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Abstract: The behavior of the argument taken from the values of
the gamma function at the points of the imaginary axis is studied
in detail.
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1 Bseaenue

lamma-dpyHKIM0O Ditiepa KOMILIEKCHOW IEPEMEHHON CTaHIapTHO 0003HA-
waeM cuMmBosioM ['. DTa Kiraccudeckas MmepoMopdHas (DYHKITNS UMeeT Tpo-
cTeie Tomock B Toukax (0, —1, —2, ... u 3a7aercsd, KaK TpaBUiIo, Jubo CXo-
JISIIIIAMCST B TIPABOMH TMTOMYILTIOCKOCTH HECOOCTBEHHBIM HHTETPATIOM ¢ TTOCTIETY-
FOIM aHAJTUTHIECKAM MTPOIOIKEHNeM, JTHOO COOTBETCTBYIONTAM GECKOHEU-
HBIM TIpou3BejienneM (cM., mampumep, [1, §§12.1, 12.2], 2, §§5.2, 5.8, 5.9]).
Hns z € C\ {0, —1, =2, ...} mox ArgI'(z) moHmMaeM cueTHOE MHOKECTBO
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3HaUYeHuil aprymenTa KoMiulekcHoro uuciaa I'(z), . e.
ArgT'(z) = arg'(z) + 27m, m € Z,

rje rJIaBHOE 3HaUeHne apryMeHTa BblieaseM yciaosuem arg'(z) € (—m, 7).
Hac unrepecyer noseenne sesmunnbl arg I'(iy) Kak dyHKINYM BelecTBeH-
HO¥i nepemenHoit y. Cunraem, uro y > 0, nockonbky 3uadenus ['(—iy) n ['(iy)
KOMILJIEKCHO COTPSIZKEHBI.
Bygem onmparhest HA KIIOUEBOE COOTHOTIEHUE

“+oo
Y

P(y) =yln P % - / g(t)sin(yt) dt € ArgT'(iy), y >0, (1)
0

B KOTOpPOM (DyHKIWS ¢ OmpemeseHa mo mPaBuIy

1 1 1 1 1
HD=(z-24——"")= t>0, g(0)=—. p
o= (5-1+a1) ] o(0) = @)
®opmyaa (1) mokasana B crarbe aBTOpoB [3| Kak pesysbrar paciupocrpaHe-
HUAY Ha MHAMYIO OCh mepBoit hopmysibr Bume

—+00

InT'(z2) = <z - ;) Inz—2z+ %ln(Zw) + / g(t) et dt,
0

JefcTByIOIIell B OTKPBITON IIPABO# IIOJYILJIOCKOCTH.

TMomumo [3] ormernm paborsr nocseanero Bpemenu [4]-[6], comepxarune
NPUMEHEHNST MHTErPAIBHBIX TIPEJICTABIEHUI /1719 raMMa-(PyHKIIMA 1 UX aHa-
JIOTOB K DA3/IMYHBIM BOIPOCAM AHAIN3A. YKAYKEM EIIe, 9TO BEJIMIUHBI BUIA
arg I'(iy) BocrpeboBanbl B Maremarudeckoii dusuke (cm. |2, §33.2], [7]-[9]),
a snauenust arg ['(1/4+1iy) ucnonssytorest B reopun ja3era-gpyuximun Puvana
(cm., Hanpumep, [10, 1. 9, §9.3], [11]). Bee 910 nociyxuno jonojaHuTes b
HBIM CTHMYJIOM K ITPOBEJICHNIO HAIIETO UCCIIETOBAHMS.

Huxke 6ymer mam moapobHblil aHaam3 moBemenus GyHKunn P, 3amammoit
B (1), m yKazaHbl yI00HbBIE HA TPAKTUKE TOYHBIE ¥ MTPUOJINKEHHBIE (DOPMYJIBI
111 Braucenus arg I'(iy) va nyge y > 0. HacTb pe3yapTaToB aHOHCHPOBAHA
B [12] (cm. Taxxke [13]).

2 CaoiicTBa HEMPEPHIBHOM BETBU apryMeHTa

Oyukrust ¢ w3 coornomennsi (1) ompenessieT HEMPEPBIBHYIO HA MHOXKe-
cTBE

o), = {zeC\{O}]Oéargzgg}

BeTBb Arg I'(2), 3a1aHHY 0 HYJIEBBIM 3HAUEHUEM B TOUKAX TOJYOCH 2 = & > 0.
Brigenum kitodeBbie cBoiicTBa 3T0I (PyHKIUH.
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1°. Cnpasedauso npedcmasaenue
“+o00

1 t
@(y):ylni—;r—i-/h(t) Smiy)dt, y >0, (3)
0
6 Komopom Ppynruua h onpedeserna no npasuy
1 el —1—t 1
h(t)y==—tglt) = —F——, t h = — 4
(0= —tot) = STy >0 hO) =3, ®

¢ pynryuet g us dopmyave (2).

Aokasameawvcmeo. lepexon ot (1) k (3) ucnons3yer uarerpas Jupuxie

' sin(u)
sin(yt 7
dt = —, >0,
/ ¢ 2 Y
0
u cBA3b DYHKIWIA g U A, BRIPAKEHHYIO OCPEACTBOM (4). O
2°. Qynuryua ®, doonpedescnnan snavenuem P(0) = —7/2, nenpepwena

npuy = 0.

Zoxazameavcmeo. JIocTaTOuHO IPOBEPUTH, YTO WHTErPAJI
“+oo

U(y) = / h(t) Siniyt) dt, y>0, W(0)=0, (5)

HenpepbiBeH o napamerpy y > 0. OrMerum, KcTaTh, YT0 (PUTYPUPYIOMINi
B (1) mHTErpas 5THM CBOWCTBOM He 00siaaeT, Tak Kak (hbopMasbHas MOJI-
cranoBka y = 0 B Beipaxkenue mag P(y) u3 (1) mpuBomuT K ommboOIHOMY
pesyasrary ®(0) = —7/4.

