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Ïðåäñòàâëåíî À.À. Ìàõíåâûì

Abstract:Within the class of bipartite distance-regular graphs of
diameter 5 ≤ d ≤ 7, the following intersection arrays are admissible:
{k, k − 1, k − c, c, 1; 1, c, k − c, k − 1, k}, where k = r(r2 + 3r + 1),
c = r(r + 1) (the bipartite double of the Krein graph Kre(r)),
{55, 54, 50, 5, 1; 1, 5, 50, 54, 55}, {7, 6, 6, 5, 4, 3; 1, 1, 2, 3, 4, 7} and
{7, 6, 6, 5, 2, 1, 1; 1, 1, 2, 5, 6, 6, 7}.

Since the Krein graph Kre(r) does not exist for r = 3 and r = 4,
distance-regular graphs with the intersection arrays {57, 56, 45, 12,
1; 1, 12, 45, 56, 57} and {116, 115, 96, 20, 1; 1, 20, 96, 115, 116} do not
exist (Theorem 1).

J. Koolen proved that a graph with the intersection array {7, 6, 6,
5, 4, 3; 1, 1, 2, 3, 4, 7} does not exist.

A graph with the intersection array {7, 6, 6, 5, 2, 1, 1; 1, 1, 2, 5, 6,
6, 7} is a 2-cover of an unknown near heptagon and has an antipodal
quotient with the intersection array {7, 6, 6; 1, 1, 2}. A. Makhnev,
V. Bitkina, and A. Gutanova proved that a graph with the inter-
section array {7, 6, 6; 1, 1, 2} does not exist. Therefore, a distance-
regular graph with the intersection array {7, 6, 6, 5, 2, 1, 1; 1, 1, 2, 5,
6, 6, 7} does not exist (Theorem 2).

This work also studies the existence problem for a graph with
the intersection array {26, 25, 24, 2, 1; 1, 2, 24, 25, 26}.
Keywords: distance-regular graph, bipartite graph.
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1 Ââåäåíèå

Ðàññìàòðèâàþòñÿ íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðå-
áåð. Åñëè a, b � âåðøèíû ãðàôà Γ, òî ÷åðåç d(a, b) îáîçíà÷àåòñÿ ðàññòî-
ÿíèå ìåæäó a è b, à ÷åðåç Γi(a) � ïîäãðàô ãðàôà Γ, èíäóöèðîâàííûé
ìíîæåñòâîì âåðøèí, êîòîðûå íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ îò âåðøèíû
a. Ïîäãðàô Γ1(a) íàçûâàåòñÿ îêðåñòíîñòüþ âåðøèíû a è îáîçíà÷àåòñÿ
÷åðåç [a]. ×åðåç a⊥ îáîçíà÷àåòñÿ ïîäãðàô, ÿâëÿþùèéñÿ øàðîì ðàäèóñà
1 ñ öåíòðîì a.
Ãðàô Γ íàçûâàåòñÿ ðåãóëÿðíûì ãðàôîì ñòåïåíè k, åñëè [a] ñîäåðæèò

òî÷íî k âåðøèí äëÿ ëþáîé âåðøèíû a èç Γ. Ãðàô Γ íàçûâàåòñÿ ðå-
áåðíî ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðàìè (v, k, λ), åñëè Γ ñîäåðæèò v
âåðøèí, ÿâëÿåòñÿ ðåãóëÿðíûì ñòåïåíè k, è êàæäîå ðåáðî èç Γ ëåæèò â
λ òðåóãîëüíèêàõ. Ãðàô Γ íàçûâàåòñÿ âïîëíå ðåãóëÿðíûì ãðàôîì ñ ïà-
ðàìåòðàìè (v, k, λ, µ), åñëè Γ ðåáåðíî ðåãóëÿðåí ñ ñîîòâåòñòâóþùèìè
ïàðàìåòðàìè è ïîäãðàô [a]∩ [b] ñîäåðæèò µ âåðøèí â ñëó÷àå d(a, b) = 2.
Âïîëíå ðåãóëÿðíûé ãðàô äèàìåòðà 2 íàçûâàåòñÿ ñèëüíî ðåãóëÿðíûì ãðà-
ôîì. ×èñëî âåðøèí â [a]∩ [b] îáîçíà÷èì ÷åðåç λ(a, b) (÷åðåç µ(a, b)), åñëè
d(a, b) = 1(åñëè d(a, b) = 2), à ñîîòâåòñòâóþùèé ïîäãðàô íàçîâåì (µ-)
λ-ïîäãðàôîì.
Åñëè âåðøèíû u,w íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ, òî ÷åðåç bi(u,w)

