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Abstract. In the classical setting, T. Diagana provided in his paper [1] some sufficient conditions under
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linear operators in the non-archimedean context with n ≥ 3.
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Introduction

The theory of Fredholm operators plays a central role in functional analysis and its applications to partial

differential equations, index theory, and mathematical physics.

The study of perturbations of p-adic linear operators has progressed through several stages. The initial

investigation was undertaken by J. P. Serre in [6], who examined compact perturbations of the identity

in Banach spaces with orthogonal bases. This was later extended by L. Gruson in [5], to a more general

class of Banach spaces, still focusing on perturbations of the identity. A comprehensive treatment of the

subject was ultimately provided by W. H. Schikhof in [7]. A complete study of compact perturbations

of Fredholm operators and stability of the index on non-archimedean Banach spaces was provided a few

years later by Perez-Garcia, J. Araujo and S. Vega in [11]. This result was genralized later in [12] by S.

Sliwa to Fréchet spaces. An interesting work on the Fredholm theory for p-adic locally convex spaces was

previously presented by N. De Grande-De Kimpe and J. Martinez-Maurica in [16]. For additional details

on locally convex spaces, the reader is directed to consult [17].

While the perturbation theory for bounded Fredholm operators is well established, the unbounded case

presents deeper analytical challenges due to the lack of global continuity. Understanding how perturba-

tions affect the Fredholmness and index of unbounded operators is crucial, particularly in settings where

operators naturally arise as unbounded, such as differential operators on function spaces. For more details

on this class of operators, we refer to [8], [9] and [10].
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In [1,Theorem 1], some sufficient conditions are given so that if A,B and C are three unbounded linear

operators with A being a Fredholm operator, then their algebraic sum A + B + C is also a Fredholm

operator. The main goal of this note is to generalize this result to n (possibly unbounded) linear operators

with n ≥ 3. Namely, we investigate conditions under which the algebraic sum

n∑
k=1

Ak is still Fredholm

and how the index behaves under such perturbations. The algebraic sum

n∑
k=1

Ak is defined as follows: If

A1 : D(A1) ⊂ X → Y, A2 : D(A2) ⊂ X → Y, ..., and An : D(An) ⊂ X → Y are n unbounded linear

operators. Then the algebraic sum

n∑
k=1

Ak is defined on D =

n⋂
k=1

D(Ak) by
( n∑
k=1

Ak

)
(x) =

n∑
k=1

Ak(x) for

all x ∈ D. Recall that this algebraic sum may not be closed even if each Ak is closed. The validity of this

result requires additional conditions that will be provided later. For more information on closed linear

operators, we refer the reader to [14].

Preliminaries and Notations

In this paper, (X, ∥ . ∥
X
) and (Y, ∥ . ∥

Y
) stand for two non-archimedean infinite-dimensional Banach

spaces over a spherically complete valued field (K, | . |). When it is clear from the context, we denote by

∥ . ∥ for both ∥ . ∥
X

and ∥ . ∥
Y
. Additional details about this class of spaces can be found in [15].

Definition 1 We say that the field K is spherically complete, if every decreasing sequence of balls has

a nonempty intersection.

Examples 1 i) Complete discretely valued fields are spherically complete.

ii) If K is locally compact, then K is spherically complete.

For more details on spherically complete fields, we refer to [13].

Definition 2 [4,Definition 6.4] An unbounded operator A : D(A) ⊂ X → Y is said to be closed, if its

graph G(A) =
{
(x,Ax)/x ∈ D(A)

}
is a closed subset of X × Y.

Definition 3 [4,Definition 6.15] Let A : D(A) ⊂ X → Y be a (possibly unbounded) operator. Then A is

called Fredholm if the following conditions are satisfied

• A is closed

• α(A) = dim(N(A)) and β(A) = codim(R(A) are finite.

In this case, we define the index of A to be the integer ind(A) = α(A)− β(A).

Definition 4 A subspace M of X is said to be complemented, if there exists a closed subspace N of X

such that X = M ⊕N.

Let A : D(A) ⊂ X → Y be an unbounded linear operator where D(A) stands for the domain of A. As

usual, we denote by N(A) and R(A) the kernel and the range of A respectively.
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If A is closed, then its graph norm is denoted by ∥ . ∥
A
and defined by ∥x∥

A
:= max(∥x∥, ∥Ax∥) for all

x ∈ D(A)
(
see [4, p.128]

)
. It is clear that DA :=

(
D(A), ∥ .∥

A

)
is a non archimedean Banach space as A

is closed.

