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Abstract: We prove the possibility of encoding long-continued
computations of the deterministic two-tape Turing machines using
relatively short-length quantified Boolean formulae. This simulati-
on enables us to slightly improve the earlier-found lower complexity
bound for decidable theories that are nontrivial relative to some
equivalence relation (this relation may also be equality); namelly,
each of these theories is consistent with the formula asserting that
there are two non-equivalent elements. Furthermore, it will be
proved through this modeling that the complexity classes Determi-
nistic Exponential Time and Deterministic Polynomial Space coinci-
de. Moreover, any language recognized in polynomial time can be
recognized in almost logarithmic space.
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1 Introduction

At the beginning, we recall some designations. Although the majority of
them are widely applied, this reminder will help to avoid misunderstandings.

A function expk(n) is called k-iterated (or k-story, or k-fold) exponential
if, for every natural k, it is calculated in the following way: exp0(n) = n,
expk+1(n) = 2expk(n). The length of a word X is denoted by |X|, i.e., |X|
is the number of symbols in X, together with indices. If A is a set, then
|A| denotes its cardinality; "A 
 A" means "A is a designation for A"or
"A equals A by definition"; and exp(n) 
 exp1(n). If a is a real number,
then dae will denote the least integer that is no less than a. We will not use
logarithms on different bases, so log x further denotes log2 x.

The variable n always designates the length of the input string in the
denotations of any complexity classes. We recall that r-DTIME[t(n)] and
r-DSPACE[s(n)] are accordingly the classes of languages recognized by
the r-tape deterministic Turing machines (r-DTM) with the time and space
complexity O(t(n)) and O(s(n)). We regard that r-DTIME[t(n)] ⊆ r-
DTIME[t1(n)] and r-DSPACE[s(n)] ⊆ r-DSPACE[s1(n)], if t(n)<t1(n)
and s(n)<s1(n) for almost all n. When the number of tapes is inessential,
we will omit the label "r-".

A set (or a language) is identified with the related decision (recognition)
problem. The language TQBF consists of the true quantified Boolean formu-
lae. A Turing machine is identified with its program (or transition function).

The goals and objectives, the paper’s structure. The computation
definability by quantified Boolean formulae was well-known for a long time.
For example, back in 1971, S.A. Cook modeled with such formulae the
actions of nondeterministic machines in polynomial time [3]; this is probably
their first application for modeling computations. Cook’s method gives rhe
polynomially bounded simulating ∃-formulae that model very cumbersome
computations since a nondeterministic machine potentially is able to produce
an exponential amount of configurations (or instantaneous descriptions [1,
3, 10]) in polynomial bounded time; and the description of each of these
potential configurations can be deduced from Cook’s formula.

Then, A.R. Meyer and L.J. Stockmeyer showed in 1973 that a language
TQBF is complete in the classPSPACE under polynomial reduction (Theo-
rem 4.3 in [10]). This implies, in particular, that there is an algorithm, which
produces a quantified Boolean formula for every Turing machine P and for
any input string X in polynomial time, and all these sentences model the
computations of the machine P in polynomial space; namely, each of these
sentences is true if and only if P accepts the given input. The long enough
computations are simulated at that, as the polynomial constraint on memory
allows the machine to run during the exponential time [1, 2, 4, 6].

Next, the author, having modified an elegant construction by Stockmeyer
and Meyer, proved the following
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Theorem 1 ([7]). For each one-tape deterministic Turing machine P and
every input string X, one can construct a closed formula (sentence) Ω(X,P )
of the signature of the two-element Boolean algebra B with the following
properties:
(i) Ω(X,P ) can be written within polynomial time of |X| and |P |;
(ii) Ω(X,P ) is true over the algebra B if and only if the Turing machine P
accepts input X within time exp(|X|);
(iii) for every ε > 0, there is a constant D > 0 such that the inequalities
|X|< |Ω(X,P )|6D · |P | · |X|2+ε hold for all sufficiently long X.

It follws from this that the theory Th(B), which is equivalent to the
language TQBF under polynomial reduction, has a subexponential lower
bound of the recognition complexity (Corollary 3.1 in [7]). Similar subexpone-
ntial lower bounds on the recognition complexity are valid for all equivalent-
nontrivial theories (Corollary 7.1 in [7]). This will be discussed in more
detail in Section 3. Furthermore, using these estimates of the cpmputation
complexity, we odtain that the class P is a proper subclass of PSPACE
(Corollary 3.2 in [7]), since both the theory Th(B) and the language TQBF
not only belong to the class PSPACE but are also polynomially complete
in this class [10].

We will often cite the article [7] in Sections 1–3; nevertheless, the given
paper is fully self-contained, and no previous knowledge of that work is
needed. Moreover, the paper [7] is not even mentioned in Sections 4–7 during
the proof of the main theorem on modeling (Theorem 2), although the
method of its proof differs from that of Theorem 1 only in details, but these
details are essential.

In this paper, we will generalize and strengthen Theorem 1, as well as
other results from [7]; this we will consider in detail in Section 3. Namely,
the time restriction (it will be named a simulation period) in the second
item of this theorem can be extended to exp(m(|X|), where m(n) is any
space-constructible function.

This extension of the simulation period (see Theorem 2 below) is a fairly
easy task concerning its proof, although it results in an impressive consequen-
ce that PSPACE = EXP (Theorem 5). It is more interesting to learn to
write the modeling formulae Ω(m)(X,P ) for the Turing machines having two
tapes because such machines allow us to define the space complexity that
is less than the length of an input string. More precisely, we will use the
one-tape Turing machines equipped with a read-only input tape.

In addition, we also will reduce (not much) the upper bound of the length
of these modeling sentences form(n)=O(n) in comparison with ones from [7]
by modifying some fragments of the simulation formulae (both these purposes
will be achieved in Sections 3,5–7; see also Section 9). This will allow us to
obtain a more precise lower bound of the recognition complexity for the many
decidable theories, specifically for TQBF and ThB from Theorem 1. We will
discuss this in detail at the end of Subsection 3.1.
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Certainly, even this refined assessment of the recognition complexity is
very far from the real one for many decidable theories; numerous examples
confirming this are contained in [8], and the theory described in [11] generally
has fantastic complexity. Nevertheless, the estimate obtained in Corollary 4
is close to exact for theories of one equivalence relation, pure equality, and
the language TQBF . Apparently, it is also almost exact for the theory of
any finite algebra having at least two elements.

Our goal is also to prove that any problem from class P can be solved
using the logarithmic memory. This goal will be achieved in Section 8 (Theo-
rem 6), not only by limiting the simulation period but mainly by simulating
the computations of two-tape Turing machines. To understand the proof of
this theorem, one needs a detailed description of the formulae that model
the actions of two-tape machines, and which cannot be obtained from the
formulation of Theorem 2. For this reason, a complete proof of the main
theorem on modeling is given in Sections 4–7.

We will discuss the possibility of relativization and generalization to the
non-deterministic case in the last nineth section.

2 Used methods and the main idea.

The method, which is employed for the implementation of definability in
the prove of Theorem 4.3 from [10], permits writing a polynomially bounded
formula for the modeling of the exponential quantity of the Turing machine
steps, provided that one step is described by the formula, whose length
is polynomial. There, one running step of the machine is described by a
Boolean ∃-formula. It corresponds to the subformula of the formula, which
has been applied for the modeling of the actions of the nondeterministic
Turing machine in the proof of NP-completeness of the problem SAT (the
problem on the satisfiability of quantifier-free Boolean formulas) [3]; see also
the proof of Theorem 10.3 in [1]. Therefore this ∃-formula will be termed the
Cook’s method formula.

The construct of Meyer and Stockmeyer is modified as follows in [7] and
here. One running step of a machine is described by a more complicated
formula that is universal in essence (see Remark 3 in Section 5). This compli-
cation is caused because Cook’s method formula is very long for our goal — it
is far longer than the amount of memory used. It has a subformula consisting
of one propositional (or Boolean) variable Ci,j,t; for instance, see the proof of
Theorem 10.3 in [1]. This variable is true if and only if the ith cell contains
the symbol Xj of the tape alphabet at the instant t. But suppose that each
of the first k+ 1 squares of tape contains the symbol X0 at time t, and
the remaining part of the tape is empty. This simple tape configuration is
described by the formula that has a fragment C0,0,t∧C1,0,t∧ . . .∧Ck,0,t. Only
this subformula is 2k+1 in length without taking the indices into account. It
is impossible to abridge this record since applying the universal quantifier to
the indices is not allowed within the confines of the first-order theory. Thus,
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to describe the machine actions on the exponential fragment of tape, Cook’s
method formula has to be lengthened still more.

In [7], the binary notation of the cell number is encoded by a value set
of special variables xt,0, . . . , xt,m, where m= dlog T e, and T is a simulation
period, while t denotes a step number. A similar notation will also be used
in this paper when identifying naturally the value of the variable "true"here
with the number one in [7] and the value "false"with zero. However, the
length of the set of variables encoding cell numbers on different tapes will
be distinct. This length will be equal to s= dlog ne for the configurations
on the first (input) tape and m(n) = dlog T e for the ones on the second
(work) tape, where n is the length of an input string (see Subsections 5.1
and 7.1 and also Section 8 for further details), provided that the function
m(n) is space-constructible. We will also apply various types of variables
for the description of configurations on different tapes: the capital letters
with subscripts will be used for the first tape, and the lowercase ones for the
second. So, O(sdlogse) various symbols (together with indices) are sufficient
for describing one cell on the first tape, and O(n · s · dlog se) ones are doing
for the representation of the whole input.

Certainly, our description of one tape cell is appreciably longer in compari-
son with one of Cook’s method. Nevertheless, we will obtain a more brief
description of many other fragments of the modeling formula by sacrificing
the brevity of the description of one cell.

For example, one can describe an instruction action of the machine, which
uses T = exp(m(n)) memory cells, with the aid of a formula that is
O(m(n) · dlogm(n)e) in length. The main idea of such a brief description
consists of the following. Firstly, a record can change in the only square of
the second tape for each running step, while all the entries remain unchanged
on the first (input) tape. Both the heads can only shift by one position,
although the whole computation can use a significant amount of memory.
Secondly, the actions executed by the Turing machine on a current step
exclusively depend on the records in two cells, at which the machine heads
are aimed. Therefore, it is enough to describe "the inspection"of two squares,
the shifts of heads, and the possible change in the only cell on the second
tape in explicit form. In contrast, the contents of the remaining ones can
be "copied"by applying the universal quantifier (see the construction of the
formula ∆cop(û) in Subsection 5.2). So, we need to explicitly describe only
three simple actions and not more than five squares on the tapes for every
running step (in fact, we explicitly will describe only two or three cells — see
Subsections 4.1 and 5.2) and the proof of Proposition 2.

The denoted locality of the actions of deterministic machines has long been
used in the modeling of machine computation with the help of formulae, e.g.,
Lemma 2.14 in [9] or Lemma 7 in [11].

The description of the initial configuration has a length of
O(n · s · dlog2 se + m(n) · dlogm(n)e) if the quantifiers are anew used. The
condition for the successful termination of computations is very short. Hence,
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the entire formula, which simulates the first exp(m(n)) steps of the computa-
tions of the machine P , will be no more than

O(n · s · dlog s)e+m(n) · dlogm(n)e) +O(|P | ·m(n)+m2(n)) · dlogm(n)e])

in length, together with the indices.

Remark 1. Since s is equal to dlog ne, we need to select dlog ne·dlogdlog nee
squares for the record of the variables X0, . . . , Xs for describing one cell at the
first tape. But the function dlogdlog nee is not fully space-constructible since
it grows as o(log n). However, we do not need to measure out dlogdlog nee
cells using the exact same amount of memory; it is enough only to fill s
cells with symbols X (this we can do even utilizing exactly s cells because
the function dlog ne is fully space-constructible); after that, we can number
these cells using a little more ones than dlog ne · dlogdlog nee. It is described
in Subsection 7.3 (Lemma 6) how one can do this in a more general case.

