CNBNPCKUE 2JIEKTPOHHbBIE
S@MR MATEMATUHECKWNE N3BECTWA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

ISSN 1813-3304

Tom 23, N 1, cmp. 89-100 (2026)
https://doi.org/10.33048 /semi.2026.23.006

O PEKYPPEHTHBIX ®OPMVJIAX HJIA

VIIK 517.55
MSC 32A60

o-CTEIIEHHBIX CYMM PEIIIEHUII CUCTEM

HEAJITEBPAUYECKUNX YPABHEHUN

E.K. MBIINIKUHA

IIpedcmasaeno M.B. TTOABUTMHBIM

Abstract: Systems of non-algebraic equations may have infinite
number of common zeroes, therefore their power sums are usually
considered with negative exponents. Under certain conditions on a
system the series obtained can be computed as integrals over local
cycles. Such integrals are called pseudopower or o-power sums.
Similar to algebraic case, there are recurrent relations between
them, which are analogues of the classical Newton identities.

Analogues of the Newton identities are necessary for generaliza-
tion of the L.A. Aizenberg elimination method based on the multi-
dimensional logarithmic residue formula.

In some cases o-power sums and relations between them are
known. In this paper we consider systems of functions holomorphic
in a neighborhood of the origin such that lower homogeneous terms
of their Taylor expansions at the origin admit common monomial
factors. For such systems we compute o-power sums and establish
recurrent relations between them.
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1 Bsenenue

Knaccuaeckue pekyppentubie dopmyiibl HpioTona cBasbiBaioT Koddhdu-
IUEHTHl MHOTOYJIEHA CO CTEIIEHHBIME CYMMAaMU ero KopHeil (cM., Hampumep,
[7, § 11]). Ilycrs MmHOrOWIeH P(z) creneHu m ¢ KOMILUIEKCHBIME KO3bduim-
eHTaMH UMeeT BUJL

P(z)=2"+ b1z N 4 b1z + by

O6o3HaYNM Yepes 21, 29, . . ., Zm €0 KOPHU C YyIeTOM KpaTHocTeii. Torma cre-
nennas cymma Sk, k € N kopreit mHorounena P(z) onpejesisiercs: Kak

Sp=2F+ ... 428,

CrernenHast cymma, Sy ToJIaraeTcst papHOM M.
CupaBe yIBBI CJIeIyIOIIHe peKyppeHTHBIE (hopMy/ibl HeoToHA

S;+ 8j-1b1 + -+ S1bj_1 +jb; =0, ecm 1 < j < m,
Sj+ Sj—1bi + -+ Sj_nbm =0, ecm j > m.

JILA. AiizeHbepr cyecTBEHHO HCIIOJIb30BA 3T (POPMYJIBI IIPU ITOCTPOE-
HAW CBOEr0 METO/a WCKJIIOYEHUsI HEM3BECTHBIX M3 CHCTEM aJreOpamdecKux
ypastenuii (cMm. [1, TiaBa IV]), ocHoBanHOTO Ha ucHoONB30BaHUE (HOPMYJIBI
MHOTOMEPHOIO JIOTapUPMUIECKOro Bhruera. J1st 0000IIeHnsT MeTOAa NCKITIO-
geHnst Hen3BecTHBIX JI.A. Aiizerbepra Ha ciydail CHCTEM TPAHCIEHIEHTHBIX
ypaBHeHu#l HeobxoauM auajor ¢popmya Hpiorona mais mHux.

st cucrem asrebpanveckux ypasHeHuit anajoru ¢popmyit Hoiorona ObLiu
nostydensl B [2]|. st nesbix dbyHKIuil 0JHOr0 KOMILIEKCHOTO [IEPEMEHHOTO
Toxke n3BecTHO 0606mmenue dopmyn Heorona [10]. Hyxuo ormernTs, uTo B
9TOM CJIydae BMECTO CTEIEHHBIX CyMM HyJsell meabix pyHkimit 6epyrcs cre-
ImeHn uX OOpPaTHBIX BEJIUUUH, ITOCKOJIbKY, KaK MPaBUJIO, Hysell OeCKOHEIHO
MHOTI'O, 1 UX O6bILIHbIe CTeIIeHHbIC CYMMBI ABJIAIOTCA PACXOAATTUMUCA DATa-
MHN. OTCIO‘ZLH, 1 Ha3BaHHE€ TaKUX CYMM — IICEBAOCTEIIeHHbIEe NI 0-CTEeII€eHHbIe.