Let T : X → Y be a Fredholm operator. Since K is spherically complete, then N(A) and R(A) are topo-

logically complemented
(
see [3,proposition 2.9]

)
, that is, there exist two closed subspaces X0 ⊂ X and

Y0 ⊂ Y such that X = N(A)⊕X0 and Y = R(A)⊕Y0. Define T̂ : X0×Y0 → Y by T̂ (x0, y0) = Tx0+ y0.

It is easy to see that T̂ is bijective, this operator is called the bijection associated with T.

In particular, if A : D(A) ⊂ X → Y is Fredholm, then its restriction A1 to DA is clearly bounded since

∥A1x∥ ≤ ∥x∥
A
for all x ∈ D(A) and the bijection associated with it is denoted by Â. The operator Â is

also called the bijection associated with A.

Main results

Before studying the perturbation of n operators, we will first examine the case of three operators. The

following lemma is of great importance for what follows.

Lemma 1 Let A : D(A) ⊂ X → Y be a closed linear operator. If B : D(B) ⊂ X → Y and C :

D(C) ⊂ X → Y are two linear operators satisfying the following conditions:

• D(A) ⊂ D(B) ⊂ D(C);

• There exists a positive constant γ1 such that ∥Bx∥ ≤ γ1∥x∥A
for all x ∈ D(A);

• There exists a positive constant γ2 such that ∥Cx∥ ≤ γ2∥x∥B
for all x ∈ D(B), with

γ1(1 + γ2) < 1.

Then the algebraic sum A+B + C is closed.

Proof. As a starting point, the operator A+B+C is well defined since D(A+B+C) = D(A)∩D(B)∩

D(C) = D(A) ̸= ∅. Let x be an arbitrary element in D(A), we have:

∥(A+B + C)x∥ ≤ ∥Ax∥+ ∥Bx∥+ ∥Cx∥

≤ ∥Ax∥+ γ1∥x∥+ γ1∥Ax∥+ γ2∥x∥+ γ2∥Bx∥

= (γ1 + γ2)∥x∥+ (1 + γ1)∥Ax∥+ γ2(γ1∥x∥+ γ1∥Ax∥)

Therefore,

∥(A+B + C)x∥ ≤ (γ1 + γ2 + γ1γ2)∥x∥+ (1 + γ1 + γ1γ2)∥Ax∥. (1)

By the same reasoning, we have

∥(B + C)x∥ ≤ (γ1 + γ2 + γ1γ2)∥x∥+ γ1(1 + γ2)∥Ax∥

and hence,

∥(A+B + C)x∥ ≥ ∥Ax∥ − ∥(B + C)x∥

≥ ∥Ax∥ −
(
(γ1 + γ2 + γ1γ2)∥x∥+ γ1(1 + γ2)∥Ax∥

)
= −(γ1 + γ2 + γ1γ2)∥x∥+ (1− γ1(1 + γ2))∥Ax∥

= −δ∥x∥+ λ∥Ax∥
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where λ = 1− γ1(1+ γ2) and δ = γ1 + γ2 + γ1γ2. By hypothesis, we have 0 < λ < 1 and δ > 0. Therefore

∥Ax∥ ≤ λ−1
(
∥(A+B + C)x∥+ δ∥x∥

)
. (2)

Let (xn)n∈N be a sequence in D(A) that converges to some element x0 ∈ X such that
(
(A+B+C)xn

)
n∈N

converges to some y0 ∈ Y. By means the equations (2), one can easily check that
(
Axn

)
n∈N is a Cauchy

sequence in Y which is a Banach space. Hence there exists z0 ∈ Y such that
(
Axn

)
n∈N converges to

z0 as n → +∞. The closedness of the operator A yields x0 ∈ D(A) and therefore Ax0 = z0. Using the

equation (1), we get

∥(A+B + C)(xn − x0)∥ ≤ (γ1 + γ2 + γ1γ2)∥xn − x0∥+ (1 + γ1 + γ1γ2)∥A(xn − x0)∥

and hence
(
(A+B+C)xn

)
n∈N

converges to y0 = (A+B+C)x0 as n → +∞. Consequently, the operator

A+B + C is closed. □

Remark 1 The proof of the previous lemma is similar to the one given in the classical case [1]. The

particularity of the non-archimedean context will appear in Theorems 2 and 3.

