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Abstract: We study the linear stability of a resting state for
flows of incompressible viscoelastic polymeric fluid in an infinite
cylindrical channel in axisymmetric perturbation class. We use
structurally-phenomenological Vinogradov-Pokrovski model as our
mathematical model.

We formulate two spectral problems for the equation system and
another two for the high-order equation analytically equivalent to
them. Our numerical experiments show that with the growth of
perturbations frequency along the channel axis there appear eigen-
values with positive real part. Moreover it turns out that one of
the problems for the system gives more accurate results. That
guarantees linear Lyapunov instability of the resting state.
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1 Introduction

To study the flows of an incompressible viscoelastic polymeric fluid in an
infinite cylindrical channel we use structural-phenomenological Vinogradov-
Pokrovski model as a base [1, 2]. This model interprets polymeric medium
as a suspension of polymer macromolecules moving in an anysotropic fluid
consisting of, e.g., solvent and other macromolecules. The environment
effects on a chosen macromolecule is approximated by the impact on a
chain of brownian particles, each of which is a sufficiently large part of
the macromolecule. It turns out that the formulated physical model is an
effective way of describing slow relaxation processes in mediums with linear
polymers. In particular it is effective in numerical studies of polymer flows in
areas with complex boundary geometry which are common for technological
processes of making products from polymers.

Using a mechanical analogy we call the brownian particles "beads” and
the analogue of the elastic powers between the particles "springs”. In the
simplest case when the macromolecule is modelled as a ”dumbbell” (”dumb-
bell” is two beads connected by a spring), we formulate the system of dif-
ferential correlations (Vinogradov-Pokrovski model):

0 0 0 ov;
(v + v5—0;

Ry -} 1
ot oxy ) Oz ail ox; (1)
0
oy = —pdy + 300, (2)
70
d 1+(k-B81 2 38
g7 %l — Viglit — vijai + (To)au = 3= g, (3)
Vil + Vi .
I:a11+a22+a337 Yil = %a Z7l = 17273' (4)

Here p is polymer density, v; is i-th velocity component, o;; is stress ten-
sor, p is pressure; 19, 7o are initial values of shear viscosity and relaxation
time for viscoelastic component, v;; is velocity gradient tensor Vv, where
it’s components are calculated as follows: v;; = %7 1,0l =1,2,3; v; is sym-
metrized velocity gradient tensor; a; is symmetric anisotropy stress tensor;
k and 8 are phenomenological parameters that take into account the size and
the form of a macromolecule ball. Equations (1) are motion equation and in-
compressibility condition, and equations (2)-(3) are rheological correlation,
that connects kinematic characteristics of the flow with its thermodynamic
parameters; for each component a;; the sum of the first three terms in the left
part of equality (3) is the so called upper convective derivative or Oldroyd
derivative [3], % = % + (7, V) is material derivative.

Note that the accepted physical representation of a polymeric medium
allows us to describe its main rheological properties: the decrease of vis-
cosity and the first difference of normal stresses with the growth of shear
velocity, the growth of stretching viscosity to a certain limit with the growth
of deformation velocity.
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Moreover, unlike the known models FENE-R [4], FENE-CR [5] that take
into account additional physical mechanisms reflecting the behaviour fea-
tures of a studied material: boundedness and nonlinearity of a spring elon-
gation, connected to the finite length of a macromolecule and the existence
of weaves and engagements in it, which obstruct its uniform and infinite
elongation (instead of a Hooke law the nonlinear law of a spring elasticity is
used); or RHL-model [6] that takes into account potential barriers, that slow
down the transition from one equilibrium configuration to the other (addi-
tional force of an inner resistance is introduced), the Pokrovski-Vinogradov
model allows us to acquire nonzero values of the second difference for nor-
mal stresses. Specifically, it tries to take into account the anisotropy effect
of the chosen molecule environment that is caused by its elongation and
orientation in space during the flow process of its macromolecule chains.

Rheological properties, predicted by the Pokrovski-Vinogradov model with
parameters k = 1,20, that guarantee monotone of a flow curve, are qualitati-
vely and quantitatively agree with the experimental data for melts and so-
lutions of polymers [7, 8, 9].

A number of previous works by one of the authors [10, 11] studied the
linear Lyapunov stability of Poiseuille-type flows in an infinite plane channel
(the pressure drop on a segment doesn’t depend on time) for the model (1)-
(4), as well as for its generalization on the case of nonisothermic flow of
an incompressible weakly conducting polymeric fluid with the existence of
a negative space charge [12, 13, 14, 15] and on the case of nonisothermic
model with the additional external interaction of a uniform magnetic field
16, 17, 18, 19].