®ynkuuio (5) 3anumem B Buje

1 +o00
U(y) = /K(t,y) dt + / K(t,y)dt, (6)
0 1

rie sapo
i t
w200y s 0
K(t,y) = Y
53 = Oa ) > Oa

HEMPEPBIBHO O COBOKYyMHOCTH mepeMeHHBIX t > 0, vy = 0. Illogcumm, aTo
uenpepbiBaoCTh by K B Touke (0,0) ciaemyer u3 oreHKH

[K(t,y)l <h(t)y, t=0,y=0.
IMepsoe cnaraemoe B (6) menpepwiBHO 10 § > 0 Kak COOGCTBEHHBIH MHTErpAT
¢ TapaMeTpoM OT HempepbiBHOH QyHKIMN K. Olenka
h(t) 1

‘K(tvy)lngtiga t>17y>07
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BJIEUET PABHOMEDHYIO CXOIMMOCTH M HEIPEPBIBHOCTH 110 Yy = 0 BTOPOTO CJ1a-
raemoro B (6). O

3°. Qynryua ® asaaemcsa anasumuneckold na ayve y > 0.

Zoxasameavcmeo. Jlnsa 3HaUeHWH 2 W3 MHOYKECTBA
ﬁi = {z € C\ {0} | Rez > 0}
BOCIIOJIB3yeMcst iepBoit hopmystoit Bune (em. [1, §12.31], [3])
+00
z 1 1 ot
Inl'(z) =zln— — ilnz + §ln(27r) + [ g(t)e " dt, (7)
e
0
B KOTOpOil BeTBb bukcuposana yciaosuem ImInI'(z) = 0 mpu z = = > 0.
Ornenssa B (7) MEUMYIO 9aCTh, I BCEX 2 = T + iy € ﬁi_,_ nMeeM

+o0o

1
v(z,y) =ImInT'(2) =yln ‘j + <x - 2> arg z — / g(t) e " sin(yt) dt. (8)
IIpu sToMm
+oo
y 7 .
By) = v(0.9) =yln? - T~ [ g@sin(udr, y >0,

0

Oyuxmms InI'(z) roromopdna B moaymiaockoctn Imz > 0, a dyrkmms
v(z,y) = ImInT(2) — rapMoHWUEeCKast U TIOTOMY BEIECTBEHHO aHATUTHIE-
ckas B 9101t ke nosymnockocru. C yaerom css3u P(y) = v(0,y) noxyuaem
anagutnanocts @ mpu y > 0. ([

4°. Qynruyua ® cmpozo swnykaa enud npu y > 0.

Zoxazameavcmso. 3 cooTHOMIEHNS
Vyy(2,y) = (ImlnI‘(z))yy = (Im(In'(z+1) —In z))yy, x>=0,y>0,

u dopmyibr (8) n3Biaekaem
+oo "
D" (y) = vyy(0,y) = [ yIn 1:3/2 + %arctgy - / g(t)e 'sin(yt) dt
0
TTocne aneMeHTaApPHBIX BBIYUCACHUH TPUXOAUM K BaIACH
+o00
5+ / g(t)t?e tsin(yt)dt, y>0. (9)
0

3" _ Yy + Yy
A A ()

Bozuukiuit uaTerpas pazbupaeM Ha JiBa ¢ yaeToM (HGOpMYIIbI

t t
2 _ (L _ v
g(t)t —(2 1>+et R t>0
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(cm. (2)). TIpu Beex y > 0 umeem
+00

t Yy Yy
——1 t)dt =
/ (2 > sl dt = RN
0
o > 2
—t . _ —(n+2)t : dt — yn
e sin(yt)dt = E /te sin(yt) dt = E —.
/ et —1 gl — (n? +y2)

IMopcrasus Haiijgennbie Boipaxenusd B (9), mosyuanm KOMIAKTHYO Gopmysty
JJ1d BTOPOIl IPpOM3BOAHOMN

" (y) =2y 5 >0, y>0. (10)
nzl n2 +972)
Orcrona ciiefiyer 3asBIEHHOE CBOWCTBO BBIMYKJIOCTH. O
5°. IIpoussodnas ® npu y > 0 cmpozo eospacmaem om ®'(0) = —vy
do 400, npuuem
1
@'(y):lny—FO() , Y — +oo. (11)
Yy
Bneck v = 0.57... — KoHCTaHTa Ditnepa—Mackeponu.

Jloxasameavcmeo. Bospacraame ® npu y > 0 creayer uz (10). Haiigem
npegen @ (y) npu y — 0+. g sToro sBocnosb3yemes npejacrasienuem (8)
1 cOODpaKEHUsIMHU U3 JI0Ka3aTe/bCTBa cBoficrBa 4°. Mmeem

vy(z,y) = Im (InT(z + 1) — lnz))y, x=>0,y>0,
OTKY/Ia
2 o
'(y) = vy(0,y) = | yIn % + %arctgy - / g(t)e tsin(yt) dt
0
npu Beex y > 0. Brimosnus muddepenimpopanue, ¢ yaerom (4) mostydmm
+o00

+ [ h(t)e tcos(yt)dt, y > 0. (12)
/

1
¥ (y) == In(1+y%) —
(y) =5 In(1+y7) T

TMockonbky maTerpan B (12) cxomurca pasaomepro npu y > 0, T0

1
lim ®'(y) = -1+ / h(t e tdt = / e tdt = —
Y0+ t 1—et

ITo moBoy TOCTEIHErO PABEHCTBA CM., Hanpumep, [14, r1. I, §3].
Hoxaxem teneps acuvnroruky (11). s sToro ymobHO HCMOJB30BATH
npescrasienue (cM. (3))

y s
<I’(y)=y1ng—§+‘lf(y), y >0, (13)
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rje nocjaesnee caaraemoe 3agaercs uarerpaaom (5). Tormga
+o00

&' (y) =Iny + / h(t) cos(yt)dt, y > 0. (14)

0
Juddepenrmpopanue mo mapamMerpy y 3aKOHHO BBUIY PABHOMEPHON CXOIM-
moctu uaTerpana B (14) na mo6om ayue Buga y > 0 > 0. IIposepum, uro

IPOU3BOJIHASA
“+o0

V(y) = / h(t) cos(yt) dt (15)
0

NOJIOKUTETbHA, g Beex 3Hauenuit y > 0. Dynsxiua h uz dopmynsr (4)
obmamaer pu t > 0 cBoficTBaMHT

1 1 1 et
h(t) = = — W)= -+ ——
2 ellel +1)
" _“
h (t)—t3 =13 > 0,

KOTOPBIe JTOKA3BIBAIOTCS CTAHIAPTHBIMU CPEICTBAMU aHa m3a. Tak, IIsd Ha-
XOKIE€HHs 3HaKa BTOpOil nmpomssoanoit h’ tpebyercsa ycranosursb npu t > 0
HEO4YeBUIHOEe HEPABEHCTBO

2(et —1)3 — 3 el (el +1) > 0.