Theorem 1 Let A,B : X → Y be two bounded linear operators. If A is Fredholm and ∥B∥ < ∥Â−1∥−1.

Then A+B is also Fredholm and we have the following properties:

i) ind(A+B) = ind(A);

ii) α(A+B) ≤ α(A);

iii) β(A+B) ≤ β(A).

Proof. For i) we refer to [4,Theorem 3.43] and for ii) and iii), we follow the same reasoning as in

[2,Theorem 4.1]. □

Based on the previous lemma, we give in the following theorem sufficient conditions under which the

algebraic sum of three (possibly unbounded) linear operators is Fredholm.

Theorem 2 Let A : D(A) ⊂ X → Y be a Fredholm operator. If B : D(B) ⊂ X → Y and C :

D(C) ⊂ X → Y are two linear operators satisfying the following conditions: D(A) ⊂ D(B) ⊂ D(C)

and there exist two positive constants γ1 and γ2 such that ∥Bx∥ ≤ γ1∥x∥A
and ∥Cx∥ ≤ γ2∥x∥B

for all

x ∈ D(A) with γ1(1 + γ2) < 1 and max(1, γ2) < ∥Â−1∥−1. Then A + B + C is a Fredholm operator

satisfying the following properties:

i) ind(A+B + C) = ind(A);

ii) α(A+B + C) ≤ α(A);

iii) β(A+B + C) ≤ β(A).
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Proof. As a consequence of Lemma 1, the operator A+ B + C is closed. Denote by A1, B1 and C1 for

the restrictions of A,B and C to DA, respectively. It is clear that A1 is Fredholm. On the other hand,

let x ∈ D(A) with ∥x∥
A
≤ 1, then we have

∥B1x∥ ≤ γ1 max(∥x∥, ∥Ax∥)

= γ1∥x∥A

≤ γ1

and hence ∥B1∥ ≤ γ1. Following the same reasoning, we have

∥C1x∥ ≤ γ2 max
(
∥x∥, ∥Bx∥

)
≤ γ2 max

(
∥x∥A, γ1∥x∥A

)
≤ γ2 max(1, γ1)∥x∥A

≤ γ2 max(1, γ1).

Since γ1(1+γ2) < 1, then γ1 < 1, and hence ∥C1∥ ≤ γ2. It follows that ∥B1+C1∥ ≤ max(1, γ2) < ∥Â−1∥−1

and based on Theorem 1, we get the desired results. □

Here we give the main theorem of this paper which is a generalization of Theorem 2.

Theorem 3 If A1 : D(A1) ⊂ X → Y, A2 : D(A2) ⊂ X → Y,... and An : D(An) ⊂ X → Y are n

(possibly unbounded) linear operators (with n ≥ 3) such that:

• A1 is a Fredholm operator.

• D(A1) ⊂ D(A2) ⊂ ... ⊂ D(An).

• There exists positive constants γ1, γ2, ..., γn−1 such that ∥Ak+1x∥ ≤ γk max(∥x∥, ∥Akx∥) for all

x ∈ D(A1).

• γ1 < 1
n−1 and γk < 1 for all k ∈ {2, ..., n− 1}.

• ∥Â1
−1

∥ < 1.

Then the algebraic sum A1 +A2 + ...+An is Fredholm and we have the following properties:

i) ind(A1 +A2 + ...+An) = ind(A1);

ii) α(A1 +A2 + ...+An) ≤ α(A1);

iii) β(A1 +A2 + ...+An) ≤ β(A1).

Proof.

Step1: In this step we will prove that T =

n∑
k=1

Ak is closed. Indeed, this operator is well defined since

n⋂
k=1

D(Ak) = D(A1) ̸= ∅. Let x be an arbitrary element of D(A1), and k ∈ {2, 3, ..., n}. We have

∥Akx∥ ≤ max
((

γk−1 + γk−2γk−1 + ...+ γ1γ2...γk−1

)
∥x∥, γ1γ2...γk−1∥A1x∥

)
≤

(
γk−1 + γk−2γk−1 + ...+ γ1γ2...γk−1

)
∥x∥+ γ1γ2...γk−1∥A1x∥.
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Hence

∥Tx∥ ≤
n∑

k=1

∥Akx∥

≤ δn∥x∥+ λn∥A1x∥. (1)

where δn =

n∑
k=2

(
γk−1 + γk−2γk−1 + ...+ γ1γ2...γk−1

)
> 0 and λn = 1 +

n∑
k=2

γ1γ2...γk−1.

