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Abstract
In this paper1 we study admissibility problem for non-linear temporal logic L. We consider a
special generalization of projective formulas. Using this technique we find algorithm computing
most general unifier for any given unifiable in L formula. Logic L is generated by family of all
closed temporal models with compression property. Based on prepared technique, we prove that
the admissibility problem and unification problem for L are decidable.
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1 Introduction, background
In logic and computer science, specifically automated reasoning, unification is an al-
gorithmic process of solving equations between symbolic expressions. This technique
often used in automated deduction, optimization programs and pure mathematical logic
(cf. Robinson [17], Knuth et al [16], Baader and Snyder [1], Baader and Ghilardi [2]).
In particular it is a prominent instrument for verification admissibility for inference
rules. For example, Harvey Friedman problem about recognoscing admissibility for
inference rules in the intuitionistic propositional logic INT has close connection with
properties of unification (the Friedman problem was solved by V.Rybakov (in 1984, cf.
for reference and history the book [20]). And later in 1997 Silvio Ghilardi [7, 8] found
another solution of admissibility problem by usage projective formulas and unification
(cf. S. Ghilardi [7, 8, 9]). This view on admissible rules was developed longer by
several authors (cf. eg. Jerábek [14, 15], Iemhoff, Metcalfe [12, 13], Balbiani at all
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[3, 4], Bashmakov at all [5]). W.r.t. admissibility, a generalization of this problem on
inference rules which may contains parameters (looks the same as coefficients in alge-
braic equations) is more interesting and more complicated. This problem was solved
by Rybakov [18, 19, 20] for intuitionistic logic and modal logics S4 and Grz.

We will work in this paper with a variation of temporal logic and unification. As
well known in mathematical logic and philosophy, temporal logic is a mathematical
symbolism for representing, and reasoning about events qualified in terms of time. In
literature, temporal logic sometimes used to refer to tense logic, as – a modal logic-
based system of temporal logic which was introduced by Arthur Prior in the late
1950s. It has been further developed and applied in computer scientists, notably by
Amir Pnueli, and other logicians (cf. e.g. Gabbay at al [10, 11]), cf. [21, 23, 24]).

Linear modal logic may be seen as linear temporal logic (logic with linear time).
Studying it Dzik and Wojtylak [6] proved that any formula unifiable in the linear modal
logic S4.3 is projective, which gives direct solution of admissibility problem for S4.3.
(Ideas similar to projectivity for linear modal and intuitionistic logics were suggested
already in A. Wronski [25, 26]).

At the same time, progress for admissibility problem in temporal logic itself was
rather not so successful, many problems remain open. Even until now the admissibility
problem was not solved for none-linear temporal logic with transitive (accessibility by
time) relation. In this paper we consider admissibility problem in some such non-linear
temporal logic. We assume that L is generated by family of all possible temporal mod-
els which are closed and have the compression property. We consider a modification of
projective formulas and by it we find algorithm computing most general unifier for any
given unifiable in L formula. So we prove that unifiability problem and admissibility
problems for such logic L are decidable.

2 A very few known definitions and denotation
We start from definition the syntax for our temporal logic. It contains the set Prop of
propositional letters and Boolean logical operations.

As for additional temporal logical operations we have a choice for using and fixing
notation. First, paying respect to Prior for his invention, we may consider only Prior’s
choice for operations: unary logical operation G (means – it always will be true) and
unary logical operationH (it always was true in past). So for a formula φ, Gφ is meant
as: always in future φ will be always true, Hφ says that always in past φ was true.

Second way, besides we may use only modified standard modal logical operations
2+ (for future) and 2− for past and they may be expressed by standard mentioned
temporal ones: 2+φ := ¬G¬φ, 2−φ := ¬H¬φ. And wise versa Gφ := 2+φ,
Hφ = 2−φ. Later we will prefer to use only 2+ and 2− as additional temporal
operations.

Now we briefly recall (well known) definitions for semantic of modal and temporal
bi-models. Standard semantics for modal propositional logics consists of frames F =
⟨W,R⟩ (that are setsW of possible states (worlds) with a binary accessibility relationR
onW ; so, if a, b ∈W and aRbwe say that b is accessible from a). Models are obtained
from the frames by introduction valuations V for some chosen sets of propositional
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letters Prop. So, for any p ∈ Prop, V (p) ⊆ W , V (p) is the set of all w from W
where p is true (w.r.t. V ). The triple M := ⟨W,R, V ⟩ is said to be a Kripke model.