DTO MOXKHO CJI€JIATH PA3HBIMHU CIIOCO0AMU, HATTPUMED, PA3JI0KHUB €0 JEBYIO
4acCTb B CTeIeHHOH ps/l BUA

(0.)
t?L

Do s =2(3"-3-2"43)— (n-2)(n—1n (2" + 1),
n.

n="7

u ybenmBIHUCH B TOM, 9TO G, > 0 mpu Bcex n > 7.
B pesysbrate 1o caegctsuio 2 u3 Teopembl 2 1. 2 Monorpadun [15] nenaem
BBIBOJI O MOJIOKUTEILHOCTH HHTErpaia (15) u mmeeM OIeHKy CHu3y

&' (y) > Iny, y>0.
IMockonbky eme (cm. (15), (4))

1 T R(0) 1
U (y :—/h/t sin(yt dt</ K@) dt = —~ = —,
() ; (t) sin(yt) ; (=h'(2)) y 2y
0 0
10 u3 (14) nosy4YnM ABYCTOPOHHIOK OLEHKY
1
lny<®'(y)<lny+@, y >0, (16)

KOTOpas aaeT acuMrnroTuky (11). O
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Sameuanme 1. Ouenka (16) undopmarusaa npu GOJBIIKUX Y U HUYErO HE
rOBOPUT O HOBeJAeHUN 11pou3BoHol @ BOusn rouku y = 0. O6 s1oM Oyjer
ckazano B pasznene 4. Borme mo dopmyite (5) seenena dyukmust U n yeTaHOB-
JIeHo, 9To 1jist Beex y > 0 cupasenmusbl Hepasenctsa VU(y) > 0u ¥ (y) > 0
(em. 5°). U3 (14), (15) u coornomenus ®'(04) = — sicro, uro ¥ (y) — +oo
npu y — 0+4. Honmonuurenbhble cBeferud o dpyHkiuu V¥ 6yayT TPUBEIEHBI
B pazfene 3.

Joka3aHHBIe CBOMCTBA MMO3BOJISIOT CXEMATHIHO O0pHUCOBATHL OOIIYIO Kap-
THHY noBenenns dpyukimn P.

6°. Cywecmeytom mouky Ymin € (0,1) u y. € (1,400) maxue, wmo na
npomesrcymexe [0, Ymin] Pynryus © yowmsaem om —7/2 00 Prin = P(Ymin),
HA NPOMENCYMEE [Ymin, +00) Pynrkyua ® eospacmaem om Py do +00,
u ®(y.) = 0. Jpyeumu cao8amu, Ymin — MOYKE CMPO2020 2A004A5HO20 MU-
numyma D na ayye [0, +00), a y. — eduncmeennud nyav D nwa smom aywe.

I'paduk byukimn ¢ — venpeprwisroit ipu y > 0 Betsu Arg I'(iy) — npen-
cTaBJieH Ha puc. 1. Ync/ieHHble TPAHUTIBI /1 3HAYEHAN Ymin, Pmin, Yx, 8 TaK-
ke nopejienne P mHa GeCKOHEYHOCTH MBI OOCY/INM MO3IKE.

U

r' 3

8_

6_

41 u=o(y)

2

ymfn y:-

0 T T T T T >
o2 4 6 8
—2] |
(I]mm'

Puc. 1. I'paduk dyuxnmn ¢ ¢ KI0IeBBIME 3HATCHUSIMA
®(0) = —7/2, ®'(0) = —7, Ymin ~ 0.88,
Din &= —1.87, y, ~ 3.43.
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3 BpbigesieHue ryIaBHOrO 3HAYEHNS apPryMEHTA

JList TogHBIX (DOPMYJIHPOBOK PE3YIBTATOB 3TOTO Pa3esia moTpedyercs Be-
IecTBeHHas Bepcus Tak HasbiBaemoit W-dyrkuu Jlambepra w = W (5), Ko-
TOPYIO OIPEIEISAI0T KAK BEIeCTBEHHBIM KOPEHb yPaBHEHU

we? =

npu > —1/e. Boubinuii KOpeHb 3TOro ypaBHEHHUs 3a/1a€T OCHOBHYIO BETBb
W-dyukiun Jlambepra, obosnauaemyio Wy (3). Menbumit KopeHb, BO3HN-
katommii ipu 3 € (—1/e, 0), 3amaer apyryio Bersb W_1(3). Tloapobuee
o dyukunu Jlambepra n ee npumenenusx cm. [16]-[19].

Teopema 1. Jlas pynryuu ®, onpedesennoti ¢ (1), npu ecex y > 0 cnpa-
8e0AUBA JBYCMOPOHHAL OUEHKQ

D(y) < B(y) < (), (17)

6 Komopoti munoparma © u masrcopanma © onpedessromes coomsememeen-
HO POPMYAGMU

ylng—z, O<y < —,
e 2 3
n-— — — — > —,
STy 6y’ Y230
5 0 <y < yo,
(y) = Y
ylni_17 y>y07
2de )
T
=2 =021..., - =042...,
2n T ()

a W_1 — nodrodawasa eemsov W -dpynrxuyuu Jambepma.