In the beginning, all variables will be introduced in great redundancy in
order to facilitate the proof; namely, the variables will have the first indices
t from 0 to T . Next, many of the variables will be eliminated using the
methods from [10] and [7], see Remark 4 in Subsections 5.3.2 and 7.2 for
further details.

3 The main results

Here, we will state the main theorem (Theorem 2, on simulation) and
prove some of its consequences, which are the most important in the author’s
opinion. However, the application of this theorem to languages of class P will
be discussed separately in Section 8. The proof of the theorem on modeling
is given in sections 4–7.

It is assumed that the first tape of all 2-DTMs mentioned in this paper
is the input tape. This means that the machine can read the records on the
first tape, but it is forbidden to erase and write any symbols on this tape.

We recall that a function f(n) is termed fully space-constructible, if there
is a 2-DTM, which puts a marker exactly in the f(n)th square on the second
(working) tape, and the machine head on this tape does not visit (f(n)+1)th
cell for every input having length n [4]. Such functions are sometimes named
space-constructible [1].

Theorem 2 (on modeling). Let m(n)> dlog ne be a fully space-constructible
function increasing almost everywhere, P be a two-tape deterministic Turing
machine (2-DTM), and X be an input string on the first tape of machine
P . Then one can construct a closed Boolean formula (sentence) Ω(m)(X,P )
with the following properties:

(i) Ω(m)(X,P ) is true if and only if the 2-DTM P accepts input X within
time exp(m(|X|));
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(ii) there exist constants D1, D2, and Dw such that the inequalities (n=
|X| here and everywhere below)

m(n) < |Ω(m)(X,P )| 6 D1 · n · dlog ne · dlogdlog nee+
+D2 ·m(n) · dlogm(n)e+Dw · [(|P | ·m(n)+m2(n)) · dlogm(n)e] (1)

hold for every sufficiently long X;
(iii) there is a polynomial g(k) such that for all X and P , the construction

time of the sentence Ω(m)(X,P ) is not greater than g(|X|+ |P |+m(|X|)),
while required space for this is O(|Ω(m)(X,P )|).

See the proof in Sections 4–7. At first, the simulation formulae will
have a huge number of "redundant"variables. The constructed formulae will
be rewritten in the brief form after the correctness of this modeling has been
ascertained (see Propositions 2(ii), 3, and 4(ii) below); the Stockmeyer and
Meyer method is substantially used at that.

Remark 2. a) The function g(|X|+ |P |+m(|X|)) may depend on |X| in
a non-polynomial way, despite g(k) being polynomial, because the function
m(n) may not be polynomial; e.g., m(n) can be k-fold exponential.

b) The upper estimate of the length of the modeling formula has three
summands in the right part of Inequality (1). The first of them, D1 ·n·dlog ne·
dlogdlog nee, evaluates the length of the formula that describes an input string
on the first tape. The next D2 ·m(n) · logm(n) does it for the formula, which
asserts that the second tape is empty before the beginning of the machine work.
The third summand does it for the subformula that describes the machine’s
actions P . The summand corresponding to the condition for the successful
termination of computations is absent here, as this subformula is very short;
its length is not more than c ·m(n) for an appropriate constant c.

Corollary 1 (of the main theorem). Under the conditions of the theorem, if
n6m(n)6Cn for some constant C, then for every ε>0, there is a constant
DC > 0 such that the inequality |Ω(m)(X,P )|6DC · |X|2+ε is valid for all
long enough X; more precisely, |Ω(m)(X,P )|6DC · |X|2 · dlog |X|e.

Proof. The latter inequality follows from Inequality (1) and the condition
m(n)6Cn; it is valid for all X such that |X| > |P |. For each ε>0, there is
a number k such that an inequality (dlog ne 6nε holds for n>k. The first
inequality is obtained from this and the second one. �

3.1. The computational complexity of decidable theories. The follo-
wing consequences of the main theorem require some concepts and material
from [7]; we will briefly remind the reader of this information. The function
F (n), which is monotone increasing on all sufficiently large n, is called a limit
upper bound for the class of all polynomials (LUBP) if, for any polynomial
p, there is a number k such that the inequality F (n)>p(n) holds for n>k,
i.e., each polynomial is asymptotically smaller than F . An obvious example
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of the limit upper bound for all polynomials is a s-iterated exponential for
every s>1.

The following statement is a certain generalization of the corresponding
assertion from Subsection 4.1 in [8]; it is formulated here to estimate the
computational complexity of decidable theories. However, it is valid for arbit-
rary languages — see Proposition 2.1 in [7].

Proposition 1 ([7], the generalized Rabin and Fischer method). Let F be
a limit upper bound for all polynomials and T be a theory in the signature
(or underlying language) σ. Suppose that for any k-tape DTM P and every
string X on the input tape of this machine, one can effectively construct a
sentence S(P,X) of the signature σ, possessing the following properties:

(i) S(P,X) can be built within time g(|X|+|P |), where g is a polynomial
fixed for all X and P ;

(ii) S(P,X) belongs to T if and only if the machine P accepts the input
X within F (|X|) steps;

(iii) there exist constants D, b, s > 0 such that the inequalities |X| 6
|S(P,X)|6D · |P |b · |X|s hold for all sufficiently long X, and these constants
do not depend on P .

Then T /∈k-DTIME[F (D−ζ · nζ)] holds for ζ=s−1.

The following statement improves the lower bound on the recognition
complexity of the theory of the most straightforward Boolean algebra and
the language TQBF .

Corollary 2. Let B be a two-element Boolean algebra. For every ε > 0,
neither TQBF nor ThB belong to 2-DTIME[exp(D·nρ)] for some constant
D<1, where ρ=(2+ε)−1 and nε> log n.

Proof. It straightforwardly follows from the proposition and Corollary 1,
because the language TQBF and theory ThB are not only polynomially
equivalent, but also each sentence of TQBF can be rewritten as an equivalent
sentence of ThB with linear lengthening, and vice versa. �

Corollary 3 ([7]). The class P is a proper subclass of the class PSPACE.

Proof. The theory ThB and the language TQBF do not belong to the class
P under the previous corollary. But both belong to the class PSPACE;
moreover, they are polynomially complete for this class [6, 10]. �

Let K be a class of algebraic systems, whose signature σ contains the
symbol of the binary predicate ∼, and this predicate is interpreted as an
equivalence relation on every structure of the class; in particular, ∼ may be
an equality relation. These relations are denoted by the same symbol ∼ in
all systems of the class.

Definition 1 ([7]). Let us assume that there exists a ∼-nontrivial system
E in a class K, i.e., this structure contains at least two ∼-nonequivalent
elements. Then the class K is also termed ∼-nontrivial. A theory T is named
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∼-nontrivial if it has a ∼-nontrivial model. When the relation ∼ is either
equality or there is a formula N(x, y) of the signature σ such that the sentence
∃x, yN(x, y) is consistent with the theory ThK (or T , or belongs to ThE),
and this formula means that the elements x and y are not equal, then the
term "∼-nontrivial"will be replaced with "equational-nontrivial". If it does
not matter which equivalence relation is meant, we will discuss equivalency-
nontrivial theory, class, or structure.

Prominent examples of such theories are the theories of pure equality and
one equivalence relation. Furthermore, nearly all decidable theories mentioned
in the surveys [5, 8] are nontrivial regarding equality or equivalence.

Theorem 3. Let E, K, and T accordingly be an equivalency-nontrivial system,
class, and theory of the signature σ; in particular, they may be equational-
nontrivial. Then there exists an algorithm that builds the sentence Ω(T )(X,P )
of σ for every 2-DTM P and any of its input X, where T ∈{ThE , ThK, T };
this formula possesses the properties (i) and (ii) of the sentence S(P,X) from
the formulation of Proposition 1 for F (|X|) = exp(|X|). Moreover, for each
ε>0, there is a constant ET,σ such that the inequalities |X|< |Ω(T )(X,P )|6
ET,σ · |P | · |X|2+ε hold for any long enough X and such that |X|ε> log |X|.

Proof. At first, given X and P , one can write a simulating Boolean sentence
Ω(|X|)(X,P ) applying Theorem 2. Then, this formula is transformed into
the required sentence Ω(T )(X,P ) within polynomial time as this does in the
proof of Theorem 7.1 in [7]; there, it is shown that the length of Ω(T )(X,P )
increases linearly in so doing. �

Corollary 4. The recognition complexity of each equivalency-nontrivial deci-
dable theory T , in particular, equational-nontrivial, has the non-polynomial
lower bound; more precisely, T /∈2-DTIME[exp(DT,σ · nδ)], where δ=

(2 + ε)−1, DT,σ=(ET,σ)−δ, and ε>0 is preassigned.

Proof. It straightforwardly follows from this theorem and Proposition 1. �

The lower bounds for the computational complexity of the theories in
Corollaries 2 and 4 are somewhat higher than those obtained in [7], although
this is difficult to see from their formulations. In Lemma 3.1 from [7], the
factor n2+ε arises as an upper bound for the quantity (n · log n)2 = n2 · log2 n
for the estimation of the length of the modeling formula. In contrast, this
factor evaluates n · (n log n) in Corollary 1 and Lemma 7 when m(n) = n.
Moreover, these evaluations of the computational complexity are now valid
for two-tape machines; therefore, they are even higher for one-tape machines.

3.2. Complexity classes and polynomially complete problems. In
the previous subsection and [7], it has been proved that the classP is a proper
subclass of PSPACE; this is based on the non-polynomial lower bound
on the computational complexity of all the equational-nontrivial theories.
Another immediate consequence of Theorem 2 is the following.
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Theorem 4. The language TQBF and the theory ThB are polynomially
complete for the class EXP.

Proof. Theorem 2 explicitly ensures a polynomial reduction of every problem
from the classEXP to appropriate Boolean formulae whenm(n) is polynomial.

�

Corollary 5. The class PSPACE equals the class EXP.

Proof. The language TQBF is polynomially complete for both classes according
to the theorem and [10]. �

Let us recall some concepts to formulate the following result. The letter c
denotes some constant in the following definitions:

kEXP

⋃
c>0

⋃
j>0

DTIME[expk(cn
j)]

is k-fold Deterministic Exponential Time for k>1 and EXP
 1EXP;
kEXPSPACE


⋃
c>0

⋃
j>0

DSPACE[expk(cn
j)]

is k-fold Deterministic Exponential Space for k>1;

Log

⋃
j>0

DSPACE[logj n]

is Polylogarithmic Space (or sometimes Polylog Space).
One can define also that 0EXP is P, 0EXPSPACE = PSPACE, and

−1EXPSPACE = Log.

Theorem 5. For every k> 0, the classes k-fold Deterministic Exponential
Space and (k+1)-fold Deterministic Exponential Time coincide, i.e.,

kEXPSPACE = (k+1)EXP.

Proof. It is known that if a deterministic 2-DTM M works within space
bounded by the function s(n), then it cannot have more than s(n)·exp(Cs(n))
various configurations on the working tape for suitable constant C [1, 2, 4, 6],
so its running time is less than s(n) · exp(Cs(n)), provided that M halts on
a given input. Hence, the inclusion kEXPSPACE ⊆ (k+1)EXP holds for
every k > 0.

Let L be a language in (k+1)EXP, and P0 be a 2-DTM that recognizes
this language in time expm(n), where m(n)=expk(cn

d) for some constants
c, d>0. According to Theorem 2, one can write down the Boolean sentence
Ω(m)(X,P0) such that this formula simulates the actions of the machine P0

on each inputX; at that, Inequalities (1) are valid for some constantsD1,D2,
andDw, and this formula can be built within space bounded a linear function
on its length. So, the ascertainment of the Ω(m)(X,P0) truth replaces the
computations of the machine P0 on the input X; this substitution is realized
within space that has the order of |Ω(m)(X,P0)|, i.e., within space
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C(expk(cn
d))2+ε for the proper constant C and nε > log n. The question

of whether the sentence Ω(m)(X,P0) is true is decidable within a space of
the same order. �

4 Necessary preparations for the proof of the main theorem

In this section, we specify the restrictions on the Turing machines used, the
characteristics of their actions, and the methods of recording their instructions
and Boolean formulae. These agreements are essential in proving the main
theorem on simulation (Theorem 2).

