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Abstract: Let T be a given positive constant. Denote D := {(z,t) :
0 <x<1,0<t< T} We establish stability estimates of Holder
type for general nonlinear parabolic equations backward in time

up = (a(z, t)®(ug)), +yuus + f(tu), (z,t) €D,
u(0,t) =0, wu(l,t)=0, 0<t<T,
u(T) = x|l <e,

under the condition

max {|ug|, |uzt|} < FE
(z,t)eD

with F being some given positive number. Here v > 0 is a constant,
a(x,t) is a smooth function satisfying the conditions 0 < ag <
a(z,t), |ag(z,t)] < M, (z,t) € D, the function f satisfies the
Lipschitz condition || f(t,w1) — f(t,w2)|| < k|lw1 — w2|| and x is a
given function.

Keywords: Nonlinear parabolic equations backward in time, stability
estimates, log-convexity method.

1 Introduction

Let T be a given positive constant. Denote D := {(z,t): 0 <z <1, 0<
t < T'}. Furthermore, let v > 0 be a given constant, a(z, t) a smooth function
satisfying the conditions

0<ao<al@,t), |ale,t)] <M, (2.t) € D,
the function f satisfying the Lipschitz condition
1f(E,w1) = f(E wa)l| < Kllwr — wall, (1)

and x a given function.
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Consider nonlinear parabolic equations backward in time

Ut = (CL(SE, t)q)(uct))g; + yuu, + f(t’u)v (‘T’t) €D, (2)
u(0,t) =0, wu(l,t)=0, 0<t<T, (3)
[u(-T) = x[l <e. (4)

The backward problem (2)—(4) has many applications in practice, for
example in data assimilation [22, 27|, in heat transfer processes [1, 3, 11], or
in image processing |2, 5]. However, it is ill-posed as a small perturbation in
u(T) may cause arbitrarily large errors in the solution. One of the important
questions in inverse and ill-posed problems is establishing stability estimates
[19, 24]. Some results for nonlinear parabolic equations backward in time can
be found in [4, 5, 7, 8, 10, 14, 15, 16, 18, 20, 21, 23, 25, 29, 30, 31, 32]. This
estimates help us to know the degree of ill-posedness of the problem and
based on them to develop efficient stable numerical methods. Despite many
results on stability estimates for linear parabolic equations backward in time,
those for fully nonlinear cases are very few. To our knowledge, there has been
no result on stability estimates for the fully nonlinear problem (2)-(4) even
for the case y =0 and f =0.

In this paper, by using the log-convexity method we obtain stability estimates
for the problem (2)—(4) with ® being a nonlinear function such as polynomials
of higher degree, fractional functions, roots, etc ... We note that when ®(s) =
s, our results imply stability estimates for backward Burgers’ equations,
backward semi-linear parabolic equations with time-dependent coefficients
and backward linear parabolic equations with time-dependent coefficients.
Furthermore, for backward Burgers’ equations (see, e.g. [4, 9, 10, 14, 16, 25],
we establish stability estimates of Holder type for more general equations
and under weaker conditions than those by Carasso |[4] and Ponomarev [25].
Even if for the general nonlinear problem (2)—(4), our conditions are also
weaker than those required by Carasso [4] and Ponomarev [25] for backward
Burgers’ equations.

It is interesting to remark that although there are several regularization
methods for the semi-linear parabolic equation backward in time with time-
independent coefficients ([13], [20], [21], [23], [31, 32]), the results for fully
nonlinear cases seem to be lacking. Furthermore, to stabilize the solutions of
semi-linear parabolic equations backward in time, researchers usually impose
very strong conditions on the solutions of these problems. For examples, in
[31, 32|, D. D. Trong and N. H. Tuan used the method of integral equations
to regularize the one-dimensional semi-linear heat equation

{ut — g = flz, t,u(z, 1), (z,t) € (0,7) x (0,T),
w(0,t) = u(m,t) =0, t € (0,T).
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To get a stability estimate of Holder type, they required that
> 2
> AP (u(t), ¢n)|* < 00,V € [0, T, (6)

n=1

where ¢,, = sin(nz) and A, = n.
In [23], P. T. Nam considered the ill-posed semi-linear parabolic equation
backward in time with time-independent coeflicients in a Hilbert space H

u(T) =g )

where the datum g € H is approximately given and A is a positive self-
adjoint unbounded linear operator which admits an orthonormal eigenbasis
{¢i}i>1 in H, associated with the eigenvalues {\;};>1 such that

{ut + Au= f(t,u(t)), 0<t<T,

O<Ai<XA<..., and lim A\ =+o0 (8)