Hoxaszameavemeso. Cuantaem, uro y > 0. Bocrnonssyemes s @ mpejcras-
aerueM (1), B koropom dyukimst g ipu t > 0 obramaer coiicrBamMu

g(t) >0,  4'(t) <0,

JIETKO BBITEKAMONINMY U3 PABIOKEHUS HA CYMMY 3JIEMEHTapHBIX apobeit

= 1
t)=2 _—.
g( ) Z $2 + A72n2
n=1
ITo cnencreuto 1 w3 Teopemsl 2 1. 2 Monorpacun [15] maTerpast
+oo
/ g(t)sin(yt) dt
0
HOJIOXKUTEIEH, ¥ O9TOMY Jas P BepHa OleHKA

y T
P mZ_-Z. 1
(y)<yne 1 (18)
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C zapyroit ¢CTOPOHBI, TOCIE HHTEIPUPOBAHUS 110 TACTIM

+oo —+o00
1 1 1
/ g(t) sin(yt) dt = 2y + " / g (t) cos(yt) dt < 6y’
0 0
MTOCKOJIBKY
/ g'(t) cos(yt) dt < — / g (t)dt = g(0) = 12
0 0

IlosToMmy BBRIONHEHA OTEHKA CHUY

1
D(y) >yl s - T - (19)

4 6y

IMpasere wactu (18) u (19) maror coorsercrBenno hopmynst qas © u S npu

«bosbinuxy y. Hpn «mambixy ke 3nadenusx y > 0 jydiie BOCIOIB30BATHCS
npejcrasaenneM (3), 3ammucaB ero B BUJIE

y v
O(y) = ylnZ -5+ U (y)

¢ dbyukmueit (5). IIpu mokasareabcTBe CBONCTBa 5° W3 pasiena 2 yCTaHOB-
JeHo, aro ¥ moaoKuTenbHa u BodpactaeT. OTCIoa UMeeM JIPYTYIOo OIEHKY
CHU3Y

y
O(y) > yln Pt (20)

Bosbmem Temepn

Yy T 2
Q(y)—ylne 5 1pH y € (O, 37T>.

Touka 2/(37) BeIOpaHa IS CITUBKH [0 HEITPEPBIBHOCTH € TIPaBoii 9acThio (19).
Takum obpazom, munopanTa P mocrpoena. IlepeiimeM K HaX0KIEHHIO MaKO-
panThl @ IpH «ManbIX» 3HadeHnax y. llpasas gacts (18) ams sTOro miIoxa,
nockobKy $(0) = —7/2. Beibepem B KauecTBe MpOCTEiIeii MaKOPaHTHI IPH
y € (0,50) mocrosamyio dynxmuio ®(y) = ®(0) = —7/2. HenpeprsisrocTs
Ma2KOPaHTBI AdeT OJd TOYKHU Yo SHATCHUEC

T

AW ()

ITpu y € (0,y0) AeiicTBUTEIBHO BBITIOJHEHO HepaseHcTBO P(y) < —m/2, mo-
ckotbKy @ BhITyKJTa BHE3 (CcM. 4°) 1 (B cuty BeIGODA Yo)

Yo =

+00 +oo
Yo T . ™ . ™
®(yo) = yoIn Pyl / g(t) sin(yot) dt = 5~ / g(t) sin(yot) dt < 5
0 0
MazkopanTa ® mocTpoena. JIoKkazaTeabCTBO TeOpeMbl | 3aBepIieHo. ([l

I'padukm MaKOpaHTHI 1 MUHOPAHTHI U3 TeOpeMbl 1 JaHbl Ha puc. 2.
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U

Puc. 2. Tpaduxu dyuxipit ¢ (cunnit), ¢ (3enensiii) u & (opanzxkessbiit).

Sameuanue 2. B reopeme 1 mo cpasmenuio ¢ [12] Mbl yTOUHSIEM TpanHu-
bt st byskimn O, nCIonb3ys JOMOJHATEIBHBIE CBEACHUS O €€ TOBEJCHUH,
JOKa3aHHble B paszeste 2. OTMeTuM TakKe, 4TO CBORCTBO BHITYKJIOCTH (DYHK-
nuu ® 103BOJISET JIErKO yIydInnTh U MUHOpaHTy ® mpu «Manbixs y, B3B8 ee
B BUJIE

_'yy_gv 0<y<g07
n-——— — = 1o,
Yy e 4 6y ) Yy Yo
rae Yo = 0.69... — KOpPeHb TPAHCIEHAEHTHOTO YPABHEHUS
1 T
Iny — (1 — - =——,
ylny —(1-7) T

KOTOPBIIl HE BBIIUCLIBAETCS SBHO. ABTOPHI OCTAHOBUJINCH Ha 6osiee rpyOoM
BapHaHTe, HO C «XOpoIeity Toukoil cumeku 2/(37). Brupouem, nosenenue $
opu «MaJibix» y > 0 mogpobHee ucceayercs B pasjese 4 (CM. UTIOCTPAITIIO
Ha puc. b).

Hpeycroponnsis onenka (17) m0O3BOJIsIET BBLIETUTH MPOMEKYTKHU TI0 [IEPE-
MeHHO# y > 0 ¢ yKazaHueM IPaBUJia BLIYUCICHUS HA HUX [JIABHOI'O 3HAYEHUS
aprymenta seanansbl ['(iy). Ilycts m € N. Beegem Heo6xomMbie 0603Ha1e-
HUS, TI0JIO2KUB

8m — 3)m 3(8m — 3)my, + 2
Ym = ( (8m)3)7r v Y T ( 3(63m3)71'ym+2 ’ (21)
awy (i) 12y Wo ((20momms2 )
_ (8m + 5)m _ 5 (22)

m ) Yo = T\
4wy (o) DA ()
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Teopema 2. ITycmv ® — Pynryus, onpedesennasn 6 (1). Tozda enashoe
anauenue apeymenma sesusunbe I(iy) npu nonadanuu y 6 HauasoHbid UH-
mepsas (0,7,) = (0, 5.52...) swuucasemca no npasusy

arg I'(iy) = ®(y).
Eeau orce y € (ym,ym) ¢ ebtoparroim m € N, mo npasuso evizasdum max
arg'(iy) = ®(y) — 2mm.
Tpanvuywr uzypupyrouux 3decv unmepsasos sadanv, 6 (21), (22).