4.1. On the Turing machines. It is implied that simulated deterministic
machines have two tapes and a fixed arbitrary finite tape alphabet A, which
contains at least four symbols: the first of them is a designating "blank"sym-
bol, denoted Λ; the second is a designating "start"symbol, denoted B; and
the last two are the numerals 0,1 (almost as in Section 1.2 of [2]). The
machine cannot erase or write down the B symbol. The machine tapes are
infinite only to the right, as in almost all works cited here, because such
machines can simulate the computations, which is T steps in length on the
machines with two-sided tapes, in linear time of T [2].

Before the beginning of the machine work, the first tape contains the start
symbol B at the most left square (at the zeroth cell), a finite non-blank input
string X alongside B, and the blank symbol Λ on the rest of its cells, i.e.,
these squares are empty. The cells of the second tape do not contain any
symbols except the only B located at the zeroth cell. Both heads are aimed
at the left ends of the tapes, and the machine is in the special starting state
qstart = q0. When the machine recognizes an input, it enters the accepting
state q1=qacc or the rejecting state q2=qrej .

The first tape serves only to store the input string; the machine cannot
erase or write anything in the cells of this tape. Therefore, the simulated
machines have the three-operand instructions of the kind: qiα1, α2→qjβ1, γ, β2,
where α1, α2, γ ∈ A, β1, β2 ∈ {L,R, S} (naturally, it is assumed that
A ∩ {L,R, S} = ∅); α1 and α2 are the symbols visible by the heads,
respectively, on the first and second tapes; β1 and β2 are the commands
to shift the corresponding head to the left, or the right, or stay in the same
place; γ is a symbol, which should be written down on the second tape instead
of α2; qi and qj are the inner states of the machine accordingly before and
after the execution of this instruction.

The Turing machines do not fall into a situation where the machine stops,
but its answer remains undefined. Namely, they do not try to go beyond the
left edges of the tapes, i.e., there are no instructions of a form qiB, α2→
qkL, γ, β2 or qiα1,B→ qkβ1,B, L. The programs also do not contain the
hanging (or pending) internal states qj , for which j 6= 0, 1, 2, and there exist
instructions of a kind . . . → qjβ1, γ, β2, but no instructions are beginning
with qjα1, α2 → . . . at least for one pair of symbols 〈α1, α2〉 ∈ A2. The
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hanging states are eliminated by adding the instructions of a kind qjα1, α2→
qjS, α2, S for each of the missing pair 〈α1, α2〉 of alphabet symbols.

4.2. On the recording of Boolean formulae. We reserve the following
natural language alphabet A1 for writing the Boolean formulae (it can be
different from the alphabet of simulated machines A): a) the capital and
lowercase Latin letters for the indication of the types of propositional (Boole-
an) variables; b) Arabic numerals and commas for the writing of indices;
c) basic Logical connectives ¬,∧,∨,→; d) the signs of quantifiers ∀,∃;
e) auxiliary symbols: (,).

If necessary (for example, if the alphabet A does not contain A1), our
formulae can be rewritten in the alphabet A (or even A0 
 {0, 1}) in
polynomial time and with a linear increase in length. We always suppose
this when we say that some machine writes a formula.

We also introduce the following abbreviations and agreements for the
improvement of perception. The transformation of the formula written by
applying these abbreviations to the one in natural language increases its
length linearly.

Firstly, (1) in long formulae, the square brackets and (curly) braces are
equally applied with the ordinary parentheses; (2) the connective ∧ is
sometimes written as ’·’ (as a rule, between the variables or their negations)
or as ’&’ (between the long enough fragments of formulae); (3) if x is
propositional variable, then x
 ¬x.

Secondly, we will be useful in the additional (auxiliary) logical connectives,
"constants" , and "relations":
(4) x ≡ y 
 (x→ y) ∧ (y → x);
(5) 0 
 x ∧ ¬x = x · x , 1 
 x ∨ ¬x = x ∨ x 1;
(6) x ⊕ y 
 x · y ∨ x · y; obviously, that 0 ⊕ 0 ≡ 0, 0 ⊕ 1 ≡ 1, 1 ⊕ 0 ≡ 1,
and 1⊕ 1 ≡ 0, i.e., this is the modulo 2 addition;
(7) x<y 
 x≡0 ∧ y≡1.

Thirdly, the priority of connectives or its absence is inessential, as a
difference in the length of formulae is linear in these cases; therefore, the
following priority of the connectives and their versions is assumed (in descen-
ding order of closeness of the connection): ¬ (in both forms), ·, ⊕, ≡, ∧, &,
→, ∨.

With some liberties in notation, we use the signs 0,1, and < for both
numbers and formulae. However, this should not lead to confusion since
what is meant will always be clear from the context.

The record x̂ signifies an ordered set 〈x0, . . . , xs〉, whose length is fixed.
Naturally, the "formula" x̂ ≡ α̂ denotes the system of equivalences x0 ≡
α0∧ . . . ∧ xs≡αs. The record α̂ < β̂ 
 〈α0, . . . , αs〉< 〈β0, . . . , βs〉 denotes
the comparison of tuples in lexicographic ordering, i.e., it is the following

1The usage of the signs ≡, 0, and 1 seems more natural than ∼ (or↔), ⊥, and > instead
of them while simultaneously applying the signs of inequality and addition modulo two.
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formula:

α0<β0 ∨
{
α0≡β0 ∧

[
α1<β1 ∨

(
α1≡β1 ∧

{
α2<β2∨

∨
[
α2≡β2 ∧

(
α3<β3 ∨ {α3 ≡ β3 ∧ . . .}

)]})]}
.

The tuples of variables with two subscripts will occur only in the form
where the first index is fixed, for instance, 〈uk,0, . . . , uk,s〉, and we will denote
it by ûk.

A binary representation of a natural number t is denoted by (t)2. On the
other hand, if γ̂ is a tuple consisting of 0 and 1, then (γ̂) will denote the
binary representation of some natural number t. So, ((t)2)= t and ((γ̂))2=(γ̂)
according to our dessignations. Here, 0 and 1 can denote the above-defined
formulae or sometimes the numerals.

It is known that if t= (γ̂)
 〈γ0 . . . γs〉2 is a binary representation of a
natural number t, then the numbers t±1 for 06 t− 1< t+16exp(2, s) will
be expressed as

((γ̂)± 1)2 = (γ̂ ⊕ v̂) 
 〈γ0⊕ v0, . . . , γs−2⊕ vs−2, γs−1⊕ vs−1, γs⊕vs〉2,

where the corrections vi are calculated in descending order of indices according
to the rules defined by the following formulae:

κR(γ̂, v̂) 
 (vs≡1) ∧ (vs−1≡γs) ∧ (vs−2≡γs−1 ·vs−1) ∧ . . . ∧
∧ (v1≡γ2 ·v2) ∧ (v0≡γ1 ·v1) (2)

for writing t+1; and

κL(γ̂, v̂) 
 (vs≡1) ∧ (vs−1≡γs) ∧ (vs−2≡γs−1 ·vs−1) ∧ . . . ∧
∧ (v1≡γ2 ·v2) ∧ (v0≡γ1 ·v1) (3)

for writing t−1.

Lemma 1. (i) |α̂<β̂| = O(|α̂|+ |β̂|).
(ii) The binary representations of the numbers t± 1 can be written in

linear time on |(t)2|; hence, their lengths (together with the formula κR(γ̂, v̂)
or κL(γ̂, v̂)) are O(|(t)2|).

Proof. It is obtained by direct calculation. �

5 The beginning of the construction of
the modeling formulae

We recall that A is the alphabet of simulated machines. Before writing
a formula Ω(m)(X,P ), we add 2|A|2 instructions of the idle run to a program
P ; they have the form qkα1, α2→qkS, α2, S, where k∈{1(accept), 2(reject)},
α1, α2∈A. While the machine executes them, the tape configurations do not
change.
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5.1. The primary (basic) and auxiliary variables. To simulate the
operations of a Turing machine P on an input X within the first T =
exp(m(|X|)) steps, it is enough to describe its actions on a zone, of the
second tape, which is T +1 squares in width, as if P starts its run in the
zeroth cell, it can finish a computation at most in the T th one. Since the
record of the number (T )2 has m+1=m(|X|)+1 bits, the cell numbers of the
second tape are encoded by the values of the ordered sets of the variables
of a kind "x": x̂t= 〈xt,0, . . . , xt,m〉, which have a length of m+1. The first
index t, i.e., the color of the record, denotes the step number, after which
a configuration under study appeared on the second tape. So the formula
x̂t≡ α̂
 xt,0≡α0 ∧ . . . ∧ xt,m≡αm assigns the number (α̂) of the needed
cell of this tape in the binary notation at the instant t.

The formula X̂ ≡ γ̂ 
 X0≡ γ0 ∧ . . . ∧Xs≡ γs assigns the number (γ̂)
of the cell of the first tape in the binary notation, where s = dlog |X|e. It
is clear that exp(s + 1)> |X|+1, which is normal since the first head can
go beyond the right edge of the input string in the computation process; on
the other hand, we propose that this head does not visit the (|X|+2)th cell.
Because nothing can be erased or written in the cells of the first tape, one
does not need to indicate the step number here.

Let r be so great a number that one can simultaneously write down all
the inner state numbers of P and encode all the symbols of the alphabet A
through the bit combinations in the length r+1. Thus, exp(r+1)> |A|+U ,
where U is the maximal number of internal states of P ; and if β ∈A, then
cβ 
 〈cβ0, . . . , cβr〉 will be the (r+1)-tuple, which consists of 0 and 1 and
encodes β.

The formula f̂t≡cε represents a record of the symbol ε∈A in some cell of
the second tape after step t, where f̂t is the (r+1)-tuple of variables. When
the (µ̂)th cell of the second tape contains the ε symbol after step t, then this
fact is associated with the quasi-equation2 (or the clause) of color t:

ψ2,t(µ̂→ε) 
 [x̂t≡ µ̂→ f̂t≡cε] 


 (xt,0≡µ0∧. . .∧xt,m≡µm)→ (ft,0≡cε0∧. . .∧ft,r≡cεr).

The clause

ψ1(ζ̂→ε) 
 [F̂ ≡cε] 


 (X0≡ζ0∧. . .∧Xs≡ζs)→ (F0≡cε0∧. . .∧Fr≡cεr)

corresponds to the entry of the ε symbol at (ζ)th cell on the first tape.
The tuples of variables q̂t, D̂t, and d̂t are accordingly used to indicate the

number of the machine’s internal state and the codes of the symbols visible
by the heads on the first and second tapes at the instant t; the tuples of
variables Ẑt and ẑt store the scanned cell’s numbers on the first and second
tapes. For every step t, a number i= (δ̂) of the machine state qi and the

2by analogy with quasi-identities



158 I.V. LATKIN

scanned square’s numbers (ζ̂) and (ξ̂) together with the symbols α and β,
which are contained there, are represented by a united π-formula of color t:

πt((i)2, α, β, ζ̂, ξ̂) 
 [q̂t≡ δ̂ ∧ D̂t≡cα ∧ d̂t ≡ β̂ ∧ Ẑt ≡ ζ̂ ∧ ẑt≡ ξ̂] 


 (qt,0≡δ0 ∧ . . . ∧ qt,r≡δr) ∧ (Dt,0≡cα0 ∧ . . . ∧Dt,r≡cαr)∧

∧(dt,0≡cβ0∧. . .∧dt,r≡cβr)∧(Zt,0≡ζ0∧. . .∧Zt,s≡ζs)∧(zt,0≡ξ0∧. . .∧zt,m≡ξm).

This formula expresses a condition for the applicability of instruction qiα, β→
. . .; in other words, this is a timer (or trigger) that "activates"exactly this
instruction, provided that the heads scan the (ζ̂)th and (ξ̂)th cells.