(÷åðåç ci(u,w)) îáîçíà÷èì ÷èñëî âåðøèí â ïåðåñå÷åíèè Γi+1(u) (â ïåðå-
ñå÷åíèè Γi−1(u)) ñ [w]. Ãðàô äèàìåòðà d íàçûâàåòñÿ äèñòàíöèîííî ðå-
ãóëÿðíûì ñ ìàññèâîì ïåðåñå÷åíèé {b0, ..., bd−1; c1, ..., cd}, åñëè çíà÷åíèÿ
bi = bi(u,w) è ci = ci(u,w) íå çàâèñèò îò âûáîðà âåðøèí u,w íà ðàññòî-
ÿíèè i. Ïîëîæèì ai = k− bi− ci è ki = |Γi(u)| (çíà÷åíèå ki íå çàâèñèò îò
âûáîðà âåðøèíû u). ×èñëà ïåðåñå÷åíèé ãðàôà plij è ïàðàìåòðû Êðåéíà

qlij îïðåäåëåíû â [1] (ñòð. 43 è 48 ñîîòâåòñòâåííî).
Ïóñòü Γ ÿâëÿåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ãðàôîì äèàìåòðà d. Äëÿ

i ∈ {1, 2, ..., d} ãðàô Γi îïðåäåëåí íà ìíîæåñòâå âåðøèí ãðàôà Γ è äâå
âåðøèíû u,w ñìåæíû â Γi òîãäà è òîëüêî òîãäà, êîãäà dΓ(u,w) = i. Äëÿ
I ⊂ {1, 2, ..., d} ãðàô ΓI îïðåäåëåí íà ìíîæåñòâå âåðøèí ãðàôà Γ è äâå
âåðøèíû u,w ñìåæíû â ΓI òîãäà è òîëüêî òîãäà, êîãäà dΓ(u,w) ∈ I.
Â êëàññå äâóäîëüíûõ äèñòàíöèîííî ðåãóëÿðíûõ ãðàôîâ äèàìåòðà 5 ≤

d ≤ 7 èìåþòñÿ äîïóñòèìûå ìàññèâû ïåðåñå÷åíèé: {k, k−1, k−c, c, 1; 1, c, k−
c, k−1, k}, ãäå k = r(r2+3r+1), c = r(r+1) (äâóäîëüíîå óäâîåíèå ãðàôà
ÊðåéíàKre(r)), {55, 54, 50, 5, 1; 1, 5, 50, 54, 55}, {7, 6, 6, 5, 4, 3; 1, 1, 2, 3, 4, 7}
è {7, 6, 6, 5, 2, 1, 1; 1, 1, 2, 5, 6, 6, 7}.

Òåîðåìà 1. Äèñòàíöèîííî ðåãóëÿðíûå ãðàôû ñ ìàññèâàìè ïåðåñå÷åíèé
{57, 56, 45, 12, 1; 1, 12, 45, 56, 57} è {116, 115, 96, 20, 1; 1, 20, 96, 115, 116} íå
ñóùåñòâóþò.

Ãðàô Êðåéíà Kre(r) íå ñóùåñòâóåò ïðè r = 3 [4] è r = 4 [5]. Îòñþäà
ñëåäóåò òåîðåìà 1.
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Ïðåäëîæåíèå 1. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå-
÷åíèé {7, 6, 6, 5, 4, 3; 1, 1, 2, 3, 4, 7} íå ñóùåñòâóåò.

Äæ. Êóëåí [2] äîêàçàë, ÷òî ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7, 6, 6, 5, 4, 3;
1, 1, 2, 3, 4, 7} íå ñóùåñòâóåò.

Òåîðåìà 2. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé
{7, 6, 6, 5, 2, 1, 1; 1, 1, 2, 5, 6, 6, 7} íå ñóùåñòâóåò.

Ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {7, 6, 6, 5, 2, 1, 1; 1, 1, 2, 5, 6, 6, 7} ÿâëÿåòñÿ
äâóäîëüíûì óäâîåíèåì íåèçâåñòíîãî ïî÷òè 7-óãîëüíèêà [1, chapter 4.2D]
è èìååò àíòèïîäàëüíîå ÷àñòíîå ñ ìàññèâîì ïåðåñå÷åíèé {7, 6, 6; 1, 1, 2}.
À. Ìàõíåâ, Â. Áèòêèíà è À. Ãóòíîâà [3] äîêàçàëè, ÷òî ãðàô ñ ìàññèâîì
ïåðåñå÷åíèé {7, 6, 6; 1, 1, 2} íå ñóùåñòâóåò. Òåîðåìà 2 äîêàçàíà.