In particular, in work [10] it was proven that the Poiseuille-type flow for
the model (1)-(4) is linearly unstable in a perturbation class of generalized
functions from the Schwartz space S’ of the functions of slow growth with
respect to the z variable, that changes along the channel side [20, 21]. T.e.
the solution of a linearized problem is growing as an exponential function
with the power st, s = i€ + < Q(y)fg + 0(5%), for |{] — oo (€ is a dual
variable for variable x with respect to the Fourier transform, 4 is a compo-
nent of the base Poiseuille-type flow, Q(y) # 0, is a function, that depends
on the problem parameters and its base solution, ”0” is small o).

The question of stability of the resting state for nonisothermic model of
the polymeric fluid flow in an infinite plane channel under the influence
of an external magnetic field was studied in works [22, 23, 24]. The main
result being that the resting state in the case of an absolute conductivity, i.e.
vanishing of the parameter inversly proportional to the magnetic Reynolds
number, and additionally vanishing of one of the dissipative coefficients is
linearly unstable by Lyapunov. The conducting walls of the channel can
be made from different materials: ebonite, aluminum, copper, platinum,
bismuth.

For the analysis of the applicability of mathematical models for the descrip-
tion of real flows of polymeric fluid of special interest is the question about
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the stability of the resting state of the model. From the physical point of
view this property is a necessary one.

The result of the work [25] was refined in the works [26, 27]. It states that
the spectrum of a linearized with respect to the resting state mixed problem
for the system (1)—(4) does not lie in an open right half-plane. One of the
main results of these works is that the mixed problem has solutions with
more than exponential growth e’ Rel > 0, t — +o00.

Which means that the resting state for plane-parallel flows of polymeric
fluid in the Vinogradov-Pokrovski model is linearly unstable by Lyapunov.

In the current work we continue to study the location of the spectrum of
a linear problem about the flow of a polymeric fluid in an infinite cylindrical
channel. As a base solution we again chose the resting state and as a per-
turbation class we choose perturbations with axial symmetry and periodic
with respect to the variable varying along the channel axis.

Note that the study of the flows of fluids of different nature in domains
with cylindrical boundaries is fundamentally important not only from the
point of view of a boundary geometry influencing the formation of characteris-
tic features of the flow (alike the flows of viscous fluid (Navier-Stokes model)
between the two coaxial rotating cylinders in the classic Taylor work [28]),
but also to have the ability to experimentally check the picture of a flow
predicted by the model.

We got a number of results in [29] both for small values of parameters
Wi and Re, eg. Wi = 1.1-107% Re = 1072, and for large ones, e.g.
Wi =3-10%, Re = 5-10%. In our numerical experiments for some values
of n, i.e. spacial frequency of perturbations, part of the spectrum lies in
an open right half-plane but with its growth there can be a sharp increase
of the maximum values of real parts of eigenvalues. This experiments were
done for the spectral problem for one longitudinal component of velocity.
We got this problem after transforming the initial spectral problem for the
system where boundary conditions are replaced with one asymptotic one.

Further we used the idea of reducing the spectral problem for the system
into the problem for only the radial component of the velocity in [30, 31,
32, 33|, which study the linearized with respect to the resting state mixed
problem for flows of polymers in cylindrical channel under the effect of an
external uniform magnetic field both for the case of absolute conductivity
and in general case.

Of note is also the work [34] about the influence of the coefficient in the
representation of the pressure drop (it depends on time) and the boundary
condition for the temperature (the work considers nonisothermic case) on
the stability of a Poiseuille-type solution for flows of polymeric fluid in a
cylindrical channel.

In this work we continue the numerical study of spectral problems (38),
(39) and their analogues They differ in a way they approxiamte boundary
conditions on the cylinder axis r = 0. We show that with the growth of
parameter n (the frequency of perturbations) part of the spectrum transits
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into the right half-plane which means linear instability of a resting state. The
results from studying the spectral problem for the original system statement
gives in our opinion a more reliable result.

2 Quasilinear and linearized models. Formulation of the
main results

Following the monographs [1, 2, 36, 37, 38] and works [30, 31], we for-
mulate the mathematical model for describing flows of an incompressible
polymeric fluid in an infinite cylinder channel with round section (see Fig.

