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Abstract: In this paper, we present a coupled approach of multicontinuum
and multiscale modeling for coupled flow and transport in multiscale
porous media. First, we derive a multicontinuum coupled flow

and transport model using the multicontinuum homogenization
method. For this purpose, we formulate cell problems with constraints,
obtain the multicontinuum expansions, and derive the multicontinuum
equations. Then, we develop offline and online multiscale approaches

based on the Generalized Multiscale Finite Element Method. In

the offline approach, we construct multiscale basis functions in
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the offline stage by solving local spectral problems. In the online
approach, we compute the online basis functions in the online stage
by solving local problems based on the residual. The online basis
functions allow us to consider the global effects. Numerical results
are presented for a model problem with heterogeneous coefficients
separable into microscopic and macroscopic parts. The results show
the high efficiency of the coupled multicontinuum and multiscale
modeling approach. The proposed multiscale methods provide high

accuracy with a few degrees of freedom. However, the online approach

allows us to accelerate the convergence of the multiscale method
significantly.

Keywords: coupled flow and transport, multiscale porous media,

multicontinuum homogenization, generalized multiscale finite element

method, residual-based online multiscale basis functions.

Annoranusi: B nannoit pabore mpeactaBisieTcss KOMOMHAPOBaH-
HBI TIO[XO0J, MHOTOKOHTUHYAJBHOI'O M MHOIOMACIITaAOHOTO MOJIETH-
POBaHUSA M1 CBI3AHHOTO TOTOKA W IIEPEHOCA B MHOTOMACIITAOHBIX
mopucThix cpegax. CHavaa MPOU3BOAUTCI BHIBOJ MHOIMOKOHTUHY-
aJBbHON MOJEIN CBSA3aHHOTO ITOTOKA W IEPEHOCA C TMOMOIIBIO Me-
TOJ[a MHOTOKOHTHHYaJIbHOI'O ycpeaHenusd. s sroro dopmynupy-
FOTCs 3319l Ha sTIefiKax C OrPaHUYEHUsIMU, [TOJIYIar0TCs MHOIO-
KOHTUHYAJIbHBIE PA3JI0XKEHUSI U BBIBOJSITCSI MHOTOKOHTUHYYMHBIE
ypaBHeHHUs. 3areM paspabarbiBaercs odJaliH W OHJIAWH MHOTO-
MacIITabHbIe TOIXOAbI, OCHOBAHHBIE Ha OOODOIIEHHOM MHOT'OMAC-
mTabHOM MeTO/Te KOHEUHBIX 3JIeMeHTOB. B odiraiti moixoie MHOTO-
MaciTabHble 6a3ucHbIE (PYHKIUU CTPOSITCS Ha OJiaiiH rane Iwy-
TeM peIIeHns JIOKAJIbHBIX CIIEKTPAJIbHBIX 3aJad. B ommaiin mos-
XOJIe BBITUCIISIOTCS OHIAfH Oa3ucHble (PYHKIUN Ha OHJIANH dTare
IIyTeM PeIlleHns JIOKAJbHbIE 3a1a9i Ha OCHOBE HeBsasku. OHjaliH
6asucHble (DYHKIINU TTO3BOJISIOT YIUTHIBATH TTOOAIbHBIE 3D deK-
Thl. YKC/IEHHBIE PE3YJIbTATHI IIPEJICTABJIEHBI JIJIsi MOJEIBHOM 3a,1a-
9K ¢ HEOJHOPOITHBIMU KO3(MPUIMEHTAMU, PA3AeasIeMbIMI Ha, MUAK-
POCKOIIMYECKYI0 U MAKPOCKOIMYIECKYI0 YaCTU. Pe3yIbTarThl MOKa-
3BIBAIOT BBICOKYIO 3(PPEKTUBHOCTH COBMECTHOTO WCIIOTH30BAHUS
MHOTOKOHTHHYaJIHHOTO ¥ MHOTOMACIIITAOHOTO MOIX0I0B MOIETUPO-
Banus. [IpesyioxKeHHbIe MHOTOMACITITAOHBIE METO/IBI 00ECTIEINBAIOT
BBICOKYIO TOYHOCTH ITPY MEHBIIIEM KOJIMIECTBE CTeIeHeil CBOOOIHI.
IIpu sTOoM OHJAlH MOAXO/T TO3BOJISIET 3HAUUTEILHO YCKOPUTH CXO-
JUMOCTH MHOIOMACIITAOHOI'O METOJIA.

