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Abstract

The dynamics of growth of the number of distinct values in consec-
utive samples obtained from a stationary sequence of dependent obser-
vations with an infinite discrete distribution is studied. The problem
of studying the mentioned behavior, where samples are formed from a
sequence of i.i.d. random variables, is well-known. In this paper the
mathematical expectations of the number of distinct sample values in
the independent case are compared with those in the case of dependent
observations. A connection is established between the estimation of the
mentioned mathematical expectations and the problem of estimating
multivariate normal distributions.
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1 Introduction

Consider the following urn scheme. Let n balls be thrown into an infinite
array of cells, and the probability of each ball hitting j-th cellis p;, 7 =1,2,...
(assume that p; > 0 for all j). By X, we denote the number of the cell
into which the k-ball hits (kK = 1,...,n), as a result we obtain a sample of
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identically distributed random variables: (X1,..., X,,), where X; has a discrete
distribution with atoms at points 1,2,... and probabilities pi,ps,.... Let F
denote the cdf corresponding to the mentioned discrete distribution. Denote by
T, the number of distinct values in (X7, ..., X,,). Note that when (Xi,...,X,)
are independent (which corresponds to n balls being thrown independently of
each other), as n — 400, the law of large numbers and the central limit
theorem hold for T,,, as established in [1] and [2], respectively.

In this paper, a stationary (in the strict sense) sequence { Xy, k =1,2,...}
such that X; has a distribution specified by F'is defined constructively, and the
behavior of T, is investigated for this sequence. In particular, it is proved that
T, — +oo almost surely (a.s.). In addition, ET" and ET\? are compared
(here, using the upper indices, the designation of the value T,, corresponding
to the independent and dependent cases of formation of {X}.} is clarified).

2 Main results

2.1 Preliminaries

By F~! we denote the quantile transform of the function F' (recall the
corresponding definition: F'~1(t) := inf{x : F(x) > t}). Let {2} be a standard
fractional noise with parameter H € [1/2, 1), i.e., a centered Gaussian sequence
with covariance function

. 1. . . .
p(j) = §(IJ+1|2H+|J — 1P —2[]*), j > 0. (1)

If it is important to emphasize that {z;} is the fractional noise with parameter
H, we will add the index (H): {z\}.
We consider the sequence

Xk: = F71(®0,1(2k))7 k= 1727 ct (2)

where ®(; is the cdf of the standard normal law. Note that ®gq(z) 4
Ul0,1], k£ = 1,2,..., and hence, X, k = 1,2,... follow the distribution
specified by F.

The constructed { X} is a stationary (in the strict sense) sequence of ran-
dom variables. In the case H = 1/2 this sequence becomes a sequence of
independent random variables.

In cases where it is important to emphasize that T,, corresponds to {X}}

fo(rrr)led by the fractional noise with parameter H, we will use this notation:
.



Remark 1. In the case H > 1/2, the following holds for the covariance func-
tion of the fractional noise: p(k) ~ H(2H — 1)k*72 k — 400 (e.g., see [3]).
Suppose that the distribution specified by F' possesses a finite second moment.
We establish that Cov (X, Xj41) and p(k) have the same asymptotic order
as k — +4o00. By F; we denote the cdf of (X; — a)/o, where a = EXj,
o? := Var(X;). In accordance with item 3 of Theorem 1 in [4], we derive that
Cov(Xy, Xpy1) ~ 0%%p(k), where ¢ := [*° 2 F[ (g 1(z))po.1(z) d (here g
is the pdf of the standard normal law). In [4] it is proved that ¢ > 0. This
asymptotic behavior of Cov(X;, X, 1) implies the so-called long-range depen-
dence of {X;} (e.g., see [5]).

Remark 2. The sequence {X;} can be used to model text as follows. Words
in the text are randomly selected from a countably infinite dictionary and
numbered 1,2,.... The random nature of word selection is described by the
sequence { X }: where X} is the number of the word from the dictionary at the
k-th position in the text. Note that in this case it is natural to assume that X;

has the Zipf-Mandelbrot distribution (e.g., see [6]): P(X; = k) = m, k >

1, where s > 1, ¢ > —1, b is the corresponding normalization constant.