1).

uv,w,p,
Ay sevs Gy,
>
z

FicUrE 1. Cylindrical channel and main parameters of the
polymeric fluid flow

We can write the model in a dimensionless form and in a cylindrical
coordinate system as follows:
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dt * <r 8r>a<p (T(u—l—a@) p T Gy 8z>+ pp =0, (10)
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da, ow  agp, Ow ou
= —2(amar+ TW+A8)+LZZ_0 (11)

da, v Ov ow ov A, 0u ou
£+ < - > Ar + <argoaz —Qrz - — —£— - a<pzaz> =+ Lrgp =0,

dt r or 0z r Oy

(12)

da, ou Ow ow  arp 0w ay, Ou ou

- a_ a_ - T 8 a a A er -

dt <8r+8z> < 8r+ r Oy r Oy * 8>+ 0
(13)

dag v Ov ou ov ow A, 0w
- — 5 rz o+ Az T YN Ly, =0.
dt +<r 8r>a (““”arJr 8+ W@r+r8>+@ 0
(14)

In equations (5)—(14) t is time, u,v,w are components of a velocity
vector u in a cylindrical coordinate system; p is hydrodynamic pressure;
Gy - -+ Qpz are components of a symmetrical anisotropy tensor II of a sec-
ond rank [1, 2];

L, :Klarr‘i‘ﬁiiariiZa LtpgozKla<p<p+ﬁ||ag0||2y L. :Klazz+5i|GZ|i27
Ly = Krarp+8(ar, ap), Lrz = Krar, + B(ar, az), Ly = Krag, +B(ag, az),
ar = (Arr, Arg, Qrz),  Gp = (Grp, Qpp; Qpz), Az = (Qrz, Gpz, Az2),

Ay = apy + Wil Ay, = agpp + Wi ™t, A, =a,,+ Wil

Kr=Wi' +kI/B, I=am+apy+a., k=k-},
the square of the vector norm || - ||? is the sum of squares of its components,
k,B, 0 < B < 1 are phenomenological parameters of a rheological model
[1, 2], Re = (pugl)/no is the Reynolds number, Wi = (roug)/l is the Weis-
senberg number, p(= const) is the density of the medium, 7y, 7y are initial
values of shear viscosity and relaxation time [1, 2] l is the characteristic
length, ug is the characteristic Velocity, AW, . = aTQ + L2 41 - ar + 822 is

the Laplace operator, jt at + uar + & 8@ + waz

The system (5)—(14) is written in a dimensionless form: variables ¢, 7, 2, u,
U, W, D, App, - .., Gy, are related to l/um,l, um, pul?q, % correspondingly.

We state that the no-slip condition holds on the boundary r = 1

r2 8<p

u=0, (15)

and on the cylinder axis, i.e. for r = 0, there are boundedness conditions on
all the unknown variables u, v, w,p, &pp, . .., .
As a base solution we choose the resting state

u=0, p=po—const, am=0,...,a,=0.
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Linearizing the boundary problem (5)—(15) with respect to the chosen so-
lution results in a following problem (small perturbations of the components
of the solution are written the same as initial variables)

1
Ru + Ve +w, =0, (16)
1 Qpp — Q
ug + Q, = ;(aw)w + (o) + % (17)
1 1 2
v+ ;Qw = (arg)r + ;(asoso — arr)p + (ap2): + Tw, (18)
1 Q
wy + 81, = (arz)r + ;(agaz)cp + (azz - arr)z + %a (19)
Aoy, = 2%2uT, (20)
2
Aoy, = ;(u + )57, (21)
Ao, = 252%u,, (22)
22 v
Aoy, = U~ P (; - UT> (23)
Ay, = 52 (wy + us), (24)
w
Aoy, = 3 (v, + 7%”). (25)
u=0, forr=1.
_ Grr _ e 2 _ 1 _ 0 1 ) 1
Here oy = G2, . 0p, = F2, #° = yipe> B = 5, + 5 A= 5 + wa

Q=p—ap.

Remark 1. For the function §, i.e. generalized "pressure” , the following
correlation holds

1 0% 19
DOQ = <7'28(p2 - rarr> (O[cpcp - aT‘T)+

0 10 20 (0 1
2 a_ Grz -7 Gr —a | g &pz T — Gy ) 2
+ R<8za * 7“8(,0& o r Op (82’0@ * P @>> (26)

2 2 2 2 2
where Do= = &5+ 12+ 22+ B m R4 L2 4 2
We will be looking for a solution of the problem (16)—(25) in the special
form:

u(t,r, o, z) = u(r) exp{\t + inz + imep},. .., o7
Qg (t, 7,0, 2) = (1) exp{At + inz + ime}, (27)
where A =0 + i€, £,n € R', n,m € Z are some parameters.

