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Abstract: In this paper, we consider some switching transforma-
tions of generalized Reed-Muller codes of order (q−1)m−2. Using
these switching transformations, we prove that for q ≥ 3, m ≥ 3,
n = qm, and any t ∈ {1, 2, . . . ,m + 1}, there exist nonlinear 1-
quasi-perfect q-ary codes of length n and rank n − m − 1 + t. In
particular, we prove that for q ≥ 3, m ≥ 3, n = qm, there exist
nonlinear 1-quasi-perfect q-ary codes of full rank. We also provide
a bound on the kernel dimension for some nonlinear 1-quasi-perfect
q-ary codes.

Keywords:Galois geometry, generalized Reed�Muller code, quasi-
perfect code, nonlinear code, code rank, code kernel, switching.

1 Introduction

Switching is a local transformation of a combinatorial structure that does
not change its basic parameters. The transformation is usually carried out
using a switching set S, which is replaced by some other set S ′. For example:

(1) In the case of error-correcting codes, S is a subset of the codewords.
(2) In the case of combinatorial designs, S is a subset of the blocks, and

in this case switching is sometimes called trade [1].

Romanov, A.M., Switching method for generalized Reed-Muller codes.

c⃝ 2023 Romanov A.M..

This research was carried out within the State Contract of the Sobolev Institute of
Mathematics (FWNF-2022-0017).

Received January, 1, 2023, Published December, 31, 2023.

144



SWITCHING METHOD FOR GENERALIZED REED-MULLER CODES 145

(3) In the case of strongly regular graphs, S is a subset of edges together
with a subset of non-edges [2, Ch. 7].

Below are some examples of the application of switching transformations
in various areas of combinatorics and discrete mathematics.

In 1962, Vasiliev [3] proposed a switching construction of 1-perfect binary
codes. He showed that from any 1-perfect binary code C of length n, using his
construction, one can construct 2|C| di�erent 1-perfect binary codes of length
2n+1. Since n = 2m−1 and |C| = 2n−m, the number of nonequivalent Vasiliev
codes grows doubly exponentially. It is known that there are 19 nonequivalent
Vasiliev codes (including the Hamming code) of length 15 [4]. The question
of the number of nonequivalent Vasiliev codes of length 31 remains open.

Etzion and Vardy [5], based on Vasiliev's ideas, proposed switching trans-
formations of the binary Hamming code and constructively proved the exis-
tence of 1-perfect binary codes of full rank. They also showed that no previ-
ously known method could construct full-rank 1-perfect binary codes.

Phelps and Villanueva [6], based on the ideas of Etzion and Vardy, proposed
a non-constructive version of the switching transformation of Hamming codes
de�ned over an arbitrary �nite �eld Fq. Phelps and Villanueva established

that for m ≥ 4 there exist 1-perfect q-ary codes of length n = qm−1
q−1 and

rank(C) = n−m+ s for any s ∈ {1, . . . ,m}.
A 2-design (balanced incomplete block design, BIBD) is quasi-symmetric

with intersection numbers x and y (x < y) if any two blocks intersect in either
x or y points. The block graph of a quasi-symmetric design, where two blocks
are adjacent if they intersect in x points, is strongly regular. There is a close
relationship between certain quasi-symmetric designs and codes that meet
the Grey-Rankin bound. In [7], Jungnickel and Tonchev used maximal arcs
for a switching transformation of quasi-symmetric designs, leading to the
construction of new quasi-symmetric designs.

In [8], Crnkovi�c and �Svob proposed another switching transformation of
2-designs. They showed that this switching transformation can be applied to
symmetric designs related to Bush-type Hadamard matrices, and constructed
new Bush-type Hadamard matrices of orders 36 and symmetric (100, 45, 20)
designs yielding Bush-type Hadamard matrices of order 100.

