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Ïðåäñòàâëåíî Ï.Ï. Ïåòðîâûì

Abstract: In this paper, we continue to study groups whose normal
closure of each 2-generated subgroup is a nilpotent group. It is
proved that there exists a non-metabelian group without elements
of order 2, the normal closure of each 2-generated subgroup of
which is a nilpotent group of class no more than 3.

Keywords: nilpotent group, metabelian group, normal closure of
a subgroup, Levy class, variety, quasivariety.

1 Ââåäåíèå

Ïîêðûòèåì ãðóïïû G íàçîâ¼ì âñÿêóþ ñèñòåìó ïîäãðóïï ýòîé ãðóïïû,
òåîðåòèêî-ìíîæåñòâåííîå îáúåäèíåíèå êîòîðûõ ñîâïàäàåò ñ G. Èññëåäî-
âàíèå âëèÿíèÿ ñâîéñòâ ïîêðûòèÿ íà ñòðîåíèå ñàìîé ãðóïïû � îäíà èç
èíòåðåñíûõ çàäà÷, â ðàìêàõ êîòîðîé âûïîëíåíà äàííàÿ ðàáîòà.
Ïóñòü M � êëàññ ãðóïï, òîãäà ÷åðåç Ln(M) áóäåì îáîçíà÷àòü êëàññ

âñåõ ãðóïï G, â êîòîðûõ íîðìàëüíîå çàìûêàíèå ⟨g1, . . . , gn⟩G ëþáîé n-
ïîðîæä¼ííîé ïîäãðóïïû ⟨g1, . . . , gn⟩ ãðóïïû G ïðèíàäëåæèò M.
Êàê îáû÷íî, Nc � ìíîãîîáðàçèå íèëüïîòåíòíûõ ãðóïï ñòóïåíè íå

âûøå c, A2 � ìíîãîîáðàçèå ìåòàáåëåâûõ ãðóïï (ò.å. ãðóïï ñ àáåëåâûì
êîììóòàíòîì), qK � êâàçèìíîãîîáðàçèå, ïîðîæä¼ííîå êëàññîì ãðóïï
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K. Êâàçèìíîãîîáðàçèå íàçûâàåòñÿ íèëüïîòåíòíûì, åñëè âñå ãðóïïû â
í¼ì íèëüïîòåíòíûå.
Êëàññ L1(M) ãðóïï íàçûâàåòñÿ êëàññîì Ëåâè, ïîðîæä¼ííûìM. Âïåð-

âûå êëàññû Ëåâè áûëè ââåäåíû â [1] ïîä âëèÿíèåì ðàáîòû Ëåâè [2], â
êîòîðîé èññëåäîâàëèñü ãðóïïû ñ àáåëåâûìè ïîäãðóïïàìè âèäà ⟨x⟩G. Â
[3] äîêàçàíî, ÷òî åñëè êëàññ M ÿâëÿåòñÿ ìíîãîîáðàçèåì, òî L1(M) �
òàêæå ìíîãîîáðàçèå ãðóïï, à â [4] óñòàíîâëåíî, ÷òî åñëè M � êâàçèì-
íîãîîáðàçèå, òî L1(M) � ñíîâà êâàçèìíîãîîáðàçèå ãðóïï. Ýòî ïðèâåëî
â äàëüíåéøåì ê èññëåäîâàíèþ êëàññîâ L1(M) äëÿ ìíîãîîáðàçèé è êâà-
çèìíîãîîáðàçèé ãðóïï.
Â íàñòîÿùåå âðåìÿ êëàññû Ëåâè àêòèâíî èçó÷àþòñÿ. Îñîáîå âíèìà-

íèå çäåñü óäåëÿåòñÿ íèëüïîòåíòíûì êâàçèìíîãîîáðàçèÿì M ãðóïï [4]�
[6]. Îñíîâíûì ðåçóëüòàòîì ðàáîò [4] è [5] ÿâèëàñü òåîðåìà, â êîòîðîé
íàéäåíû óñëîâèÿ íà ïðîèçâîëüíîå ìíîæåñòâî K ãðóïï èç N2, ïðè âû-
ïîëíåíèè êîòîðûõ L1(qK) ⊆ N3. Â [7]�[10] îïèñàíû êëàññû Ëåâè ïî÷òè
àáåëåâûõ êâàçèìíîãîîáðàçèé íèëüïîòåíòíûõ ãðóïï, ò.å. íåàáåëåâûõ êâà-
çèìíîãîîáðàçèé ãðóïï, âñå ñîáñòâåííûå ïîäêâàçèìíîãîîáðàçèÿ êîòîðûõ
àáåëåâû. Âîïðîñû àêñèîìàòèçèðóåìîñòè êëàññîâ Ëåâè íèëüïîòåíòíûõ
êâàçèìíîãîîáðàçèé ãðóïï èçó÷àëèñü â [11]�[14].
Îïåðàòîð Ln äëÿ êàæäîãî íàòóðàëüíîãî ÷èñëà n áûë ââåä¼í â [15].