Ïðåäëîæåíèå 2. Íåäâóäîëüíûé ñèëüíî ðåãóëÿðíûé ãðàô áåç òðåóãîëü-
íèêîâ ñ µ = 5 èìååò ïàðàìåòðû (650, 55, 0, 5).

Ãðàô, óäîâëåòâîðÿþùèé óñëîâèÿì ïðåäëîæåíèÿ 2, èìååò ñòåïåíü k =
r2+5r+5 äëÿ íåêîòîðîãî öåëîãî ÷èñëà r, v−k−1 = (r2+5r+5)(r2+5r+
4)/5. Äàëåå, Γ èìååò ñîáñòâåííûå çíà÷åíèÿ r,−(r+5), ïðè÷åì êðàòíîñòü
r ðàâíà (r+4)(r2 +5r+5)(r2 +6r+10)/(10r+25). Îòñþäà 2r+5 äåëèò
15(r+2)(7r+20) è 75. Ïîýòîìó 2r+5 ∈ {15, 25, 75} è r ∈ {5, 10, 35}. Íî â
ñëó÷àå r = 35 ÷èñëî 5(70+5) íå äåëèò (r+4)(r2+5r+5)(r2+6r+10) =
39 · 1405 · 1445, à â ñëó÷àå r = 10 ÷èñëî 5(20 + 5) íå äåëèò 14 · 155 · 170.
Îòñþäà Γ èìååò ïàðàìåòðû (650,55,0,5). Ïðåäëîæåíèå 2 äîêàçàíî.

Òåîðåìà 3. Ïóñòü Γ ÿâëÿåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ãðàôîì ñ
ìàññèâîì ïåðåñå÷åíèé {55, 54, 50, 5, 1; 1, 5, 50, 54, 55}. Òîãäà Γ1,3 � äèñòàí-
öèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {649, 648, 1; 1, 648, 649}.

2 Òðîéíûå ÷èñëà ïåðåñå÷åíèé

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d. Åñëè u1, u2, u3
� âåðøèíû ãðàôà Γ, r1, r2, r3 � íåîòðèöàòåëüíûå öåëûå ÷èñëà, íå áîëü-

øèå d, òî
{

u1u2u3

r1r2r3

}
� ìíîæåñòâî âåðøèí w ∈ Γ òàêèõ, ÷òî d(w, ui) = ri,[

u1u2u3

r1r2r3

]
= |

{
u1u2u3

r1r2r3

}
|. ×èñëà

[
u1u2u3

r1r2r3

]
íàçûâàþòñÿ òðîéíûìè ÷èñëà-

ìè ïåðåñå÷åíèé. Äëÿ ôèêñèðîâàííîé òðîéêè âåðøèí u1, u2, u3 âìåñòî[
u1u2u3

r1r2r3

]
áóäåì ïèñàòü [r1r2r3].

Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, W = d(u, v), U = d(v, w), V =
d(u,w). Òàê êàê èìååòñÿ òî÷íî îäíà âåðøèíà x = u òàêàÿ, ÷òî d(x, u) =
0, òî ÷èñëî [0jh] ðàâíî 0 èëè 1. Îòñþäà [0jh] = δjW δhV . Àíàëîãè÷íî,
[i0h] = δiW δhU è [ij0] = δiUδjV , ãäå δ � ñèìâîë Êðîíåêåðà.
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Äðóãîå ìíîæåñòâî óðàâíåíèé ìîæíî ïîëó÷èòü, ôèêñèðóÿ ðàññòîÿíèå
ìåæäó äâóìÿ âåðøèíàìè èç {u, v, w}, è ñîñ÷èòàâ ÷èñëî âåðøèí âñåõ ðàñ-
ñòîÿíèé îò òðåòüåé, ïîëó÷èì:

d∑
l=1

[ljh] = pUjh − [0jh]

d∑
l=1

[ilh] = pVih − [i0h]

d∑
l=1

[ijl] = pWij − [ij0]

(*)

Ïðè ýòîì íåêîòîðûå òðîéêè èñ÷åçàþò. Ïðè |i − j| > W èëè i + j < W
èìååì pWij = 0, ïîýòîìó [ijh] = 0 äëÿ âñåõ h ∈ {0, ..., d}.
Ïîëîæèì Sijh(u, v, w) =

∑d
r,s,t=0QriQsjQth

[
uvw
rst

]
. Åñëè ïàðàìåòð Êðåé-

íà qhij = 0, òî Sijh(u, v, w) = 0 [7].