1——+00
and f satisfies the Lipschitz condition
£t w1) = f(t w2l < Kllwr — wa

for some constant k independent of ¢,wi,wo. In order to get a stability
estimate of Holder type, P. T. Nam ([23]) had to impose one of the following
conditions:

N P minB)|(u(t), ¢,) 2 < EZ, (9)
n=1
SN2 2B (), 6,2 < B2, (10)
n=1
S (u(t), ¢u)|? < E3 (11)
n=1

for all ¢ € [0,T], where 3, B’ stand for positive constants.
In [26] Quan et. al. considered the semi-linear parabolic equation backward
in time with time-dependent coefficients

Ut = (a(:r,t)um)z + f(xataua Umaumm)a (.1‘,t) € R X [07T>a
u(z,T) =g(x), zekR,

where f(z,t,u, uy, uyx) and a(z,t) are given such that there exist p,q, L > 0
satisfying

0<p<a(zt)<gq

and

|f (2, t,u1,v1,w1) — f(x,t, ug, v2, ws)| < LJug — ug| + |v1 — va| + w1 — wal).
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Quan et. al. required the following condition:
sup {/ 2 I F(u) (€, 8)2de < t € [O,T]} < o0 (12)
R

3
where m’ = n(T) +m + 5 with m is a positive number and

T
oT) = [ ks)is
k(s) = lim a(z,s),

T—00

F: L2(R) — L£2(R) is the Fourier transform that is defined by

+o0 .
F(h)(©) = \/12? /_ h(x)e " da.

The conditions given in the next section are much more reasonable than
those above.

2 Stability estimates
Suppose that the function ® : R — R satisfies the condition

P(s1) — P(s2) = (51 — 52)¢p(51, 52),

where ¢ : R x R — R fulfills
1) p(s1,82) > Cp > 0, for all s1,s9 € R,
ii) there exist constants C;,7 = 1,4, p, q such that

[e(er, B)] < Cr(Callal + |81 + Cs(Jau] + [Be])? + Cu),

with «(t), 3(t) being smooth functions.
Suppose that F is a given positive number. Set

a(z,t) E? Cs
t) = — t T
@ xrg[%,}i] <CL(:L‘,75) Coag + Co » 1€ [O’ ]’

where C5 = C1(C2(2E)P 4 C3(2E)9 4 C}), and

as(t) = exp < /O t al(s)ds> ,

Further, set

H(t) = 2exp (;WET + kT + iC%u(t)(l - ,u(t))> , t€]0,7],
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with

_3(E 4K M Cs 3y°E?
Cg = 2 az(T)exp | 4 @ + Co + e T].

Theorem 1. Suppose that the above conditions are satisfied. Let uy(x,t) and
ua(x,t) be smooth solutions of (2)-(4) satisfying

ma)g{]uix\, |uza:t‘} < L. (13)
(z,t)eD
Then
lut (-, t) — ug (-, 8)|| < H@)EHDek® ¢ e [0, T]. (14)

Remark 1. If ai(t) <0, then p(t) > £, t € (0,T).

Corollary 1. Suppose that w;, i = 1,2, are two smooth solutions of the
problem (2)-(4) subject to the constraint

max {|uig|, [tizt|} < E
(z,t)eD

where

P(s) = 5% — ;32 + Crs + Cg, C7 > g

Then there exist functions Ha(t) and ua(t) with 0 < po(t) < 1, t € [0,T]
such that

lur (- 8) = ua (-, )| < Ha(t)E'#2Wer2® ¢ € (0,77,
Proof. With ®(s) = s — 252 4+ C7s + Cs , we have
D(s1) — (s2) = (51— s2)(s1, 52)

where
3
©(s1,82) = S% + s182 + s% — 5(81 + s9) + C7.
We have
1 9 3 9
o(s1,82) > 5(81 + 52)° — 5(81 +5s2)+C7r > Cr — 3

Since a(t) and ((t) are smooth functions, we have

3
lot(a, B)| = [2aay + B + afy + 266 — 5(0% + Bt)]
3 9
< 5ol +181)* + 2(jou] + 18:i))* + ¢
Therefore, we can apply Theorem 1 with Cy = C7 — %, Chi=1,Cy = %, C3 =
2704: %ap:q:2
The corollary is proved. O
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Corollary 2. Suppose that w;, i = 1,2, are two smooth solutions of the
problem (2)-(4) subject to the constraint

max {[uig|, [wipt|} < E

(z,t)e
with .

2s° + s
D(s) = —.
(5) 14 52

Then there exist functions Hs(t) and ps(t) with 0 < ps(t) < 1, t € [0,T]
such that

Jui(-,t) — ug(-, t)|| < Ha(t)E#Wens®) ¢ ¢ [0, 7).