Then for the components of the anisotropy tensor under the additional
condition
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1
AFE—— 28
* ~ T (28)
we get the following:
u u + imv inu
(07 = =, (6 ol —— (6 = =,
AT A D
1 (imu ;v w' + inu
aw_zj\{r +U_T.}a aT‘Z_Ta (29)
ino+tmw) o A4 Wit
a@z S S —— )\ = 5.3 *
2 2

The other four equations of the system (16)—(25) are rewritten as follows:

Ru + z(%v +nw) =0, (30)
2 2 2 1 . .
Q':(m —I: + >u+ Au'+zin(v'73—v)+£w’, (31)
2r2 )\ 2\ rA 2\ r 2\
1 2 4i 2im.)
R <n2 N ﬂ +2)\)\> -+ mio o (32)
72 r T T
2 . R 2%
R?w — <n2 + mT + 2)\/\> w = 2nAQ + 2mnw + 2n2u — 2 (33)
r r
From (17), (26) and (29) it follows that
m?2  1d\ (u+imv
doQd = | —— —_— — =
0 ( 2 dr) ( A )\>
w4 inu im T 4y
+R <zn5\ +— - ) (34)
im nv+ tmw 14 (mu o >
+—1—n + - = —-n — — = |,
r A r A A A
. oo oo
=" =1, (35)
2\ 27
where )
O=0-2 -y (36)
rA A
Here
1 d? 1d m? m?
dy=dy——, dy=—5+-——— —n?=R>— — —n’
1= 0= ge Tt T T rz "

In an axisymmetric case, when m = 0, which is the main interest to us, the
system (30)—(33) is simplified by splitting into two independent subsystems.
That and the boundary conditions (25) leads us to the following two spectral
boundary problems:
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(di —2\\)v =0,

v=0 forr=1, (37)
[v(0)] < o0
( Ru + inw = 0,
(do — 22\ w — 2inAQ — 2n2u + n’w = 0,
22\ +n?
a2y (38)

u=w=0 forr=1,

{u(0)] < oo, |w(0)] < oc.

Here
1
TiZ’

di=R?>—n%— do = R?> — n?, Q:fl—i—%w,

function © can be represented through Q due to (35). The correlation (34)
takes the following form:

in?

o) = ——(w — ).
0 )\( )

Assume the parameter n is non-zero. Then by differentiating the second
equation from the system (38) and replacing € by using the third equation
from the system (38) we can also replace w using the first equation and get
to the spectral problem for one component u:

2 3 . 32X\
uV o+ S (—2 — 2>\/\> +u <3 - — + 2in3> +
T T T T

32X\ .

(

1
/!
[u(0)| < oo, |(u' + ;u)‘r:() < 00,

u(l) =0, /(1) +u(l)=0.

Remark 2. The transition from the spectral problem (38) to the spectral
problem (39) is the main idea of work [29]. It also studied the special cases
where X = —ﬁ, n = 0. There the spectrum points lie in a left complex

half-plane ReA < —o < 0 but can have multiplicity greater than one.
In [29] we have proven the following theorem.

Theorem 1. Let \ # —ﬁ. Then the spectral equation for the eigenvalues
of the boundary problem (39) has the following form

uy(Dua (1) — uy (1)ua(1) =0,
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the functions ui(r) and us(r) are defined through recurrent formulas

(o)
u1:ZakrkJr?’:a0r3+a1r4+a27“5+..., (40)
k=0
1 - 2
agp , a1 =0, a 24)\)\, as 175m,
22 2in®
ap = ——————Qf—2 — ————5———Af_3—
P k)T 22k 4) S (41)
2(91 3 2
n?(2A\ + n?)
— 4, k=4,5,6,...;
k?(k+2)2(k+4)ak 4, 39y Uy y
o
u2:chrk+1:co7“+cl7"2—|—02r3+..., (42)
k=0
2
co=1, =0, c2=0, 03:—2—7171,
3 ;3 2 3 2
= 22\ 2in n?(2A\ + n?) k=4.5.6...

Kk —2) 2 12k — ) T Rk —_2)(k+2) Y
(43)
In its turn the solution to the spectral problem (37) can be found in an

explicit way:
V = J1(iV2\Ar),

it & /7 — 420 + )
A2 = ;
2
where Ji(ug) = 0, and J1(&) is a Bessel function of the first kind [35].