Similarly, we have

∥(T −A1)x∥ ≤ δn∥x∥+ (λn − 1)∥A1x∥. (2)

From equation (2), it follows that for all x ∈ D(A1), we have

∥Tx∥ ≥ ∥A1x∥ − ∥(T −A1)x∥

≥ −δn∥x∥+ (2− λn)∥A1x∥,

Hence

(2− λn)∥A1x∥ ≤ δn∥x∥+ ∥Tx∥. (3)

Now, we will prove that 0 < 2 − λn < 1. Indeed, from the fact that γk < 1 for all k ∈ {2, ..., n − 1}, we

have

2− λn = 1−
n∑

k=2

γ1γ2...γk−1

> 1− (n− 1)γ1

By assumption, we have γ1 <
1

n− 1
. Thus 2− λn > 0. Since all the constants γk are positive, it follows

that 1− λn = −
n∑

k=2

γ1γ2...γk−1 < 0. Hence 2− λn < 1.

Using equation (3), we get

∥A1x∥ ≤ (2− λn)
−1

(
δn∥x∥+ ∥Tx∥

)
. (4)

Let (xm)m∈N be a sequence in D(A1) that converges to some element x0 ∈ X such that (Txm)m∈N

converges to some element y0 ∈ Y. Using equation (1) and (4), one can easily check that (A1xm)m∈N is a

Cauchy sequence in Y which is a Banach space. So there exists z0 ∈ Y such that (A1xm)m∈N converges

to z0 as m → +∞. Since A1 is closed, the x0 ∈ D(A1) and A1x0 = z0. Using equation (1) it follows that

∥T (xm − x0) ≤ δn∥xm − x0∥+ λn∥A1(xm − x0)∥

Since δn > 0 and λn > 0 for all n ≥ 3, then (Txm)m∈N converges to y0 = Tx0 as m → +∞. Consequently,

the linear operator T =

n∑
k=1

Ak is closed.

Step2: Denote by A′
1, A

′
2, ..., A

′
n the restrictions of A1, A2, ..., An to DA1

, respectively. The operator A1

being Fredholm implies that A′
1 is also Fredholm. Put T ′ =

n∑
k=1

A′
1, we have

∥T ′ −A′
1∥ ≤ max

1≤k≤n
γk

< 1

< ∥Â1
−1

∥−1.
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It follows by Theorem 1 that T ′ =

n∑
k=1

A′
1 is a linear Fredholm operator and the properties i), ii) and iii)

hold. □

Applications to n× n matrices of linear operators

Inspired by the approach presented in [18], this section is devoted to the study of certain properties of

n× n-block matrices of linear operators. For this reason, let

M =


A11 A12 · · · A1n

A21 A22 · · · A2n

...
...

. . .
...

An1 An2 · · · Ann


be an n× n-block matrices defined on

n∏
k=1

Xi where each Xi is a non-archimedean Banach space and the

entries Aij are possibly unbounded linear operators. Recall that each Aij is defined from Xj to Xi for

all i, j ∈
{
1, 2, ..., n

}
and the domain of the operator M is D(M) =

n∏
j=1

( n⋂
i=1

D(Aij)
)
.

To make the study of the matrix M easier, we will decompose it into a sum of n matrices in the following

way. For each k ∈ {1, 2, ..., n}, we consider the n× n-block matrix Mk defined as follows

Mk = (B
(k)
ij ) =

 Aij if i = k + j − 1modn

0 otherwise

We can easily check that M =

n∑
k=1

Mk.

Lemma 2 i) M1 is closed if and only if Aii is closed for all i ∈ {1, 2, ..., n}.

ii) If Aii is a Fredholm linear operator for each i, then M1 is also Fredholm. In this case we have

ind(M1) =

n∑
k=1

ind(Akk).

Proof. i) Assume that M1 is closed and let (xn)n∈N be a sequenece in D(A11) that converges to x.

Hence the sequence (vn)n =


(xn)n

0
...

0

 converges to v =


x

0
...

0

 and since M1 is closed then (A11xn)n∈N =

(M1vn)n∈N converges to M1v = A11x and therefore A11 is closed. A similar argument is valid for i ≥ 2.