Proof. With ®(s) = 21514;25’ we have
D(s1) — P(s2) = (51— s2)p(51, 52)
where 2(s2 + s2) + 35152 + 25252 + 1
©(s1,82) = : (21 T 3%)1(124— 8%)1 2
We have

1
90(51752) > 1 Vs1, 89 € R.
Since «a(t) and B(t) are smooth functions, we have

d(aay + BB) + 3aB + 3o + daar S + 42 BBy

prle B) = A+ a2)(1+ 52
(202 + B + 20287 4+ 308 + 1) 2aas(1 4 82) + 2(1 + o*)8B)
(1+ a?)%(1 + 32)2 ’
or

e, B)] < 2([ae| + [Be]) + g(\atl + [Bl) + [aBe| + a3

8(Javas|(1 + %) + (1 + o?)[BB])
(1+a?)(1+ 5%

< 8(|au| + Bel) + [afe| + [ou ]

< 8(low| + |Be]) + & + 8%+ af + 7

< (laf +[8))% + 2(|cu| + [8:])* + 16.

Therefore, we can apply Theorem 1 with Cy = i,Cl =1,0y = 1,05 =
2,0y =16,p=q = 2.
The corollary is proved. U

_l’_

Corollary 3. Suppose that w;, i = 1,2, are two smooth solutions of the
problem (2)—-(4) subject to the constraint

ma}&ﬂuim‘a ‘uz:pt’} < E
(z,t)eD



NONLINEAR PARABOLIC EQUATIONS BACKWARD IN TIME 7

with

D(s) = sV 1+ s%
Then there exist functions Hy(t) and pg(t) with 0 < pg(t) < 1, t € [0,T]
such that

ui (- t) — ug(-, )| < Hy(t)E'Ha®era® ¢ < [0, 7).
Proof. With ®(s) = sv/1 + s2, we have
‘1’(81) - ‘1’(32) = (31 - 82)@(81,82)

where

Vitsi+y/1+s2 1 (s51+ s2)?
o(s1,82) = + - 5 R
2 2\/1+81+\/1+52

Therefore, we obtain
©(s1,82) > 1, Vs1,89 € R.

Since a(t) and ((t) are smooth functions, we have

oo BB (a+ B)(au + Br)
ei(a, B) —2m+ 2\/1+52 + \/1—|—a2+\/1+52
aag 4 _ BB

(a + ,8)2 . 2v/14a? \/1+52
2 (Vi+aZ+/1+p2)?2

This implies that

3| oo n BB
4Vi+a?2 1+ 82

E(W F180) < 2(leul + 18D

Therefore, we can apply Theorem 1 with Co =C, =1, =0,C3 =2,Cy =
0,g=1.
The corollary is proved. O

loi(a, B)] < + |y + By

IN

In case ®(s) = s and f = 0, we obtain stability estimates for Burgers-type
equations backward in time:

Corollary 4. Suppose that w;, i = 1,2, are two smooth solutions of the
Burgers-type equation

Ut = (a(xvt>ux)x + YUUy, (337t) €D,
u(0,t) =0, w(l,t)=0, 0<t<T,
subject to the constraint

max_|ui| < E
(z,t)eD
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with v > 0 being a constant, a(x,t) a smooth function satisfying the conditions
0 < ap < a(z,t), lar(x,t)] < M, (z,t) € D. Then there exist functions Hs(t)
and ps(t) with 0 < ps(t) <1, t € [0,T)] such that

lur (-, 8) = ua(-, )| < Hs(t) B+ Wets®, ¢ € [0, 7.

Proof. Apply Theorem 1 with Cp =1,C1 =0,k = 0.
The corollary is proved. O

Remark 2. In [4], Carasso only considered the case v = 1 and a(x,t) =
v > 0. Furthermore, he required that

(ma&ﬂui‘v ‘ui,t|’ |Ui,tt|, |Ui,:(:t|} SE,i=1,2 (15)
x,t)e

In |25] Ponomarev only considered the case a(x,t) = a(t) > 0. Furthermore,
he required that

[u(@, )]l o2 () < E- (16)
(D)

In Corollary 4, we establish stability estimates of Hélder type for more general
equations and under a weaker condition. Namely, we only require that

max |uj;| < E
(z,t)eD

Even if in general cases, our conditions for the solution of the equations (2)
and (3)

max {|uigl, |wizt|} < E

(z,t)eD
are much weaker than the conditions (15) and (16).

The proof of Theorem 1 will be presented in the next section.