KiroueBblie c10Ba: CBI3aHHbBIN IIOTOK U IIEPEHOC, MHOTOMACIIITA0-
HBblE€ IIOPUCTBIE CPEJIbl, MHOTOKOHTHUHYaJIbHOE yCpeiHeHune, 0000-
MEHHBIT MHOTOMACIITAOHBIA METOJ] KOHETHBIX 3JIEMEHTOB, OHJIai-
HMHOTOMACIITAOHbIe 6a3UCHBIE (DYHKIIMA HA OCHOBE HEBSI3KM.
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1 Introduction

Porous media often possess heterogeneous multiscale properties with high
contrast. Such features significantly complicate the process of numerical
modeling. This paper considers a problem of coupled flow and transport
in multiscale porous media. The mathematical model is described by an
elliptic equation for pressure and a parabolic convection-diffusion equation
for concentration [1]. Among the applications of this model are miscible
displacement and oil recovery methods |2].

An accurate numerical solution to such problems requires very fine computational
grids to capture all the fine-scale features. However, the resulting discrete
systems are huge and have high computational costs. That is why various
numerical homogenization and multiscale finite element methods are often
used to solve such problems [3, 4, 5|. These methods allow us to solve
the problems on a coarse grid with reasonable accuracy. In the numerical
homogenization methods, one has to compute effective properties by solving
cell problems. In the multiscale finite element methods, one constructs multiscale
basis functions to account for the fine-scale features.

However, in the case of complex heterogeneities with high contrast, the
standard numerical homogenization and multiscale finite element methods
may not give an accurate solution [6, 7| because one macroscopic parameter
(effective property or basis function) per macroscopic point may not be
sufficient. For such cases, one can use multicontinuum approaches [8, 9, 10].
These approaches distinguish several average states (continua) and introduce
several macroscopic parameters, allowing us to consider complex high-contrast
heterogeneous media.

Among the new methods of the multicontinuum approaches, one can
mention the multicontinuum homogenization method |7, 11, 12]. This method
provides a flexible and, at the same time, rigorous procedure for the derivation
of multicontinuum equations. For this purpose, cell problems with constraints
are formulated to consider various homogenized effects. As a result, we
obtain a multicontinuum expansion, which is used to derive multicontinuum
equations. This homogenization method has already been successfully applied
for various applications [13, 14, 15, 16].

It should be noted that advanced multiscale methods such as the Generalized
Multiscale Finite Element Method (GMsSFEM) [17] and its variations [18, 19,
20] also can handle complex heterogeneities with high contrast. GMsFEM
constructs multiscale basis functions by solving local spectral problems and
can set more than one basis function per coarse grid node. However, the
resulting macroscopic models are discrete in contrast to the multicontinuum
homogenization method.

In this paper, we propose a combined approach of multicontinuum and
multiscale modeling. We derive a multicontinuum model of coupled flow
and transport using the multicontinuum homogenization method. For this
purpose, we formulate cell problems for the flow and transport equations. By
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solving these problems, we obtain multicontinuum expansions of pressure and
concentration and derive the multicontinuum equations. Next, we develop
offline and online multiscale approaches based on GMsFEM to reduce the
computational cost further. The offline approach represents a standard procedure
in which multiscale basis functions are calculated at the offline stage. In the
online approach, we calculate online multiscale basis functions by solving
local problems based on the residual while solving the target problem (in
the online stage) [19, 22|. The online basis functions allow us to consider
global information such as boundary conditions, right-hand sides, and the
flow influence on the concentration.