Îêàçàëîñü [15], åñëè M � êâàçèìíîãîîáðàçèå (ìíîãîîáðàçèå) ãðóïï, òî
Ln(M) � ñíîâà êâàçèìíîãîîáðàçèå (ìíîãîîáðàçèå) ãðóïï.
Â [16] óñòàíîâëåíî, ÷òî äëÿ êëàññà N íèëüïîòåíòíûõ ãðóïï ñòóïåíè

íå âûøå òð¼õ áåç ýëåìåíòîâ âòîðîãî ïîðÿäêà ñïðàâåäëèâî âêëþ÷åíèå:
L2(N ) ⊆ N4. Çäåñü æå ïîêàçàíî, ÷òî â ïîñëåäíåì óòâåðæäåíèè îãðàíè-
÷åíèå íà ýëåìåíòû âòîðîãî ïîðÿäêà óáðàòü íåëüçÿ, â ÷àñòíîñòè, êëàññ
L2(N3) íå ÿâëÿåòñÿ íèëüïîòåíòíûì.
Â [16] äîêàçàíî, ÷òî åñëè N � êëàññ íèëüïîòåíòíûõ ãðóïï ñòóïåíè íå

âûøå òð¼õ áåç ýëåìåíòîâ âòîðîãî ïîðÿäêà, òî L2(N ) ∩ A2 = N . Âîçíè-
êàåò åñòåñòâåííûé âîïðîñ: L2(N ) ⊆ A2? Â äàííîé ðàáîòå äîêàçàíî, ÷òî
êâàçèìíîãîîáðàçèå L2(N ) ñîäåðæèò íåìåòàáåëåâó ãðóïïó, â ÷àñòíîñòè,
L2(N ) ̸⊆ N3.

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â ðàáîòå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:
[x, y] = x−1y−1xy = x−1xy, [x, y, . . . , z, u] = [[x, y, . . . , z], u];
⟨x, y, . . . ⟩ � ãðóïïà, ïîðîæäåííàÿ ýëåìåíòàìè x, y, . . . ; ⟨x⟩ � öèêëè-

÷åñêàÿ ãðóïïà, ïîðîæäåííàÿ x;
⟨g1, . . . , gn⟩G = ⟨g−1g1g, . . . , g

−1gng | g ∈ G⟩ � íîðìàëüíîå çàìûêàíèå
ïîäãðóïïû ⟨g1, . . . , gn⟩ â G;

γ1(G) = G, γ2(G) = [G,G], . . . , γn(G) = [γn−1(G), G];
Z � ìíîæåñòâî öåëûõ ÷èñåë.
Åñëè H � ïîäãðóïïà ãðóïïû G, òî IsH = {g ∈ G | (∃n)(n ∈ Z & n ̸=

0 & gn ∈ H)} � èçîëÿòîð ïîäãðóïïû H â G.
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Ñòàíäàðòíûì îáðàçîì îïðåäåëÿåì âåñ w(a) êîììóòàòîðà, ñ÷èòàÿ, ÷òî
1) w(x) = 1, åñëè x � ïðåäìåòíàÿ ïåðåìåííàÿ,
2) w(a) = w(u) + w(v), åñëè a = [u, v].
[x3, x2, x2, x2], [x3, x2, x2, x3], [x3, x2, x3, x3],
[x3, x1, x1, x1], [x3, x1, x1, x2], [x3, x1, x1, x3]
[x3, x1, x2, x2], [x3, x1, x2, x3]
[x3, x1, x3, x3], [x2, x1, x1, x1], [x2, x1, x1, x2], [x2, x1, x1, x3],
[x2, x1, x2, x2], [x2, x1, x2, x3], [x2, x1, x3, x3],
[x3, x2, [x3, x1]], [x3, x2, [x2, x1]], [x3, x1, [x2, x1]]

� ýòî âñå áàçèñíûå êîììóòàòîðû âåñà 4 â ïåðåìåííûõ x1, x2, x3.
Ñëîâà
γ1(x1) = x1, γn+1(x1, . . . , xn+1) = [γn(x1, . . . , xn), xn+1], n = 1, 2, . . . ,

íàçûâàþòñÿ ïðîñòûìè êîììóòàòîðàìè.
Ïðè íàïèñàíèè òîæäåñòâ êâàíòîðû âñåîáùíîñòè áóäåì îïóñêàòü.
Íàì ïîòðåáóþòñÿ ñëåäóþùèå õîðîøî èçâåñòíûå êîììóòàòîðíûå òîæ-

äåñòâà è òîæäåñòâî Âèòòà ([17], òåîðåìà 33.34), èñòèííûå â êàæäîé ãðóï-
ïå:

[xy, z] = [x, z]y[y, z], (1)

[x, yz] = [x, z][x, y]z, (2)

[x, yzt] = [x, t][x, z]t[x, y]zt, (3)

[x, y−1, z]y[y, z−1, x]z[z, x−1, y]x = 1. (4)

Áóäåì ïîëüçîâàòüñÿ ëèíåéíîñòüþ êîììóòàòîðîâ âåñà 4 â 4-ñòóïåííî
íèëüïîòåíòíûõ ãðóïïàõ, ò.å. èñòèííîñòüþ â íèõ òîæäåñòâ:

[xy, z, t, u] = [x, z, t, u][y, z, t, u],

[z, xy, t, u] = [z, x, t, u][x, y, t, u],

[t, z, xy, u] = [t, z, x, u][t, z, y, u],

[u, z, t, xy] = [u, z, t, x][u, z, t, y].