3 Proof of the main result

Set v = u1 — uy. We have

v = (avpp(Uig, Uog))z + VULV + Yu2v + Bu, (x,t) € D, (17)

v(0,t) =v(1,t) =0, 0 <t <T.

Here, Bv := f(t,u1) — f(t,u2) and so
| Bu|| = [|f(t,u1) — f(t ua)ll < kllur — uzll = K|[v]. (18)

Let F(t) = |[o(-,)]|> = [ v*dz. We have
1 1
F'(t) = 2/ vupdx = 2/ v ((avp(Uig, U2z )z + Yu1Vz + Y2, v + Bv) dx
0 0

1 1 1
:—2/ avig@(ulx,ugw)d:r—l—/ 7(2uzx—u1x)02dzx+/ vBvdz.
0 0 0
(19)
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Suppose that ||z(-,t)|| > 0, Vt € [0,T], we have
F'(t) 2 fol av%cp(ulz, Uy )dx N fol Y(2uae — U1, )v?dx fol vBudzx

F(t) fol v2dz fol v2dz fol v2dx (20)

From (13), (18), (19) and (20), we have

< — 21
Fli) < 2G(t) + 3Evy + 2k (21)
and
F'(t)
> -2 —3E~y -2 22
Fg 2 260 3By~ 2k (22
where
G(t) _ f()l av%@(“lm“?x)dx.

fol v2dx
Integrating both sides of (21) from 0 to ¢, we have

In F(t) < In F(0) — 2 /t G(s)ds + 3y Bt + 2kt
N 0
(1~ () W F(t) < (1 — p(t)) In F(0)
~ 91— p(t)) /0 CG(s)ds + 3Bt 2kt (23)
Integrating both sides of (22) from ¢ to T', we obtain
InF(t) <InF(T)+2 /tT G(s)ds +3vE(T —1t) +2k(T —t)
or

p)In F(t) < p(t)In F(T) + 2u(t) /tT G(s)ds + 3yE(T —t) + 2k(T —t).
(24)

From (23) and (24), we have
T
InF(£) < (1= () In F(0) + u(t) In F(T) + 2u(t) /t G(s)ds
— 91— () /t G(s)ds + 3yET + 2kT
0
— (1= () In F(0) + u(t) In F(T) — 2/0 G(s)ds

T
+2u(t) / G(s)ds + 3yET + 2kT. (25)
0
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Set

h(t) = —/Ot G(s)ds, t € [0,T).

Since pu(t) is continuous and strictly increasing on ¢t € [0,7] and p(0) = 0,

w(T) =1, it is reasonable to set

g(t):=h (;fl (t/T)), t€[0,T].

Therefore,

2
palt) = (o)) gun(Tute) + T

This implies that

Tas(t) > _
( D) ) Gun(Tpa(t)) = hus(t) — ar (D) he(2).

On the other hand

_ —fol av2o(u1y, ugy )dx
fol v2dz .

Therefore,

2

< /0 1 v2dx> hy(t) =

gu(Tu(t))-

(28)

1 1 1 1
—2/ avwvztap(ulx,u%)d:r/ v2dx—|—2/ avgtp(uu,u%)da}/ vurdx
0 0 0 0

1 1
/(ago(ulx,u%))tvidx/ v2dx
0 0
1 1
= 2/ (avxgo(ulx,uh))ggvtdx/ vidx
0 0
1
—2/ (avpo(Uty, u2y))zvda X
0
1
/ ((avxw(ulx, U2z))z + VULV + VU2,V + Bv) vdx
0

1 1
—/ (arp(u1y, uag) +ag0t(u1x,ugx))va23d:c/ vidx
0 0
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1
= 2/ (avx@(ulxv UQ:L’))JJ ((avxSO(ulazv u2.1’))$ + YUV + U2,V + BU) dx
0

1
X / vidz
0

1 1 2
1
-9 (/ (avp (U1, u2g))gvde + 2/ (Yu1vz + yug,v + Bv)vdx)
0 0

1 2

1
+ B (/ (Yuqvz + yug,v + Bv)vdw)
0

1 1
_/ (arp(urg, uoz) +agpt(u1x,u2x))vgdz‘/ vidx
0 0
1 1 9 1
/ ((avxgo(ulx, U2z))a + i(vulvx + YU,V + Bv)> / v2dz
0 0