Remark 3. Obviously ReAi2 < —o1 < 0.

3 Clarified spectral problems (38), (39) and their
discretization

Denoting Q = 2)Q and W= 2\ the system from the spectral problem
(38) can be rewritten as

/ 1 .
u = ——u — thw,

1 A
w" = —=w' + pw + inQ + 2n’u,
N r
& = — (4 n2u,

linear with respect to the new spectral parameter u.
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Making the following variables change % = ru, w = rw, gives us system

o = —inw,

~ 11 1 ~1 1 ~ e 2~

W' = —w' 4 | p— — | W+ inrQd + 2n%4, (45)
r r

rQ = —(u+ n?).

Elimination of variables leads to equations
2 3 3

uIV 42 (_2 _ M) 4+ <3 _ K + 2in3> +
r r r r

3 K
—I—u<—T4+T2+n2(,u+n2)> =0, (46)

2 3 3
ﬂlv—fﬂmﬁ—ﬂ// <2_ﬂ) +ﬂ/ <_3+M+2in3>+
r r r r

2in3

+ﬂ<n2(n2—|—u)— ):o. (47)

Systems and equations need to be completed by boundary conditions. On
the cylinder surface (r = 1) we set the non-slip conditions:

u(l) =w(1) =0, (48)
which together with the first equation from system (44) also gives us
(1) =0. (49)

On the cylinder axis (r = 0) the most general would be the boundedness
condition
[u(0)] < oo, |w(0)] < oo (50)
and correspondingly
[u'(0)] < oc. (51)
These conditions were used in [29].
From the construction of the functions %, w it follows that:

a(1) =a'(1) = w(1) =0, (52)

(0) = 4/(0) = w(0) = 0. (53)
Theoretically speaking these conditions are enough to state spectral prob-
lems. But in case of systems we can add conditions on function :

19(0)] < oo, 1Q(1)] < co. (54)

From a mathematical point of view these conditions are excessive but from
the physics point of view are rather natural. Adding these conditions does
not lead to overdefinition of problems (44), (45) since solutions have to
satisfy them anyways.

We are studying formulated above problems numerically. Note that in
literature there are examples where using different discretization methods
led to spectrum of very different structure (see e.g. [40]). Besides, the
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discretization can lead to appearance of eigenvalues that do not converge to
spectral points of differentiation operator with the growth of the dimensions
of discrete approximation. Usually such ”parasitic” eigenvalues correspond
to saw-like eigenfunctions.

To discretize the problem we will use pseudospectral method with collo-
cation nodes at points
L & +1

T 5
where §; = cos W, 7 =0,1,..., N, are Gauss-Lobatto points. We will

denote a collocation matrix as D ~ 4 (see. [39]).

dr
doo do1 ... don
B dio din ... din
dNO dN]_ .o dNN

Mapping boundary conditions to the structure of collocation matrices
derivatives is an important element of stating the discrete spectral problem.
The easiest one is the homogeneous Dirichlet condition. To count it in we
delete corresponding columns from the matrix (if further calculations allow
for rectangular matrices) or simultaneously rows and columns (see [29], [39]).
Below we will denote the collocation matrix derivative that satisfies Dirichlet
condition for 7 = 0 and 7 = 1 as D° and Dy correspondingly. If the function
satisfies Dirichlet condition on both boundaries, we will denote it D8 .

One of the possible approaches to mapping other boundary conditions is
to reduce them to Dirichlet condition. For example a function satisfying dual
Dirichlet-Neumann condition u(0) = «/(0) = 0 has a form wu(r) = r - v(r),
where v(0) = 0. Hence, v/ = v + rv/, which gives us expression for the

corresponding matrix derivative: D% = (I + diag(r;)D°)diag (%), where [
is a unity matrix (see [29], [39] and other works).
By analogy to this approach we can represent a bounded function |u(0)| <

0o as a product u(r) = L v(r), where v(0) = 0. Then the derivative is

u' = —%v+ 10 and it’s discrete representation is D<* = diag (%) (=1 +
DVdiag(r;)). We will call this approach a method of function multiplication.
It was already used earlier in [30, 31].