For any Kripke model M, the truth values can be extended from propositions of
Prop to arbitrary (bi-modal) formulas as follows:

∀p ∈ Prop (M, a) V p⇔a ∈W ∧ a ∈ V (p);

(M, a) V (φ ∧ ψ)⇔(M, a) V φ ∧ (M, a) V ψ;

(M, a) V (φ ∨ ψ)⇔(M, a) V φ ∨ (M, a) V ψ;

(M, a) V ¬φ⇔not[(M, a) V φ];

(M, a) V 2
+φ⇔∀b[(a R b)⇒(M, b) V φ];

(M, a) V 2
−φ⇔∀b[(b R a)⇒(M, b) V φ].

For a Kripke model M := ⟨W,R, ⟩ and a formula φ with letters from the domain
of V , φ is valid in M (denotation – M φ) if, for any b of W , the formula φ is true
at b (denotation: (M, b) V φ).

Definition 1 For a given class of frames K, the temporal (bi-modal) logic generated
by K is the set of all temporal formulas which are true at any state of any model
obtained from any frame from K by introduction of any possible valuation of proposi-
tional letters; notation L = L(K).

Any modal logic is simply a particular case of bi-modal logic when we use only
one modal operation 2 (as 2+) instead two ones: 2+ and 2−.

In this paper we consider only frames with reflexive and transitive accessibility
relations R. Logic L(K) itself is decidable if for any formula we may compute if
φ ∈ L(K). A formula φ is satisfiable in L(K) if there is a model M constructed on a
frame from K, where φ is true at some its state.

3 A modification for definition of projective formulas
First we briefly recall the known standard definitions in order to show how our ex-
tension works towards standard projective formulas. Our comments below are exactly
the same for any modal or bi-modal logic. Let For be the set of all formulas, let P
be a set of letters. A mapping ε of P into For is said to be a substitution for P .
That substitution ε can be extended to the set of all formulas in letters from P by
ε(φ(x1, . . . , xn)) := φ(ε(x1), . . . , ε(xn)). That is similar for all logics.

Definition 2 A formula φ is unifiable in a logic L if there is a substitution ε (which is
called a unifier for φ) such that ε(φ) ∈ L.

That is ε(φ) is the result of substitution formulas varepsilon(xi) in the formula
φ instead any propositional letter xi occurring in φ. A unifier ε (for a formula φ in a
logic L) is more general than a unifier ε1 iff there is a substitution δ such that for any
letter x, [ε1(x) ≡ δ(ε(x))] ∈ L. A set of unifiers CU for a given formula φ in a logic
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L is a complete set of unifiers, if the following holds. For any unifier σ for φ in L,
there is a unifier σ1 from CU , where σ1 is more general than σ.

If a logic L is decidable, usually to check the unifiability a formula in L is (theo-
retically, not computationally) an easy task: it is sufficient to use only ground substi-
tutions: mappings of propositional letters in the set {⊥,⊤}. But the problem - how to
find all unifiers - all solving substitutions - is not easy at all. Now we recall the standard
definition of projective formulas for modal logics.

Definition 3 A formula φ is said to be projective in a logic L if the following holds.
There is a substitution σ (which is called projective substitution) which is an unifier for
φ such that 2φ→ [xi ≡ σ(xi)] ∈ L for any letter xi from φ.

The use of projective formulas for modal logics comes from the following state-
ment.

Lemma 4 If a substitution σp is projective for a formula φ in a modal logic L, then
{σp} is a complete set of unifiers for φ (i.e. σp is most general unifier).

Proof. Indeed, let σ be a unifier for φ in L. Since we assume σp is projective for
φ in L, we have 2φ → [xi ≡ σp(xi)] ∈ L for any letter xi from φ. Acting by σ
on the formula above we get σ(2φ) → [σ(xi) ≡ σ(σp(xi))] ∈ L, that is σ(xi) ≡
σ(σp(xi)) ∈ L. Q.E.D.

It works very well for linear modal logics for finding most general unifiers, but
for not-linear ones and moreover for temporal logics that approach cannot be applied
directly . Also recall that not all unifiable formulas are projective. Recall (without
a proof) a known result concerning the linear temporal logic LTL (on the set of all
natural numbers as the generating frame).

Example (cf. eg. [22]). Formula φ = Box(2x ∨ (¬x ∧ N2x)) is unifiable in
LTL but not projective.

In this our paper we study an non-linear temporal logics with aim to sole problem
of computability for admissible rules and for finding most general unifiers. For this we
introduce some restriction on temporal logics under our consideration.