Il
b

2

|
B

L 1
(/ (avxsa(mx, u2z))z + 5(%1% + Yupv + BU))vdx>
0

_l’_

|
h M\P—‘h N = N
—_

1 2
(/ (yurvg + yug,v + Bv)vda:)
0

1

1
(Yuqvz + yug,v + B’U)zdl’/ vidx
0 0

1
(atcp(uu,uh)+a<pt(u1x,uh))v§dx/ v2dx
0

1

Vv
|

1
(Yuqvz + yug,v + Bv)zd:):/ vidx
0 0

1
(arp(uig, ugy) —i—acpt(ulw,ugx))vgdx/ vidx. (29)
0

—_

From (29) and using inequality (a + b+ ¢)? < 3(a? + b? + ¢?), we have

( /0 1 v2d:c>

2 1 1
3
hi(t) > —2/ (’y%t%ui + vl v* + (Bv)2) dm/ v2dx
0 0

1 1
—/ (atSD(UmUQx)+as0t(U1x,uzx))v§dz/ vidz.
0 0
(30)

On the other hand

ui(w,t) = (/Oz um(n,t)dn>2 < :z:/ox g, (n,t)dn < E®. (31)
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From (13), (18), (30) and (31), we have

( /0 1 v2d:r:>

or

2 1 1
htt(t) > —g / (’Y2E2U323 + 72E2U2 + k2v2) dSU/ U2d.’E
0 0

1 1
—/ (atSO(UmUQz)+ag0t(u1x,uzx))v§dx/ vide,
0 0
3y2E2? [ vidr 3

2 fo v2dx 2

fol <at + M) av%(p(ulx,um)dx

hit(t) > — S(VE* 4+ k)

o(u1z,u2z)
fo v2dz
1 [ a¢(x,t ULz, U2z 3y 2p2
_f ( at((:c t)) + ‘Pt((ullbu;)) + 2a(z,t)p (ulz,ugz)) a“i@(ulxa ’UQ;,;)dZL’

fo v3dx
- g(szZ + k)
at(T uz7ul 22
o fol (;((z,;tt)) oy eilwsuss) 4 ?2’2050) avp(uie, uag)da
> T
3
— 5B+ ). (32)

From (13), we have

|0t (U1z, u2z)| < Cr (Co|urz| + |ugz|)P + Cs(Jutat| + |ugat|)? + Ca)

dzx

< 01(02(2E)p + Cg(QE)q + 04) = (k. (33)
From (32) and (33), we have
ar 22
hult) > fo (a @ T C; + gzogo) av2p(uig, ugg )da
" fo v2dx
- %(72]\7 21
1
T
o vida
3
> ay(t)h(t) — 5(72E2 + k). (34)

From (28) and (34), we obtain

2
<€3(2¥))> (TH(0) 2 =5 (0B + &),
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or

Gun(Tp(t)) = —;(’}/ZE2 + k%) <Ta (75))

Since

t M Cs 34°E?
—2 g —_ < 5 ’7
(az2(t)) exp < 2/0 al(s)ds) < exp (2 < + = Co + ZaOCO) T) ,

we have

guu(Tﬂ(t)) > —Cg.

This implies that g(Tu(t)) + 2Csu?(t) is a convex function with respect to
w(t). Therefore, we have

o(Tp(t)) + 1o6u2<t> < (1 - p(t)g(0) + u(t)(g(T) + 306>.

Since g(Tu(t)) = = — [JG(s)ds, g(0) = 0 and ¢(T) = — fo s)ds, we
obtain

t T 1
- [ 6s)is < -t / Gls)ds + 3 Con(t)(1 — (1)) (35)
0 0

From (25) and (35), we have
InF(t) <(1—p(t)InFO0)+ pu(t)In F(T)+

1
3VvET + 2kT + §Cﬁu(t)(l — u(t)),

or

_ 3 1
o0l < B0 # O DO exp (3BT + 4T + {Con(t)1 ~ uie))
(36)
for all t € [0,T]. From (31), we obtain
[0 O < flua (-5 0) + [luaz(-, 0)]| < 2E.
On the other hand
[o( ) < flua (5, T) = Xl =+ [lua (-, T) = x|l < 2e.
Therefore, for t € [0,T] we obtain

o0 < 28" 00 exp (3BT + KT+ 1Cont)1 = (o) )

If ||o(+,0)|| = 0, then ||v(-,t)|| = 0,V¥t € [0,T] and the inequality (14) is
obvious. If ||v(-,0)| > 0, then ||v(-,¢)|| > 0, V¢t € [0,T]. In fact, supposing
the contrary, let ¢y be the first point where ||v(-,¢)|| = 0. By continuity,
lo(-,8)|| > 0 for 0 < t < tg. Therefore ||v(-,¢)|| > 0 for 0 <t < s < ty. Using
the stability estimate (36) with 7" replacing by s < to and by letting s 1 to
we obtain a contradiction.

The theorem is proved.
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