The tuples of basic variables x̂t, ẑt, X̂, Ẑt, q̂t, F̂ , f̂t, D̂t, and d̂t
are introduced in great abundance to facilitate the proof. However, a final
modeling formula will contain only those for which t = 0 or t = T 

exp(m(n)).

The sets of basic variables have different lengths. However, this will not
lead to confusion since the tuples of the first two types (x and z) will always
be m +1 in length without indices, the second two types (X and Z) will
always be s+1 in length, whereas the last five ones (q, F, f, D, and d) will
have a length of r+1. The sets of "constants"or other variables may also be
different in length. But such tuples will always be unambiguously associated
with some of the primary ones by using the connective ≡.

The other variables are auxiliary. They will be described as needed. Their
task consists of determining the values of the basic variables of the color t+1,
provided that the primary ones of the color t have the "correct"values; this
"attribution"should adequately correspond to that instruction employed at
step t+1.

Lemma 2. If the indices are left out of the account, then |ψ2,t(û→ β)| =

O(m+ r), |ψ1(V̂ → α)| = O(s+ r), and a timer (π-formula) will be O(m+
r + s) in length.

Proof. It is obtained by direct counting. �

5.2. The description of the instruction actions. To improve perception
and to facilitate proof, formulae describing the actions of one instruction and
the entire Turing machine in one step are constructed with an alternation
of universal and existential quantifiers in the subformula ∆cop(û). Still, this
alternation is not essential, as noted in Subsection 5.3 — see Remark 3.

The following formula ϕ(k) describes the actions of the kth instruction
M(k) = qiα1, α2→ qjβ1, γ, β2, including the idle run’s instructions (see the
beginning of this section) at some step t+13, where α1, α2, γ∈A and β1, β2∈

3see Remark 4 below
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{R,L, S}:

ϕ(k) 
 (∀ û,Û )(∀ v̂,V̂ )(∀ ĥ,Ĥ)
{[
πt((i)2, α1, α2, Û , û) &

&
(
κ1(β1)(Û , V̂ ) & κ2(β2)(û, v̂)

)
& Γret(β1, β2)

]
→ (4)

→
[
∆cop(û) & ∆wr(û) & πt+1

(
(j)2, Ĥ, ĥ, Û(β1), û(β2)

]}
.

We will describe the subformulae of ϕ(k) with the free main variables
q̂t, X̂, x̂t, Ẑt, ẑt, D̂t, d̂t, F̂ , f̂t, q̂t+1, x̂t+1, Ẑt+1, ẑt+1, D̂t+1, d̂t+1, and f̂t+1 and
the sense of these formulae.

The first π-formula of color t plays the role of trigger and "starts up the
fulfillment"of the instruction with the prefix "qiα1, α2→ . . ." provided that
the heads scan the (Û)th cell on the first tape and the (û)th square on the
second. In this case, the numbers (Û(β1)) and (û(β2)) of the cells, which the
heads will view after the execution of the instruction M(k), can accordingly
be found as (Û(β1)) 
 (Û ⊕ V̂ ) and (û(β2)) 
 (û ⊕ v̂), where the tuples
of corrections V̂ and v̂ satisfy the conditions κ1(β1)(Û , V̂ ) and κ2(β2)(û, v̂)
for given meta-symbols β1, β2. These conditions almost coincide with the
formulae 2 and 3 in Subsection 4.2 ; more precisely:

κ1(β1)(Û , V̂ )


{
κβ1(Û , V̂ ), if β1∈{L,R};
V̂ ≡ 0̂, if β1 = S;

(5)

and

κ2(β2)(û, v̂)


{
κβ2(û, v̂), if β2∈{L,R};
v̂ ≡ 0̂, if β2=S.

(6)

The informal sense of subformula Γret(β1, β2) is the following: it "seeks"the
codes Ĥ and ĥ of the symbols λ1 and λ2, which will be scanned after the
current step t+1 (for this reason, it is named "retrieval"). For this purpose,
it "inspects"the squares that are to the right or left of the cells (Û) and (û)
(if β1, β2∈{R,L}) or it "seeks"nothing on the lth tape (when βl=S):

Γret(β1, β2)
 Γret1 (β1) ∧ Γret2 (β2),

where Γret1 (β1) 
 ψ1(Û(β1)→ Ĥ) for each β1, Γret2 (β2) 
 ψ2,t(û(β2)→ ĥ)

for β2 ∈ {R,L}, and Γret2 (S) 
 ĥ ≡ cγ, as the symbol λ2 = γ will be
scanned by the second head in this case. Indeed, when β1=S, then (Û(β1))=

(Û ⊕ V̂ )=(Û) and Ĥ= α̂1, while if β2 =S, then (û(β2))=(û⊕ v̂)=(û) and
ĥ= cγ=λ2.

The formula ∆cop(û) changes the color of records in all the cells of
the second tape, whose numbers are different from (û); in other words, it
"copies"the majority of records on this tape:

∆cop(û) 
 ∀ ŵ [¬(ŵ≡ û)→ ∃ ĝ(ψ2,t(ŵ→ ĝ) ∧ ψ2,t+1(ŵ→ ĝ))].



160 I.V. LATKIN

The formula ∆wr(û) "puts"the symbol γ of color t+1 in the (û)th square
on the second tape: ∆wr(û)
 ψ2,t+1(û→γ).

The second π-formula of the color t+1 "aims"the heads at the (Û ⊕ V̂ )th
and (û ⊕ v̂)th cells; "places"the symbols Ĥ and ĥ in these locations; and
"changes"the machine state’s number on j:

Ẑt+1≡ Û⊕V̂ ∧ ẑt+1≡ û⊕ v̂ ∧ D̂t+1≡Ĥ ∧ d̂t+1≡ ĥ ∧ q̂t+1≡(j)2.

Lemma 3. If the indices are left out of account, then |ϕ(k)| = O(m+r+s).

Proof. This follows from Lemmata 1 and 2 by immediate calculation. �

5.3. The description of the running steps and configurations. The
Meyer and Stockmeyer technique will be applied to describe the machine’s
actions over an exponential period.

5.3.1. One step. Let N be the number of the machine’s instructions P ,
together with 2|A|2 instructions of the idle run (see the beginning of this
section). The formula Φ(0)(P ) that describes one step (whose number is t+1)
of the machine P run is of the form:

Φ(0)(P )(ŷt, ŷt+1) 

∧

0<k6N

ϕ(k)(ŷt, ŷt+1), (7)

where ŷt 
 〈q̂t, X̂, x̂t, Ẑt, ẑt, D̂t, d̂t, F̂ , f̂t〉 and ŷt+1 
 〈q̂t+1, X̂, x̂t+1, Ẑt+1,
ẑt+1, D̂t+1, d̂t+1, F̂ , f̂t+1〉 are two tuples of its 2·(2m+5r+2s) free variables.

Remark 3. a). Let 〈χ〉 be a quantifier-free part of a formula χ. Using
the well-known Tarski and Kuratowski algorithm, we obtain that the prenex-
normal form of ϕ(k) is ∀ Û , û, V̂ , v̂ ∀Ĥ, ĥ∀ ŵ ∃ ĝ〈ϕ(k)〉. Recall that the variab-
les Û , û, V̂ , v̂, Ĥ, ĥ, ŵ, and ĝ are auxiliary and "attached"to the corresponding
basic variables (see Subsection 5.1); at that, the variables ĝ "service"only
f̂t and f̂t+1. Hence, the tuple ĝ has a length of r+ 1, but not m+ 1 =
m(n) + 1 and not s + 1 = dlog ne+ 1, i.e., its length does not depend
on n = |X|. Therefore, we can substitute the subformula ∆cop(û) with
∆cop

1 (û) 
 ∀ŵ
∨
ρ∈A〈∆cop(û)(ρ)〉, where all possible tuples cρ for ρ ∈ A

are placed instead of the tuples ĝ, since the sense of the basic variables f̂t
and f̂t+1 is "storing"information about the alphabet symbols. It is clear that
|∆cop

1 (û)| 6 |A| · |∆cop(û)| because one does not need to write a prefix ∃ĝ.
Thus, the formulae ϕ(k) and Φ(0)(P )(ŷt, ŷt+1) are universal in essence.

b). The formula ϕ(k) does not depend on concrete entries on the tapes at
instant t but depends only on the length of the input string n (since s+ 1 =
dlog ne+ 1 is the number of variables Zt,i, Xi, and Zt+1,i) and the value of
function m(n) (which equals to the number of variables xt,j , zt,j , zt+1,j , and
xt+1,j) at this concrete value n. Therefore, the whole formula Φ(0)(P ) also
depends only on the parameter n and the function m for a fixed program P .
There is a full analogy with programs for real computers, which can contain
parameters depending on the input length, but not the input string itself.
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For example, a program for multiplying square matrices in programming
languages Algol, BASIC, Pascal, C#, C++, etc., can contain a parameter
n, which is the number of rows and entered additionally as a rule (certainly,
this program is a learning exercise). However, a competently written program
should not depend on specific values of elements of matrices to be multiplied.

Lemma 4. (i) If x̂t 6= µ̂, then a clause ψ2,t(µ̂→ε) will be true independently
of the values of variables f̂t. In particular, any quasi-equation, which is
contained in the record of 〈∆cop(û)〉, will be true if its color is t or t +1,
and at the same time x̂t 6= ŵ or x̂t+1 6= ŵ, respectively.

(ii) When X̂ 6= µ̂, then a clause ψ1(µ̂→ ε) will be true independently of
the values of variables F̂ .

(iii) For some constant C1, the inequality |Φ(0)(P )(ŷt, ŷt+1)|6C1 · |P | ·
|ϕ(N)| holds, provided that the program P is not empty.

Proof. (i),(ii) The premises of the clauses are false in these cases.
(iii) If N−2|A|2 6= 0 (see the definition-equation (7) and the beginning of
this section), then N · dlogNe<C2 · |P |; here logN locations are required
to number (using indices k for 16 k 6N) the tuples of auxiliary variables
û,Û , v̂, V̂ , ĥ, Ĥ, . . . entered in the record of each formula ϕ(k). This implies
the lemma assertion. �

5.3.2. The exponential quantity of steps. The following formulae
Φ(k)(P )(ŷt, ŷt+e(k)) conform to the actions of machine P over the period
of time e(k)
exp(k). They are defined by induction on k:

Φ(k+1)(P ) 
 ∃ Ŷ ∀ â ∀ b̂
{[

(ŷt≡ â ∧ Ŷ ≡ b̂) ∨ (Ŷ ≡ â ∧ b̂≡ ŷt+e(k+1))
]
→

→ Φ(k)(P )(â, b̂)
}
,

where Ŷ , â, b̂ are the tuples of the new auxiliary variables (2m+5r+2s) in
length ignoring the indices.

Remark 4. The definition of the formula ϕ(k), which describes the actions
of the k-th instruction by the equation (4), includes as indices the parameters
t and t+1, which denote the numbers of configurations that arise before and
after the t+1-th step, respectively. They are included for definiteness; their
presence makes it easier to perceive. Now we see that new variables gradually
replace the ones that contained these indices. In the end, only those with t=0
and t+1 = T = exp(m) will remain. At the same time, the total number of
variables decreases as the parameter k grows.

5.3.3. The description of configurations. Let L2(t) be a configuration
recorded on the second tape after step t (it may be unrealizable). Namely,
every cell, whose number is (µ̂), contains a symbol ε(µ̂); the scanned squares
have the numbers (ζ̂1) and (ζ̂2); and a machine is ready to execute an
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instruction qiα1, α2→ . . .. The following formula corresponds to this configu-
ration:

ΨL2(t)(ŷt) 
 πt((i)2, α1, α2, ζ̂1, ζ̂2) &
∧

06 (µ̂)6T

ψ2,t(µ̂→ε(µ̂)),

where T =exp(m). Let us notice that this formula also indicates the location
of the head on the first tape and describes that symbol, which is in this cell.