PaccmoTpuMm mpocTeiiinyto cucteMy TPaHCIEHIEHTHBIX YPaBHEHUN BUIA

fi(z) = ... = fu(2) =0,

rie rojioMmopdHbIe B OKDECTHOCTH Hadaja KoopawHaT mpocrpaHcTtBa C
dbysKIMI fj OT N KOMIIEKCHBIX II€DEMEHHBIX 2 = (21,..., Zp) UMEIOT TaM
paz3JIoyKEeHNUEe BUJIA

fiz) =27 +Qj(2), j=1,.... n,

rae Q;(z) — pan Teitopa ¢ MoHOMaMu, OOIIasl CTEHEHb KOTOPHIX (II0 COBO-
KYITHOCTHU [IEPEMEHHBIX ) GOJIBbINe, YeM CTelleHb MJIAJIIIEro MonoMa 277 . 31ech

v = (7]1, - 'yJ") — BEKTOp IOKa3aTeJeil cTenenn, u 3anuch 277 06o3HagaeT
[IPON3BEJICHHE
1 2 n
Y5 i 7j
Zl 22 ce e 2Zp

Hasee MbI 6yj1eM HCHOIB30BATh 9TY 3allUCh U I APYTUX MYJIbTUHHIEKCOB.
Kpowme Toro, momoxkum |y == >, 'yjl?, u OyjieM Ha3bIBATh MYJIBTHHHJIEKC
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HEOTPUIIATEJIbHBIM, €CJIU BCE €r0 KOMIIOHEHTHI HEOTPUIIATEIbHBI, U TOJI0XKH-
TEJILHBIM, €CJIA BCE €r0 KOMIIOHEHTBI HEOTPUIATEIbHBI U XOTsi Obl OJIMH U3
HUX cTporo Gosbine Hysst. Crnenuanbabiii Mmynbruunaeke (1, 1,..., 1) 6yuem
obosHauaThs cuMBoJioM I.

B ciydae, Korga MitaIImast OMHOPOIHAS YaCTh PA3JIOKEHUS B HyJIe KaXK 0t
dbynxun f; ABIgETCS MOHOMOM, TO €CTh

fi(z) = 27 + Q;(2),

U IPU HEKOTOPBIX JIOIOJHUTEIbHBIX yesoBusx Ha f B pabore [6] ynanoch cBsi-
3aTh CTENeHHbIE CYMMbI (C OTPHIATELHBIME [OKA3aTesAME) OOIIUX HyJiel
9TOH CUCTEMBI ¢ MHTETpaJIaMH BUJIA

1 1 df
o

o ocroBy nosukpyra I' = {|z;| = r;, j = 1,..., n} 115 HEKOTOPBIX MyJIb-
turHIeKcoB . B pabore [3| 1yist 9Tux nHTErpasion ObLIM 0Ty I€Hbl aHAJIOIH
peKkyppeHTHBIX dpopmya Hbiorona.

st 6oJ1ee CIOYKHBIX CHUCTEM YPaBHEHUH C JIEBOW YacTbIO BUJIA

fiz) = Pi(2) + Q;(2), = 1,..., m,

e MJIaJIIIast OJHOPOAHAS YaCTh PasJiozKkeHust f;(2) yKe SBIAETC OTHOPOI-
HBIM MHOTro4IeHOM FPj(%), CBA3b CIEIHAIbHBIX HHTEIPAJIOB CO CTEHEHHBIME
cyMMaMu HyJieli cucTeMbl Oblia ycTaHOBJIeHa B 5], a aHaJorum peKkyppeHT-
HBIX (opmys Hbrorona jyist sTux uHTerpasoB Obum Haiiaens B [4]. Tam xke
TO00HBIE MHTErPAJIbI TOJIY UM HA3BAHUE O-CTEIEHHBIX CYyMM.

B nmannoit crarhbe MBI paccMaTpHUBaeM O-CTEIIEHHBIE CYMMBI IJjIsi Oojiee
CJIOXKHBIX CHCTEM yPaBHEHUI CIEIUAIbHOIO BHJA M YCTAHABIMBAEM PEKYP-
PEHTHBIE COOTHOIIEHUsT MexK Iy HUMEU. CTaThsl MPOAoJzKaeT HUKJI pabor A.M.
KeirmamoBa 1 aBTOpa 10 MCCIIEIOBAHUIO CBOMCTB CTEIEHHBIX CyMM KOPHEt
cHCTeM HeaJIreOpamvdecKux ypaBHeHH.