Hoxasameavemeso. Munnvmanbuoe 3nadenve ¢ynkiun ylny — y paao —1

u jgocruraerca npu y = 1. 113 (20) cremyer, aro
Yy T T
o (1f)‘ SRR - 23
(y) > (yIn T2 5 > T (23)

npu Bcex y > 0. Bo3bmeMm B KawecTBe mpapoil TPAHUITEI HAYAILHOTO WHTEP-

BaJla KOPEHb ypDaBHEHUSA

Yy om
In= = — 24
yln 2 = (24)
OPUPABHSB JIJIST 3TOrO MpaByto YacTh (18) K 7. Ypasuenue (24) umeer eauH-

CTBEHHOC penieHue

?_757r >e
A () T

C yuerom (18) ms Bcex y € (0,7,) nmeem
y m™ __ Y T
) m? T cgm¥P T _
(y) <yln® -2 <Gl 7> — 2 =m
B cogerannu ¢ (23) mosy<auM, 4TO

-7 < (I)(y) <7 Y& (07y0)
Badukcupyem Tenepb mpou3pojbHoe m € N u JOKaXKeM, 9TO BCIOAY Ha
unrepsase (y m,ﬂm) CLIPpABE/JIMBO JABOHOE HEPABEHCTBO

2rm — 7 < ®(y) < 2wm + 7. (25)

IIpaBas rpanutia wHTEpPBaIa €CTh KOPEHb ypPABHEHUS
o
yln y_o°on + 2mm,
e 4

KOTOPOE 1O/IyYaeTCs NpUupaBHuBaHueM npasoi yacru (18) k m+ 2wm. Sanu-
CaHHOE YpAaBHEHHE MMEET ¢IMHCTBEHHOE PelleHue

~ (8mH+5)m
me (8m+5)
4wy (o)
Kax n Beime, jyist Beex y € (0,7,,) ¢ yaerom (18) nmeem
m Ym

_ ™

D(y) < yln% —



ITEPBAA ®OPMVYJIA BEVMHE 155

JleByto rpaHuIlly WHTEpPBaJa MOCTPOUM B jiBa drama. CHadaa permM ypas-
HEHUE

3
ylng S + 2mm,
e 4
noJIy9eHHOe npupasHuBanueM npasoit uactu (18) k —m + 27m. Ero pemenne
_ (8m—=3)7
o (8m—3)m
awy (g2

UCTIOJIB3YyEeM JId COCTABJIEHUA TTOANIPABJICHHOTO YPAaBHEHNA

Ym

Pe]_HeHI/IEM IIOCJICAHETI O ABJIdeTCd
3(8m — 3)wym + 2

y =
T 12y W (A2

>>ym.

Cornacuo (19) aus Beex y >y  3anuuiem

y m Ym 1
dy)>ynhs————>y,In——— — —
(y)ye46yyme46y
1/1
=-7m+2rm+ | ——— )] >-—7m+2mm
6 \ Ym Yy
Ocranock mpus/eds coorHormenune (26), 9To0bl yOEIUTHCS B CIIPABEIIHBO-
cru (25) npu y € (y, ,Yp,)- Teopema 2 nokazana. O

TpaHCIeHIeHTHBIE YpaBHEHNsT, TOM00HBIe (24), HAXOAAT BayKHBIE MTPHMe-
HEHUsI B TEOPHUH KCTPEMAJBHBIX 337a4 JIJIsT BBITYK/IBIX U TETbIX (DYHKITH
(cum., manpmmep, [20]).

Homomaum kapTuny nosegernst dyHknnu (1) mosesHsiMu hakTaMu.

Ipensoxenune 1. Cnpasediuso acumMnmomuieckoe pasencmeo

1
@(y):ylny—y—Z—FO(y), Yy — +oo. (27)

okasameavcmeo. B mporecce noka3aTebCTBa TEOPEMBI 1 YCTAHOBIIEHBI OTIEH-
kn (18) u (19), KoTOpBle TAIOT ABOHOE HEPABEHCTBO

Yy 1 y oo
Inz—-—-——<®y)<ylnz——,
R (y) <yln=—-

BepHoe mpu Beex y > 0 u Brekyimee (27). [Ipennoxenune 1 qokazaHo. O

I'paduk dyrkimn v = arg ['(iy) ¢ oTMeYeHHBIMI TPAHUIIAMI HHTEPBAJIOB
u3 Teopembl 2 mpejcTaBiaeH Ha puc. 3. B cury dopmynsr (9) u acummnTo-
tukn (11) mpw y — 400 nmeem ®”(y) — 0 mw ®'(y) — +o00, BemeacTBue
gero (cM. Takxke (27)) ¢ pocToM y K 6ECKOHEUHOCTH CBA3HbIE YacTh rpaduka
«BBITIPAMJIISIIOTCS Y, CTPEMSCH K BEPTUKAJIBHOMY TI0JIOZKEHHIO.
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(S

Puc. 3. Tpaduk dynknun v = arg'(iy) mpu y > 0.

B pazzese 2 (cM. Tam cBoiicTBo 6°) mokaszaHo, uto dpyHkmu P umeer eauH-
CTBEeHHBIN HYTb Yy € (1,+00). U3 Hepasencrsa (18) oueBumHO, 9TO Yy > €.
BoJtee Tounyto uHbOpMAINIO O PACIOJIOKEHUHN Yy JAET TAKOE yTBEPIKIEHUE.

ITpensnoxkenne 2. Hyav y. aescum 6 unmepsase (y*,y*), 20e

34 7 STy, +2 3.45
y, = =342..., 7. = = —345...,
Lo T AW, (£) 12y Wo ()

u dpyeuz nyael na [0, +00) dynxyua ® ne umeem.