In [9], Orrick de�ned several operations that switch substructures of Hada-
mard matrices, thereby creating new, generally nonequivalent, Hadamard
matrices. To illustrate the capabilities of the method, he used them to
signi�cantly improve the lower bounds on the number of equivalence classes
of Hadamard matrices of orders 32 and 36.

Using switching, Ihringer [10] found 16,565,438 strongly regular graphs
with parameters (81, 30, 9, 12), whereas only 15 appear to be described in the
literature. The �rst example of a strongly regular graphs with parameters
(81, 30, 9, 12) was constructed by van Lint and Schrijver in [11] as the point
graph of a partial geometry.



146 À.Ì. ROMANOV

A function f : F2n → F2n is called almost perfect nonlinear (APN) if the
equation

f(x+ a) + f(x) = b

has exactly 0 or 2 solutions for any b ∈ F2n and any nonzero a ∈ F2n . APN
functions were introduced by Nyberg, who identi�ed them as the mappings
with the highest resistance to di�erential cryptanalysis. Finding new APN
functions is an important research topic in cryptography. In [12], Edel and
Pott applied the switching construction to known examples of APN functions
in low dimensions (n ≤ 9). In particular, they constructed a new non-
quadratic APN function and proved that this new function is not equivalent
to power functions and quadratic functions. This is the only known function
with such properties.

A function f : Fpn → Fpn is called planar if the equation

f(x+ a) + f(x) = b

has exactly 1 solution for any b ∈ Fpn and any nonzero a ∈ Fpn . In [13], Pott
and Zhou discuss possible extensions of the switching developed in [12] to
the case of planar functions. Pott and Zhou showed that some of the known
planar functions can be constructed from each other by switching.

Using switching, Minjia Shi et al. [14] constructed a huge class of MRD
codes and showed that the cardinality of this class grows doubly exponen-
tially.

In [14], switching transformations of generalized Reed-Muller codes of
order (q−1)m−2 are proposed and it is proved that the number of nonequiva-
lent quasi-perfect Reed-Muller-like codes of order (q− 1)m− 2 grows doubly
exponentially.

There is a close relationship between 1-perfect codes and Reed-Muller-like
codes of order (q − 1)m− 2 (see [16, 17]). There is also a close relationship
between extended 1-perfect q-ary codes and Reed-Muller-like codes of order
(q − 1)m− 2 (see [18]).

The classi�cation and enumeration of 1-perfect codes over �nite �elds is
a widely open problem in coding theory [19, p. 180].

The generalized Reed-Muller code of order (q−1)m−2 is dual to the �rst-
order generalized Reed-Muller code. The study of �rst-order Reed-Muller
codes is of great importance, especially in cryptography.

The question of the rank and dimension of the kernel is natural for nonlinear
codes and is related to the classi�cation of codes.

In [20] it is proved that for any t ∈ {1, 2, . . . ,m+1} there exist nonlinear
1-quasi-perfect q-ary codes of length n and rank n−m−1+t, where n = qm.
Here, m ≥ 5 for q = 3 and 4, m ≥ 4 for 5 ≤ q ≤ 19, and m ≥ 3 for q ≥ 23.

In the present paper we consider some switching transformations of gen-
eralized Reed-Muller codes of order (q − 1)m − 2. Using these switching
transformations we prove that for q ≥ 3, m ≥ 3, n = qm, and any t ∈
{1, 2, . . . ,m+ 1}, there exist nonlinear 1-quasi-perfect q-ary codes of length
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n and rank n − m − 1 + t. We also prove that for q ≥ 3, m ≥ 3, n = qm,
there exist nonlinear 1-quasi-perfect q-ary codes of full rank.

Furthermore, for q ≥ 3, m ≥ 3, n = qm we prove the existence of
nonlinear 1-quasi-perfect q-ary codes of length n with kernel dimension at
least n− [m]q − qm−1, where [m]q is the q-analog of the natural number m.
By de�nition,

[m]q := 1 + q + · · ·+ qm−1.