To map conditions such as boundedness of eigenfunctions of the spectral
problem we can also use asymptotic method (see [29, 32, 33]). Its essence is

as follows. We write equation as
(Ll—MLQ)’LL:O, OS’I“SL

where L;(r,d/dr) are linear differential operators and eigenfunctions of the
equation satisfy conditions

|u(0)| < oo, |[u/(0)] < oo, u(l) =4/(1) = 0.
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We assume that the function ug(r), which is an asymptotic of eigenfunctions
in zero, is known
U
im (r) =1
r—0 UQ(T)

and satisfies equation
(Lg—,U,L4)’LLO:O, OS’I“S 1.

For example, for equation (46) operators L, Lo have a form

L _d74+2d73_id72+ E—f—%n?’ i_,_ —i+n4
V7 ard T a3 r2dr2 r3 dr ri

2 1d 1
Ly=—5+-——(——n?]=0.
2 dr2+rdr (r2 n)

In paper [29] we showed that the first terms of the asymptotic expansion in
zero of eigenfunctions of the problem (46), (48), (49), (50), (51) are a linear
combination
up = ar + Bre.
Hence, operators L3, L4 are defined as:
d? d
Ly=1r—5 —3r—+3 Ly =0.
ST Ty +9 4

We discretize both equations taking into account the right boundary con-

dition and get matrix beams

Ay — uBy = Ly(diag(r;), Doo) — pLa(diag(r;), Doo),

AO — ;LBQ = Lg(diag(rj), Doo) — ,uL4(diag(rj), Dog).
If vector u = (u1,...,un—1)1, u; = u(r;), approximates eigenfunction u(r),
then the vector correlation (A; — pBp)u = 0 holds for every component (i.e.
everywhere in [0,1]). And from correlations (Ag — pBo)u = 0 only the first
(i.e. near zero) is approximately fulfilled. We glue these beams as follows:

as __ AO as __ BO
A_<A1>’ B_(Bl>’

where Ag, By are first rows of matrices Ag, By, A, B, are rows of matrices
A1, By, starting from the second and ending with the last. After that we
solve an algebraic spectral problem for the matrix beam A* — B,

Thus to solve the spectral problem we can either use its original form as
a system or transform it to a high-order equation. Both approaches have
their advantages and disadvantages. The discretization of systems leads to
matrix beams of large sizes where the matrix for spectral parameter is always
singular. It means that the matrix beam has infinite eigenvalues which on
one side makes the discrete operator even more similar to the differential
one which also has a series of eigenvalues converging to infinity. But due
to computational errors instead of infinite eigenvalues we get ones with a
large module which leads to a ”cloud” surrounding the infinite point. This
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gives us a criterion to exclude such eigenvalues from further consideration.
Besides with an unlucky use of collocation matrix derivatives we can even
get singular matrix beams which should be avoided. However the norms of
matrix beams remain rather small which allows for more accurate calculation
of eigenvalues.

The norms of matrices we get after the discretization of equations can be
rather large when using a fine computational grid which lowers the accuracy
of calculating eigenvalues. As an advantage we can note that transforming
the system into equation excludes the variable connected to pressure and
anisotropy tensor which in turn eliminates the dependence of the decision
on the choice of boundary conditions for these functions.

Here is a short description of the approach used to separate ”true” eigen-
values from ”parasitic” ones. The calculations were done for three dimen-
sions N1 < Ny < Nj3. After that for each eigenfunction vj[-Nl] we find eigen-
functions closest to it

(V3]

[N2] -
R j=1,...,Ny.

UJ[-NI] R U
For that we interpolate eigenfunctions for dimensions Ns, N3 on the grid for
the dimension N7 and compare them to each other in the nodes of the grid.
Based on the correspondence between eigenfunctions we get the correspon-
dence between spectrum points )\BNl] ~ )\BNﬂ ~ A8l
Then we calculate values of a number of criterions. Among them are:

proximity of corresponding eigenvalues

[N1] [N2] [V2] [Ns]).
‘)\jl_)\j2’7 |>\j2_>\]3|’

proximity of corresponding eigenfunctions

o™ = o™ 1™ = o,

where we can use both Euclidean norm and maximum absolute value as a
norm; the variation of eigenfunctions

N N. N.
var vk 1], var vk 2], var vt 3],
J J J
defined for example as
N-1
var oMl = E |vg+1 — k|-
k=1

Values of each of the criterions or their combination is sorted in ascending
order. We then calculate the maximal relative difference between the sorted
neighboring criterions, i.e. ”jump”. This "jump” delimits eigenvalues that
we consider ”true” from the ones we stop considering. Thus we eliminate
points that do not converge for either eigenvalues or eigenfunctions or which
eigenfunctions have s distinct saw-like structure. Numerical results and their
analysis is given in the next part.
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FIGURE 2. Spectrum of the problem (47), (52), (53) before
the use of criterions (left). Eigenfunction for the rightmost
eigenvalue and spectrum after the use of criterions (right).
Colour highlights the rightmost eigenvalue.