2.2 Theorems
Theorem 1. [t holds that T,, — +00 (a.s.).

From Theorem 1, by virtue of Fatou’s lemma, implies immediately that
ET, — 400 as n — +o00.

Next we proceed to compare ET™ (H > 1/2) and ET{"/?, for this purpose
we will use the following lemma.

Lemma 1. It holds that

“+o00

ET, =Y (1-P(z ¢ (Po1(Pj1): Poi(P)]:- - 20 & (R0 1(Pi1), @5 1(P)])),

j=1
where Py := 0, P; = Z{Zl pi, J > 1.

Thus, it follows from Lemma 1 that the problem of comparing ET (H >
1/2) and ET}"? reduces to the problem of comparing P(z%H) ¢ (c,d],..., 2 ¢
(c,d]) and P(z\""? ¢ (c,d],. .. 2P ¢ (c,d]), where c € RU{—00}, d € R.
Note that since Cov(sz)zj(H)) > Cov(zi(l/Q)zJ(.l/Z)) for each pair i, 7, then
in the case ¢ = —oo the following inequality holds for any d € R:

P ¢ (c,d],..., 21 ¢ (c,d) > PP ¢ (e,d], ..., 20D ¢ (¢,d]). (3)



This fact immediately follows from [7, lemma 4.2.3]. Note also the monograph
[8] devoted to multivariate normal distributions, in particular, this monograph
deals with inequalities of the form (3). A similar claim for finite ¢, d is proved
in the present paper only in the case n = 2 (see Proposition 1 and Corollary

1).

Theorem 2. Let H > 1/2; then, BT\ < ET?.

2.3 Statistical illustration and some assumptions

We will simulate n = 5000 independent samples of the fractional noise
with parameter H = 0.9 and size n: Zg := (2x1,...,2kn), k = 1,...,n. Let
F' be specified by a discrete distribution with atoms at points ¢ = 1,2, ... and
probabilities p; := b/i*, where b is the corresponding normalization constant.
Based on Zy, k = 1,...,n, we construct Xy; := F1(®g1(244)), i = 1,...,n,
k=1,...,n (see (2)).

Denote by Ty, ; (j =1,...,n, k =1,...,n) the number of distinct values of
(Xk,ly e 7Xk,j)- Set

_ 1 < ,
T ::EZTM, ji=1,2,.... (4)
k=1

Note that Tw is a consistent estimator for ETJ-(O'Q).
In the case H = 1/2, the value of ETj(l/Q) is of the form (see [1])
+oo

ET/ =% (1 - (1-p)).

k=1

Consider the plots of y1(j) := ET;I/Q) and yo(j) == Ty, j=1,...,n (see
Figure 1).
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Fig. 1. y1(j) = BT, yo(j) = Thyo pi = b/i*, i =1,2,....

Let us give an estimate of the proximity of y; to y, relative to y; (corre-
sponding to the case H = 1/2). We have Ay := max;(y1(j) — v2()))/v1(j) =
0.25.

Consider the situation where {p;} decays to 0 at a slower rate than in the
above case. Let p; := b/(i + q)°, i = 1,2,..., where ¢ = 2.7, s = 1.5, b is
the normalization constant. Note that the parameters s ~ 1 and ¢ =~ 2.7 have
been previously observed in the works of B. Mandelbrot in his analysis of texts
(e.g., see the review of [9]). Next, as before, we form {Xj;} on the basis of
the fractional noise with the parameter H = 0.9. The corresponding plots of
y1(j) == ETj(l/Q) and ya(j) :=Tp;, j = 1,...,n are shown in Figure 2.
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Fig. 2. yi1(j) = BT\, yo(j) = Tojy i = 0/(i + 27)"%, i =1,2,....

The estimate of the proximity of y; to ys (relative to y;) in this case is
Ay = max;(y1(j) — y2(43))/v1(j) ~ 0.07. As a result, we obtain that A, is
significantly smaller than A;. In connection with this, it is noteworthy that the
slower decay of {p;} to 0 (compared to the first case) has a significant impact
on the growth dynamics of ETj(O'g), which is substantially greater than the
influence of the dependence structure of {X;}. In particular, we may assume
that the growth dynamics of the number of distinct words in corresponding
samples from real text (e.g. in literary texts) is weakly related to the effects
of dependence in the word generation process in this text.