Conversely, suppose that the linear operators Aii are closed for all i ∈ {1, 2, ..., n} and let (hm)m =
(x

(1)
m )m

(x
(2)
m )m
...

(x
(n)
m )m

 be a sequence in

n∏
k=1

D(Aii) that converges to h =


x1

x2

...

xn

 . From the closedness of the linear
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operators Aii we conclude that

(M1hm)m =


(A11x

(1)
m )m

(A22x
(2)
m )m
...

(Annx
(n)
m )m

 −−−−→
n→∞


A11x1

A22x2

...

Annxn

 = M1h

Thus M1 is closed.

ii) To establish the validity of the second assertion, it is sufficient to utilize the following equalities:

N(M1) =

n⊕
k=1

N(Akk) and R(M1) =

n⊕
k=1

R(Akk). □

Lemma 3 Assume that for all i, j ∈ {1, 2, ..., n} and k ∈ {1, 2, ..., n− 1} with i = j + k− 1 mod n, there

exists a positive constant γijk such that

∥B(k+1)
ij x∥ ≤ γijk∥B(k)

ij x∥ for all x ∈ D(B
(k)
ij ) ⊂ D(B

(k+1)
ij ),

Then D(Mk) ⊂ D(Mk+1) and we have

∥Mk+1X∥ ≤ γk∥MkX∥ for all X ∈ D(Mk),

where γk = max
1≤i,j≤n

γijk.

Proof. For k = 1, let i, j ∈ {1, 2, ..., n}. We have

∥B(2)
ij x∥ ≤ γij1 max

(
∥x∥, ∥B(1)

ij x∥
)

for all x ∈ D
(
B

(1)
ij

)
⊂ D

(
B

(2)
ij

)
,

where i = j + 1 mod n. It follows that

∥Aijx∥ ≤ γij1 max
(
∥x∥, ∥Ajjx∥

)
for all x ∈ D

(
Ajj

)
⊂ D

(
Aij

)
.

Let X =


x1

x2

...

xn

 ∈
n∏

i=1

D(Aii), we have

∥M2X∥ = max
1≤i,j≤n

(
∥Aijxj∥

)
≤ max

1≤i,j≤n

(
γij1

(
max

(
∥xj∥, ∥Ajjxj∥

))
≤ γ1 max

(
∥X∥, ∥M1X∥

)
where γ1 = max

1≤i,j≤n
(γij1). The result follows using the same reasoning for k ≥ 2. □

The following theorem establishes sufficient conditions under which the matrix M of linear operators

is closed, based on the entries of its diagonal:
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Theorem 4 Assume that the following conditions are satisfied for all i, j ∈ {1, 2, ..., n} and k ∈ {1, 2, ..., n−

1} with i = k + j − 1 mod n.

• D
(
B

(k)
ij

)
⊂ D

(
B

(k+1)
ij

)
;

• ∥B(k+1)
ij x∥ ≤ γijk max

(
∥x∥, ∥B(k)

ij x∥
)
for all x ∈ D

(
B

(k)
ij

)
;

• max
1≤i,j≤n

(γij1) <
1

n− 1
and max

1≤i,j≤n
(γijk) < 1 for all k ∈ {2, 3, ..., n};

• The linear operator Aii is closed for each i ∈ {1, 2, ..., n}.

Then the linear operator M is closed.

Proof. Let i, j, k ∈ {1, 2, ..., n} with i = k + j − 1 mod n. By Lemma 3, it follows that

∥Mk+1x∥ ≤ γk max
(
∥x∥, ∥Mkx∥

)
for all x ∈ D(Mk) ⊂ D(Mk+1),

where γk = max
1≤i,j≤n

(γijk). By virtue of Lemma 2(i), we conclude that M1 is closed and the closedness of

M then follows from Theorem 3. □

Theorem 5 Suppose that the assumptions of Theorem 4 are satisfied, and that ∥M̂−1∥ > 1. Then,

assuming that Aii is Fredholm for each i ∈ {1, 2, . . . , n}, it follows that M is also Fredholm, and the

following properties hold.

i) α(M) ≤ α(M1) =

n∑
i=1

α(Aii);

ii) β(M) ≤ β(M1) =

n∑
i=1

β(Aii);

iii) ind(M) = ind(M1) =

n∑
i=1

ind(Aii).

Proof. The proof is a direct consequence of Theorems 3, 4 and Lemma 2(ii).
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