4 Results of numerical experiments

First of all note that as stated above to find pairings of eigenvalues to
eigenfunctions that doesn’t change with the growth of grid nodes count we
use three values of N. For further examples these values are Ny = 100,
Ny = 150, N3 = 200. For graphs of eigenfunctions for different values of N,
we use the following colours: blue is for Ny, green is for Ns, red is for Nj,
the solid line is for the real part of the function, the dashed line is for the
imaginary part of the function. For the spectrum points circles correspond
to N1, triangles to No, stars to V3.

Let Re=500, Wi=0.3, n=1.

The left part of fig. 2 illustrates the way the calculated spectrum changes
with the use of criterions for eigenvalues. In the right part of graphs of fig. 2
we can see that for the problem (47), (52), (53) there is a weak convergence
of eigenvalues and eigenfunctions. Note that the situation is similar for the
problem (45), (52), (53) (see fig. 3).

The results of computations for the problem (44),(48), (50) without the
additional condition (54) and with it are presented in fig. 4. We can see that
the additional condition doesn’t change the result. But the existence of the
condition simplifies the construction of the discrete operator by allowing us
to use the same grids and the same sized collocation matrix derivatives for
all three unknown functions.

Fig. 5 shows results of computations for equation (46) with conditions
(48), (50). Here we use two methods of mapping boundedness conditions to
the structure of matrix derivatives. We also see a pronounced consistency
of results among themselves.

Note that the rightmost eigenvalues for the system and for the equation
are in the left half-plane but their values differ. Corresponding eigenfunc-
tions exhibit similar behaviour but have some difference in imaginary parts.
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tion on the function Q (left) and with additional conditions

(54) (right).

Let Re=500, Wi=0.3, n=10.

0
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With the growth of parameter n the rightmost eigenvalues move to the
right half-plane. Fig. 6 shows the situation where for the system this value
is still in the left half-plane but for the equation is already in the right half-
plane. Also note that the components u of corresponding eigenfunctions
for the equation and for the system are significantly different. The overall
structure of the spectrum for the equation and for the system also differs.

Let Re=500, Wi=0.3, n=20.



160

D.L. TKACHEV AND E.A. BIBERDORF

A=
5 -0.023153-0.015291i 6

A=
-0.023153-0.015291i

>

Q

IS
IS
8
3

8
=]
s

bm
IS [
s 35
g8 8
&
S
ok RN O

I
|
\
&
|
I
W
\
&
g
3
on

FiGUuRE 5. Eigenfunction for the rightmost eigenvalue and
spectrum after the use of criterions for the problem (46), (48),
(50). To the left boundary conditions are discretized using
the function multiplication method, to the right boundary
conditions are discretized using the asymptotic method.
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Ficure 6. Components of the eigenfunction for the right-
most eigenvalue for the system (44) (left) and the equation
(46) (right) with conditions (48), (50).

For these parameters both the system and the equation have one eigen-
value in the right half-plane. The difference in spectrum structure and in
eigenfunction keeps growing.

Finally let Re=500, Wi=0.3, n=>50.

For these parameters one eigenvalue is again in the right half-plane. Note
that the eigenvalue for the equation is situated significantly further to the
right than the eigenvalue for the system. Their imaginary parts also differ.
Also of note is the fact that convergence process for the equation eigenvalue
is still ongoing despite rather large values of N. The general spectrum
structure and eigenfunctions keep being significantly different.

Since the most important question for us is the question of stability we
study the behaviour of a number of eigenvalues with the largest real part
and its dependences of n. Further we assume that eigenvalues are numbered
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F1GUrRE 8. Components of the eigenfunction for the right-
most eigenvalue for the system (44) (left) and the equation
(46) (right) with conditions (48), (50).

right to left, i.e. the rightmost eigenvalue has the number 1. Below we study
the behaviour of A1, Ao, As.

To start we consider the problem (46), (48), (49), (50), (51), discretized
by using the information about asymptotic behaviour near zero which was
presented earlier in [29]. However here we use different approaches and the
study itself is much deeper.