2 Preliminaries

In this section we present the de�nitions and main results that we need
in what follows.

Let Fn
q be a vector space of dimension n over a �nite �eld Fq of order q,

where q is a power of a prime number p. We will consider vectors belonging
to Fn

q as words of length n over the alphabet Fq. For any pair of words
x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) in Fn

q , we de�ne the Hamming
distance d(x,y). Put

d(x,y) := |{i |xi ̸= yi}|.
A code C is just a subset of Fn

q equipped with the Hamming distance. The
words belonging to a code C will be called codewords. A code is said to
be linear if it is a linear subspace over Fq. Otherwise, a code is said to be
nonlinear.

The weight of a word x = (x1, x2, . . . , xn) ∈ Fn
q is equal to the number of

nonzero components in x and is denoted by wt(x).
A Hamming sphere of radius r centered at x is the set

Br(x) := {y ∈ Fn
q | d(x,y) ≤ r}.

The packing radius e(C) of a code C of length n is the maximum number
e ∈ {0, 1, . . . , n} such that

Be(u) ∩Be(v) = ∅ for all u,v ∈ C, u ̸= v.

The covering radius ρ(C) of a code C of length n is the smallest number
ρ ∈ {0, 1, . . . , n} such that ∪

c∈C
Bρ(c) = Fn

q .

A code C is perfect if ρ(C) = e(C), and C is quasi-perfect if ρ(C) = e(C)+1.
If the packing radius of a perfect (quasi-perfect) code is e, then the code is
said to be e-perfect (e-quasi-perfect).

The minimum distance of the code C is

d(C) := min{d(x,y) | x,y ∈ C,x ̸= y}.
We will use the notation (n,M, d)q for a q-ary code of length n, size M ,

and minimum distance d. For a linear q-ary code of length n, dimension k
and minimum distance d, we will use the notation [n, k, d]q. In the case of
binary codes, the index q can be omitted.
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The rank of a code C ⊆ Fn
q is the dimension of the subspace spanned by

C. We will denote the rank of a code C by rank(C). If C is a linear code of
dimension k, then rank(C) = k. If C is a nonlinear code of length n and
contains qk codewords, then k + 1 ≤ rank(C) ≤ n. A code C of length n is
called a full-rank code if rank(C) = n.

The kernel of a code C ⊆ Fn
q is the set

ker(C) :=
{
x ∈ Fn

q

∣∣∣ λ · x+ C = C for any λ ∈ Fq

}
.

One can easily see that if the all-zero word belongs to C, then ker(C) is a
linear subcode of C, and C is the union of cosets of the subspace ker(C). We
will denote the dimension of the kernel of C by dim(ker(C)).

By AG(m, q) we denote the a�ne space of dimension m over Fq. The
vectors of the vector space Fn

q are points of the a�ne space AG(m, q).
The cosets of k-dimensional linear subspaces of the vector space Fn

q are
k-dimensional a�ne subspaces of the a�ne space AG(m, q). Lines are 1-
dimensional a�ne subspaces. For example, the a�ne plane AG(2, 3) contains
9 points and 12 lines. For more details on �nite a�ne geometry, see, e.g.,
[21, Ch. 3].

The classical Reed�Muller codes are binary codes [19, Ch. 13]. A generali-
zation of Reed�Muller codes to the q-ary case was proposed by Kasami et
al. in [25].

Let Fq[X1, X2, . . . , Xm] be the polynomial algebra in m variables over Fq.
For a polynomial f ∈ Fq[X1, X2, . . . , Xm], we denote its total degree by
deg(f). Let n = qm and let r be an integer such that 0 ≤ r ≤ (q − 1)m. Let
the points P1, P2, . . . , Pn of the a�ne space AG(m, q) be ordered in some
way. A generalized Reed�Muller code of order r over Fq is the subspace{(

f(P1), f(P2), . . . , f(Pn)
) ∣∣∣ f ∈ Fq[X1, X2, . . . , Xm], deg(f) ≤ r

}
.