Note that we do not consider in our this paper temporal logics with operation until
(or since) because the logic is not linear and so there is no way to define correctly the
rules for computation until (or since). As noted already, a temporal frame is a pair
⟨W,R⟩, where W is a set (temporal states) and R is a binary relation on W (accessi-
bility for states, aRb means that the state b is accessible form state a).

We fix that since now, by definition, the relations R are always reflexive and tran-
sitive.

To simplify writings we write aR+b for aRb (with meaning b is future state for a)
and aR−b for bRa (with meaning b is past state for a).

Now we turn to our modification of definition for projective formulas. We need

Definition 5 We say that a temporal frame ⟨W,R⟩ is closed if for any two states a, b ∈
W there are states a1, b1, a2, b2, ... ai, bi, ... ak, bk ∈ W such that a = a1, b = bk,
and

a1R
+b1, b1R

−a2, a2R
+b2, ... , aiR

+bi, biR
−ai+1, ... , akR

+bk.
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In this case we will say that there is an zig-zag path in W from a to b of length k.

Definition 6 Let k ∈ N . We say a temporal logic L has k-zig-zag compression if
L is generated by a family Kripke frames ⟨W,R⟩, such that for any such ⟨W,R⟩ the
following holds.

If for any a1, b1, a2, b2, ... ai, bi, ... an, bn from W with n ≥ k + 1 and

a1R
+b1, b1R

−a2, a2R
+b2, ... , aiR

+bi, biR
−ai+1, ... , anR

+bn.

there are c1, d1, ... ci, di, ... cm, dm ∈W such that

c1R
+d1, d1R

−c2, c2R
+d2, ... , ciR

+di, diR
−ci+1 ... cmR

+dm,

and a1 = c1, bn = dm, where m < k + 1.

That is, if there is a zig-zag path from a1 to bn inside W of, say, – zig-zag length n,
which is bigger as k, then there is a zig-zag path from a1 to bn inside W of length at
most k. Recall now definition of main object of our research - admissibility of inference
rules.

Definition 7 Let φ1, . . . , φn, ψ be some formulas. Inference rule compound from this
formulas is the expression φ1, . . . φn/ψ. It said to be admissible in a logic L iff for any
substitution ϵ if ϵ(φ1) ∈ L, . . . , ϵ(φn) ∈ L then ϵ(ψ) ∈ L.

4 Results on Decidability
We consider now below only non-linear temporal logic L which is generated by all
closed temporal frames with k-zig-zag compression (that is L = L(K)). It is clear that
a formula φ is unifiable in L iff φ is true one element reflexive frame. We turn now to
find a complete set of unifiers.

For a formula φ and m ∈ N , [2+2−]mφ denotes the formula
(2+2−)(2+2−)...(2+2−)(2+2−)φ where (2+2−) is taken m times.

Theorem 8 For (non-linear) temporal logic L generated by all closed temporal frames
with k-zig-zag compression there is an algorithm computing most general unifier for
unifiable formulas.

Proof. Given a formula φ(x1, ..., xn). First we verify if it is unifiable in L at all.
For this we verify its truth in the one element frame. If for some valuation δ1, where
δ1(xi) := gi (gi ∈ {⊤,⊥}), for its letters xi, δ1(φ) = ⊤ holds then the formula
φ(x1, ..., xn) is unifiable in L. If for all possible gi it is not the case then formula φ is
not unifiable in L. We assume that φ(x1, ..., xn) is unifiable in L, fix gi and continue.
So, we take and fix a substitution σ1(xi) := gi where φ(σ1(xi), . . . , σ1(xn)) ∈ L, if
no such gii, we chose and fix gi to be those which make false φ at the one-element
model after substitution gi in place of xi.

Now for any letter xi occurring in φ we define the following substitution:

σ(xi) :=
(
[2+2−]k+1φ(x1, ..., xn) ∧ xi

)
∨ [¬[(2+2−)k+1φ(x1, ..., xn)] ∧ gi].
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Lemma 9 σ(xi) is a unifier for φ.

Proof. By our assumption the logic L is generated by a set G of closed modelsMm

and these models has k-zig-zag compression property. Take a model Mm of this sort.
Take and fix a state x from Mm. Only two cases are possible:

(I) (Mm, x) 1V [2+2−]k+1φ(x1, ..., xn), or
(II) (Mm, x) 
V [2+2−]k+1φ(x1, ..., xn).
Now it remains to show that the formula σ(φ) is true at each x from Mm.

