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Abstract: In this study, a novel approach is developed to analyze
the statistical convergence of sequences of functions that are derived
under the context of topological spaces. The study introduces two
new operators, O;(x) and O;{(x), which are designed to explore

the local behavior of sequences of functions (f,) that converges
to a function f within a neighborhood structure. In addition,
some important and useful inclusion properties of these operators
are analyzed. Using these properties, an approach to deal with
statistical convergence (both point-wise and uniform) for sequences

of functions in topological spaces is presented. With some new
theorems on the properties of statistical limit, uniqueness of statistical
limit and counterexamples, the importance of the study has been
validated.
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1 Introduction

In 1951, Fast [5] introduced statistical convergence for real sequences as
a more flexible form of convergence that allows a small number of terms
to differ from the limit. In 1959, Schoenberg [13] also studied the concept
independently and highlighted it connection to summability theory. In their
study the concept of natural density plays the key role. For any T' C N, the
natural density (also known as asymptotic density) is defined as,

S(T) = Tim ~ x [{k<n:keT}

n—00 M,

if the limit exists. This concept was extended later to topological spaces by
Maio and Ko¢inac [11] in 2008, enabling the study of convergence in more
general settings. In the same way, many mathematicians contributed their
deeper insights on statistical convergence in different fields through the works
[1, 3, 6, 8, 9].

The concept of statistical convergence was extended beyond real sequences
to function spaces in the year 2002 by Gokhan and Giingor |7]. They introduced
the notions of pointwise statistical convergence and statistical Cauchy sequences
for real-valued functions, showing that a sequence is pointwise statistically
convergent if and only if it is statistically Cauchy. This foundational work
opened the door for deeper analysis of statistical behavior in sequences
of functions. Later, in the year 2007, Balcerzak, Dems, and Komisarski
[2] studied statistical and ideal convergence for sequences of functions in
metric spaces. Also, Sarabadan and Talebi [12]| investigated the concepts
of statistical convergence and ideal convergence for sequences of functions
within the framework of two-normed spaces. Further developments were
made by Yegiil and Diindar [14] in the year 2017 to investigate statistical
convergence for sequences of functions in the context of two normed spaces.
Their study extended the applicability of statistical convergence to a broader
class of sequences of functions and provided new insights into convergence
properties in two-normed settings.

Using the operators N (A,,) and N (A,), Inan et al. [10] defined the
statistical convergence for the sequence of sets. But we do not find the
neighborhood any where in his discussions, where as in a topological setting
the neighborhood plays the most important role in any type of convergence.
We take an alternative approach to use operators that involve the neighborhood
termed <>J7(I) and Q?(i). These operators will not be helpful for the study
of sequence of sets, but have been found to be helpful in exploring more
authentic aspects of such convergence criteria for sequence of functions. In
this work, we build upon the previous literature [11, 10, 14| to extend the
theory of statistical convergence of sequences of functions into more general
and abstract topological settings, which are explained thoroughly through
theorems and counterexamples.
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2 Preliminaries

Before delving into the new variant of statistical convergence, some prerequisite
definitions, terms, and notations are added for the reader’s convenience. For
common symbols, nomenclature, and concepts we can follow the article [4].

Definition 1. [5] For any T C N, the natural density (also known as
asymptotic density) is defined as,

o1
5(T):nh_)rgoﬁ>< Hk<n:keT}
if the limit exists.

It is known that 5(TC) = 1 — §(T). This property of natural density
has been frequently used in this paper for the establishment of several key
features and theorems.

Definition 2. [10] Let X # 0 be a set and (An)nen be a sequence of subsets
of X. Let

N,y (Ap):={neN:x¢ A},
and

Nf(A,) ={neN:zeA,}

T

forxz e X.

Definition 3. [11] A sequence (zy)nen in a topological space X is said to
converge statistically (or shortly, s-converge) to x € X, if for every neighborhood
Uofx,({neN:x ¢ U})=0. In this case, we write x = s — lim x,,.

Definition 4. [14] Two sequences of functions {f, : (X,7) = (Y,0)} and
{gn : (X,7) = (Y,0)} are said to be equal for almost all n € N (in short
a.a.n.) if S({n € N: fr(z) # gn(z)}) =0 for each x € X.

3 Construction of ¢ (f.(z)) and O}“(x)(fn(:p)) operators

Although for a function f : (X,7) — (Y,0), f(a) € V is the standard
notion to represent belonging of f(a) to V, we rewrite it as {f(a)} NV =10
which makes it easier to handle. Similarly, we represent f(a) ¢ V as {f(a)} N
V = . Our first step is to make a collection of natural numbers that index a
sequence {f,(a)} which fails to enter every neighborhood of the point f(a)
where fp, f: (X,7) — (Y,0) and a € X.