Îòìåòèì, ÷òî èç âûøåóïîìÿíóòûõ òîæäåñòâ òîæäåñòâ ñëåäóåò, ÷òî â
4-ñòóïåííî íèëüïîòåíòíûõ ãðóïïàõ èñòèííû òîæäåñòâà:

[[x, y], [z, t]−1] = [[x, y], [z, t]]−1,

[[x, y, z]−1, t] = [x, y, z, t]−1,

[xm, yk, zs, tl] = [x, y, z, t]mkst (m, k, s, t ∈ Z),
[[x, y, z][y, z, x][z, x, y], t] = 1, (5)

[[x, y, z], t] = [[y, z, x][z, x, y], t]−1,

êîòîðûìè ìû áóäåì ÷àñòî ïîëüçîâàòüñÿ.
Ñ îñíîâíûìè ïîíÿòèÿìè è îïðåäåëåíèÿìè ìîæíî ïîçíàêîìèòüñÿ â

[17, 18, 19].
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3 Îñíîâíîé ðåçóëüòàò

Ïóñòü F � ñâîáîäíàÿ 4-íèëüïîòåíòíàÿ ãðóïïà ñî ñâîáîäíûìè ïî-
ðîæäàþùèìè x1, x2, x3; N � e¼ ïîäãðóïïà, ïîðîæä¼ííàÿ ýëåìåíòàìè
u1, . . . , u9, v1, . . . , v12 (ýòè ýëåìåíòû � ïðîèçâåäåíèÿ íåêîòîðûõ áàçèñ-
íûõ êîììóòàòîðîâ), ãäå

u1 = [x2, x1, x1, x1], u2 = [x2, x1, x1, x2], u3 = [x2, x1, x2, x2],
u4 = [x3, x1, x1, x1], u5 = [x3, x1, x1, x3], u6 = [x3, x1, x3, x3],
u7 = [x3, x2, x2, x2], u8 = [x3, x2, x2, x3], u9 = [x3, x2, x3, x3],
v1 = [x3, x1, x2, x3]

−2[x2, x1, x3, x3]
−1[x3, x2, [x3, x1]],

v2 = [x2, x1, x2, x3]
−2[x3, x1, x2, x2]

−1[x3, x2, [x2, x1]],
v3 = [x3, x2, [x3, x1]][x2, x1, x3, x3]

−2,
v4 = [x3, x2, [x2, x1]][x3, x1, x2, x2]

2,
v5 = [x2, x1, x1, x3][x3, x1, x1, x2],
v6 = [x3, x1, x2, x3]

−2[x2, x1, x3, x3],
v7 = [x3, x2, [x2, x1]]

2[x2, x1, x2, x3]
−2[x3, x1, x2, x2],

v8 = [x3, x2, [x3, x1]][x3, x1, x2, x3]
2[x2, x1, x3, x3]

−3,
v9 = [x3, x2, [x2, x1]]

2[x2, x1, x2, x3]
−2[x3, x1, x2, x2],

v10 = [x3, x2, [x2, x1]]
−3[x2, x1, x2, x3]

2[x3, x1, x2, x2]
−3,

v11 = [x3, x1, [x2, x1]]
3[x2, x1, x1, x3]

−3[x3, x1, x1, x2],
v12 = [x3, x1, [x2, x1]]

−3[x3, x1, x1, x2]
−3[x2, x1, x1, x3],

N0 � èçîëÿòîð N â F3.

Ëåììà 1. ⟨[x3, x1, [x2, x1]]⟩ ∩N0 = ⟨1⟩.
Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå ëåììû íåâåðíî.

Òîãäà [x3, x1, [x2, x1]]
m ∈ N äëÿ íåêîòîðîãî m ∈ Z, m ̸= 0. Òîãäà äëÿ

ïîäõîäÿùèõ k1, . . . , k9,m1, . . . ,m12 ∈ Z èìååì:

uk11 . . . uk99 vm1
1 . . . vm12

12 = [x3, x1, [x2, x1]]
m.