The generalized Reed-Muller code RM q(r,m) of order r = (q − 1)m − 2
with q ≥ 3 has parameters [n = qm, n −m − 1, 3]q (see [17]). In the binary
case, the generalized Reed�Muller code RM q(r,m) of order r = (q−1)m−2
is an extended Hamming code and has parameters [n = 2m, n−m− 1, 4].

Generalized Reed�Muller codes RM q(r,m) of order r = (q − 1)m− 2 are
linear 1-quasi-perfect codes [17].

3 Switching of linear codes

In this section, we propose an approach to constructing a switching set
for linear codes.

De�nition 1. Let C be a code with parameters (n,M, d)q. A set S ⊆ C is
called a switching set of C if there exists a set S ′ ⊆ C di�erent from S and
such that the code C′ = (C \ S) ∪ S ′ has parameters that coincide with the
parameters of C, that is, (n,M, d)q.
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Let ei be a vector of length n, all components of which are equal to zero
except for the ith component, which is equal to 1.

Proposition 1. Let S ⊆ C, d(C) = d. Suppose that for any codeword c ∈ S,
all codewords c′ ∈ C such that d(c+ ei, c

′) = d− 1 belong to S. Then the set
S is a switching set of C and S ′ = S + ei.

Proof. Let us show that the minimum distance of C′ = (C \ S) ∪ S ′ is d. Let
x ∈ S and y ∈ C \ S. Assume that d(x + ei,y) = d − 1. Then y ∈ S. We
arrive at a contradiction. Hence, the minimum distance of C′ is d. �
Theorem 1. Let i ∈ {1, . . . , n} and C be a linear code with parameters
[n, k, d]q. Let Si be a subspace spanned by the set of all codewords of minimum
weight that have 1 in the ith coordinate. Then the subspace Si is a switching
set of C and S ′

i = Si + λ · ei for any λ ∈ Fq \ {0}.

Proof. Let us show that the minimum distance of C′ = (C \ Si) ∪ S ′
i is d.

Let x ∈ Si and y ∈ C \ Si. Assume that d(x + λ · ei,y) = d − 1. Then
d(λ · ei,y−x) = d− 1. Thus, (y−x) is a codeword of minimum weight and
(y − x) ∈ Si. Therefore, y ∈ Si. We arrive at a contradiction. Hence, the
minimum distance of C′ is d. �
Corollary 1. Let x ∈ C. Then the code

C′ = C \ (Si + x) ∪ (Si + x+ λ · ei)
has parameters (n,M = qk, d)q.

4 Switching of generalized Reed-Muller codes

In this section, we describe the switching transformations of the generalized
Reed�Muller codes of order (q − 1)m− 2.

The parity-check matrix H of RM q((q − 1)m − 2,m) is a matrix of size
(m+1)× qm, containing the all-one vector of length n = qm, i.e. a vector all
components of which are equal to 1, and containing all transposed vectors
from Fm

q of height m (see [26]). Let

H = [h1,h2, . . . ,hn] ,

where h1,h2, . . . ,hn are the columns of H. Let points P1, P2, . . . , Pn of the
a�ne space AG(m, q) correspond to the columns h1,h2, . . . ,hn of the parity-
check matrix H and also correspond to the coordinates i1, i2, . . . , in of the
vector space Fn

q , and let these correspondences be one-to-one.
The support of a nonzero vector x = (x1, . . . , xn), xi ∈ Fq is the set of

indices of its nonzero components: supp(x) := {i |xi ̸= 0}.
We will call a codeword of weight 3 of the code RM q((q − 1)m− 2,m) a

triple. Let c = (c1, c2, . . . , cn) be a triple, and let supp(c) = {i, j, k}. Then
(1) The triple c lies on a line l if {Pi, Pj , Pk} ⊆ l;
(2) The corresponding columns hi,hj ,hk are linearly dependent, i.e.,

cihi + cjhj + ckhk = 0.
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Let i ∈ {1, . . . , n}. Then by Ri we denote the subspace spanned by the
set of all triples of RM q((q− 1)m− 2,m), that have 1 in the ith coordinate.
By the de�nition, the minimum distance of the linear code Ri is 3.