Definition 5. Let (f,),, oy be a sequence of functions where fn, f : (X, 7) —
(Y,0) for all n € N. Then for an arbitrary a € X,

O;(a)(fn(a)) ={n e N: {fn(a)}NV =0 for at least one neighborhood V of f(a)}

Alternatively, we make another collection of indices of sequence {f,(a)}
which is a possible complement of Q;(a)( fn(a)).
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Definition 6. Let (f,), oy be a sequence of functions where fn, f : (X, 7) —
(Y,0) for all n € N. Then for an arbitrary a € X,

Q}r(a)(fn(a)) ={n e N:{fn(a)} NV # 0 for every neighborhood V" of f(a)}.

In the next step, we will explore different algebraic and combinatorial
properties of these operators, and then we will use them to define point-wise
convergence and uniform convergence of sequence of functions.

Theorem 1. Let (f,)nen be a sequence of function where fp, f: (X, 7) —
(Y,0). Then

(i) O ) (@) U O Ty (fula)) = N

holds for every element x € X.

Proof. (i) Let p € O;(a)( fn(a)) for an arbitrary element a € X. Therefore,

there exists at least one neighborhood V' of f(a) such that fy(a) NV = 0.
So, fp(a) NV # 0 cannot be true for every neighborhood V' of f(a). Thus,

p¢ Q}—(a)(fn(a)) which implies O;(a)(fp(a)) N Q?(a)(fp(a)) = 0.
Hence, O;(m)(fn(a:)) N O}r(m)(fn(x)) = () is true for every element z € X.

(ii) Let k € N be arbitrary and k ¢ Q}F(a)(fn(a)) for an arbitrary a € X.
Therefore, for at least one neighborhood V' of f(a) such that fi(a)NV = 0.
Thus, k € O;(a)(fn(a)). So, k € O;(a)(fn(a)) U O}r(a)(fn(a)) that implies
N C Q;(a)(fn(a)) U Q?(a)(fnm)) But, Q;(a)(fn(a)) U Q?(a)(fn(a)) c N
Thus, N = <>]7(a)(fn(a)) U O}r(a)(fn(a)) holds for an arbitrary a € X. Hence,
Q;(w)(fn(x)) U O}F(I)(fn(x)) = N is true for every element = € X. O

Note: Thus we can conclude (O;(a)(fn(a)))[: = Q}r(a)(fn(a)).

Theorem 2. Let (fn),cny and (gn),cn be two sequence of functions where
fosgn, 1 (X, 7) — (Y, 0). Then the following properties holds,

for every element x € X.

Proof. (i) For an arbitrary element a € X, we have

Q;(a)(fn(a)Ugn(a)) ={n € N: {fn(a)Ugn(a)}NV = 0 for at least one neighborhood V" of f(a)}.
={n e N: {{fu(a)NV}U{gn(a)NV}} = 0 for at least one neighborhood V of f(a)}.

= {n € N : fu(a) NV = 0 for at least one neighborhood V of f(a)} N

{n € N:gy(a) NV =0 for at least one neighborhood V of f(a)}.

= Q;(a)(fn(a)) N <>]7(a) (gn(a))

Hence, Q]?(m)(fn(m) Ugn(z)) = Q;(x)(fn(z)) N <>J7(x) (gn(x)) is true for every

reX.
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(i) Let for an arbitrary a € X, we have
& (a)(fn(a)Ugn(a)) = {n € N: {fn(a)Ugn(a)}NV # 0 for every neighborhood V of f(a)}
={n e N: {{fn(@)NV}U{gn(a)NV'}} # 0 for every neighborhood V of f(a)}
={n € N: f,(a) NV # {) for every neighborhood V of f(a) } U {n € N :
gn(a) NV # 0 for every neighborhood V of f(a)}.

= O}F(a)(fn(a» U <>}_(a) (gn(a))
Hence, O}F(m)(fn(x) Ugn(z)) = O;{(z)(fn(x)) U O?(m) (gn(z)) holds for every
zeX. O

Theorem 3. Let (fn),cn and (gn),cn be two sequence of functions where
fos f - (Xy1) — (Y,0) and gpn, f : (X,7) — (Y,0). Then the following
properties hold:

(i) O;(x)(fn(x) N gn(z)) 2 Q;(m)(fn(x)) U O;(x) (gn(x))

(i) Oj(x)(fn(x) Ngn(z)) C Q?(m)(fn(w)) N O}F(x) (gn(x))

for every element x € X.