3 Ñâîéñòâà ãðàôà ñ ìàññèâîì ïåðåñå÷åíèé

{55, 54, 50, 5, 1; 1, 5, 50, 54, 55}
Â ýòîì ðàçäåëå Γ� äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå-

÷åíèé {55, 54, 50, 5, 1; 1, 5, 50, 54, 55}. Àíòèïîäàëüíîå ÷àñòíîå ãðàôà Γ ÿâ-
ëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðàìè (650, 55, 0, 5). Äàëåå, Γ
èìååò 1+55+594+594+55+1 = 1300 âåðøèí, ñïåêòð 551, 10220, 5429,−5429,
−10220,−551 è äóàëüíóþ ìàòðèöó ñîáñòâåííûõ çíà÷åíèé

Q =


1 220 429 429 220 1
1 40 39 −39 −40 −1
1 10

3 −13
3 −13

3
10
3 1

1 −10
3 −13

3
13
3

10
3 −1

1 −40 39 39 −40 1
1 −220 429 −429 220 −1

 .

Ëåììà 1. ×èñëà ïåðåñå÷åíèé ãðàôà Γ ðàâíû:
p111 = 0, p112 = 54, p123 = 540, p134 = 54, p145 = 1,
p211 = 5, p212 = 0, p213 = 50, p222 = 543, p224 = 50, p233 = 543, p235 = 1,

p244 = 5,
p312 = 50, p323 = 543, p334 = 50, p325 = 1,
p413 = 54, p415 = 1, p422 = 540, p415 = 1, p424 = 54, p433 = 540,
p514 = 55, p523 = 594.

Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ. □

Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, {ijl} =
{

uvw
ijl

}
, [ijl] =

[
uvw
ijl

]
. Ïîëî-

æèì Σ = Γ2(u), Λ = Σ2. Òîãäà Λ � ðåãóëÿðíûé ãðàô ñòåïåíè p222 = 543
íà k2 = 594 âåðøèíàõ.

Ëåììà 2. Ïóñòü d(u, v) = d(u,w) = 2, d(v, w) = 4. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:
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[113] = [131] = 5, [133] = 45;
[222] = 494, [224] = [242] = 49;
[313] = [331] = 49, [333] = 494, [315] = [351] = 1;
[422] = 45, [424] = [442] = 5;
[533] = 1.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë èç ïðåäûäóùåãî ðàçäåëà. □

Äëÿ ÷èñëà ðåáåð d ìåæäó Λ(v) è Λ − ({v} ∪ Λ(v)) â ãðàôå Λ âåðíî
ðàâåíñòâî d = 494 · 50 = 24700.
Ñ äðóãîé ñòîðîíû, d = 543(542 − λ), ãäå λ � ñðåäíåå çíà÷åíèå ïàðà-

ìåòðà λ(Λ). Ïîýòîìó 542− λ = 45.488 è λ = 496.512.

Ëåììà 3. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 2. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

[111] = −r1 + 497, [113] = [131] = r1 − 492, [133] = −r1 + 542;
[222] = r1, [224] = [242] = −r1 + 542, [244] = r1 − 492;
[311] = r1 − 492, [313] = [331] = −r1 +542, [333] = r1, [335] = [353] = 1;
[422] = −r1 + 542, [424] = [442] = r1 − 492, [444] = −r1 + 497;
[533] = 1,
ãäå 492 ≤ r1 ≤ 497.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë èç ïðåäûäóùåãî ðàçäåëà. □

Ïî ëåììå 3.3 ïîëó÷èì 492 ≤ [222] = r1 + 492 ≤ 497.
Íàéäåì ïàðàìåòðû ãðàôà Γ1,3. Èìååì v = 1300, k = k1 + k3 = 55 +

594 = 649, λ = 0 (ò.ê. p111 = p113 = p133 = p313 = p333 = 0), µ = 648
(ò.ê. p211 + 2p213 + p233 = 5 + 2 · 50 + 543 è 2p413 + p433 = 2 · 54 + 540).
Èòàê, Γ1,3 � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé
{649, 648, 1; 1, 648, 649}.
Òåîðåìà 3 äîêàçàíà.
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