Proposition 2. Let q ≥ 3,m ≥ 1 and n = qm. Then for any i ∈ {1, 2, . . . , n}
the dimension of the linear code Ri is n− [m]q−1, where [m]q is the q-analog
of the natural number m.

Proof. It is known that for q ≥ 3 every line of the a�ne space AG(m, q) lies
in the code Ri is n − [m]q − 1 (see [27, 28]). The generalized Reed�Muller
code RM q((q−1)m−2,m) is spanned by codewords of the minimum weight
[28, 29]. In the a�ne space AG(m, q) there are n−1

q−1 lines passing through

each point, and each line contains q points. For every two distinct points,
there exists a unique line passing through them. Thus, for each line, there
are q − 2 linearly independent triples lying on this line. Hence, the number
of linearly independent triples spanning Ri is

(q − 2)
n− 1

q − 1
= n− [m]q − 1.

�
Proposition 2 was �rst proven in [15], but we provide the proof for the

sake of completeness.

Proposition 3. Let q ≥ 3, m ≥ 2, n = qm, x ∈ RM q((q − 1)m − 2,m).
Then for any i ∈ {1, 2, . . . , n} and for any λ ∈ Fq \ {0} the set

C′ =
(
RM q((q − 1)m− 2,m) \ (Ri + x)

)
∪
(
Ri + x+ λ · ei

)
is a nonlinear code with parameters (n, qn−m−1, 3)q.

Proof. Clearly, C′ is a nonlinear code. By Corollary 1 the minimum distance
of C′ is 3. �
Proposition 4. Let q ≥ 3, m = 2, n = qm. Then for any i, j ∈ {1, 2, . . . , n},
i ̸= j, we have

dim(Ri ∩Rj) ≥ q(q − 2)− 1.

Proof. Form = 2 and for any i, j ∈ {1, 2, . . . , n}, i ̸= j, we have the following:

dim(RM q((q − 1)m− 2,m)) ≥ dim(Ri +Rj),

dim(Ri +Rj) = dim(Ri) + dim(Rj)− dim(Ri ∩Rj).

The dimension of RM q((q−1)m−2,m) is known to be n−m−1 (see [22]).
By Proposition 2, for m = 2 we have

dim(Ri) = dim(Rj) = q(q − 1)− 2.

Hence, for m = 2 and for any i, j ∈ {1, 2, . . . , n}, i ̸= j, we have

dim(Ri ∩Rj) ≥ q(q − 2)− 1.

�
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Proposition 5. Let q ≥ 3, m ≥ 2, n = qm. Then for any i, j ∈ {1, 2, . . . , n},
i ̸= j, we have

dim(Ri ∩Rj) ≥ n− [m]q − qm−1.

Proof. Let lij be a line passing through the points Pi and Pj . For m = 2, the
line lij has q − 2 linearly independent elements of the basis of the subspace
Ri ∩ Rj , and the remaining elements of the basis of Ri ∩ Rj belong to a
plane passing through the line lij . In the a�ne space AG(m, q), the number

of planes passing through a given line is qm−1−1
q−1 . By Proposition 4, for m = 2

and for any i, j ∈ {1, 2, . . . , n}, i ̸= j, the basis of the subspace Ri ∩ Rj ,
contains at least q(q− 2)− 1 linearly independent vectors. Hence, for m ≥ 2
and for any i, j ∈ {1, 2, . . . , n}, i ̸= j, the basis of Ri ∩Rj contains at least

qm−1 − 1

q − 1

(
q(q − 2)− 1− (q − 2)

)
+ (q − 2)

elements. Since

qm−1 − 1

q − 1

(
q(q − 2)− 1− (q − 2)

)
+ (q − 2) = n− [m]q − qm−1,

for m ≥ 2 and for any i, j ∈ {1, 2, . . . , n}, i ̸= j, we have

dim(Ri ∩Rj) ≥ n− [m]q − qm−1.

