with respect to § (from 0
to 1), we obtain (9). O

Corollary 1. Let (&1,&2) and (m,n2) be two-dimensional Gaussian vectors
consisting of standard normal random variables with positive definite covariance
matrices A1 = ()\}j) and A = (/\%), respectively. Let, in addition, My >
Ay > 0. Then for any c,d € R such that ¢ < d:

P(&1 ¢ (¢, d], & ¢ (¢, d]) > P(m ¢ (¢, d], m2 ¢ (¢, d]). (13)
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Proof. We will use Proposition 1. Recall that by f5, 0 < é < 1 we denote the
2-dimensional normal density corresponding to A° = §A' + (1 — §)A%. We
prove that for all § € [0, 1]

fs(e,e) + fs(d,d) — 2f5(e,d) > 0. (14)
Jensen’s inequality yields
202—2)@262 )

fale,) + fa(d,d) P aa—(am

+
2
1= 08 anyf1- (02

2¢2—2X%,¢2)+(2d% —2X%, d? 1-X8,)(c2+d?
N () A S e (=

1= ()2 e i-0Le

Next, notice that (1 —A3y)(c? +d?) < ¢ +d? —2M{,cd (this follows from the
fact that A\{,(c — d)? > 0). Therefore,

1 em(_u—wm&+¥>
)2

2\ /1— (M, 2(1 = (A}y)?)

From the last inequality and (15) follows (14). Applying (14) to (10), we
obtain the conclusion of the corollary. ([l

2d2 229, d?
XP(— 50507 )

(15)

>

> > fs(c,d).

We are going to use the following result from [10, Lemma 1] (see also [11,
Lemma 4.2.3|).

Lemma 3. Let (&1,...,&,) and (n1,...,nn) be Gaussian vectors of standard
normal variables, and Cov(&;,&;) < Cov(n;,n;) for each pair i, j. Then for
any ui, ..., Uy

P <wujforj=1,...,n) <P(n; <wuj forj=1,...,n).
Let us prove Lemma 1 formulated in Section 2.3.

Proof of Lemma 1. Define {Z;} by

_J 1, if at least one of the random variables X1,..., X, takes the value j,
7710, otherwise.

Clearly, T;, = Z;_:O? Zj, from which we deduce

“+oo
ET, =Y (1-P(X1#j,....Xn #j)). (16)
j=1
It follows from (2) that {Xj # j} = {2 ¢ (®~1(Pj_1), @~ 1(P;)]}. Applying
this relation to (16), we obtain the conclusion of the lemma.

(]
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Proceed to the proof of Theorem 2. Let A! be the covariance matrix of the
two-dimensional vector corresponding to the fractional noise with parameter

H>1/2:
1 22H—1 -1
A1 = (22]—11 -1 1 ) (17)

and A be the covariance matrix of the vector corresponding to the fractional
noise with parameter H = 1/2:

A0 — ((1) ?) . (18)

From Lemma 1 (given that ®~1(0) = —oo0) it follows that

BT =1-P(—2" < —07 ' (p1), -2 < —071(p1))

+oo
+3 (1P ¢ (@Y (P1), 0 (P, 5" ¢ (@7 (Py-), 27H(P)))).
j=2

(19)
From Lemma 3, taking into account (17) and (18), we conclude that
P(—2" < 07 (p1), ~2" <~ (py))
(1/2) _ g1 (1/2) _ g1 (20)
>P(—2 "7 < =@ (p1), =2 < =D (p1)).
Using Corollary 1 (again, considering (17) and (18)), we get
H _ . H _ _
Py ¢ (@71 (o). @7 (P ") ¢ (@71 (Pim), @7 () o)

> P ¢ (@71 (Pi1), @ (7)) 257 ¢ (@71 (Pro1), @ L ()

The assertion of the theorem immediately follows from (20) and (21). O
We note that a generalization of Theorem 2 to compare ETJ(H) (H >1/2)
and ETJ.(I/ 2 for j > 2 will likely also involve the application of Lemma 1 and

Proposition 1.
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