We present numerical results for a particular case of heterogeneous coefficients
separable into microscopic and macroscopic parts. Thus, we compute the
effective properties based on the microscopic parts and then multiply them by
the corresponding macroscopic parts. Next, we perform numerical calculations
using the multiscale approaches. The results demonstrate that both approaches
can provide an accurate solution. However, the online approach significantly
accelerates the convergence of the multiscale method.

The paper is organized as follows. Section 2 presents a brief derivation of
the multicontinuum coupled flow and transport model using the multicontinuum
homogenization method. In Section 3, we describe the offline multiscale
approach based on the Generalized Multiscale Finite Element Method for
an efficient solution of the multicontinuum model. Section 4, we present
the residual-driven online multiscale approach. In Section 5, we conduct
numerical experiments. Finally, Section 6 summarizes our work.

2 Multicontinuum Coupled Flow and Transport Model

In this section, we present a brief derivation of a multicontinuum coupled
flow and transport model. One can find a more detailed derivation in [14].
First, let us consider the following mathematical model on a fine scale.

—V-(kVp) =g, x€Q,

Oc (1)
d)a—}—u-Vc—V-(DVc):h, z e, te(0,tnal

where Q C R? is a computational domain, t,q. is a maximum time, p is a
pressure field, ¢ is a concentration field, k is a heterogeneous permeability
coefficient, D is a heterogeneous diffusion coeflicient, u = —xkVp is the Darcy
velocity, and g and h are source/sink terms. Note that x and D are high-

contrast heterogeneous coefficients, i.e., %&% > 1 and %{m > 1.

If we supplement these equations with homogeneous Dirichlet boundary
conditions and an initial condition for the concentration equation, we can
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obtain the following variational formulation

/fin Vqg= / gq, forall ¢ € H}(Q),

/¢>v+/ u-Vc)lH—/DVc-Vv:/hU, fOYaHUeH(%(Q)'
Q Q Q

Next, let us make the following assumptions on our heterogeneous medium.
We assume the computational domain €2 is partitioned into coarse blocks K.
Also, we suppose that within each K, we have representative volume elements
(RVEs) Rl capable of representing the whole block in terms of heterogeneity.

(2)

Note that for some target Rlo = Ry, we can construct an oversampled RVE
R+ by adding other RVEs in layers (see Figure 1). Then, we assume that
Within each RVE, we can distinguish N regions with different average states,
which we call continua. For each of these continua, we define characteristic
functions v; (j = 1,..., N) equal 1 in its continuum and 0 in others.

£ ]

R Rk

0 K

F1G. 1. Schematic illustration of a computational domain €2,
a coarse block K, an oversampled RVE R}, and a RVE Ry

Let us derive the multicontinuum equations for the flow using the multicontinuum
homogenization method [7]. For this purpose, we solve cell problems in the
oversampled RVE R} to account for various homogenized effects. The first
cell problem is needed to account for gradient effects

By
KV P . Lg =0,
/R+ o q— ZfRz 0 Phq

/Rl oYl = 6y . (Tm — ), (3)

K K

/Rlo (m — jm)wjo =Y
K

and the second cell problem considers different averages (constants)

KVY Vg — Phg =0,
/R (‘0 Zle ¢l Rl J

Popl = §; L
/Rll(sozwj ”/Rg(%'
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After solving these cell problems, we can obtain the following homogenization-
like expansions of fine-scale functions over continua in Ry

P PP+ OV P, g~ oPQs + oFPVLQs, (5)

where P; and Qs are smooth macroscopic functions that represent the average
pressure and concentration of the corresponding continua. Note that we
assume Einstein summation convention over repeated indices.