Proof. (i) Let for an arbitrary element a € X, p € O;(a)(fn(a))uoji(a) (gn(a)).
So,pe{neN:{fn(a)} NV} =0 for at least one neighborhood V of f(a)}
orp€{neN:{gy(a)} NU} =0 for at least one neighborhood U of f(a)}.

Thus, {fp(a)} NV =0 or {gy(a)} NU = 0. So, {fp(a)Ngy(a)}N(VNTU) =0,

where V N U is a neighborhood of f(a).

So,p € {n € N: {fn(a)Ngn(a)}NW = () for at least one neighborhood W of f(a)} =

Q;(a)(fn(cw N gn(G’))'
Thus, 07,y (fa(a) 1 9(0)) 2 070 (@) U 070 (90(@):
Hence, Q;(x)(fn(x) Ngn(z)) 2 Q;(w)( n(x)) U Ot (gn(z)) is true for every
reX.
(ii) Let for an arbitrary a € X, p € Qf(a)(fn(a) Ngn(a)) = {n € N :

{fn(a) Ngn(a)} NV # O for every neighborhood V of f(a)}.
So, {fp(a) Ngp(a)} NV # O for every neighborhood V' of f(a).
This implies { fp(a)}NV # 0 and {g,(a)}NV # 0 for every neighborhood V" of f(a).

Thus, p € Q?(a)(fn(a)) and p € <>}_(a) (gn(a))ie., pe Q?(a)(fn(a))ﬂQ}_(a) (gn(a)).
So, Oj(a)(fn(a) Ngn(a)) C Q?(a)(fn(a)) N O}F(a) (gn(a)).

Hence, O}F(I)(fn(x) Ngn(z)) C O;{(z)(fn(x)) N O?(m) (gn(z)) holds for every
zeX. O

Theorem 4. Let (fﬂ;)neN; (j =1,2,---,71) be sequences of functions where
2, f7 (X, 1) — (Y,0). Then the following properties hold:

(i) O;j(x)(H fer(x)) = U Q;a(z)(fajz(m))
j=1 j

(i) Of (] i ﬂ Ot (fa
j=1
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for every element x € X.

Proof.

) O fi(z))={neN: f] )}NV7I =), for at least one neighborhood V7 of f7(z
fi(@) n
- e
={neN: (fi(x), f2(z), -, fr(z))NV? = @, for at least one neighborhood
VI=VExV2xox V7 of (fi(z), f2(z), -, [T ().
={neN: fi(z) ¢ V7 for at least one j = 1,2,--- ,7; where V7 is a neighborhood of f7(z)}.
=Uj_ {neN: {f4(2)}NV7 = () for at least one neighborhood V7 of f7(z)}.
= U§:1 O;J(x)(fvg(z))
Hence, O;j(x)(ngzl fa(x)) = Ui, Q;j(x)(f,%(m)) holds for every z € X.

Q; ($)(H fi(x))={neN: {H f2(z)}NV7 £ 0, for every open neighborhood V7 of f7(z).
=1

= {neN: (fi ), f2(x), ,f;;(x)) N V7 # () for every neighborhood
VIi=VixV2x...xV"of (fi(x), f2(x), -, f(x))}
={neN: fl(z) € VI for every j = 1,2,--- ,r; where V7 is a neighborhood of f7(x)}.
== 1{n € N: {fi(z)} N VI #  for every neighborhood V7 of f(z)} =
(s O ) (@)
Hence, <>f.7(a: (ITj=; fal) = Mj, (fn( )) holds for every x € X.
U

Theorem 5. Let (fn(z))nen be a sequence of functions fy, f : (X,7) —
(Y,0) and f is open continuous. Then the following holds for every x € X,

Proof. (i) Let g € O;(a)(fn(a)) for any a € X. Therefore, atleast one neighborhood
V of f(a), fg(a) NV = 0. Since, the mapping f is continuous, for at least
one neighborhood F7YV) of f71(f(a)), f71(fy(a)) NV = 0. That implies
1€ 07 1ig0ay( Un@): S0, Oy (n @) € 05 (/7 (ful@)) i obtained.
Likewise, <> ( Y fu(a))) C O;(a (fn(a)) can also be obtained.
Thus, <>f a)(f"( a)) =g (f1(fn(a))). Hence (i) holds for every z € X.