It remains only to describe the entries in the cells of the first tape:

ΨK1(X̂, F̂ )
 ψ1(0̂→ B) &
∧

16 (ξ̂)6n

ψ1(ξ̂→χ(ξ̂)) &

& ∀û0
(
û0 > (n)2 → ψ1(û0 → Λ)

)
,

here the letter "L"is replaced by the letter "K"because these records on the
first tape are undoubtedly real. The meaning of this entire formula is as
follows: the B symbol is located in the zeroth cell, the input string X =
〈χ1, . . . , χn〉 is written next to B, and the remaining cells of the tape are
empty.

The configuration C(t) = K1 ∪ L2(t) of both tapes together at instant t
is described by the formula

Ψ(C)(ŷt) 
 ΨK1(X̂, F̂ ) & ΨL2(t)(ŷt).

6 The simulation of the computations

So far, we have only associated the previously constructed formulae with
some program components or processes. However, it cannot be argued that
these formulae model something, i.e., they will not always become true, when
the described events occur in reality.

Let C(t) and C(t+1) be some adjacent configurations, we definite

Ω(0)(X,P )(ŷt, ŷt+1)
 [ΨC(t)(ŷt) & Φ(0)(P )(ŷt, ŷt+1)] → ΨC(t+1)(ŷt+1).

We will prove that the sentence ∀ŷt∀ŷt+1Ω
(0)(X,P )(ŷt, ŷt+1) is true if and

only if the machine P transforms the configuration C(t) to C(t+1) in one
step, i.e., this formula models the machine actions at the step t+1.

Remark 5. Since the subformula ΨK1(X̂, F̂ ) does not depend on the step
number, we can focus only on the subformulae ΨK2(t) and ΨK2(t + 1) of
formulae ΨC(t) and ΨC(t+1) in this section.

6.1. The single-valuedness of the modeling of one step. Let C(t+
1) = K1 ∪K2(t+1) be a configuration that has arisen from a configuration
C(t) = K1 ∪K2(t) as a result of the machine P ’s action at the step t+1.

Proposition 2. (i) There exist special values of variables ŷt such that the
formula ΨC(t)(ŷt) is true, and the truth of Φ(0)(P )(ŷt, ŷt+1) follows from
the truth of ΨC(t+1)(ŷt+1) for every tuple ŷt+1.
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(ii) If a sentence ∀ŷt∀ŷt+1Ω
(0)(X,P )(ŷt, ŷt+1) is true, then the machine P

cannot convert the configuration C(t) into a configuration which differs from
C(t+1), at the step t+1.

Proof. We will prove these assertions simultaneously. Namely, we will select
the values of the variables ŷt and ŷt+1 such that a formula

Υt+1(ŷt, ŷt+1)
 [ΨK2(t)(ŷt) & Φ(0)(P )(ŷt, ŷt+1)]→ΨL2(t+1)(ŷt+1)

will be false if the configuration on the second tape L2(t+1) differs from
the real K2(t + 1). This implies Item (ii) of the proposition. However, in
the beginning, we will select the special values of the variables of the tuple
ŷt. After that, when we pick out the suitable values of the corresponding
variables of the color t+1, the formulae ΨK2(t+1)(ŷt+1) and Φ(0)(P )(ŷt, ŷt+1)
will become true or false at the same time depending on the values of the
variables ŷt+1.

Let M(k) = qiα1, α2 → . . . be an instruction that is applicable to the
configuration C(t); (ζ̂1) and (ζ̂2) be the numbers of the scanned squares.
We define q̂t = (i)2, D̂t = cα1, d̂t = cα2, Ẑt = ζ̂1, ẑt = ζ̂2. Then π-formula
πt((i)2, α1, α2, ζ̂1, ζ̂2), which is in the record of the formula ΨC(t)(ŷt)), beco-
mes true.

Now we consider a formula ϕ(l) that conforms to some instructionM(l)=
qbθ1, θ2→ . . . that differs fromM(k). This formula has a timer πt((b)2, θ1, θ2,
Û , û) as the first premise. For the selected values of the variables q̂t, D̂t, and
d̂t, this timer takes the form of (i)2≡(b)2 ∧ cα1≡cθ1 ∧ cα2≡cθ2 ∧ . . .. It is
obvious that if i 6= b, or α1 6= θ1, or α2 6= θ2, then this π-formula will be
false, and the whole ϕ(l) will be true.

Thus, let ϕ(k) be a formula corresponding to the instruction M(k) =
qiα1, α2 → qjβ1, γ, β2. The quantifier-free part of this formula can become
false only for Û = ζ̂1 and û= ζ̂2 since the values of variables Ẑt and ẑt are
such. Therefore, we will consider the case when Û = ζ̂1 and û= ζ̂2. For the
same reason, we pick out V̂ = η̂1 and v̂= η̂2, where the tuple η̂l satisfies the
condition κl(βl)(ζ̂l, η̂l) for l=1, 2 (see the formulae (5) and (6) in Subsection
5.2). So, the number of the cell, which a head will scan after step t +1 on
the lth tape, equals (ζ̂l(βl))=(ζ̂l⊕η̂l).

Let us assign x̂t= ζ̂2(β2) and X̂= ζ̂1(β1). Since û(β2)= ζ̂2(β2), the quasi-
equation, of the color t, which enters in 〈∆cop(û)〉 (i.e., in the quantifier-free
part of ∆cop(û)), is true for all ŵ 6= ζ̂2(β2) irrespective of the values of the
tuples f̂t and ĝ according to Lemma 4(i,ii); while when ŵ= ζ̂2, the premise of
〈∆cop(û)〉 is false. For the same reason, all clauses that are included in ΨK2(t)

and ΨK1 are true, except the clauses ψ2,t(ζ̂2(β2)→λ2) and ψ1(ζ̂1(β1)→λ1),
where λl is that symbol, which a head will view after step t +1 on the lth
tape for l= 1, 2. We set the values of two tuples, F̂ and f̂t, as cλ1 and cλ2,
respectively. Now, the questionable clauses from ΨC(t) become true because
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their premises and conclusions are such. All clauses of color t from 〈ϕ(k)〉
also become true.

So, we have selected the values of the variables ŷt, i.e., of all basic ones of
color t. It remains only to assign the values of the variables of color t+1.

We recall that λl is the symbol that will be in the (ζ̂l(βl))th cell on lth
tape for l = 1, 2 at the instant t+1. We define D̂t+1 = cλ1, d̂t+1 = cλ2,
Ẑt+1= ζ̂1(β1)= ζ̂1 ⊕ η̂1, ẑt+1= ζ̂2(β2)= ζ̂2 ⊕ η̂2, and q̂t+1=(j)2.

With this assignment and the chosen values of variables Û , û, V̂ , and
v̂, the timer πt+1((j)2, λ1, λ2, ζ̂1(β1), ζ̂2(β2)), which enters into the record of
ΨK2(t+1), becomes true; while the π-formula contained in ΨL2(t+1) is false
if it differs from "proper". However, the conclusion of the quantifier-free part
〈ϕ(k)〉 of the formula ϕ(k) contains a slightly different timer πt+1((j)2, Ĥ, ĥ,

Û(β1), û(β)2). In this trigger, the equivalencies D̂t+1 ≡ Ĥ and d̂t+1 ≡ ĥ
raise doubts for the time being.

If Ĥ 6= cλ1 or ĥ 6= cλ2, then the formula Γret(β1, β2) will be false for
the assigned values of X̂, x̂t, F̂ , and f̂t and the calculated ζ̂1(β1) and ζ̂2(β2).
Hence, the whole formula 〈ϕ(k)〉 will be true in this case because its third
premise, Γret(β1, β2), is false. When Ĥ = cλ1 and ĥ = cλ2, the terminal
π-formula in 〈ϕ(k)〉 becomes true.

When the "incorrect"formula ΨL2(t+1) has a mistake in the record of the
clause ψ2,t+1(ζ̂2 →γ) (see the definition of the formula ∆cop(û) in Subsection
5.2), we will assign x̂t+1= ζ̂2 and f̂t+1=c γ. If this fragment is as it should
be, but there is another "incorrect"clause ψt+1(µ̂→ ρ), where ρ is different
from "real"δ, we will define x̂2,t+1 = µ̂ and f̂t+1 = ĝ= cδ (we note that 1)
this is the only case when we need to set the values of the variables ĝ; 2) in
this case, we essentially use the formula ∆cop(û) in the form of disjunction
— see Remark 3). Now, the quasi-equations of the color t+1 in the formulae
〈∆cop(û)〉 and ∆wr(û) are valid in both of these cases on the grounds of
Lemma 4(i,ii) or because their premises and conclusions are true. Therefore,
the whole formula 〈ϕ(k)〉 is true. All the clauses contained in ΨK2(t+1) are
true for the same reasons.

We obtain as a result that any formula ϕ(l) is true for the above-selected
values of the primary variables, so the entire conjunction Φ(0)(P ) is true.
Since the premise and conclusion of the Ω(0)(X,P )(ŷt, ŷt+1) are true, and
the configurationsK2(t+1) and L2(t+1) are different, the "incorrect"formula
Υt+1 is false because of the choice of the values of basic variables.

As the configuration L2(t+1) may differ from the real K2(t +1) in any
place, Item (i) is established too. �

6.2. The sufficiency of the modeling of one step. We will now prove
a converse to Proposition 2(ii).

Proposition 3. Let C(t+1) = K1 ∪K2(t+1) be a configuration that has
arisen from a configuration C(t) = K1∪K2(t) as a result of an action of the
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machine P at the step t+1. Then the formula Ω(0)(X,P )(ŷt, ŷt+1) is true for
all the values variables ŷt and ŷt+1.

Proof. Let M(k)=qiα1, α2→qj , β1, γ, β2 be the instruction that transforms
the configuration C(t) into C(t+1); and ϕ(k)(ŷt, ŷt+1) be a formula, which is
written for this instruction. This formula is a consequence of Φ(0)(P )(ŷt, ŷt+1).

Let us replace ϕ(k) by a conjunction of formulae ϕ(k)(µ̂1, µ̂2); they are
each obtained as the result of the substitution of the various values of the
universal variables Û and û for the variables themselves. Every formula
ϕ(k)(µ̂1, µ2) contains the subformula q̂t≡ (i)2 ∧ D̂t≡ cα1 ∧ d̂t≡ cα2 ∧ Ẑt≡
µ̂1∧ ẑt≡ µ̂2 as the first premise. One of these subformulae coincides with the
only timer πt((i)2, α1, α2, ζ̂2, ζ̂2) included in ΨK2(t) for Û = µ̂1 = ζ̂1 and
û= µ̂2= ζ̂2, as the instruction M(k) is applicable to the configuration C(t).

For these Û =ζ̂1 and û= ζ̂2, there are tuples η̂1 and η̂2 such that the
conditions κ1(β1)(Û , V̂ ) and κ2(β2)(û, v̂) are valid for V̂ = η̂1 and v̂= η̂2. So,
the second premise of ϕ(k) is true for suitable values of variables Û , û, V̂ ,
and v̂.

Using these η̂1 and η̂2, one can find Û(β1) and û(β2) correspondently as
ζ̂1⊕ η̂1 and ζ̂2⊕ η̂2. We recall that the machine P cannot go beyond the left
edges of tapes, hence 06 (ζ̂1(β1))6 n+1 and 06 (ζ̂2(β2))6 T = exp(m)
(see the second paragraph in Subsection 5.1); therefore the formulae ΨK1

and ΨK2(t) accordingly contain the quasi-equations ψ1(ζ̂1(β1) → λ1) and
ψ2,t(ζ̂2(β2) → λ2) for some symbols λ1 and λ2. The conjunction of these
clauses coincides with Γret(β1, β2), when β1 ∈{L,R, S} and β2 ∈{L,R} for
Ĥ = cλ1 and ĥ= cλ2; while if β2 =S, then Γret2 (β2) becomes true equivance
for ĥ=c γ.