�

For a given code RM q((q − 1)m− 2,m) and t = 0, 1, 2 we de�ne the sets

RM
(t)
q ((q − 1)m− 2,m) as

RM (t)
q ((q − 1)m− 2,m) :=

{
x ∈ Fn

q

∣∣ d(x, RM q((q − 1)m− 2,m)
)
= t

}
.

The sets RM
(t)
q ((q − 1)m − 2,m) are referred to as subconstituents of the

1-quasi-perfect code RM q((q − 1)m− 2,m).

Proposition 6. Let q ≥ 3, m ≥ 2. Let x ∈ RM
(2)
q ((q − 1)m − 2,m),

wt(x) = 2 and supp(x) = {j, k}. Let i ̸= j, i ̸= k and let the points Pi, Pj , Pk

are collinear. Then there exists a triple c ∈ Ri such that supp(c) = {i, j, k}
and d(c,x) = 2.

Proof. Consider a codeword

x = (x1, x2, . . . , xn) ∈ RM (2)
q ((q − 1)m− 2,m),

where n = qm. Let wt(x) = 2 and supp(x) = {j, k}. Then there exist q − 2
linearly independent triples lying on the line l, passing through the points
Pj and Pk. Let i ̸= j, i ̸= k, and let the points Pi, Pj , Pk are collinear. Then
the line l contains a triple c = (c1, c2, . . . , cn) such that supp(c) = {i, j, k}.
For some scalar µ ∈ Fq \{0}, we have either xj = µ · cj or xk = µ · ck. Hence,
d(x, µ · c) = 2. �
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By Mi we denote the matrix whose rows correspond to all triples of
RM q((q−1)m−2,m) that have 1 in the ith coordinate, and whose columns
correspond to the coordinates of Fn

q . Each row of Mi contains 3 nonzero
elements of Fq, and the elements of the ith column of Mi are all equal to 1.

Proposition 7. Let q ≥ 3, m ≥ 1, and n = qm. Any column of Mi other
than the ith column contains q − 2 distinct nonzero elements of Fq and does
not contain −1.

Proof. Let j ∈ {1, 2, . . . , n} and j ̸= i. First, we show that any jth column of
Mi contains q−2 nonzero elements of Fq. Since only one line passes through
any two points in AG(m, q), all rows of Mi that have a nonzero element in
the jth column are linearly independent. As noted in Proposition 2, all q−2
linearly independent triples lying on some line belong to RM q((q − 1)m −
2,m). Therefore, any jth column of Mi contains q − 2 nonzero elements of
Fq. Since only one line passes through any two points in AG(m, q), all q− 2
nonzero elements in any jth column of Mi are di�erent.

Since the parity-check matrix H of RM q((q− 1)m− 2,m) contains a row
all of whose elements are equal to 1, and each row of Mi contains only 3
nonzero elements, one of which is equal to 1, then any jth column of the
matrix Mi does not contain −1. �

Proposition 8. Let q ≥ 3, m ≥ 2. Let x ∈ RM
(2)
q ((q−1)m−2,m), wt(x) =

2 and supp(x) = {j, k}. Let i ̸= j, i ̸= k and let the points Pi, Pj , Pk are not
collinear. Then for any λ ∈ Fq \ {0} there exists a codeword c ∈ Ri + λ · ei
such that wt(c) = 4 and d(c,x) = 2.