Hoxaszameavcmeo. Kak yxe ormedasioch, HyJb Y, dyukunn ® cymecrsyer,
eIMHCTBEHHBIH u Oosbiie €. PaccMoTpuM ypaBHeHMe
mZ="
yin g - Za
npupasHaB TPaByto 9acth (18) k mysro. [lomyunm KopeHb
m

LT AW (7))

Us (18) cmemyer, uro ®(y ) < 0, oTKyma Y >y . OneHUM y, CBEpXY, pemms
ypaBHEHHE

FEro kopenn
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B coorsercreun ¢ (19) umeem

_ _ Ye T 1 1 1
P >g,n=—--——=—-—-—>0
@) >0~ & T 6 6y,
Tlosromy 4y < ¥,. Ilpemnoxenne 2 moKazaHo. ([

Haitnem na mumMoi mosyocu y > 0 TOYKHM, B KOTOPBIX raMMa-yHKIH
[IPUHUMAET BEIeCTBEHHbIE 3HaYeHN:A. Bce Takue TOYKH HAXO/HTCHd Kak pe-
IIeHU CICAYIOIMX JBYX Cepuil ypaBHeHUH

O(y) =7m+2mm, meNy=NU{0}, (28)
O(y) =2mm, meN. (29)

IIpu dpukcnpoBarHOM M Kaxk10e u3 ypasHenuii (28), (29) uMeer e TMHCTBEH-
HOE DEIEeHUE [iyy, U 7y, COOTBETCTBEHHO (cM. 6° u puc. 1). B Toukax ifi, MHA-
MOt moJsiyocu raMMma-(pyHKIUS TPUHUMAET OTPUIATETbHBIE 3HAUEHUS, B TOY-
KaX 1)y, — [OOJOXKHUTE/IbHBIE, & BO BCEX OCTAJBHBIX TOUYKaX mojyocu y > 0
3HaYeHUs raMMa-(QyHKINT KOMILUTEKCHBIE (HeBerecTBenHbie). [Ipumep joka-
JIM3AIIH 19 = Y J1aH B pemyiozkennn 2. Tem e criocoboM MOXKHO OIEHUTH
BHAYEHUE iy, WU 7)yy [PU JIIOOOM 33 aHHOM HOMepe m € Ny.

Ucnonp3ys sorapudMudeckyro IIKaay, OMUIIEM [IOBEJeHUEe UJIEHOB BO3-
HUKITTAX TTOCIEI0BATEIHLHOCTEN TIpr DOABITTMX HOMepax. [Iast 9Toro BBEIeM
KpaTkne 0003HATEHWS

1 1
Qy, = — 5—7T+27rm , ,Bm:f<z+27rm), m € Ny,
e \ 4 e \4

U JIOKaKeM CJIeYIONINUil pe3yIbTaT.

ITpennoxkenne 3. IIpu m — 0O GepHHL ACUMNMOMUNECKUE PAEEHCMEA

Inln oy, In? In oy,
lnumzlnam—lnlnam—l—l—l—nna+O<nna>, (30)

In (ea,) In? a,,

Inln 3, In?1n B,
7, =By —InlnB, +1+ ——— —rm 31
i =10 nn5++1n(eﬁm)+0<ln26m) (31)

Jokasameavcmeo. Boisenem dopmyity (31). Obocrosanne acummrornkn (30)
TTPOBOAUTCA aHAJIOTUYIHO. I/I'I‘aK7 B HaIlIIX 0603HaquI/IHX nmMeeM

(I)(nm) = 2mm, Bm = x

4de

Badukcupyem m € Ny. Corsacuo (18) sanmiem

8m+1), meNg.

nmlnn—m > T + 2mm,
e 4
OTKY/JIa
T8m+1)  efnm
4W, (%) Wo(Bm)

=1

m
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9TO JIAeT OIEHKY CHU3Y jiisd KOpHsa ypasHenus (29). OneHKy cBepxy BbIBegeM
u3 (19) ¢ yuerom (32). Homyuum

1 1
nmlnn—m < E+27rm+7 < z—i—27rm+7,
e 4 617, 4 6n,

OTKYIa

T(8m+1)n +2

Nm < . - T(Em+1)n_+2 = Mo (33)
ﬂm 0 ( IQeQm )
Urak, cipaBeTUBO JBOWHOE HEPABEHCTBO
N, <Nm <My, mE Ny, (34)

¢ rpanunamu, 3ajaabivu B (32) u (33). Iockoubky ®(y) 3aBegomo Bo3pac-
Taer npu Yy > Y, T0 obparnas dynxuua ®1(3) soszpacraer upu 8 > 0.
Iostomy 7y, = ®71(B,,) ABIFETCS MOHOTOHHO BO3pACTAIOMIEH I 6ECKOHETHO
OOJIBITION MTOCIEIOBATETHHOCTRIO.

O6o3maunM ere

ﬁmE

| 3

1 1
Bm+1)+ —— =fn+

35
e Gen 66Qm’ (35)

B

9TOOBI TIEPENUCcaTh HEPABEHCTBO (34) B «CHMMETPHUIHOIT» hopme

WolBm) ~ € ~ Wo(B,)

uepes 3HaueHus OCHOBHOM BeTBu W-dyrkiuu Jlambepra. C yuerom ompeje-
JIEHUsT TIOC/IE/THE BOBMOXKHA, SKBUBAJIEHTHAS 3AIUCH

exp (Wo(Bm)) < n?m < exp (Wo(Bm)) .

TTocste morapudMupoBaHUsT TOTYIUM PE3YIHTAT

1+ Wo(Bm) < Innm < 1+ Wo(Bn), m € N, (36)
yAOOHBIH st 000CHOBaHME acuMIITOTHUECKOH (hopmysr (31).
Byzmem onmparbcs Ha, IBYCTOPOHHIOK OIEHKY

B Inln 3 I6] Inln 3 Ing

"5 " in(ge) "Ing " n(Be) Tl (Be)

cupasemueyto ipu > e. [pocreitmum ciaencreuem w3 (37) sBjseTcs co-
OTHOIITEHUE

<Wo(B) <1 2B, (37)

Wo(B)=Inf+0(Inlnp), B — +oc. (38)
Ouenka (37) nokasana asropamu B [17] n jonosHser pasBepHyTHIil ackMII-
toruaeckuii pesysbrar pabors [18]. [Tpumenus (37) k (36), mosyuanm, aro

Inln S5,
Inn, >14+mng, —Inlng, + ——, 39
g b b ln(ﬂme) 39)
_ — Inln 3 Inj3 —
I < 1+ 15, — I, + P WP _yop,5 ()

In(3,,€e) ln3(Bme)
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st Beex m > 2. Obpaboraem HepasencTso (40), ucnonbsys (38) u cBassb (35),
B KOTOpOfi Besuuuna 1) B3aTa u3 (32).
ITpu m — oo cpaBeINBLI PABEHCTBA

1 4Wy (ﬁm) (hl Bm >
& E0WPm) (2 Pm
n eBm Bm )’