So, each of the three premises in the formula ϕ(k) coincides with the
appropriate subformula of ΨC(t) or is true for some values of universal
auxiliary variables from the list at the beginning of ϕ(k). It follows from
this that

ΨK2(t) & ∆cop(ζ̂2) & ∆wr(ζ̂2) & πt+1((j)2, λ1, λ2, ζ̂1(β1), ζ̂2(β2))

is the consequence of the formulae ΨK2(t) and Φ(0)(P )(ŷt, ŷt+1).
The formula ∆cop(ζ̂2) begins with the quantifiers ∀ ŵ. Let us replace this

formula with a conjunction that is equivalent to it; we substitute all possible
values of variables ŵ into this formula to this effect. For every value of ŵ,
there is a unique value of the tuple ĝ such that the clause ψ2,t(ŵ→ ĝ) enters
into the formula ΨK2(t). When these values of ĝ are substituted in their
places, we will obtain all the quasi-equations from ΨK2(t+1), except one,
which coincides with ∆wr(ζ̂2). �

6.3. The simulation of the exponential computations. We define the
formulae that model e(k)
 exp(k) running steps of a machine P when it
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applies to a configuration C(t):

Ω(k)(X,P )(ŷt, ŷt+e(k)) 
 [ΨC(t)(ŷt) & Φ(k)(P )(ŷt, ŷt+e(k))] →
→ ΨC(t+e(k))(ŷt+e(k)).

Proposition 4. Let t, k>0 be the integers such that t+e(k)6T =exp(m).
(i) If the machine P transforms the configuration C(t) to C(t+ e(k))

within e(k) steps, then there are special values of variables ŷt such that
the formula ΨC(t)(ŷt) is true, and for all ŷt+e(k), whenever the formula
ΨC(t+e(k))(ŷt+e(k)) is true, Φ(k)(P )(ŷt, ŷt+e(k)) is also true.

(ii) The formula Ω(k)(X,P )(ŷt, ŷt+e(k)) is valid for all values of variables
ŷt, ŷt+e(k) (i.e., identically true) if and only if the machine P converts the
configuration C(t) into C(t+e(k)) within e(k) steps.

Proof. Induction on the parameter k. For k=0, Item (i) is Proposition 2(i),
and Item (ii) follows from Propositions 2(ii) and 3.

We start the proof of the inductive step by rewriting the formula
Φ(k+1)(P )(ŷt, ŷt+e(k+1)) in the equivalent, but longer form:

∃ Ŷ
{
∀ â∀ b̂

[
(ŷt≡ â ∧ Ŷ ≡ b̂)→ Φ(k)(P )(â, b̂)

]
&

& ∀ â ∀ b̂
[
(Ŷ ≡ â ∧ b̂≡ ŷt+e(k+1))→ Φ(k)(P )(â, b̂)

]}
.

The following formula results from this immediately:

Ξk+1(ŷt, ŷt+e(k+1)) 
 ∃ Ŷ
{

Φ(k)(P )(ŷt, Ŷ ) & Φ(k)(P )(Ŷ , ŷt+e(r+1))
}
.

On the other hand, each of the two implications which are included in the
long form of the formula Φ(k+1)(P )(ŷt, ŷt+e(k+1)) can be false only when
the equivalences existing in its premise are valid. Hence, this formula is
tantamount to Ξk+1.

Let the machine P transform the configuration C(t) into C(t+e(k)) within
e(k) steps and convert the latter into C(t+e(k+1)) within the same time.

By the inductive hypothesis of Item (ii) (we recall that the induction is
carried out over a single parameter k), the formula Ω(k)(P )(ŷt, ŷt+e(k)) is
identically true for any t such that t+e(k)6T , and hence, it is identically
true for an arbitrarily chosen t0 and t1= t0+e(k) provided that t0+e(k+1)=
t1+e(k)6T . Thus, the formulae

[ΨC(t0)(ŷt0) & Φ(k)(P )(ŷt0 , ŷt0+e(k))] → ΨC(t0+e(k))(ŷt0+e(k))

and

[ΨC(t0+e(k))(ŷt0+e(k)) & Φ(r)(P )(ŷt0+e(k), ŷt0+e(k+1))] →
→ ΨC(t0+e(k+1))(ŷt0+e(k+1))

are identically true. Therefore, when we change the variables ŷt0+e(k) under
the sign of the quantifier after partial universalization, we obtain that the
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following formula

∀Ŷ {[ΨC(t0)(ŷt0) & Φ(k)(P )(ŷt0 , Ŷ ) & Φ(k)(P )(Ŷ , ŷt0+e(r+1))] →
→ ΨC(t0+e(k+1))(ŷt0+e(k+1))}

is also identically true. This formula is equivalent to

[ΨC(t0)(ŷt0) & Ξk+1(ŷt, ŷt+e(k+1))] → ΨC(t+e(k+1)

because the universal quantifiers will be interchanged with the quantifiers
of existence when they are introduced into the premise of the implication.
Since the premise of the formula Ω(k+1)(X,P )(ŷt, ŷt+e(k+1)) is equivalent to
ΨC(t) & Ξk+1 under the preceding argument, the inductive step of Item (ii)
is proven in one direction.

Now, let the configurations L(t+e(k+1)) and C(t+e(k+1)) be different.
For some values Ŷ1 and Ŷ2 of variables ŷt+e(k) and ŷt+e(k+1), respectively,
the formula {[ΨC(t+e(k)) & Φ(k)(P )]→ ΨL(t+e(k+1))}(Ŷ1, Ŷ2) is false by
the inductive assumption of Item (ii). Therefore, its conclusion ΨL(t+e(k+

1))(Ŷ2) is false, but both its premises Φ(k)(P )(Ŷ1, Ŷ2) and ΨC(t+e(k))(Ŷ1)

are true. Since the last formula and ΨC(t)(Ŷ0) are true for some special
Ŷ0, which exists due to the induction proposition of Item (i), the formula
Φ(k)(P )(Ŷ0, Ŷ1) is true. So, the implication

{[ΨC(t) & Φ(k+1)(P )]→ ΨL(t+e(k+1))}(Ŷ0, Ŷ2)

has a true premise, and a false conclusion; therefore, it is not identically true.
Item (ii) is proven.

Since the configuration L(t+e(k+1)) may differ from the proper one at any
position, to finish the proof of Item (i), we set the values Ŷ1 of the variables
ŷt+e(k) in a specific manner, using the inductive hypothesis of Item (ii) and
then Item (i) for the configurations C(t +e(k)) and C(t +e(k +1)), as P
transforms the first of them to the second. �

7 End of the proof of the main theorem

7.1. The short recording of the initial configuration and the condi-
tion of the successful run termination. We cannot fully describe the
final configuration on the second tape when the machine arrives at one of
the two states, qacc or qrej . Firstly, this final configuration may be very long.
Secondly, and most importantly, it is unknown to us — we only know the
input string X on the first tape and the machine’s program P . However, we
do not need the entire final configuration.

Since we have the instructions for the machine’s run at idle (see the
beginning of Section 5), the statement that the machine P accepts an input
stringX within T =exp(m(n)) steps can be written rather briefly — utilizing
one quantifier-free formula of the color T : χ(ω) 
 q̂ T ≡ (1)2 because
the accepting state has the number one. This formula is a full analog of
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subformula I of Cook’s formula from [3], and it has O(r) symbols in length
(see Section 5.1), without considering the indices. The writing of the first
index T (in the tuple q̂ T ) occupiesm+1=m(n)+1 bits. The maximum length
of the second indices is Odlog re, so we have |χ(ω)|=O(r · (m(n)+dlog re)).

The formula ΨC(t)(ŷt) was introduced in Subsection 5.3 to describe a
configuration arising after step t. It is a very lengthy: |ΨC(t)| > m · exp(m).
However, the initial configuration is simple enough and allows us to give a
relatively short description. We have already described the entries on the
first tape in Subsection 5.3.3 since they remain unchanged throughout the
work. This is done using the following formula χ1(X) with the free variables
X̂=〈X0, . . . , Xs〉 and F̂ =〈F0, . . . , Fr〉:

χ1(X)
 ΨK1(X̂, F̂ ) 
 ψ1(0̂→ B) &
∧

16 (ξ̂)6n

ψ1(ξ̂→χ(ξ̂)) & (8)

& ∀û0
(
û0 > (n)2 → ψ1(û0 → Λ)

)
.

Let us pay attention that the variable X denotes the input string, but not
the tuple of the variables X̂. The sense of χ1(X) is as follows: the B symbol
is located in the zeroth cell, the input string X = 〈χ1, . . . , χn〉 is written
next to B in the squares 1, 2, . . . , n, and the remaining cells of the tape are
empty.

The entries on the second tape before starting work are described even
more simply since all its cells are empty, except for the zeroth one, which
contains the B symbol:

χ2(0)
 ψ2,0((0)2→B) & ∀û0[û0 > (1)2 → ψ2,0(û0 → Λ)].

It remains to record that the machine is in the start state q0; both of its
heads are pointed at zeroth cells and see the B symbols there. The single
timer of color 0 describes all this π0((0)2,B,B, (0)2, (0)2) — see Section 5.1.

The whole initial configuration is described by the formula

χ(0)(ŷ0) 
 χ1(X) & χ2(0) & π0((0)2,B,B, (0)2, (0)2), (9)

It is easy to see that the formula χ(0)(ŷ0) is the brief form for ΨC(t)(ŷ0)
introduced in Subsection 5.3.3 for t=0.

We recall that r positions are reserved for recording the codes of the
symbols of the working alphabet of simulated machines and the indication
of the machine state’s numbers in Subsection 5.1; and if |X|=n, then |X̂|=
O(dlog ne · dlogdlog nee).

Lemma 5. |χ(0)(ŷ0)|6D1 · n · dlog ne · dlogdlog nee+D2 ·m(n) · dlogm(n)e
for the suitable constants D1, D2 and |X|=n>r.

Proof. This follows from Lemmata 1 and 2 by immediate calculation. �
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7.2. The simulating formula Ω(m)(X,P ). Let us define

Ω(m)(X,P )
 ∀ŷ0, ŷ T
{[
χ(0)(ŷ0) & ∃ Ŷm∀ âm∀ b̂m . . . ∃ Ŷ1∀ â1∀ b̂1{ ∧

16 k6m

[
(âk+1≡ âk ∧ Ŷk≡ b̂k) ∨ (Ŷk≡ âk ∧ b̂k≡ b̂k+1)

]
→ (10)

→ Φ(0)(P )(â1, b̂1)
}]
→ χ(ω)(ŷ T )

}
;

here, we have designated âm+1= ŷ0, b̂m+1= ŷ T in the record of the "big"con-
junction for the sake of brevity.

Proposition 5. The formula Ω(m)(X,P ) has the property (i) from the state-
ment of Teorema 2. In other words, this sentence is true if and only if the
machine P accepts the input X within T = exp(m(n)) steps.

Proof. Let Θk=Θk(âk, âk+1, Ŷk, b̂k, b̂k+1) be the denotation for the expression
(âk+1 ≡ âk ∧ Ŷk ≡ b̂k) ∨ (Ŷk ≡ âk ∧ b̂k ≡ b̂k+1). The part of the formula
Ω(m)(X,P ), which is located in the big square brackets in Equation (10),
almost coincides with the first of the two following formulae and is equavalent
to the second (according to the agreement of Subsection 4.2 that conjunction
connects more intimately than an implication):

1) χ(0)(ŷ0) & ∃ Ŷm∀ âm∀ b̂m . . . ∃ Ŷ1∀ â1∀ b̂1
{ ∧
16 k6m

Θk → Φ(0)(P )(â1, b̂1)
}

;

2) χ(0)(ŷ0) & ∃ Ŷm∀ âm∀ b̂m . . . ∃ Ŷ1∀ â1∀ b̂1
(

Θm →
(
Θm−1 → (. . .→ (Θ1 →

→ Φ(0)(P )(â1, b̂1)) . . .)
))
.