According to Figure 1 and Figure 2, we may assume that ETj(l/ 2> ETj(O'g)
forall j =1,...,n (see also the remark to the proof of Theorem 2 in Subsection
3.2).



3 Proofs

3.1 Proof of Theorem 1

Below, we use the following lemma (e.g., see [7]).

Lemma 2. Let {&,} be a stationary sequence of standard normal random
variables with covariances {r,} satisfying the condition r,lnn — 0. Then, for
each x € R, it holds that

lim P(an(max & —by) < x) =exp(—e ),

n—-+o0o 1<i<n

where a, = 2(Inn)Y?, b, = a, — (2a,) " (Inlnn + In4x).

For almost every w, the sequence {7),(w)} is increasing; therefore, for
almost every w, there exists lim 7, (w) (finite or infinite). Consider B :=
{w: limT,(w) < +oo}. It holds that

+o0
BC| J{X1<jiXa<j...}

j=1

Recall the notation: Py = 0, P; = Y27, p;, j > 1. Note that {X; < j}
coincides with {z; € (0, ®51(FP;)]}.

Let us estimate P(X; < j, Xy < j,...). The following relations are satis-
fied:

P(X;<j,X2<yj,...) .

< P(ey < BH(P) 2 < BH(P), ) = lim P(max = < &51(P). 7
In the case H = 1/2, it immediately follows from (5) that P(X; < j, Xy <
Js-..) = 0; therefore P(B) = 0 (note that this case is discussed in [1]).

Now let H > 1/2. Consider the right-hand side of the last equality in (5).
Let € be an arbitrarily small positive number. Choose z such that exp (—e™*) <
. It is clear that, for all sufficiently large n, it holds that

P(maxz,ﬁq)m(P))<P(male§——|—b) (6

1<i<n 1<i<n "

~—

where a,, b, are defined in Lemma 2. From (6) and Lemma 2, given that
p(j) ~ H(2H —1)j2H72 j — +o0o (e.g., see [3]), we obtain the relation

lim sup P(lmax 2 < Bp1(F;)) <exp(—e ) <e.

n—-4o0o =
Thus, lim,,, oo P(max;<i<, 2 < @ 1(P )) = 0, from which we deduce: P(X; <
Js X2 < j,...) =0 (see (5)). As a result, we conclude that P(B) = 0. The
theorem is proved. O]



3.2 Proof of Theorem 2

Prior to proceeding, we prove the following statements: Proposition 1,
Corollary 1, Lemma 1 and Lemma 3.

Note that the proof of Proposition 1 follows the scheme of the proof of
Theorem 4.2.1 of [7].

Proposition 1. Let (&,...,&,) and (n1,...,m,) be Gaussian vectors of stan-
dard normal variables with positive definite covariance matrices A' = ()\}j) and
0 o 0 . .
AY = (X)), respectively. Then for any c,d € R such that ¢ < d, the following

relation holds:

P(¢; & (c.d] for j = P(n; ¢ (c,d] for j=1,2,...,n)
Sy [ ( / / e —aar) .
i<j R\[c, d) R\[c,d)
where As(y; = c,y; = d) = fs(yi = ¢,y =) + fs(yi = d,y; = d) = 2fs(y; =
c,y; = d). In the previous relation, fs denotes the n-dimensional normal

density corresponding to A° = (X);), where A° := §A' + (1 —0)A°, 0 <6 <1,
and fs5(y; = ¢,y; = d) is a function of n — 2 variables that is obtained from
fs(yi, .- yn), if we set y; = ¢, y; = d (thus, the integration in (7) is over all
variables yy, ..., y, except y;, y;).