—m

paminso(5) =m0 (5),
(1o () o ().
intaB,, — i, =1 (140 () ) =0 (5 ).
(s

InlnB,, InlnpBy, Inln 3, )
ln(Bm ) 111 5m€ /62 In 5,

In ﬁ 9 In?In Bm>
(5m ) In lnﬁ <1n2 5. )

Teneps BugHO, uTO HpaBble dacTu HepaBencTs (39), (40) ormmuaroTcs Ha

BEJTMYUHY TOPSIKA
In?1In
0 <25m> , M — 00,
In* G,
otkyna u caeayer dopmyia (31). [lpeamoxenne 3 mokazaHo. O

3

NE

In ﬁ —Infp =1In

=0

®opmyssr (30), (31) meTasbHO OOMCHIBAIOT ACHMIITOTHYECKOE TOBECHIE
JOTAPUDMOB [y, U Ny, TIOKA3BIBASA, B YACTHOCTH, UTO [l ~ Ty TP M — 00,
IloBeenune caMux fiy, U Ny, acumoroTuky (30), (31) orpazkaioT XyzKe, XOTs
COOTBETCTBYIOIAS 331294, BO3MOXKHO, IPEJICTABJISET MHTEPEC.

B xomre sToro pazzgena yrouanm nosejgerne byHKIMU (5), TECHO CBSI3aH-
HO#T ¢ ocHOBHOI dynKIHeit (1).

IIpennoxkenue 4. Oynxuus ¥V, sadannas 6 (5), obaadaem ceolicmsamu,

™

yginoolp( ) Z’ (41)
U (y) <0 npuecex y>0. (42)

Aokazamenvcmeo. 1lposepum cHavasia paserctso (41). s sToro 3ammimem
dopmyny (5) B BUE
+o0 h( ) +o00 ( )
2h(t) — 1 sin(yt
U(y) = —————sin(yt) dt dt
)= [ P sinede + [ T
0 0
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¢ dynkumeit h uz onpegenenuns (4). [Ipu R > 0 ocymecTBuM erie 01HO npe-
obpasoBaHue

R +o0 . to |
W(y) = 0/ 2O =L singye)a + / MO 4y / U 1 T )
R R

BagaanM npousBosibHOE Masioe € > 0 u mogbepem R > 0 mak, 9Tobbl jiis
Bcex Y = 1 OJIHOBPEMEHHO BbIIIOJIHAJINCH HEPABEHCTBA

+oo +oo +oo
h(t) . h(t) £ sin(yt) €
D osintydt| < | 22t < <, °.
/ " sin(yt) / ; < 3 / 5y dt| < 3
R R R

Badukcupyem Haiigmennoe R > 0 u npuvennm K HenpepbiBHOW Ha [0, R]
dyuriyun (h(t) — 0.5) /t nemmy Pumana (cum., nanpuwmep, [21, mi. 18, §2]),
B CU/IYy KOTOPOIt Haiimerca Takoe Yy = 1, uro mpu Bcex y = Y| CripaBeinBo
HEPABEHCTBO

i 2h(t) — 1

— . <
/ " sin(yt) dt | < 3
0

Urak, cormacuo (43), aust Beex y > Yy umeem |U(y) — w/4| < e. IIpeaenshoe
coornomenue (41) mokazano.

IMepeiimem K H0KA3aTENBLCTBY CBOWCTBA (42), BJAEKYIEro CTPOTYIO BBIMYK-
aocrb BBepx dyrkunu ¥ Ha nosokurenbHoil nosyocu. Mcnoassys (10), (13),
3aIIUIIeM

\I/”(y)z@”(y)— (ylny>//=i2yn—1 y>0
e ot (n2 _|_y2)2 y’

Buauut, HEpaBeHCTBO (42) PABHOCHIILHO TOMY, YTO

> 2

2y“n
2(23_2)2<1 npu Bcex y > 0.
nTTy

n=1

A 5TO BBITEKAET M3 LEHOYKU COOTHOIIEHUI

29%n n 1
5 S 5 < , neN,
(n?+y?)°  (n*+05)° nn+l)
U PaBEHCTBA
— 1
>l
—n(n+1)
Vr1BepKAeHNe MOJHOCTHIO JOKA3aHO. ([

Harnaanoe mpeacrasienune 0 CBOWCTBAX BCIOMOTATe bHON (yukimn U,
OTMEYEeHHBIX B 3aMedanun | u mpemoxennn 4, MOXKHO TOTYIUTh U3 puc. 4.
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U

13

ool3

Puc. 4. Tpaduk scnomorarenbuoit pynkiuu W, 3anannoii B (5).

4 AJgbTepHaTUBHBIN MOAXO/ K PEMIEHUIO 3aa9n

Ob6cymum 37echk Apyroil BO3MOYXKHBIN T0/IX0/] K U3YYEHUI0 CBOHCTB (PyHK-
uuu P, ocHOBaHHBIN Ha TPEJICTABJIEHUN

[e.@]
:Z<g—arc‘cgg>—7y—i, y > 0. (44)
n n 2
n=1
®opmyaa (44) dakruueckn ormeuena B [13]. Tam ke ykasana cBs3b

o

0 m—‘rlC 2m + 1)
< —arct ) mtl o 0<y <1, (45
;( g Zl 1 y y (45)

B KOTOPOit ( — m3era-dyurimsa Pumana.
Paccvmorpum «koMILIeKCnMUITUPOBAHHBINY Psifl

i (% — arctg %) , (46)
n=1

e mepeMennasi w npuHaaiexkutT nosoce [Imw| < 1. [lyers K — mpousBoib-
HBII KOMOAKT U3 370i mostochl u d = max {|w|: w € K} > 0. g w € K
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¥ HOMEPOB N > \/2 d 3aluieM OLeHKY
w/n

v arct w‘ / s dr| < [l a 7|T|2 <

— —ar —_] = T e max

n & 1+ 72 S on refow/n] |1+72
0

4 _ept 0
S nl—d?/n? n3’

rie mHTerpast B3aT mo otpesky [0, w/n]. Kak summm, psiz (46), cocraBieHHbI
u3 aHa uTHIecKuX B mosoce |Imw| < 1 dysknwmit, cXomauTcs paBHOMEPHO Ha
kommakTax u3 [Imw| < 1, a ero cymma cormacuo Teopeme Beiteprurpacca
SIBJISIETCS QHAJTUTUIECKON B 9TOi mosioce. Tem cambiv ® ecTh aHajnTHde-
cKast (DYHKIWs BEIECTBEHHON mepeMeHHoil y > 0 Kak CyKeHue Ha M0JIOXKI-
TeJILHYIO NM0JIyoch (yHKImn, anagutndeckoii npu [Imw| < 1. Cuwras, aro
®(0) = —m/2, mosryuum HenpepbiBHyto 1pu Y = 0 dyHKIMIO.
Dopmysta I TPON3BOIHON NUMEeT BUJ