Using the definition of RVE, we can approximate the variational formulation
of the flow problem as follows

K|
gq:/fin-Vq: /ﬁVp-qu - kVp-Vq. (6
/Q Q ; K ;|RK Rk (6)

Then, we decompose p and g over continua using (5). Note that P; and Qs
are smooth functions. Therefore, we suppose that their variations and the
variations of their gradients are minor compared to the variations of ¢ and
¢:"P (according to [7]). As a result, we obtain the following approximation

of the variational formulation (see [14] for a more detailed derivation)

//{Vp-Vq%
Q

/Q AN PV Q) + /ﬁ Vi PiQj + /ﬁmPvaﬁ/QBZjPin, "

where 0%] , Z], and 5%] are effective properties defined as follows
ok — 1 KV QP P
1S |RK‘ RK 1 s
o, ®)
m_ HVng Vgpk 7p7 /sz HVQD? : VSOZ

* " Rk| Jpy Rk Jr,

Note that the sum of the second and third terms in (7) is negligible
(see [7]). Thus, we obtain the following multicontinuum flow equations (in a
strong form)

-V, ( ny P)"‘/BU j = Gi- (9)

The multicontinuum transport equations are derived similarly. The cell
problems are based on the diffusion term of the transport variational formulation
(2). For a more accurate approximation, one can also include the convection
term in the cell problems. One can find the detailed derivation of the multicontinuum
transport equations in [14].

We obtain the following multicontinuum transport equations

__ac;

%jﬁ—vn(@?vm(?) €7V Gy + 0505 = hy, (10)
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where the effective properties are defined as follows

o~ —

= Ps@ + ViPullt, O = 0ij + PsCsij + ViPs T

i 513 EIVK

— 1 - 1
Gij = 5 | (=r)(VeE - Vel nim = —— [ DV - Vel
|Bi| Jry |RK| Jry
— 1 1
L — - P MY A = c°
Xsij = ’RK’ RK( ﬁ)(VQDS VSOZ )%a Yij ’RK’ /RK ¢90190]a
Tiij = Ry RK(_”KVSOs’p : VSO?)SO§7 9% = @ R DV 5 - V‘PZw,
— 1 —
m — —k) (VP - V™) S, O = —— |  DVE- Vik.
s17 |RK| RK( K)( Ps Pi )30]7 ik ‘RK| o ®; Pk

(11)
Finally, we obtain the following multicontinuum coupled flow and transport
model

— —

__ac; - o 5
T = Vall V) + VG + 650 = hiy, T €Q, 1€ (0,tnal.
(12

We complement this system of equations with the following boundary
conditions

P,=0, C;=0, ze€09Q, (13)
and the initial conditions for concentrations

Cz"t:O =0, x€. (14)

One can apply any appropriate numerical methods to solve this problem.
For example, one can use the finite element method with standard piecewise
linear basis functions (for spatial approximation) and the backward Euler
method (for temporal discretization). However, solving this problem can
still present computational challenges in the case of complex heterogeneous
media. That is why, in the next sections, we present multiscale model reduction
techniques for additional upscaling. This combined approach is also known
as a three-level upscaling [21].

3 Generalized Multiscale Finite Element Method

To further reduce the computational cost, we develop an offline multiscale
approach based on the Generalized Multiscale Finite Element Method (GMsFEM)
[17]. The main idea of this method is to construct multiscale basis functions
by solving local spectral problems. One can divide GMsFEM into offline
and online stages. We construct a coarse grid and compute multiscale basis
functions in the offline stage. In the online stage, we solve the problem on
the coarse grid using the computed basis functions.
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3.1. Computing multiscale basis functions. Let us introduce a coarse

. H H NCH H 3 g
grid 7" = {Kj }jzl, where K" denotes the j-th coarse-grid cell. In GMSFEM,

all the computations are performed on local domains. We define a local
domain as w; = U{KJH e TH : 2l € FJH}, where zf! denotes the I-th
coarse-grid node (I = 1,..., NJ).

Let us consider the calculation of multiscale basis functions for the multicontinuum
flow model. The first step is to construct local snapshot spaces. For ¢ =
L., N, =1, ., NI k=1,.., N2, find &' such that

—

—Vn(a;ynvmqﬁg”’”) =0, z€uw,

!
o = oz e duw,

(15)

where (52(36) = Oy for all zy, z, € Jp(wy), Jp(wy) is a set of all fine-grid nodes
on w;. Note that, hereafter, we do not use summation over repeated 7 indices.