(ii) Let [ € <>+ ( n(a)) for any a € X. Therefore for every neighborhood
V oof f(a), f(a ) V # (0. Since the mapplng f is continuous, for every
nelghborhood f~Y(V) of f~ (f( ), f~Yfi(a)) NV # 0. That gives | €
<>+ 1(f(a ( Y(fn(a))). So, ¢ (fn(a)) C OF(fH(fu(a))) is obtained. Similarly,
<>;{(f (fn( ) C <> ( fn(a )) can be obtained.
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Thus, Q}r(a)(fn(a)) = Q}r,l(f(a))(f_l(fn(a))). Hence, (ii) satisfied for every
reX. g

4 Statistical limit of the sequence of functions

Now, using the operators discussed in section 3, we represent the concept
of point-wise and uniform statistical convergence of the sequence of functions.

Definition 7. A sequence of function (fn)nen such that fn, f: (X,7) —
(Y, 0) is said to be pointwise statistically convergent to f, if

5(0;@)(]””(3:))) =0 forallz € X.

From Proposition 1, an equivalent criteria for the statistical convergence of
the sequence (fn)nen of functions to f is

5(0?@)(]”71(35))) =1 foralzeX.

Mathematically it is expressed as, f, Ptzslim f.

Definition 8. A sequence of function {fn(x))nen such that fn, f: (X, 7) —

(Y, 0) is said to be uniform statistically convergent to f(x), if 6(U,e x Q;(x)(fn(x))) =
0.

In this case, it is mathematically indicated as, f, U—stfim f.

Theorem 6. Every uniform statistically convergent sequence of function is
pointwise statistically convergent.

Proof. The proof follows directly, hence omitted. (]

Example:
The converse implication of Theorem 6 does not necessarily holds. i.e., there
exist sequence of functions which is uniformly statistically convergent, but
not point-wise statistical convergent.
Let us consider a function f : (N,7) — (Y,0) where ¥ = {0,1} and
o ={0,{0},Y}. Define for all z € X, for each n € N, f,, : (N,7) — (Y, 0)

defined by,
1, ifx=n?
fn(x) = {

0, otherwise.

Now, the neighborhoods of f(x) = 0 are V3 = {0} and V5 = Y. For the
neighborhood V; of f(x), 6({n € N: f,(x)NV; = 0 for the neighborhood {0} of 0}) =
d({z}}) =0 for all x € X and for the neighborhood V5 of f(z), 6({n € N :
fn(z)NVa = @ for the neighborhood Y of 0}) = §(#) = 0 for all z € X . Then

Pt—s—lim
folz) — " f.
But forallz € X, 0(U,cx{n € N: fo(2)NV = 0 for every neighborhood V' of f(x)}) =

§({z 1z € N}) = §(N) = 1 # 0. Thus, fo(zf Z2™ 7.

Theorem 7. A sequence of point-wise statistical convergent functions, where
co-domain space is Haudorff, possess a unique limit.
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Proof. Let fpn, f,g: (X, 7) = (Y,0) be such that (Y, o) is a Hausdorff space.
Let f, Pizslim fand f, Pizslim g with f(a) # g(a) for at least one a € X.
Then there exists open nelghborhoods Vl,Vg € o such that f(a) € V7 and

g(a) € Vo with V1 NV, = 0. So, V1CV2.
Ptshm Ptshm

fand fp 9,
(<>f(x (fa(@))) = Land 6(O ), (fa(@))) = 1 for all z € X.

L. 8(0F ) (@) = L and (0], (fu(a)) = 1.

Since f,

So,

d{n e N: {fn(a)} NV # 0 for every neighborhood V of f(a)}) = 1.
and

d({n € N: {gn(a)} NU # 0 for every neighborhood U of g(a)}) = 1.

But V; is also a neighborhood of f(a). Therefore, 6({n € N : {f,(a)} N
Vi #0}) =1 Since Vi CVE, {neN: {fu(a)}NVL #£0} C{neN:

{fu(@)} N Vi # 0}. Therefore, 6({n € N : {fn(a)} N V¥ # 0}) = 1. So,
d({n eN: {fn(a)} NV =0}) =1 (Since {f(a)} is a singleton set).

Thus, 6({n € N: {fn(a)} NVy #£ 0}) = 0.
But this is a contradiction since V5 is a neighborhood of g(a) and
d({n € N: {gn(a)} NU # 0 for every neighborhood U of g(a)}) = 1.
So, f(a) = g(a) for all a € X. i.e.,, f = g. Thus the limit of the sequence

{fn} is unique. O
Theorem 8. If f,,f : (X,7) — (Y,0) and gn,9 : (Y,0) — (Z,n) are
functions such that g, Pizsslim g. Then gp o fy Pz im gof.