:Zm—% y =0, (47)

n=1

HOCKOJIBKY Psifl B (47), Oy IeHHbIH ToUIeHHBIM T depeHIIMPOBAHIEM Dsi-
na (46), cxomurest paBHOMEpPHO Ha, Jitobom otpeske [0, ¢], tae ¢ > 0. B wacrho-
cru, '(0) = —v. OueBnano, yro dbyukuus (47) BozpacTaer 0T —7y 10 +00,
OpUHUMAasl 3HAYeHUe, PABHOE HYJIO, B €JMHCTBEHHON TOYKE Ymin > 0. JIoKa-
JIU3YEM TOUKY Ymin IVI00aIbHOTO MuHHMYMa byHKINN (44). BHagamge 3ame-
THM, 9TO Ymin < 1, TAK KakK

o0

1 =1
Z n2+1 52;77 ~¢(3) =y =0.02...> 0.

C apyroit ¢CTOPOHHI,

(e}

_i Yimin __ Ymin Zi_ﬁ ,
o n=1 n (TL2 + yr2nin) 2 7”L2 - 12 Ymin:

OTKYZA Ymin > 12v/72 > 0.7. Unteppan (0.7, 1) JoKanIu3amum TOUKE Ymin
MOYKHO CYIIECTBEHHO YMEHBIIUTh, €CJIN OIEHUTH MPOU3BOAHYIO (47) He cToIb
rpy6o. Hampumep, Briosine acHoO, 910

[e.9]

azé(@(S)—l)<2W<((3)—lzb,

160 0 < Ymin < 1 < n/2 mpu Beex n > 2. DT0 1aeT HEPABEHCTBA
1 o 1

——ta< < +b,
1+ yr2nin yr2nin 1+ yr2nin
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U

Puc. 5. T'padurn dynkmmit & (cunmit), &1 (opamkesbrii)
u Oy (3esensblit).

KOTODBIE MOXKHO TIEPENHUCATh B (DOpMe JIBYCTOPOHHEN OIEHKHN

Vﬁb—(b+1—7)< 9 VDy —(a+1—7)

2% min < 2 )

Komnbrorepubiii anamms dopmyabl (47) mOKA3BIBAET, YTO HA CAMOM JeJ1e
Yonin € (0.88, 0.89).

Ouenum renepb Munumasibhoe 3aadenne @iy = @ (Ymin ). duis aroro ymno6-
HO BOCIIOJIB30BaThCs LpejcrapienneM (45).

Ilockombky

1)m+1<~(2m + 1) y2m+1 < 1((3) y3

@y -t <3 ©
m=1

3 2m + 1 3
npu Beex y € (0, 1], To
Di(y) < P(y) < P2(y), < (0,1], (48)
rie 0003HaYeHo
1 3 1 5 T 1 3 T
Q1Y) = 5CB) Y — By —ry—5. P2y =3¢y vy 5. (49)

IIposepserca, o

D (y) =CB)y* —CB)y' —y <0, Phy) =(B)y*—v>0
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s Beex y € (0.7, 1]. CanenoBarensho, na Takom npomexyrke $p yObisaer,
a ®5 Bo3pacraer, U BEPHBI OIEHKN

<I>1(1) < q)l(ymin) < <I>(ymin) < (I)Z(ymin) < (1)2(1)

Orcrona

1 1 s 1 T
gg(g)_gg(g))_’y_i < (Dmin < gC(S) _7_5
co 3HavenuaMu rpanurl —1.95... n —1.74... coorBeTcTBeHHO. UMCIEHHBIH
axasm3 gopmyssl (44) wa KoMmmbioTepe gaer P, € (—1.878, —1.877).

Urak, uHa orpeske [0, Ymin] byskims @ yosiBaer or —m/2 10 Ppin, 3aTeM
HA, JIYUe [Ymin, +00) dyHKIust ¢ Bozpacraer or Py 10 +00. Ha Beem myue
y > 0 dyukuus ¢ BeImyKIa BHE3, MOCKOJIBKY u3 (47) mocie muddepenmn-
POBAHUS UMEEM

)
" o n
®(y)_2yzl(n2—|—y2)2>0, y>07
n=

aTo coBnagaer ¢ dopmy.oii (10).

Muorounenst (49) cyThb yrydIeHHbIE MUHOPAHTA U MAZKOPAHTA JI/1st (PYHK-
. ® TP MaJIBIX HOJIOXKHUTENBHBIX ¥ 10 cpaBHeHHo ¢ ® u ® u3 Teopemsl 1
(cm. puc. 2 u puc. 5). B o xe Bpewmst, u3 orernok (48) sunno, uto ®1, P9 He
POJIATCS JIJIsl KA9eCTBEHHOTO OIEHUBAHUS KOPHS Yx. DTO MPOJEJAHO B [IPEJI-
JIOYKEHUH 2 ¢ MPHUBJIEIEHIEM WHTETrpaabHOro npesacrasiaenus (1). Ormernm,
HAKOHEI[, YTO W aCUMITOTHYecKoe mosefenne P(y) mpm y — +00 Takxe
OpOIIE U3yvIaTh, HCXO/I U3 WHTErPAIBHOTO TpeacTaBienus (1) (cm. mpemto-
JKeHue 1), a He u3 paszsoxkenns B psajg (44).

Asropnl npusnarensibl B.1. CyeiiManoBy 3a nHTEpec K paboTe U IeHHbIe
yKa3aHus Ha JATepaTypHble HCToIHuKH |7]-[9].
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