Lemma 10 If (II) it a case then σ(φ) is true at all states of Mm.

Indeed, consider any state y from Mm. We know that x is a state of Mm, and since
the model Mm is closed, there is zig-zag path P from x to y. Because by condition of
this theorem, the frame of the model Mm has k-zig-zag compression, there is a path P
from x to y with length at most k.

Then by

(Mm, x) 
V [2+2−]k+1φ(x1, ..., xn)

we obtain (Mm, y) 
V φ(x1, ..., xn). Because this holds for any y from Mm, We get

(Mm, y) 
V [2+2−]k+1φ(x1, ..., xn).

Therefore (Mm, y) 
V σ(xi) for all y fromMm. That is because the truth value of any
xi at any y w.r.t. the original valuation V is exactly the same as the truth value of σ(xi)
w.r.t. V . Because (Mm, y) 
V φ(x1, ..., xn) we get (Mm, y) 
V σ(φ(x1, ..., xn)). It
concludes the proof of this lemma.

Lemma 11 If (I) holds then σ(φ) is true at all states of Mm.

Let

(Mm, x) 
V ¬[2+2−]k+1φ(x1, ..., xn).

Then there is a zig-zag path from x to some y from Mm where

(Mm, y) 
V ¬φ(x1, ..., xn).

Since the model is closed, we have that for any z from Mm there is a zig-zag path
from z to y. By k-zig-zag compression property, there is a zig-zag path from z to y of
length at most k. So at any z

(Mm, z) 
V ¬[2+2−]k+1φ(x1, ..., xn).

So we get that for any z from Mm, the truth value of any σ(xi) at z is gi. By choice of
gi we get (Mm, z) 
V σ(φ(x1, ..., xn)). Lemma is proved.
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Definition 12 A set of unifiers CU for a given formula φ in a logic L is a complete
set of unifiers, if the following holds. For any unifier σ1 for φ in L, there is a unifier σ
from CU , where σ is more general than σ1, that is there is a substitution σ2 such that
for any letter xi, σ1(xi) = σ2(σ(xi)).

Definition 13 We tell that a formula φ is almost-projective (denotation – alpr) in our
logic L if the following holds. There is a substitution σ (we call it alpr-substitution)
which is an unifier for formula φ and

[2+2−]k+1φ→ [xi ≡ σ(xi)] ∈ L

for any letter xi from φ.

We see that our definition here is depending on the number k, which is fixed during
definition of our logic.

Lemma 14 If a substitution σp is alpr for a formula φ in our logic L, then {σp} is a
complete set of unifiers for φ (i.e. σp is most general unifier).

Indeed, Since we assume that σp is alpr for φ in L, we have [2+2−]k+1φ→ [xi ≡
σp(xi)] ∈ L for any letter xi from φ. Take an arbitrary unifier σ2 for φ. Acting by σ2
on the formula above we get

σ2([2
+2−]k+1φ) → [σ2(xi) ≡ σ2(σp(xi))] ∈ L.

Since σ2 is a unifier for φ, we have σ2(φ) ∈ L and [2+2−]k+1σ2(φ) ∈ L. There-
fore σ2(xi) ≡ σ2(σp(xi)) ∈ L. Q.E.D.

Lemma 15 σ(xi) is an alpr for φ.

Proof. We shown already that σ is a unifier for φ, and it remains to show that

[2+2−]k+1φ→ [xi ≡ σ(xi)] ∈ L

Take a closed model Mm with k-zig-zag compression. Take any state y from Mm.
σ is, as we proved above, a unifier for φ and hence σ(φ) is true in any state of Mm.
Therefore (Mm, y) 
V σ(φ) for any y and for any y, (Mm, y) 
V [2+2−]k+1σ(φ).
Hence by definition of σ(xi) above the truth value of any xi at any y w.r.t. the original
valuation V is exactly the same as the truth value of σ(xi) w.r.t. V . Q.E.D.

Theorem 16 Admissibility problem for logic L is decidable.

Proof. Indeed, for any rule φ1, . . . φn/ψ we may compute if it is admissible in L as
follows. An inference rule φ1, . . . φn/ψ is not admissible in L iff there is a unifier σ1
for φ1 ∧ · · · ∧φn which is not a unifier for ψ. But if so, then the computed by us above
unifier σp for φ1, . . . φn (cf. Lemmas 9, 14, 15) does the same for φ1, . . . φn and ψ as
σ1 above. Q.E.D.
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