Ýëåìåíò [x2, x1, x1, x3] âõîäèò â ëåâóþ ÷àñòü ýòîãî ðàâåíñòâà ñ ñóììîé
ïîêàçàòåëåé, ðàâíîé m5 − 3m11 + m12, ýëåìåíò [x3, x1, x1, x2] � ñ ñóì-
ìîé ïîêàçàòåëåé m5 + m11 − 3m12, ýëåìåíò [x3, x1, [x2, x1]] � ñ ñóì-
ìîé ïîêàçàòåëåé 3m11−3m12. Èç îäíîçíà÷íîñòè ïðåäñòàâëåíèÿ ýëåìåíòà
[x3, x1, [x2, x1]] â âèäå ïðîèçâåäåíèÿ áàçèñíûõ êîììóòàòîðîâ â ñâîáîäíîé
4-íèëüïîòåíòíîé ãðóïïå ïîëó÷àåì ðàâåíñòâà:

m5 − 3m11 +m12 = 0,
m5 +m11 − 3m12 = 0,
3m11 − 3m12 = m,

îòêóäà ëåãêî ñëåäóåò, ÷òî m11 − m12 = 0, ò.å. m = 0. Ïðîòèâîðå÷èå.
Ëåììà äîêàçàíà.

Ñëåäñòâèå 1. Ãðóïïà G = F/N0 íå ÿâëÿåòñÿ ìåòàáåëåâîé.

Â ñëåäóþùåé ëåììå íåêîòîðûå êîììóòàòîðû ïðåäñòàâëåíû â F â âèäå
ïðîèçâåäåíèÿ áàçèñíûõ êîììóòàòîðîâ. Íåñîìíåííî, ýòè ôîðìóëû ìîæíî
ïîëó÷èòü, èñïîëüçóÿ õîðîøî èçâåñòíûé ñîáèðàòåëüíûé ïðîöåññ. Òåì íå
ìåíåå, ìû ïðèâåä¼ì ïîäðîáíûé, ìåíåå ãðîìîçäêèé âûâîä ýòèõ ôîðìóë.
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Ëåììà 2. Â ëþáîé íèëüïîòåíòíîé ãðóïïå A ñòóïåíè 4 èñòèííû ñëå-
äóþùèå òîæäåñòâà:

[x1, x2, x3, x2] = [x3, x2, [x2, x1]][x2, x1, x2, x3]
−1, (6)

[x1, x3, x3, x2] = [x3, x1, x2, x3]
−1[x3, x2, [x3, x1]], (7)

[x3, x2, x3, x1] = [x3, x1, [x3, x2]]
−1[x2, x1, x3, x3]

−1[x3, x1, x2, x3], (8)

[x2, x1, x3, x2] = [x3, x2, [x2, x1]]
−1[x2, x1, x2, x3], (9)

[x2, x3, x2, x1] = [x3, x2, [x2, x1]]
−2[x3, x1, x2, x2]

−1[x2, x1, x2, x3], (10)

[x1, x2, x3, x1] = [x2, x1, x1, x3]
−1[x3, x1, [x2, x1]], (11)

[x1, x3, x2, x1] = [x3, x1, [x2, x1]]
−1[x3, x1, x1, x2]

−1, (12)

[x3, x2, x1, x3] = [x2, x1, x3, x3]
−1[x3, x1, x2, x3], (13)

[x3, x2, x1, x2] = [x3, x2, [x2, x1]][x2, x1, x2, x3]
−1[x3, x1, x2, x2], (14)

[x3, x2, x1, x1] = [x3, x1, [x2, x1]]
2[x2, x1, x1, x3]

−1[x3, x1, x1, x2]. (15)

Äîêàçàòåëüñòâî. Èç (4), (5) è ëèíåéíîñòè êîììóòàòîðîâ ïîëó÷àåì
â F ñëåäóþùèå ðàâåíñòâà (êîòîðûå ÿâëÿþòñÿ òîæäåñòâàìè â F ):

[x1, x2, x3, x2] = [x3, x2, [x1, x2]]
−1[x2, [x1, x2], x3]

−1 =

= [x3, x2, [x2, x1]][x2, x1, x2, x3]
−1,

[x1, x3, x3, x2] = [x3, x2, [x1, x3]]
−1[x2, [x1, x3], x3]

−1 =

= [x3, x1, x2, x3]
−1[x3, x2, [x3, x1]],

[x3, x2, x3, x1] = [x3, x1, [x3, x2]]
−1[x1, [x3, x2], x3]

−1 =

= [x3, x1, [x3, x2]]
−1[x3, x2, x1, x3] =

= [x3, x1, [x3, x2]]
−1[x2, x1, x3, x3]

−1[x1, x3, x2, x3]
−1 =

= [x3, x1, [x3, x2]]
−1[x2, x1, x3, x3]

−1[x3, x1, x2, x3],

[x2, x1, x3, x2] = [x3, x2, [x2, x1]]
−1[x2, [x2, x1], x3]

−1 =

= [x3, x2, [x2, x1]]
−1[x2, x1, x2, x3].

Çàìåíèì â (8) x2 íà x3, x3 íà x2. Ïîëó÷èì ñëåäóþùåå ðàâåíñòâî:
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[x2, x3, x2, x1] = [x2, x1, [x2, x3]]
−1[x3, x1, x2, x2]

−1[x2, x1, x3, x2].

Îòñþäà

[x2, x3, x2, x1] =

= [x3, x2, [x2, x1]]
−1[x3, x1, x2, x2]

−1[x3, x2, [x2, x1]]
−1[x2, [x2, x1], x3]

−1 =

= [x3, x2, [x2, x1]]
−2[x3, x1, x2, x2]

−1[x2, x1, x2, x3].