Proof. Since gy, Pizsslim g so, 5(0;@)%( y))=0forally €Y.

Let a € X be arbitrary. Therefore, f(a) € Y that gives 5(<> o (@) gn(fn( ) =
0.
As a result (5(<>gof gn o fn(a)) =0 for all a € X.

Hence, g, o fn Pizs llmgof. O

Theorem 9. If f,, f: (X,7) = (Y,0) and g, : (X,7) — (Y,0) be such that

fn Pt— s lim Pt—:}lim f

Proof. Since f, /s (Q;(x)(fn(x))) = 0 for all z € X and since

fn=gn fora.amn., 6({n e N: f,(z) # gn(z)}) =0 for all z € X.

Now, O;(x) (gn(x)) C <>;(x)(fn(x)> U{n € N: fu(x) # gn(x)} for all z € X.

So, 5((};(36)(9”(1‘))) < 5(<>]7(I)(fn(a:)))+5({n eN: fu(z) # gn(z)}) =0+0 =0 for all z € X.
Therefore, 5(0;(90) (gn(x))) =0 for all x € X. Hence, g, Prosslim f. O

f and f, = g, for a.a.n. then g,

Pt— s lim
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5 Conclusion

In this work, two new operators Q;(I) and O?(x) are introduced to examine
the local behavior of sequences of functions in the topological spaces. Using
these operators, we have developed a new framework for statistical convergence.
Important characteristics such as the connection between statistical pointwise
and statistical uniform convergence and the statistical pointwise convergent
sequences of functions that do not have more than one limit in Hausdorff
space are established. Furthermore, a theorem demonstrated that the composition
of two statistically pointwise convergent sequences of functions also results
in the statistical pointwise convergence of sequences of functions.

References

[1] P. Bal, On the class of Z-y-open cover and Z-St-y-open cover, Hacet. J. Math. Stat.,
52(3), (2023) 630-639.

[2] M. Balcerzak, K. Dems and A. Komisarski, statistical convergence and ideal
convergence for sequences of functions, J. Math. Anal. Appl. 328(1), (2007), 715-729.

[3] S. Bhunia, P. Das and S. K. Pal Restricting statistical convergence, Acta Math.

Hungar., 134 (1-2), (2012), 153-161.

| R. Engelking, General Topology, Heldermann Verlag, Berlin, 1989.

| H. Fast, Sur la convergence statistique, Colloq. Math. 2, (1951), 241-244.

| J. A. Fridy, On statistical convergence, Analysis 5, (1985), 301-313.

| A. Gékhan and M. Giingor, On pointwise statistical convergence, Indian J. Pure Appl.

Math. 33(9), (2002), 1379-1384.

[8] M. Giirdal and S. Pehlivan, The statistical convergence in 2-Banach spaces, Thai J.
Math. 2(1), (2004), 107-113.

[9] M. Giirdal and S. Pehlivan, Statistical convergence in 2-normed spaces, southeast asian
Bulletin of Mathematics, 33(2), (2009), 257-264.

[10] B. Inan, M. Kii?iikaslan, Ideal convergence of sequence of sets, Contem. Anal. Appl.
Math., 3(2), (2015), 184-212.

[11] G. D. Maio and L. D. R. Ko¢inac Statistical Convergence in Topology, Topology and
its applications, 156, (2008), 28-45.

[12] S. Sarabadan and S. Talebi, Statistical convergence and ideal convergence of
sequence of functions in 2-normed spaces, Internat. J. Math. Sci., (2011), 10 pages,
doi:10.1155/2011/517841.

[13] I. J. Schoenberg, Integrability of certain functions and related summability methods,
Amer. Math. Monthly, 66, (1959), 361-375.

[14] S. Yegiil and E. Diindar, On statistical convergence of sequences of functions in 2-
normed spaces, Journal of Classical Analysis, 10(1), (2017), 49-57.

P. Bar, P. Das, N. MoNDAL

DEPARTMENT OF MATHEMATICS,

ICFAI UNIVERSITY TRIPURA,

799210, KamMALGHAT, WEST TRIPURA, INDIA

E-mail address: balprasenjit1770@gmail.com, parthivdas1999@gmail.com, nilaymondal@iutripura.edu.in



	Introduction
	Preliminaries
	Construction of -f(x)(fn(x)) and +f(x)(fn(x)) operators
	Statistical limit of the sequence of functions
	Conclusion