Specifically, for n =2, it holds that

P(gj §é (C, d] fOT’j = 172) - P(Uj ¢ (07 d] fO’I"j - 172)
= O = M) [ (fs(erc) + (e d) =2l )
Proof. We have

P(& ¢ (¢, d] forj:1,2,...,n):/ / filyr, - yn) dy
R\[¢,d) R\[¢,d)

and

P(nj¢(c,d]forj:1,2,...,n):/ / fo(yr, -, yn) dy.
R\[c,d R\[c,d

Define F'(9) as follows:

F(6) / / fs(yis - ) dy.
]R\cd) R\[c,d)

The left part (7) is equal to F'(1) — F(0). It is obvious that
1
F(1)—F(0) = / F'(8)do,
0

7



where

F/(S _/ / af5 y17“‘7yn) ' (9)
R\[c, d) R\[c,d)

The density fs depends on & through ), (i < j), noting that A}, = 1 (recall
that As = 6A' + (1 — §)A%). From (9) we deduce

Z/ / Ofs A
Rt JRiea) O 2

< (10)

)\1 . )\0 / / af§
1<] R\[cd R\[cd

The following equality holds (see the proof of Theorem 4.2.1 in [7])

0fs _ fs

Consequently,

2
F6) =3 (L = A2) / / aa Ef;é
z<j R\[cd R\[c,d) YYiOY;

By integrating with respect to y; and y;, and then with respect to ¢ (from 0
to 1), we obtain (7). O

Corollary 1. Let (&1,&2) and (n1,7m2) be two-dimensional Gaussian vectors
consisting of standard normal random variables with positive definite covari-

ance matrices A' = (A};) and A° = (X)), respectively. Let, in addition,
Ay > N2 > 0. Then for any ¢, d € R such that ¢ < d:
P(& & (c,d], & & (¢, d]) > P & (¢, d], 2 ¢ (¢, d]). (11)

Proof. We will use Proposition 1. Recall that by f5, 0 < § < 1 we denote
the 2-dimensional normal density corresponding to A° = JA! + (1 — §)A%. We
prove that for all § € [0, 1]

f(;(C, C) —+ fa(d, d) — 2f5(C, d) > 0. (12)

Jensen’s inequality yields

1 (2¢2—2X9,¢?)+(2d? 279, d?)
fsle,0) + f5(d,d) exXp( =33 s =)

2 214/ 1 —)\‘152

8
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Next, notice that (1 — \3y)(c? + d?) < ¢ + d* — 2\yed (this follows from the
fact that \J,(c — d)? > 0). Therefore,

1 . ( (1= X%)(c? + d?)
- exp| -
214/1 — N3, b 2(1 = A%,)

From the last inequality and (13) follows (12). Applying (12) to (8), we obtain
the conclusion of the corollary. O

) > fs(c,d).

We are going to use the following result from [7, Lemma 4.2.3].

Lemma 3. Let (&,...,&,) and (ny,...,n,) be Gaussian vectors of standard
normal variables, and Cov(&;,&;) < Cov(n;,n;) for each pair i, j. Then for
any i, ..., Uy

P <wj forj=1,...,n) <P(n; <u; forj=1,...,n).
Let us prove Lemma 1 formulated in Section 2.2.

Proof of Lemma 1. Define {Z;} by

_J 1, if at least one of the random variables X3, ..., X, takes the value j,
T 0, otherwise.

It is obvious that 7;, = Z;OT Zj, and the conclusion of the lemma immediately
follows from this equality. O]

Proceed to the proof of Theorem 2. Let A! be the covariance matrix of the
two-dimensional vector corresponding to the fractional noise with parameter

H>1/2:

1 22H-1 _ 1
A= (221{—1 1 1 ) (14)

and A° be the covariance matrix of the vector corresponding to the fractional
noise with parameter H = 1/2:

10
0 __
oo (1), .
From Lemma 1 (given that ®g(0) = —oo) it follows that
BT} =1-P(—#" < ~5i(p), —4" < ~®51(pm))

+o0o
+D_ (=P & (951(P1), 951 (P)] 247 & (B33 (Fy0), B3 (F)])).



(16)
From Lemma 3, taking into account (14) and (15), we conclude that

H _ H _
P(—" < —@5i(p), —" < @5l (p))

(17)
> P2 < —5i(m), —2"? < ~851(p).
Using Corollary 1 (again, considering (14) and (15)), we get
H - - H _ -
P ¢ (051(Fo). #ai(F)) 5" ¢ (1B Bl B)
> Py & (201(P1), 21 (P)], 257 & (251(Pa), @1 (P)))
The assertion of the theorem immediately follows from (17) and (18). O

We note that a generalization of Theorem 2 to compare ETj(H) (H >1/2)

and ETJ-(l/ 2 for j > 2 will likely also involve the application of Lemma 1 and
Proposition 1.
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