After computing all the snapshot functions, we can construct local snapshot
spaces for i = 1,..., N and [ = 1,..., N as follows

W;:Lap’l = span{@f,?ap’l k=1,.., N},

Next, we need to solve local spectral problems in the obtained snapshot
spaces. Fori=1,...N,l=1,..., N find @ék € W;,:mp’l such that

/ ALV @}V Qi = / M@} Qi for all Qi € Wi, (16)
wy wi

where &; = all.

Then, we select M, s smallest eigenvalues and their corresponding eigenfunctions.
To make our basis functions conforming, we multiply the eigenfunctions by
the multiscale partition of unity functions @fg - Xﬁ@ék. The multiscale
partition of unity functions can be computed as follows. For ¢ = 1,..., N and
each KJH Cuwp,l=1,..,NH find Xé such that

V(@ Vi) =0, ze K

(17)
xi=u, zeoK],

where ;! denotes a standard partition of unity function, which is continuous
and linear in wy, equal to 1 at acfl and 0 at all the other coarse-grid nodes.

Finally, we construct the multiscale spaces for the pressures of each continuum
as follows

We can construct the multiscale space for P = (P, Ps, ..., Py) as Wlojff =
ff ff ff
WlT x WEdx .o x wplt.
The multiscale basis functions for the concentrations are computed in a
similar way. All the local problems are based on diffusion terms. At the
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end, we obtain the following multiscale spaces for the concentrations of each
continuum

well = span{ Wi/ 1<k <N, 1<I<NI) (19)

Finally, we construct the multiscale space for C' = (C1,Co,...,Cx) as
well =well x weld < ox wgll.

3.2. Algorithm. Let us perform temporal discretization of the transport
problem using the backward Euler method. We denote with Ny a count of
time steps and 7 = t,,4, /Ny their size. Then, we obtain the following discrete
problems

e Flow: Find Pps = (Pps1, -, Pmsn) € WY such that

bp(Prns, Q) = Lp(Q), for all Q € W7, (20)

where the bilinear and linear forms are following
bp(P,Q) = A@lvmﬂvn@j +/QﬁijPin, Lp(Q) = /ngQj- (21)

e Transport: For k = 1,..., Ny, find CF+! = (C**1 CHL ) e ngf

ms,17 " ~'ms,N
such that
Ck _ Ckfl
so(Zms=Sms Yy 4o (CF V) = Lo(V), forall Ve W, (22)
i

where CF . =~ C,,5(t), tr, = k7, and the bilinear and linear forms are
defined as follows

bo(C,V) :/@lvmcivm+/@vmcivj+/ 0,,CiV;,
Sc(C,V):/Q@CZ'Vj, Lc(V):/thVj.

In practice, one can build the coarse-grid problems by projecting the fine-
grid problems using the multiscale projection matrices [17].

4 Online Generalized Multiscale Finite Element Method

This section presents an online multiscale approach based on the Online
Generalized Multiscale Finite Element Method (Online GMsFEM). In this
approach, we construct additional basis functions by solving local problems
based on the residual [19, 22]. The residual allows us to consider the influence
of the right-hand side, boundary conditions, and convection terms. Since
these basis functions are constructed in the online stage, they are called
online multiscale basis functions.

Let us denote with bl (P, Q), L5 (Q), sb(C, V), bL(C, V), and LL (V) the
corresponding forms from (21) and (23) but with w; integration domain
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(instead of Q). Then, we define the following residual forms

Rb(Q; Py,) = Lb(Q) — b (Ph,, Q),

R (V3 O, Crit) = Lo(V) = s V) = b (CP, V),

where 7 is an index of online iteration, &k is an index of time step, and P,
k,r . .
and Cpis are the multiscale solutions.

4.1. Multiscale basis functions for the pressures. Let M,, be a maximum

count of online iterations. Next, set 7 = 0 and W5 = W' 50 = W]?,f 7
Then, we obtain the following algorithm for enriching our multiscale space

(1) Solve the global problem for P, € Wp™"

bp(Ply, Q) = Lp(Q), for all Q € W, (25)
(2) Solve the local problems for ®2™ (I =1,..., NH) such that
bp (22, Q) = Rp(Q; PL,), for all Q € Wp, (26)

where Wb = [H} (w))]V.
(3) Obtain the new multiscale space

WIS WS g span{®ent 1 <1< NH}, (27)

and set Ny =r + 1.
(4) If Nip >= Moy, set Wi = Wgs’rﬂ and stop the algorithm; otherwise,
let r =r 41 and go to step 1.