If we carry the quantifiers through the subformulae, which do not contain
the corresponding variables, then we will conclude that the second formula
is tantamount to the third one:

3) χ(0)(ŷ0) & ∃ Ŷm∀ âm∀ b̂m
(

Θm → ∃ Ŷm−1∀ âm−1∀ b̂m−1
(
Θm−1 → (. . .→

→ ∃ Ŷ1∀ â1∀ b̂1(Θ1 → Φ(0)(P )(â1, b̂1)) . . .)
))
.

According to the definition, the formula

∃ Ŷk∀ âk∀ b̂k(Θk → Φ(k−1)(P )(âk, b̂k))

contracts into Φ(k)(P )(âk+1, b̂k+1). Therefore, the whole sentence Ω(m)(X,P )

is equivalent to ∀ŷ0, ŷ T
[(
χ(0) & Φ(m)(P )

)
→ χ(ω)

]
. Notice that the formula

∀ŷ0, ŷ T
[(

ΨC(0)(ŷ0) & Φ(m)(P )(ŷ0, ŷ T )
)
→ Ψ(T )(ŷT )

]
is true by Proposition 4(ii) if and only if the machine P accepts an input
string X within T steps, and χ(ω) is a conjunctive term of the formula
Ψ(T )(ŷT ). Consequently, based on the fact that formulae χ(0)(ŷ0) and
ΨC(0)(ŷ0) are tantamount, one could say that the formula (10) is modeling.

�
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7.3. The time of writing of Ω(m)(X,P ) and its length. Let us discuss
the possibility of writing this formula for the various functions m(n).

Lemma 6. Let g(n) be a fully space-constructible function. Then for each
input string having length n on the first tape, one can fill exactly g(n) +
1 square on the second tape and then number the filled cells in the binary
representation using O(g(n)·dlog g(n)e) memory cells within time bounded
the value of some polynomial on max{n, g(n)}, provided that the working
alphabet has at least five symbols: B,Λ, 0, 1, and one more, for instance, X.

Proof. At first, we fill exactly g(n)+1 squares on the second tape with the
X symbols. One can make this using exactly g(n)+1 memory cells since
the function g(n) is fully space-constructible. Then, we count the filled cells
beginning with the zero number and apply a reverse binary representation,
e.g., the number 6 will be written down as 011, but not 110. For this purpose,
we write the tuple Y consisting of 0 and 1 to the right of (g(n)+1)-tuple
(X, . . . ,X). The tuple Y is dlog(g(n)+1)e symbols in length. One can fill
these g(n)+|Y |+1 squares utilizing the same amount of memory. Next, we
fill the zone Y with zeros. After that, we move apart the adjacent symbols
X by |Y | positions and fill these gaps with zeros. Possibly, we will use a few
more cells than (g(n)+1) · |Y | for this expansion. It remains only to number
the X symbols, using gaps filled with zeros for this; however, now we write
the binary representation of the numbers in the usual way. If g(n)=dlog ne,
then as a result, we will obtain the tuple X̂ involved in the record of the
simulating formula — see Subsection 5.1.

All this is feasible in polynomial time on max{n, g(n)}. �

Remark 6. (1) It is quite probable that this lemma can be noticeably strengthe-
ned. In particular, one can most likely get by with the alphabet {B,Λ, 0, 1}.

(2) All functions, interesting for us, are fully space-constructible: dlog ne, n,
cnd, and expk(n). The functions n · dlog ne and n · dlog ne · dlogdlog nee are
uninteresting for us concerning the property "be space-constructible" because
the summand D1 ·n · dlog ne · dlogdlog nee arises in the upper estimate of the
length of the modeling formula (see inequalities (1) and Lemma 5) because the
input string is described by n clauses, each of which is O(dlog ne·dlogdlog nee)
in length.

We recall that the disjunction of equivalencies (âk+1≡ âk∧Ŷk≡ b̂k)∨(Ŷk≡
âk ∧ b̂k≡ b̂k+1) entered in the formula Ω(m)(X,P ) was denoted as Θk in the
proof of Proposition 5; and the lengths of the formulae are calculated in the
natural language — see Subsection 4.2.

Lemma 7. The length of the subformula

Υ(m) 
 ∃ Ŷm∀ âm∀ b̂m . . . ∃ Ŷ1∀ â1∀ b̂1
{ ∧
16 k6m

Θk → Φ(0)(P )(â1, b̂1)
}

is O((|P | ·m(n) + m2(n)) · dlogm(n)e) for sufficiently long X and m=
m(n)>dlog ne.
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Proof. According to Lemmata 3 and 4(iii),

|Φ(0)(P )(ŷt, ŷt+1)|6C1·|P |·|ϕ(N)|6C2·|P |·(m+r+s)·max{logm, log r, log s}
for appropriate constants C1 and C2. The tuple ŷt consists of 2m +5r+2s
various variables; therefore, its length is not more than 9m · dlogme for all X
such that |X|=n and m=m(n)> dlog ne=s> r. For 16k6m, the tuples
Ŷk, âk, and b̂k also have 2m+5r +2s variables; and each of these tuples has
the variables of the identical type, but not of nine ones; hence, their maximal
second index equals dlog(2m+5r+2s)e.

Nevertheless, |∃Ŷk|= |∀âk|= |∀b̂k|=O(m · dlogme) for all k according to
our suggestions about X and m. Hence,

|∃ Ŷm∀ âm∀ b̂m . . . ∃ Ŷ1∀ â1∀ b̂1
{ ∧
16 k6m

Θk

}
| = O(m2(n) · dlogm(n)e).

�

Corollary 6. There exist constants D1, D2, and Dw such that Inequalities (1)
hold for every sufficiently long X and m(n)>dlog ne, i.e.,

m(n)< |Ω(m)(X,P )| 6 D1 ·n·dlog ne·dlogdlog nee+D2 ·m(n) · dlogm(n)e+

+Dw · [(|P | ·m(n) +m2(n)) · dlogm(n)e.

Proof. It follows from this lemma, Lemma 5, and the description of χ(0) in
Subsection 7.1 because |∀ŷ0|< |∀ŷT |=O(m · dlogme). �

Thus, we have proven that the formula Ω(m)(X,P ) of form (10) possesses
the properties (i) (see Proposition 5) and (ii) from Theorem 2, i.e., it is
simulating and has a relatively short length. The modeling formula is descri-
bed by Equation (10) in an explicit form; this description allows us to design
a polynomial algorithm relative to max{n,m(n)} for its construction based
on Lemma 6.

8 The space complexity of languages from the class P

A simple application of the modeling theorem to languages of class P (as
is done in the second proof of Theorem 5 for languages from class (k+1)EXP
in Subsection 3.2 ) yields the uninteresting fact that these languages can be
recognized in an almost linear space, more precisely, with memory
O(n·dlog ne2·dlogdlog nee); this follows from Corollary 6 form(n)=Cdlog ne.
We will try to strengthen this statement.

Whenm(n)=dlog nde, then the longest component of the modeling formula
Ω(m)(X,P ) is the subformula χ1(X) corresponding to the unchanged entries
on the first tape (see Subsection 7.1 ) since it contains the subformula∧

16 (ξ̂)6n ψ1(ξ̂ → χ(ξ̂)) describing the input string X = 〈χ1, . . . , χn〉 and
having length O(n·dlog ne·dlogdlog nee). How this description can essentially
be abridged is perfectly incomprehensible. The universal quantifier cannot
be applied here, as the input string may contain various symbols.
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Should we not try to remove this description entirely because we have a
record of the input string on the first tape?

Let us notice that the programs of all Turing machines depend only on
the working alphabet, recognized language, and the number of their tapes,
but not on an input string; though, the program’s execution depends on the
input, as a rule, essentially, see Remark 3b).

Definition 2. Let the formula Ω(m)(X,P ) is written for the simulation of
the actions of 2-DTM P for some input X during the first expm(n) steps.
In that case, we denote its subformula, which is obtained if the component
"χ1(X) &"is removed from the formula χ(0)(ŷ0) (see Eq. (8) and (9)), as
∆(m)(n, P ), and will name it a conditionally modeling formula.

The reduced formula ∆(m)(n, P ) depends only on the program P , the
function m, and the length n of input according to the description of the
simulating formula — see Remark 3 b). Its length is

O((|P | · d · dlog ne+ d 2 · dlog n)e2 · dlogdlog nee)

for m(n) = O(dlog nde). We note that formula χ(0) is only shortened to
χ2(0) & π0((0)2,B,B, (0)2, (0)2) (see Eq. (9) in Subsection 7.1), but is not
removed at all.

Theorem 6. Every language of class P can be recognized in the polylogarit-
hmical space Log; more precisely, if a language L belongs to 2-DTIME[nd],
then there is a 2-DTM P (L) that recognizes L with memory bounded by
C ·d 2 ·dlog2 ne · dlogdlog nee) for the appropriate constant C.

Proof. We recall that the working alphabet of all 2-DTMs is A, and A1

is the alphabet of the natural language described in Subsection 4.2. Both
these alphabets are finite. We regard that the programs of the machines are
also written in the alphabet B 
 A∪A1 with a natural identification of the
implication and the arrow, which is involved in the record of the instructions.
In Subsection 5.1, a uniform length binary coding c = c(A, P ) of all symbols
of the working alphabet A and simultaneously all internal states of the given
machine P was applied. Now, we extend this coding to c1 = c1(B, P ) to
include the whole alphabet A1. We will continue to write down the formulae
Ω(m)(X,P ) and ∆(m)(n, P ), applying the alphabet A1 and the encoding c1
as described in Section 5 for the encoding c.

However, one can do without such an extension if one immediately assumes
that the alphabet A includes the whole alphabet A1 since only its finiteness
is used in all constructions. On the other hand, we can proceed wholly to
the codes of alphabetic symbols from A1 using the symbols of the alphabet
A, but this will only overload the proof with irrelevant details.

Lemma 8. For every program P , there is a 2-DTM M(P ) that writes P
when M(P ) gets any input; by that, the B symbol is written as (c1B), i.e.,
as an r-tuple consisting of r−1 zeros and one 1 (see Subsection 5.1).
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Proof. Executing its instructions, the machine M(P ) writes down all the
symbols involved in the record of P one by one in the second tape. The first
head remains in the zeroth place during the entire work, so one may say that
M(P ) is running in the one-tape mode.

Using an example, let us explain howM(P ) works. Let q7B, B → q4R,C,L
be some instruction in the program P . The sense of this instruction is as
follows. If, in the seventh state, the machine P sees the B symbol on the
first tape and the B symbol on the second at some instant, then P moves
the first head to the right, writes C instead of B on the second tape, moves
the second head to the left, and enters the state q4.

This instruction must be written on the second tape of machine M(P ) in
the following form (the comma belongs to the natural language’s alphabet):
q7, (c1B), B → q4, R, C, L. The first six instructions of M(P ) for writing
this instruction are (here we regard that M(P ) has entered the state q101
after executing the current instruction; the ultimate non-empty symbol on
the second tape is D, and the second head aims at this D):

(1) q101B, D → q102S,D,R (2) q102B,Λ→ q103 S, q,R

(3) q103B,Λ→ q104S, 7, R (4) q104B,Λ→ q105S, , , R

(5) q105B,Λ→ q106S, (, R (6) q106B,Λ→ q107S, 0, R

The result of the actions of these six instructions is the string q7, (0. �

Lemma 9. For every program P and each space-constructible function m,
there is a 2-DTM M1(P ) that writes the conditionally modeling formula
∆(m)(n, P ) when M1(P ) gets any input X having length n. For this purpose,
M1(P ) uses O(|∆(m)(n, P )|), i.e., O((|P | ·m(n) +m2(n)) · dlogm(n)e), the
memory cells for the sufficiently long X.