We construct graphs that show the dependence of the real part of Aj;,
7 =1,2,3, on n for Ny = 100, No = 150, N3 = 200 and different values of
Weissenberg and Reynolds numbers (fig. 9).

Take note of some significant moments. The rightmost eigenvalue (blue
colour) demonstrates weak convergence by N or even no convergence for
relatively large n. To have this value shown on graphs we had to turn off
automatic filtration of the computed spectrum by the criterion of the con-
vergence of eigenvalues. But even without it the filtering by eigenfunctions
also sometimes leads to excluding this eigenvalues from the set of ”true”
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FIGURE 9. Graphs of real parts of eigenvalues for the prob-
lem (46), (48), (49), (50), (51), discretized by asymptotic
method.

ones and then blue graphs ”collapse” with graphs of other eigenvalues (see
fig. 9, two upper graphs).

In every example shown so far for small values of n the spectrum alway
lies in the left half-plane.

For most graphs represented in fig. 9 eigenvalues Aq, Ao, A3 go into the
right half-plane in order with the growth of n. The transition through
the imaginary axis happens when graphs form an edge pointed down, i.e.
logarithm goes to —oo. After its transition the value Ay continues to move
away from the imaginary axis while values of Ao, A3 either stabilizes on a
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certain distance or move away much slower (see fig. 9, left vertical row and
middle horizontal raw).

If the Weissenberg number is significantly smaller than the Reynolds num-
ber (upper and lower right graphs) then there is only one eigenvalue that goes
to the right half-plane. Morever interestingly for large values of Reynolds
eigenvalue A\; comes back to the left half-plane (lower right graph). For
different values of N it happens for significantly different values of n.

Now we want to check how much difference the way we take into account
left boundary condition creates in properties of the spectrum (46), (48),
(49), (50), (51). We discretize it using the function multiplication method.
The spectrum of a problem discretized in this way contains four horizon-
tal branches directed to the right and to the left. With the growth of N
these branches move significantly while containing eigenvalues correspond-
ing to the high-frequency eigenfunctions. This means that these branches
are ”artifacts” of discretization. Automatic filtration of the spectrum we
are making allows to throw away these eigenvalues. However there is a high
probability of also throwing away the rightmost eigenvalue. It can be seen
on all graphs from fig. 10, where for n > 10 graphs for A\; are exactly like
graphs for Ao, A\3. Aside from this feature all graphs from fig. 10 are very
similar to graphs from fig. 9.

Now we consider the problem (44), (48), (50), discretized using the func-
tion multiplication method. On fig. 11 we can see the location of three right-
most eigenvalues of the system. The fact that there is a good convergence by
N attracts attention: curves corresponding to N7 = 100, N = 150, N3 = 200
merge completely. All three of considered eigenvalues for some values of n
transit from the left half-plane to the right one and then continue to move
away from the imaginary axis with the growth of n. The transition happens
even for those values of Wi and Re, that for equation resulted in only one
eigenvalue being in the right half-plane but for significantly larger n. If we
continue the comparison to eigenvalues of the equation we can notice the
following: the growth of the real part of the system eigenvalues is less than
the growth of the real part of the first eigenvalue of the equation but more
than the growth of the real part of the second and third eigenvalues of the
equation.

5 Conclusion

In the computational part of this work we carried out a numerical study of
spectral problems. We used different variants of the mathematical statement
of the problem and different ways of discretization. It turns out that the use
of different boundary conditions on €2 does not influence the numerical result
but significantly simplifies working with the discrete differential operator.

All approaches demonstrate that for small n all spectrum is in the left
half-plane but with the growth of n one or several eigenvalues transit to the
right half-plane.
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FiGURE 10. Graphs of real part of eigenvalues for the prob-
lem (46), (48), (49), (50), (51), discretized by function mul-
tiplication method.

We establish that two different ways of taking into account boundary
conditions during discretization (asymptotic method and function multipli-
cation method) give identical results. At the same time the critical i.e. the
rightmost eigenvalue converges weakly if at all for large values of n so its
connection to the spectrum of the original differential operator is rather
dubious.

On the other hand the spectrum we calculated for the system converges
well and behaves in a predictable way. However the most unexpected are
results pointing to the difference between spectrums acquired for the discrete
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FicUre 11. Graphs of real part of eigenvalues for the prob-
lem (44), (48), (50), discretized by function multiplication
method.

system and the discrete equation derived from it. But noticing that the
spectrum of the system is computed more accurately with the growth of N
and converges better means that this approach is preferable. The reasons
for such significant difference require additional research.
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