Then, we solve the problem (25) in Wp5*.
4.2. Multiscale basis functions for the concentrations. Assume that

we are at the k-th time step. Set Nyq and let 7 = 0 and ngs’r = ngs’o =
ng 7 Then, we have the following algorithm

(1) Solve the global problem for Ch¥ € wp™"
Cris = Chi!
-

olve the local problems tor ¥, =1,.. such that
2) Solve the local problems for 2™ (1 =1, ..., N) such th

V) +bc(CET V) = Lo(V), forall Ve WA (28)

so

‘Ijon,l
so(—

V)4 U (WO, V) = RL(V; Gz, CELY), for all Ve W, (29)
where W}, = [H{ (w))]V.

(3) Obtain the new multiscale space

WS = WIS @ span{®™ ;1 <1< NI}, (30)

and set N = r + 1.
(4) If Ny >= Moy, set WA = Wcms’rJrl and stop the algorithm; otherwise,
let r =741 and go to step 1.
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Then, we solve the problem (28) in W/ and go to the next time step
k =k + 1. In practice, we do not need to compute the online basis functions
each time step. We can update them with some periodicity (every five or ten
time steps).

5 Numerical Results

In this section, we conduct numerical experiments using our combined
multicontinuum and multiscale approach. For this purpose, we solve a two-
dimensional model problem in a high-contrast heterogeneous medium.

We consider a particular case of separable heterogeneous coefficients. We
assume that the coefficients k and D can be separated into microscopic and
macroscopic parts, i.e., k() = Kmic(T)Kmac(z) and D(z) = Dpic() Diae().
Next, we suppose that kqc and Dj,qc are sufficiently smooth functions, and
their variations within RVEs are negligible. Moreover, we suppose that ke
and D,,;. are periodic and identical over all the RVEs. As a result, we can
compute the effective properties based on K. and D,,;c in a small domain
region, ignoring Kmpge and Dy,q.. Then, multiplying the effective properties
by the corresponding macroscopic parts, we get the multicontinuum model
(12), for which we use our multiscale model reduction techniques.

We use the open-source computing platform FEniCS for the numerical
implementation of the proposed approaches [23]. We visualize the obtained
results using the open-source visualization application ParaView [24].

5.1. Effective properties. Let us consider a computational domain ) =
[0, 10]% [0, 10]. Suppose the microscopic coefficients ;. and D,y are periodic
over the square RVEs RlK with size 0.005. We construct an oversampled RVE
R} =10,0.1] x [0,0.1] by extending a target RVE Rg. Therefore, we have
20 x 20 RVEs in the oversampled RVE. We discretize each RVE with 10 x 10
rectangular cells that allow us to capture all the variations of Ky and Dyye.

F1G. 2. Microstructure (the first continuum is blue, and the
second continuum is red)

In Figure 2, we present the microstructure of the oversampled RVE, where
the blue regions correspond to the first continuum, and the red regions
correspond to the second continuum. We take mic = Dmic = 1076 in the
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first continuum and K;ie = Dmic = 1 in the second continuum. We set
constant porosity ¢ = 0.2 in all the continua. Based on k. and Dy, we
solve the cell problems and then compute the effective properties (8) and
(11). We obtain the following effective properties:

o Flow:

— Diffusion terms: aﬂ = oz%% = 462632 1079, (112 = oz%% =
~2.96803 - 105, afi* = a7, all = a2 = 0.218814, other
elements are neghglble

— Reaction terms: 511 = 622 = 1.19678 and 512 = 621 = —1.19678;

e Transport:

— Diffusion and reaction terms: nm" = a?]m, «9” = ﬁ”,
— Time derivative terms: 417 = 0. 180165 Y12 = Y21 = —0.0521645,
and 723 = 0.124165;