Proof. By the conditions of Proposition 8, supp(x) belongs to 2 lines passing
through the point Pi and passing through the points Pj , Pk. Therefore, by
Proposition 7 there exists a codeword c′ = (c′1, c

′
2, . . . , c

′
n) ∈ Ri such that

wt(c′) = 5 and c′i = −λ, c′j = xj , c
′
k = xk. �

5 Rank and kernel dimension of quasi-perfect

Reed-Muller-like codes

In this section we prove the existence of 1-quasi-perfect Reed-Muller-like
q-ary codes of various ranks.

Let t ∈ {2, 3, . . . ,m + 1}. We say that the coordinates i1, i2, . . . , it of the
vector space Fn

q are independent if the columns h1,h2, . . . ,ht of the parity-
check matrixH of RM q((q−1)m−2,m) that correspond to these coordinates
are linearly independent.

Note that any pair of coordinates i, j ∈ {1, 2, . . . , n}, i ̸= j, is independent,
since the minimum distance of RM q((q − 1)m− 2,m) is 3.

Proposition 9. Let q ≥ 3, m ≥ 3 and n = qm. Let t ∈ {2, 3, . . . ,m+1} and
i1, i2, . . . , it be independent coordinates of Fn

q . Then in RM q((q−1)m−2,m)
there exist codewords xi1 ,xi2 , . . . ,xit such that xis ∈ RM q((q−1)m−2,m)\
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Ris for is ∈ {i1, i2, . . . , it} and such that

(Ri + xi) ∩ (Rj + xj) = ∅

for any i, j ∈ {i1, i2, . . . , it}, i ̸= j.

Proof. Since the dimension of RM q((q − 1)m− 2,m) is n−m− 1, and the
dimension of Ri is n− [m]q − 1, then for any i ∈ {1, 2, . . . , n} the subspace

Ri splits RM q((q − 1)m − 2,m) into q[m]q−m cosets. By Proposition 5, for
any i, j ∈ {1, 2, . . . , n}, i ̸= j, the dimension of Ri ∩Rj ≥ n− [m]q − qm−1.
Consequently, each element of the partition of RM q((q − 1)m − 2,m) into

cosets formed by Ri intersects at most qq
m−1−1 elements of the partition of

RM q((q−1)m−2,m) into cosets formed by Rj . Since for m ≥ 3 the relation
qm−1 − 1 ≪ [m]q − m holds, then for m ≥ 3 there exist codewords x1,x2

such that xs ∈ RM q((q − 1)m− 2,m) \ Ris for s ∈ {1, 2} and such that

(Ri + x1) ∩ (Rj + x2) = ∅.

It is easy to calculate that for m ≥ 3 we can choose m + 1 independent
coordinates i1, i2, . . . , im+1 and m+1 codewords xi1 ,xi2 , . . . ,xim+1 such that
xis ∈ RM q((q − 1)m− 2,m) \ Ris for is ∈ {i1, i2, . . . , it} and such that

(Ri + xi) ∩ (Rj + xj) = ∅

for any i, j ∈ {i1, i2, . . . , it}, i ̸= j. �

Theorem 2. Let q ≥ 3, m ≥ 3 and n = qm. Let t ∈ {1, 2, . . . ,m + 1}
and i1, i2, . . . , it be independent coordinates of Fn

q . Let the codewords xis ∈
RM q((q − 1)m− 2,m) \ Ris for is ∈ {i1, i2, . . . , it} be such that

(Ri + xi) ∩ (Rj + xj) = ∅

for any i, j ∈ {i1, i2, . . . , it}, i ̸= j. Then for any λi1 , λi2 , . . . , λit ∈ Fq \ {0}
the set

Ct =
(
RM q((q− 1)m− 2,m) \

t∪
s=1

(Ris + xis)
)
∪
( t∪

s=1

(Ris + xis + λis · eis)
)

is nonlinear 1-quasi-perfect code with parameters (n, qn−m−1, 3)q.
Furthermore,

(1) rank(Ct) = n−m− 1 + t,
(2) dim(ker(Ct)) ≥ n− [m]q − qm−1 for t = 2.