[x1, x3, x2, x1] = [x2, x1, [x1, x3]]
−1[x1, [x1, x3], x2]

−1 =

= [x3, x1, [x2, x1]]
−1[x3, x1, x1, x2]

−1.

Ïîëó÷èëè òîæäåñòâî (12). Çàìåíÿÿ â (12) x2 íà x3, x3 íà x2, ïîëó÷àåì
òîæäåñòâî (11).

[x3, x2, x1, x3] = [x2, x1, x3, x3]
−1[x1, x3, x2, x3]

−1 =

= [x2, x1, x3, x3]
−1[x3, x1, x2, x3].

[x3, x2, x1, x2] = [x2, x1, x3, x2]
−1[x1, x3, x2, x2]

−1 =

= [x3, x2, [x2, x1]][x2, x1, x2, x3]
−1[x3, x1, x2, x2].

[x3, x2, x1, x1] = [x2, x1, x3, x1]
−1[x1, x3, x2, x1]

−1 =

= [x3, x1, [x2, x1]][x2, x1, x1, x3]
−1[x3, x1, [x2, x1]][x3, x1, x1, x2] =

= [x3, x1, [x2, x1]]
2[x2, x1, x1, x3]

−1[x3, x1, x1, x2].

Ëåììà äîêàçàíà.

Ëåììà 3. Åñëè g1 = xm3
3 xm2

2 c1, g2 = xk33 xk22 xk11 c2 ∈ F3 (c1, c2 ∈ F ′
3), òî

[g2, g1, g1, g1] ∈ N .

Äîêàçàòåëüñòâî. Ïóñòü h = [g2, g1, g1, g1]. ßñíî, ÷òî

h = [xk33 xk22 xk11 , xm2
2 xm3

3 , xm2
2 xm3

3 , xm2
2 xm3

3 ].

Èñïîëüçóÿ ëèíåéíîñòü êîììóòàòîðîâ, íåñëîæíî ïðåäñòàâèòü h â âèäå
ïðîèçâåäåíèÿ êîììóòàòîðîâ âèäà [xi, xj , xk, xl]. Âèäèì, ÷òî â ýòîé çàïèñè
ýëåìåíòà h ïðèñóòñòâóåò ýëåìåíò

h1 = [x1, x2, x2, x3][x1, x2, x3, x2][x1, x3, x2, x2]

â ñòåïåíè k1m
2
2m3. Ââèäó (6)

h1 = [x2, x1, x2, x3]
−1[x3, x2, [x2, x1]][x2, x1, x2, x3]

−1[x3, x1, x2, x2]
−1 =

= [x3, x2, [x2, x1]][x2, x1, x2, x3]
−2[x3, x1, x2, x2]

−1 = v2 ∈ N.

Â íàøó çàïèñü ýëåìåíòà h â ñòåïåíè k1m2m
2
3 âõîäèò ýëåìåíò

h2 = [x1, x2, x3, x3][x1, x3, x2, x3][x1, x3, x3, x2].
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Ââèäó (7)

h2 = [x2, x1, x3, x3]
−1[x3, x1, x2, x3]

−1[x3, x1, x2, x3]
−1[x3, x2, [x3, x1]] =

= [x2, x1, x3, x3]
−1[x3, x1, x2, x3]

−2[x3, x2, [x3, x1]] = v1 ∈ N.

Îòìåòèì, ÷òî âñå áàçèñíûå êîììóòàòîðû îò ëþáûõ äâóõ ïåðåìåííûõ
èç ìíîæåñòâà {x1, x2, x3} âåñà 4 ñîäåðæàòñÿ â N . Îòñþäà ëþáîé êîììó-
òàòîð îò äâóõ ïåðåìåííûõ èç ìíîæåñòâà {x1, x2, x3} âåñà 4 ñîäåðæàòñÿ â
N . Òàê êàê

h = [xk33 xk22 , xm3
3 xm2

2 , xm3
3 xm2

2 , xm3
3 xm2

2 ][xk11 , xm2
2 , xm2

2 , xm2
2 ]·

·[xk11 , xm3
3 , xm3

3 , xm3
3 ]h

k1m2
2m3

1 h
k1m2m2

3
2 = h

k1m2
2m3

1 h
k1m2m2

3
2 c,

ãäå c � ïîäõîäÿùåå ïðîèçâåäåíèå áàçèñíûõ êîììóòàòîðîâ îò äâóõ ïå-
ðåìåííûõ èç ìíîæåñòâà {x1, x2, x3} âåñà 4, òî âèäèì, ÷òî h ∈ N . Ëåììà
äîêàçàíà.

Ëåììà 4. Åñëè g1 = xm3
3 xm2

2 c1, g2 = xk33 xk22 xk11 c2 ∈ F3 (c1, c2 ∈ F ′
3), òî

[g2, g1, g1, g2] ∈ N .