— Flow-related terms: - _
* Q1 = a1 = —0.86706, Ci1g = (a2 = —0.32972, Gio21 =
(211 = 0.86706, and (a2 = (212 = 0.32972;

* L%%2 = L%%2 = —0.21881, other elements lay in the range

from —5.70902 - 107° to 3.85826 - 107%;
* Tl and @ lay in the range from —5.82823 - 10710 to

sij

5.82823 - 10710,

2. Multiscale modeling. To obtain the heterogeneous coefficients given
over the whole 2, we need to multiply the computed effective properties by
the corresponding macroscopic parts. We present the macroscopic parts of k
and D in Figure 3.

0.000575 0.110 0.00101 1.00

F1G. 3. Distributions of Kmee and Diygee (from left to right)

For a fine grid, we use a uniform grid with 2 x 160 x 160 triangular cells
and 25921 vertices that can capture all the variations of the heterogeneous
coeflicients. We use a uniform coarse grid with 10 x 10 rectangular cells and
121 vertices for our multiscale approaches.

We set the initial conditions (14) and the boundary conditions (13). We
simulate for t;4, = 600 using 40 time steps. For the flow and transport
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source terms, we take g; = ¥;g and h; = Yih (i = 1,2), where 91 = 0.64,
Y9 = 0.36, and g and h are following

1fL =)+ (oL o),

g=goexp (—(z1/L)?), h=hgexp (— 5,2

Here, we set go = 1.9- 1074, hg = 1.4- 1073, (2", 2%") = (0.5,0.5), L = 10,
and o = 0.11.

We consider both offline and online multiscale approaches on a coarse grid.
As a reference solution method, we consider a finite element method with
standard piecewise linear basis functions on a fine grid. We use the following
relative Ly and energy error norms to compare the multiscale solutions with
the reference solution.

’

ePi fQ(Piref _ Pims)de eP \/QP(Pref _ Pms,Pref _ Pms)
Lo — re a
’ [ (P )2dz

- - aP(Pref,P’ref) ’

C; fQ(CZEf _ Cims)de c \/ac(cref — Cms, Cref — Cms)

6L2 = 9 ea = aC(CTEf’CTef) )

fQ(Cz‘ref)?dm

where the superscript re f indicates the reference solution, and the superscript
ms corresponds to the multiscale solution. We use the forms ap(P,Q) =
bp(P,Q) and ac(C,V) = sc(g, V)4 bc(C,V) to compute the energy error.

In Figure 4, we present dis?ributions of the first and second continuum
pressures and the first and second continuum concentrations at the final
time (from left to right). Figure 4a depicts the reference solution on a fine
grid. Figures 4b and 4c represent multiscale solutions using four offline basis
functions combined with two and one online basis functions, respectively.
Figure 4d depicts the multiscale solution using four offline basis functions.

One can see that the multiscale solution without online basis functions
differs from the reference solution. It is especially noticeable in the first
continuum pressure distribution. There are also some differences in the other
fields. Adding one online basis function improves the accuracy of the solution.
One can notice only slight errors near the left boundary for the first continuum
pressure distribution. When two online basis functions are applied, the multiscale
solution becomes almost identical to the reference solution. Thus, we see that
online basis functions can significantly improve the accuracy of the multiscale
solution.

Table 1 presents the relative Ly and energy errors for different numbers
of offline and online basis functions. One can see that increasing the number
of offline basis functions leads to decreasing errors. For example, the energy
errors of pressures and concentrations with one offline basis function are
29.3% and 12.4%, respectively. At the same time, using eight offline basis
functions, the energy errors of pressures and concentrations are 3.61% and
0.93%, respectively.
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) Reference solution

(B) Multiscale solution using two online and four offline basis functions

000 0808 0.00 0749 000 0577 000 0.444

(¢) Multiscale solution using one online and four offline basis functions

000 0808 0.00 0749 000 0577 000 0.444

(D) Multiscale solution using four offline basis functions

Fi1G. 4. Distributions of P;, P>, C1, and Cy at the final time
(from left to right)

Online basis functions significantly improve the accuracy of the multiscale
solution. For example, if we add one online basis function to two offline basis
functions, the energy error of pressures drops from 24.8% to 5.79%, and the
energy error of concentrations drops from 7.23% to 1.72%. When we add the
second online basis function, the energy errors become less than 1% for both
pressures and concentrations.
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TABLE 1. Relative Lo and energy errors of the multiscale
method for flow and transport problems (at the final time)
using different numbers of offline and online basis functions.