Proof. Let us show that the code Ct is a nonlinear 1-quasi-perfect code with
parameters (n, qn−m−1, 3)q. It is obvious that the code Ct is nonlinear. From
Proposition 9 and the conditions of the theorem it follows that the number of
codewords in Ct is equal to the number of codewords in RM q((q−1)m−2,m).
Therefore, the number of codewords in Ct is qn−m−1. From Propositions 3,
9 and the conditions of the theorem it follows that the minimum distance of
Ct is 3.
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Let us show that ρ(Ct) = 2. Let us assume that y ∈ RM
(2)
q ((q−1)m−2,m).

Then there exists a word c ∈ RM q((q − 1)m − 2,m) such that d(c,y) = 2.
Assume that c ∈ Ris+xis . Since wt(y−c) = 2, then let supp(y−c) = {j, k}.

Assume that points Pis , Pj and Pk are collinear. Then:

(1) If is = j or is = k, then it is obvious that there exists a triple c′ ∈ Ris

such that d(y, c+ c′ + λis · eis) = 2 and c+ c′ ∈ Ris + xis .
(2) If is ̸= j and is ̸= k, then by Proposition 6 there exists a triple

c′ ∈ Ris such that d(y, c+ c′ + λis · eis) = 2 and c+ c′ ∈ Ris + xis .

Assume that points Pis , Pj and Pk are not collinear. Then, by Proposition
8, there exists a triple c′ ∈ Ris such that d(y, c + c′ + λis · eis) = 2 and
c+ c′ ∈ Ris + xis .

Now we show that rank(Ct) = n−m− 1 + t. It is known that rank(C1) =
n−m (see [20]). Assume that rank(Ct−1) = n−m− 1 + t− 1. Then

rank
(
Ct−1 \ (Rit + xit)

)
= n−m− 1 + t− 1.

By the conditions of Theorem 2, coordinates i1, i2, . . . , it are independent.
Therefore, words from the set Rit + xit + λit · eit cannot be generated by
words from Ct−1. Thus, rank(Ct) = n−m− 1 + t.

Next we show that for t = 2 the kernel of the code

C2 =
(
RM q((q− 1)m− 2,m) \

2∪
s=1

(Ris +xis)
)
∪
( 2∪

s=1

(Ris +xis + λis · eis)
)

contains at least n− [m]q − qm−1 linearly independent vectors.
Since by the conditions of Theorem 2 the zero vector belongs to C2, we

have ker(C2) ⊆ C2. Assume that y ∈ ker(C2). Then it is clear that

y ∈
(
RM q((q − 1)m− 2,m) \

2∪
s=1

(Ris + xis)
)
.

Hence,
(Ri1 + xi1) + y ⊆ RM q((q − 1)m− 2,m)

and

(Ri1 + xi1) + y + λi1 · ei1 ⊆ RM q((q − 1)m− 2,m) + λi1 · ei1 .
By the assumption, we have y ∈ ker(C2). Hence,

(Ri1 + xi1 + λi1 · ei1) + y ⊆ C2.
Since

(RM q((q − 1)m− 2,m) + λi1 · ei1) ∩ C2 = Ri1 + xi1 + λi1 · ei1 ,
we have

(Ri1 + xi1) + y + λi1 · ei1 ⊆ Ri1 + xi1 + λi1 · ei1 .
Therefore, y ∈ Ri1 .

On the other hand,

(Ri2 + xi2) + y ⊆ RM q((q − 1)m− 2,m).
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Thus, y ∈ Ri2 . By Proposition 5 we have Ri1 ∩ Ri2 ≥ n − [m]q − qm−1.
Therefore, we conclude that

dim(ker(C2)) ≥ n− [m]q − qm−1.

�
Corollary 2. For q ≥ 3, m ≥ 3, n = qm there exist full-rank nonlinear
1-quasi-perfect q-ary codes of length n.
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