Äîêàçàòåëüñòâî. Ïóñòü h = [g2, g1, g1, g2]. Òîãäà

h = [xk33 xk22 xk11 , xm3
3 xm2

2 , xm3
3 xm2

2 , xk33 xk22 xk11 ] =

= [xk33 xk22 , xm3
3 xm2

2 , xm3
3 xm2

2 , xk33 xk22 ][xk11 , xm3
3 xm2

2 , xm3
3 xm2

2 , xk11 ]·
·[xk11 , xm3

3 xm2
2 , xm3

3 xm2
2 , xk33 xk22 ][xk33 xk22 , xm3

3 xm2
2 , xm3

3 xm2
2 , xk11 ].

Èñïîëüçóÿ ëèíåéíîñòü êîììóòàòîðîâ, çàôèêñèðóåì çàïèñü h â âèäå
ïðîèçâåäåíèÿ êîììóòàòîðîâ âèäà [xi, xj , xk, xl]. Âèäèì, ÷òî â ýòó çàïèñü
h â ñòåïåíè k1k3m2m3 âõîäèò ýëåìåíò

h1 = [x1, x2, x3, x3][x1, x3, x2, x3][x3, x2, x3, x1].

Ââèäó (8)

h1 = [x2, x1, x3, x3]
−1[x3, x1, x2, x3]

−1[x3, x1, [x3, x2]]
−1[x2, x1, x3, x3]

−1·
·[x3, x1, x2, x3] = [x2, x1, x3, x3]

−2[x3, x1, [x3, x2]]
−1 = v3 ∈ N.

Â íàøó çàïèñü h â ñòåïåíè k1k2m2m3 âõîäèò ýëåìåíò

h2 = [x1, x2, x3, x2][x1, x3, x2, x2][x2, x3, x2, x1].

Ââèäó (6) è (10)

h2 = [x3, x2, [x2, x1]][x2, x1, x2, x3]
−1[x3, x1, x2, x2]

−1[x3, x2, [x2, x1]]
−2·

·[x3, x1, x2, x2]−1[x2, x1, x2, x3] = [x3, x2, [x2, x1]]
−1[x3, x1, x2, x2]

−2 = v−1
4 ∈ N.

Â ýòó çàïèñü h â ñòåïåíè k21m2m3 âõîäèò ýëåìåíò

h3 = [x1, x2, x3, x1][x1, x3, x2, x1].

Â ñèëó (11) è (12)

h3 = [x2, x1, x1, x3]
−1[x3, x1, [x2, x1]][x3, x1, [x2, x1]]

−1[x3, x1, x1, x2]
−1 =

= [x2, x1, x1, x3]
−1[x3, x1, x1, x2]

−1 = v−1
5 ∈ N.
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Â ïîëó÷åííóþ çàïèñü h â ñòåïåíè k1k2m
2
3 âõîäèò ýëåìåíò

h4 = [x1, x3, x3, x2][x2, x3, x3, x1].

Ââèäó (7) è (8)

h4 = [x3, x1, x2, x3]
−1[x3, x2, [x3, x1]][x3, x1, [x3, x2]]·

·[x2, x1, x3, x3][x3, x1, x2, x3]−1 = [x3, x1, x2, x3]
−2[x2, x1, x3, x3] = v6 ∈ N.

Â çàôèêñèðîâàííóþ çàïèñü h â ñòåïåíè k1k3m
2
2 âõîäèò ýëåìåíò

h5 = [x1, x2, x2, x3][x3, x2, x2, x1].

Â ñèëó (10)

h5 = [x2, x1, x2, x3]
−1[x3, x2, [x2, x1]]

2[x3, x1, x2, x2]·

·[x2, x1, x2, x3]−1 = [x2, x1, x2, x3]
−2[x3, x2, [x2, x1]]

2[x3, x1, x2, x2] = v7 ∈ N.

Âèäèì, ÷òî

h = hk1k3m2m3
1 hk1k2m2m3

2 h
k21m2m3

3 h
k1k2m2

3
4 h

k1k3m2
2

5 t,
ãäå t � ïîäõîäÿùåå ïðîèçâåäåíèå êîììóòàòîðîâ âåñà 4 îò äâóõ ïåðå-
ìåííûõ. Òàê êàê âñå áàçèñíûå êîììóòàòîðû âåñà 4 îò äâóõ ïåðåìåííûõ
ñîäåðæàòñÿ â N , òî t ∈ N . Îòñþäà h ∈ N . Ëåììà äîêàçàíà.

Ëåììà 5. Åñëè g1 = xm3
3 xm2

2 c1, g2 = xk33 xk22 xk11 c2 ∈ F3 (c1, c2 ∈ F ′
3), òî

[g2, g1, g2, g2] ∈ N .