The fine-grid problems’ size is 51842.

Flow Transport
Mon | DOF eﬂ efz eaP e(]f; e(i'z eg
Mog =1
0 242 | 1.01e-01 | 8.38¢-02 | 2.93¢e-01 | 9.88¢-02 | 8.10e-02 | 1.24e-01
1 484 | 1.31e-02 | 9.88e-03 | 7.45¢-02 | 2.07e-02 | 8.84e-03 | 2.81e-02
2 726 | 1.65e-03 | 6.46e-04 | 1.09e-02 | 1.30e-02 | 2.31e-03 | 1.33e-02
Mog = 2
0 484 | 7.43e-02 | 6.33e-02 | 2.48¢e-01 | 5.04e-02 | 4.26e-02 | 7.23e-02
1 726 | 9.37e-03 | 5.90e-03 | 5.79¢-02 | 1.24e-02 | 4.15e-03 | 1.72e-02
2 968 | 1.26e-03 | 4.89¢-04 | 9.67e-03 | 9.84¢-03 | 1.42e-03 | 9.86e-03
Mog =4
0 968 | 2.71e-02 | 1.87e-02 | 1.17e-01 | 1.54e-02 | 1.37e-02 | 2.89¢-02
1 1210 | 4.34e-03 | 2.88e-03 | 3.20e-02 | 5.36e-03 | 3.00e-03 | 9.25e-03
2 | 1452 | 1.34e-03 | 1.05¢-03 | 1.35e-02 | 3.48¢-03 | 8.96e-04 | 4.30e-03
Mog = 8
0 1936 | 9.59¢-03 | 1.62e-03 | 3.61e-02 | 4.19¢-03 | 2.01e-03 | 9.34e-03
1 | 2178 | 1.11e-03 | 3.87e-04 | 8.14e-03 | 1.79¢-03 | 4.25¢-04 | 2.94¢-03
2 | 2420 | 2.69e-04 | 1.14e-04 | 2.57e-03 | 1.56e-03 | 1.21e-04 | 1.65e-03

Thus, the application of online basis functions can significantly improve
the accuracy of the multiscale solution. The offline multiscale approach can
also provide an accurate solution, but it requires more multiscale basis functions
per coarse-grid node. Therefore, the online multiscale approach accelerates
the convergence of the multiscale method.

6 Conclusion

In this paper, we have proposed a combined multicontinuum and multiscale
modeling approach to solve the coupled flow and transport problem. First,
we have employed the multicontinuum homogenization method to obtain a
multicontinuum macroscopic model. Then, we have presented offline and
online multiscale approaches based on the Generalized Multiscale Finite
Element Method for further upscaling. The offline approach is the standard
GMsFEM procedure, in which the multiscale basis functions are computed
in an offline stage. In the online approach, we compute the online multiscale
basis functions by solving local problems based on the residual. These basis
functions allow us to consider global effects and accelerate the convergence.

We have presented numerical results for the case with heterogeneous coefficients
separable into microscopic and macroscopic parts. We have solved the cell
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problems and computed the effective properties based on the microscopic
parts, assuming that the variations of the macroscopic parts are negligible.
Multiplying with the corresponding macroscopic parts, we have obtained
the effective properties over the whole domain. Then, we have performed
computations using the proposed multiscale approaches. The results demonstrate
that both methods can provide an accurate solution. However, the offline
approach needs more multiscale basis functions per coarse-grid node to account
for all the solution’s features. The online approach can achieve high accuracy
with fewer degrees of freedom, accelerating the convergence of the multiscale
method.
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