Proof. At first, the machine M1(P ) activates its subprogram M(P ), which
writes down the program P . Then,M1(P ) calculates the valuem(n) = m|X|)
and writes it in the binary representation on the second tape to the right
of the string P . Next, it writes the formula ∆(m)(n, P ) using the strings P
and (m(n))2, i.e., the binary representation of the number m(n), following
Equation (10). The machine M(P ) again runs in the one-tape mode in this
and the last stage. In the last stage,M1(P ) erases the strings P and (m(n))2
and shifts left the formula ∆(m)(n, P ). �

Let us return to the proof of the theorem.
In Sections 4-7, it has been implicitly assumed the presence of 2-DTM,

which writes the code of any symbol of the working alphabet on the second
tape when the first head is aimed at this symbol. This was not stated due to
the obviousness. It is not difficult to add several instructions to this program
that check whether the clause of a kind ψ1(ζ̂ → α) = X̂≡ ζ̂ → F̂ ≡cα̂ is true,
i.e., whether the α symbol is located in the (ζ̂)th cell of the first tape. The
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actions of this subroutineM2(ζ̂, α) can be such: it shifts the head to the (ζ̂)th
position on the first tape, reads some symbol β there, writes the code cβ on
the second tape, and then compares it with the cα code. Similarly,M2(ζ1, α1)
can check the truth of the fragments of the timers πt((i)2, α1, α2, ζ1, ζ2) of
any color t.

The last procedure we need is M3(φ), which determines whether a given
Boolean sentence φ is true. This machine uses a complete enumeration (or
almost complete when using, for example, the branch and bound method) of
possible values of the variables included in the record φ. After generating the
next set of variable values, it substitutes these values into φ and checks the
truth of all subformulas from φ. This algorithm requires exponential time
but is feasible in a linearly bounded (relative to the length of φ) space.

Thus, suppose some 2-DTM P0 recognizes a language L within time nd.
One can regard the number d as an integer. We will describe the actions of
the machineM(L), which recognizes L in space O(dlog2 n)e · dlogdlog nee).

Let the machine M(L) get an input X. In the first stage, it turns on
subroutine M1(P0), which writes the conditionally modeling formula
∆(m)(n, P0) for m(n) = d · dlog ne. Notice that the formulae ∆(m)(n, P0) and
Ω(m)(X,P0) contain the same variables. Grounding on this, the recognizing
machineM(L) activates the modified procedure M3(Ω

(m)(X,P0)) to check
the validness of the sentence Ω(m)(X,P0). This modification lies in that the
check of the truth of the triggers πt((i)2, α, α2, ζ, ζ2) and clauses ψ1(ζ̂ → α)

is carried out by applying subroutine M2(ζ̂, α). If the sentence Ω(m)(X,P0)
occurs be true, then this means that the machine P0 accepts the input X by
Theorem 2; hence, the string X belongs to L; therefore M(L) also accepts
X. If not,M(L) rejects X since the word X does not belong to L. �

We recall that in Subsection 3.2, the designations for some complexity
classes have been defined: 0EXP = P, 0EXPSPACE = PSPACE, and
−1EXPSPACE = Log. So, based on Theorems 5 and 6, we obtained the
following statement.

Theorem 7. For every integer k > −1, the complexity classes kEXPSPACE
and k+1EXP coincide.

9 Relativization and non-deterministic computations

9.1. Motivation. The basic motivation for writing this work was the aut-
hor’s desire to significantly improve the lower estimate of the computational
complexity of equivalency-nontrivial decidable theories from [7]. For this
purpose, the possibility of reducing the formula, which simulates lengthy
computations, was analyzed. Three fragments were the longest for the mode-
ling period expn, i.e., when m(n)=n.

The first long component corresponds to the representation of the number
t ± 1 in binary notation. If the binary representation (t)2 of the number t
has length ndlog ne, then in [7], the binary representations of the numbers
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t±1 have length O((ndlog ne)2) (Lemma 3.1 in Subsection 3.3). Introducing
in corrective additives, it was possible to significantly reduce the length of
recording these numbers Subsection 4.2 (compare Lemmata 3.1 in [7] and 1
in this paper).

The second long fragment in [7], the formula χ(0), describes the initial
configuration, including the input string X. It was O(n · ndlog ne) symbols
in length. Now, it has the length O(n · dlog ne · dlogdlog nee) through the
usage of an input tape on which nothing can be written or erased. This is
mainly why the author began to describe the modeling of the actions of
two-tape machines in this paper. He has only seen the possibility of proving
Theorem 6 in the writing process of the paper.

Nevertheless, the other long component, the Υ(m) formula (see Lemma 7),
remains here of the same length. Apparently, it is possible to significantly
reduce the size of the description of the exponential (relative to m(n))
number of steps only by abandoning the usage of the elegant construction of
Stockmeyer and Meyer, but that has not yet been possible to do accurately
enough.

9.2. On the possibility of relativization. Relativization of the main
theorem on modeling (Theorem 2) is impossible. Indeed, in an exponential
number of steps, the machine can record on the oracle’s tape a string,
whose length is not bounded by the value of the polynomial. Certainly, the
recording process can be described by formulae similar to Φ(0)(ŷt, ŷt+1) (see
Subsections 5.2 and 5.3 ). However, to describe the query to the oracle, it
will be necessary to use a formula of exponential length since the query chain
may be heterogeneous in structure, and as a result, the universal quantifier
is not applicable here. In addition, this query string will only be known to
us at the instant of the query, in contrast to the input X and the program
of the machine P , which are given to us immediately, while it is desirable for
us to write the modeling formula before starting the computations.

9.3. Impossibility of the definability of non-deterministic computa-
tions. Recall that Lemma 4(i) asserts if x̂t 6= µ̂, then a clause ψ2,t(µ̂→ ε)

will be true independently of the values of variables f̂t. The reason for this
is that this formula has the form of an implication (see Subsection 5.1).
This means that, for any assignment of variables included in the modeling
formulae, only one clause of the form ψ2,t(µ̂→ε) (the formula describing the
contents of cell number (µ̂) on the working tape at time t) can become false.
Thus, this modeling method is locally pointwise. In contrast, the description
method used in [3] and [10] is also pointwise, but there, any number of
subformulas describing entries in specific cells (including all of them) can
become false. Therefore, that technique can be called a global pointwise
method.

On the one hand, using a locally pointwise method for describing individual
cells allows for the application of the universal quantifier, thereby modeling
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a computational domain of exponential width, as described in Subsections
5.2 and 5.3. On the other hand, this is also the main obstacle to simulating
nondeterministic computations. Specifically, in this case, it is impossible to
adequately model even a single step of a nondeterministic machine. More
precisely, it is impossible to prove an analogue of Proposition 2(ii).

Let us explain this in more detail. Recall that the difference between non-
deterministic and deterministic Turing machines is as follows. A deterministic
machine can have at most one instruction with a fixed beginning of the form
qiα → . . . for all possible internal states qi and any symbols α the machine
head is pointing at. In contrast, a non-deterministic machine can have several
instructions with the same beginning of this form. We will call an instruction
qiα→ . . . of the machine P ordinary if there are no other instructions with
such a beginning in the program of the machine P . A series of instructions
with the same beginning will be considered one branching (or alternative)
instruction.

Suppose we have learned to describe the actions of alternative instructions
of non-deterministic machines at any step by formulae, while preserving the
locally pointwise method of encoding the record in individual cells. We note
that this can be done by slightly changing the formulae ϕ(k) from Section
5.2, which describe the action of the kth instruction. However, the specific
way this is done is of no importance. Let the formula Φ

(0)
1 (P ) describe

the application of the non-deterministic machine P in one step; again, it
is completely unimportant how this formula is composed of ϕ(k).

Nevertheless, even under these assumptions, we will not be able to prove
the necessary full analogue of Proposition 2(ii):

Assertion 1. Let us assume that all the configurations, which can arise
after t steps of the non-deterministic machine P , are K1(t),K2(t), . . . ,Kl(t).
Suppose the formula

Ω
(0)
1 (P )


{[ ∨
16j6l

ΨKj(t)
]

& Φ
(0)
1 (P )

}
→
[ ∨
16i6s

ΨKi(t+1)
]

is identically true. In this case, each configuration K1(t+1),K2(t+1), . . . ,
Ks(t +1) can be obtained in the (t + 1)th step of the machine P only from
some configurations K1(t),K2(t), . . . ,Kl(l).

Naturally, s = l = 1 for deterministic machines; this is Proposition 2(ii).
However, the converse statement, the analogue of Proposition 3, can probably
still be proven, but this is inessential.

Remark 7. This statement is formulated for the case of single-tape machines,
since the entries on the first tape cannot be changed. In the following countere-
xample, we also consider only one working tape. Thus, all configurations of
Kj and Li should be treated as configurations of the second tape.

To see that Assertion 1 is unprovable, consider the following



THE DEFINABILITY OF COMPUTATIONS 177

Counterexample. Let a non-deterministic machine P can create some
configurations K1(t) and K2(t) after step t. At step t + 1, some ordinary
instruction converts these configurations intoK1(t+1) andK2(t+1), respecti-
vely.

Suppose that configurations K1(t + 1) and K2(t + 1) differ only in the
entries in two cells: K1(t +1) has the symbol γ in the square (ζ̂)2, while
K2(t +1) has the symbol δ in this cell; and in the cell (θ̂)2, it is the other
way around: K1(t+1) has the δ symbol, while K2(t+1) has the symbol γ in
these squares. The head position in both configurations is the same, namely,
the cell (η̂)2 6=(ζ̂)2, (θ̂)2, the internal state of both is j, and the symbol being
observed is κ. Therefore the description of the configurations K1(t+1) and
K2(t +1) contain the same π-formulae and clauses ψ2,t+1(µ̂ → ε(µ)) for all
µ̂ 6= ζ̂, θ̂.

Now consider the configurations L1(t +1) and L2(t +1), which have the
same head position as K1(t +1) and K2(t +1), the symbol it is observing,
the internal state, and all records on the tape except for the cells (ζ̂)2 and
(θ̂)2: L1(t+1) has the symbol γ written in both cells, while L2(t+1) has the
symbol δ in these squares.

Above, the following simple property of clauses was noted: when x̂t+1 6= µ̂,
the clause ψ2,t+1(µ̂→ε) is true regardless of the value of the variables f̂t+1.
This means that for any values of the variables x̂t+1 and f̂t+1, only one clause
can be false in one of the formulae ΨK1(t+1), ΨK2(t+1), ΨL1(t+1), and
ΨL2(t+1), while the rest automatically become true.

From this and based on the fact that all these four formulae ΨK1(t +1),
ΨK2(t+1), ΨL1(t+1), and ΨL2(t+1) include the same timer (i.e., formula,
which describes the positions of the heads, the symbols it views, and the
internal state), it is easy to understand that for any values of the variables,
the disjunctions ΨK1(t +1) ∨ ΨK2(t +1) and ΨL1(t +1) ∨ ΨL2(t +1) will
become true or false simultaneously. Thus, the assumption that the formula{[

ΨK1(t) ∨ ΨK2(t)
]

& Φ(0)(P )
}
→

[
ΨK1(t+1) ∨ ΨK2(t+1)

]
is identically true causes the identically truth of the formula{[

ΨK1(t) ∨ ΨK2(t)
]

& Φ(0)(P )
}
→

[
ΨL1(t+1) ∨ ΨL2(t+1)

]
.

Consequently, if we want to prove Assertion 1 for this case, we need both
clauses with the beginning x̂t≡ ζ̂→ . . . to become false or true independently
of the truth values of the quasi-equations with the beginning x̂t ≡ θ̂→ . . ..
Therefore, the description of the cell number (ζ̂)2 must include at least one
variable that is not in the description of the cell number (θ̂)2. By symmetry,
we also obtain the opposite, that the encoding of the cell number (θ̂)2 must
include at least one variable that is not in the description of the cell number
(ζ̂)2. And since we have not made any specific assumptions about the values
of (ζ̂)2, (θ̂)2, and (η̂)2, other than the fact that they are different, it turns
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out that the description of each cell number must contain a variable that is
not present in the encoding of any other cell.

So, the quantity of variables must be no less than the width of the simulated
computation zone, when we want to model actions of a non-deterministic
machine.
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