Äîêàçàòåëüñòâî. Ïóñòü h = [g2, g1, g2, g2]. Òîãäà

h = [xk33 xk22 xk11 , xm3
3 xm2

2 , xk33 xk22 xk11 , xk33 xk222 xk11 ] =

= [xk33 xk22 , xm3
3 xm2

2 , xk33 xk22 , xk33 xk22 ][xk11 , xm3
3 xm2

2 , xk33 xk22 , xk11 ]·
·[xk11 , xm3

3 xm2
2 , xk33 xk22 , xk33 xk22 ][xk33 xk22 , xm3

3 xm2
2 , xk33 xk22 , xk11 ]·

·[xk33 xk22 , xm3
3 xm2

2 , xk11 , xk33 xk22 ][xk11 , xm3
3 xm2

2 , xk11 , xk11 ]·
·[xk11 , xm3

3 xm2
2 , xk11 , xk33 xk22 ][xk33 xk22 , xm3

3 xm2
2 , xk11 , xk11 ].

Ôèêñèðóåì çàïèñü h â âèäå ïðîèçâåäåíèÿ êîììóòàòîðîâ âèäà [xi, xj , xk, xl].
Â ýòó çàïèñü ýëåìåíòà h â ñòåïåíè k1k

2
3m2 âõîäèò ýëåìåíò

h1 = [x1, x2, x3, x3][x3, x2, x3, x1][x3, x2, x1, x3].

Ââèäó (8) è (13)

h1 = [x2, x1, x3, x3]
−1[x3, x1, [x3, x2]]

−1[x2, x1, x3, x3]
−1·

·[x3, x1, x2, x3][x2, x1, x3, x3]−1[x3, x1, x2, x3] =

= [x2, x1, x3, x3]
−3[x3, x1, [x3, x2]]

−1[x3, x1, x2, x3]
2 = v8 ∈ N.

Â ðàññìàòðèâàåìóþ çàïèñü h â ñòåïåíè k1k2k3m2 âõîäèò ýëåìåíò

h2 = [x1, x2, x2, x3][x1, x2, x3, x2][x3, x2, x2, x1][x3, x2, x1, x2].

Ââèäó (6), (10) è (14)

h2 = [x2, x1, x2, x3]
−1[x3, x2, [x2, x1]][x2, x1, x2, x3]

−1·
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·[x3, x2, [x2, x1]]2[x3, x1, x2, x2][x2, x1, x2, x3]−1·
·[x3, x2, [x2, x1]][x2, x1, x2, x3]−1[x3, x1, x2, x2] =

= [x2, x1, x2, x3]
−4[x3, x2, [x2, x1]]

4[x3, x1, x2, x2]
2 = v29 ∈ N.

Â íàøó çàïèñü h â ñòåïåíè k1k2k3m3 âõîäèò ýëåìåíò

h3 = [x1, x3, x2, x3][x1, x3, x3, x2][x2, x3, x3, x1][x2, x3, x1, x3].

Â ñèëó (7), (8) è (13)

h3 = [x3, x1, x2, x3]
−1[x3, x1, x2, x3]

−1[x3, x2, [x3, x1]]·

·[x3, x1, [x3, x2]][x2, x1, x3, x3][x3, x1, x2, x3]−1[x2, x1, x3, x3][x3, x1, x2, x3]
−1 =

= [x3, x1, x2, x3]
−4[x2, x1, x3, x3]

2 = v26 ∈ N.

Â h â ñòåïåíè k1k
2
2m3 âõîäèò ýëåìåíò

h4 = [x1, x3, x2, x2][x2, x3, x2, x1][x2, x3, x1, x2].

Ââèäó (10) è (14)

h4 = [x3, x1, x2, x2]
−1[x3, x2, [x2, x1]]

−2[x3, x1, x2, x2]
−1[x2, x1, x2, x3]·

·[x3, x2, [x2, x1]]−1[x2, x1, x2, x3][x3, x1, x2, x2]
−1 =

= [x3, x1, x2, x2]
−3[x3, x2, [x2, x1]]

−3[x2, x1, x2, x3]
2 = v10 ∈ N.

Â çàïèñü h â ñòåïåíè k21k3m2 âõîäèò ýëåìåíò

h5 = [x1, x2, x3, x1][x1, x2, x1, x3][x3, x2, x1, x1].

Â ñèëó (11) è (15)

h5 = [x3, x1, [x2, x1]][x2, x1, x1, x3]
−1[x2, x1, x1, x3]

−1·

·[x3, x1, [x2, x1]]2[x2, x1, x1, x3]−1[x3, x1, x1, x2] =

= [x3, x1, [x2, x1]]
3[x3, x1, x1, x2][x2, x1, x1, x3]

−3 = v11 ∈ N.

Â ôèêñèðîâàííóþ çàïèñü h â ñòåïåíè k21k2m3 âõîäèò ýëåìåíò

h6 = [x1, x3, x2, x1][x1, x3, x1, x2][x2, x3, x1, x1].

Èñïîëüçóÿ (12) è (15), ïîëó÷àåì, ÷òî

h6 = [x3, x1, [x2, x1]]
−1[x3, x1, x1, x2]

−1[x3, x1, x1, x2]
−1·

·[x3, x1, [x2, x1]]−2[x2, x1, x1, x3][x3, x1, x1, x2]
−1 =

= [x3, x1, [x2, x1]]
−3[x3, x1, x1, x2]

−3[x2, x1, x1, x3] = v12 ∈ N.

Òåïåðü ëåãêî çàìåòèòü, ÷òî

h = h
k1k23m2

1 hk1k2k3m2
2 hk1k2k3m3

3 h
k1k22m3

4 h
k21k3m2

5 h
k21k2m3

6 t,
ãäå t � ïîäõîäÿùåå ïðîèçâåäåíèå êîììóòàòîðîâ âåñà 4 îò äâóõ ïåðå-
ìåííûõ. Òàê êàê âñå áàçèñíûå êîììóòàòîðû âåñà 4 îò äâóõ ïåðåìåííûõ
ñîäåðæàòñÿ â N , òî t ∈ N . Îòñþäà h ∈ N . Ëåììà äîêàçàíà.

Ëåììà 6. Âñÿêàÿ 2-ïîðîæä¼ííàÿ ïîäãðóïïà H ãðóïïû G = F/N0 ïðè-
íàäëåæèò N3.
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Äîêàçàòåëüñòâî. Èç ïàð ïîðîæäàþùèõ ãðóïïû H âûáåðåì ïàðó g1N0,
g2N0 (g1 = xm3

3 xm2
2 xm1

1 c1, g2 = xk33 xk22 xk11 c2, c1, c2 ∈ G′) ñ íàèìåíüøèì
ïîëîæèòåëüíûì k1. Åñëè k1 ̸= 0, òî ëåãêî çàìåòèòü, ÷òîm1 äåëèòñÿ íà k1.

Â ýòîì ñëó÷àå ðàññìàòðèâàåì ïàðó ïîðîæäàþùèõ g1g
−m1

k1
2 N0, g2N0. Èç

âûøåñêàçàííîãî ñëåäóåò, ÷òî ìîæíî ñ÷èòàòü, ÷òî H = ⟨g1N0, g2N0⟩, ãäå
g1 = xm3

3 xm2
2 c1, g2 = xk33 xk22 xk11 c2, c1, c2 ∈ G′. Ïî ëåììå 17.2.1 [18] γ4(H)

ïîðîæäàåòñÿ ïðîñòûìè êîììóòàòîðàìè îò g1N0, g2N0 âåñà 4, êîòîðûå â
ñâîþ î÷åðåäü âûðàæàþòñÿ ÷åðåç áàçèñíûå êîììóòàòîðû îò g1N0, g2N0

âåñà 4. Ïî ëåììàì 3 � 5 çíà÷åíèÿ áàçèñíûõ êîììóòàòîðîâ âåñà 4 îò äâóõ
ïåðåìåííûõ íà g1N0, g2N0 ðàâíû åäèíèöå, ñëåäîâàòåëüíî, γ4(H) = ⟨1⟩.
Ëåììà äîêàçàíà.

Òåîðåìà 1. Ïóñòü N � êâàçèìíîãîîáðàçèå âñåõ íèëüïîòåíòíûõ ãðóïï
ñòóïåíè íå âûøå 3 áåç ýëåìåíòîâ âòîðîãî ïîðÿäêà. Òîãäà êëàññ L2(N )
ñîäåðæèò íåìåòàáåëåâó ãðóïïó.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ãðóïïó G = F/N0. Ïî ñëåäñòâèþ 1 ãðóï-
ïà G íå ÿâëÿåòñÿ ìåòàáåëåâîé. Ïîêàæåì, ÷òî G ∈ L2(N ). Ñíà÷àëà îòìå-
òèì, ÷òî ïîñêîëüêó N0 � èçîëÿòîð ïîäãðóïïû N , òî G � ãðóïïà áåç
êðó÷åíèÿ.
Ïóñòü H � ïðîèçâîëüíàÿ 2-ïîðîæä¼ííàÿ ïîäãðóïïà ãðóïïû G. Âñÿ-

êèé ýëåìåíò èç HG ìîæíî çàïèñàòü â âèäå hc, ãäå h ∈ H, c ∈ G′. Âîçüì¼ì
ëþáûå ýëåìåíòû h1c1, h2c2, h3c3, h4c4 (hi ∈ H, ci ∈ G′) èç HG. Òàê êàê
G ∈ N4, òî èç ëèíåéíîñòè êîììóòàòîðîâ âåñà 4 â G è íèëüïîòåíòíîñòè
ñòóïåíè íå âûøå òð¼õ ãðóïïû H (ëåììà 6) ïîëó÷àåì

[h1c1, h2c2, h3c3, h4c4] = [h1, h2, h3, h4] = 1,

ñëåäîâàòåëüíî, òîæäåñòâî [x, y, z, u] = 1 èñòèííî â HG. Òàêèì îáðàçîì,
HG ∈ N , çíà÷èò G ∈ L2(N ). Òåîðåìà äîêàçàíà.
Â çàêëþ÷åíèå õî÷ó âûðàçèòü áëàãîäàðíîñòü Ëîäåéùèêîâîé Âèêòîðèè

èØàõîâîé Ñâåòëàíå çà âíèìàòåëüíîå ïðî÷òåíèå ýòîé ðàáîòû è ïîëåçíûå
çàìå÷àíèÿ.
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