2 o-cTeneHHBbIE CyYMMBbI

PaccmoTpuM B OKpecTHOCTH Havasa KOOPIMHAT MHOTOMEPHOT'O KOMILIEKC-
uoro npocrpancTa C" cucremy ypaBHeHUIT

fi(z) = ... = ful2) =0,

rae f1(z), fa(2),..., fu(z) — dyakuu rosoMopdHbIe B OKPECTHOCTH HAYAJIA
KOOD/IMHAT.

IIpeamonokum, ITO MIAJIIIINE OHOPOIHBIE YACTH PA3JIOKEHUN STUX PyH-
Kyl B psanl Teityiopa B OKPECTHOCTH HYJIsI OIMYCKAIOT BBIAEICHNE MOHOMU-

n

. v
aJBbHOTO O0Iero COMHOXKUTENA 277 = 2,7 ... 2, , TO eCTh UMEIOT BUJ,

[i(z) = 27 Pj(2) + Q;(2),
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rae 2% Pj(z) — muajmmas oJHOPOHAs YacTh passoxkenns Teitiopa, Q;(z) —
ocrarok psiia Teitopa. CreneHb Bcex MOHOMOB (110 COBOKYIIHOCTH TI€PEMEH-
HBIX), BXOIAMUX B Pj, o6osnadnm m;. B dynkmumsax @ crenenn KazIoro us
MOHOMOB CTPOro 6oJIbllte, YeM m;j + |7v;|.

Tora paccmaTpuBaeMasi CUCTEMa yPABHEHUI IPUMET BH

[i(z) =2"Pj(2) + Qj(2) =0, j=1,...,n. (1)

Bynem mpegmonarath, 9To 9Ta CUCTEMa UMeeT B Hadaje KOOPIMHAT U30JIU-
POBaHHBINA HYJIb.

[IpeamookuM ~ JOTIOJIHATENBHO, 9TO cucTeMa  MHOTOYJICHOB
Pi(2), ..., Py(2) HeBBIDOXKIEHHAS, TO €CTh €€ OOIIUM HYyJIEM CJIY?KUT TOJIBKO
Hadasio Koopaunar. Torma mo Teopeme I'miabbepra o HyssaX (cM., Hampumep,
[14]) cymecrByer marpuna A

A = lajr(2)f k=1,...,n»

cocTrodiiad 13 MHOT'OYJICHOB Cij(Z) TaKHNX, 9TO AJId HEKOTOPBIX HATYPaAJIbHBIX
qHUCeII Sj

2 =S ap:)Pilz), j=1,...,n. (2)
k=1

ITo Teopeme Makoses [13| moxkno BbIOpaTh s; < my + ...+ m, —n + 1.
TakzKe, MOXKHO CIHTATE, 9TO MHOTOUWIEHBI @k (%) OZHOPOIHBIE, ITOITOMY UX
CTeleHb PaBHA Sj — M.

U3 coornomennii (2) mosydaem

n
zjj LR = Z ajk(z)zzbfk T2k Pr(2).
k=1

O6o3naunM
ajr(z) - 221k gepes bir(z), n (3)
zjj L 22 yepes 2P (4)

OrmeTHM 3/1€Ch, YTO MHOTOWIEHBI bjj(2) OMHOPOJIHbBIE, HX CTEIEHH PABHBI

si—me+ Y |l (5)
12k

crerenb MoHOMa 207 paBHa

Bi=\ D v sit D A Do
I I I

a II0 COBOKYIIHOCTHU II€PEMEHHBIX OHa paBHa

1Bl = 55+ > Il (6)
l
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B HOBBIX 0603HAUEHUSAX IOy IAeM
2Pi = Z bik(2)27k Py (2).
k

Tlosioxkum Tenepnb
Fj(z) = 2% + ¢;(2),

rie
gj(2) =D bi(2)Qk(2), j=1,...,n.
k=1

[Monywaem, uro F' = Bf, rne B — MaTpuiia u3 MHOTOYJIEHOB bjk(z). IIpn
9TOM KazKJIblil HeHy/IeBOli MOHOM B ¢; UMeeT CTeleHb 110 COBOKYIIHOCTH IIe-
PEMEHHBIX CTPOTo 60JIbllle, YeM

sj—mi+ Yl +me+ el =55+ > lul = 18;l; (7)
1£k ]

TakuM oGpasoM, 257 B Fj(z) — a0 Muammmit MOHOM.

PaccmorpuM crienuasbHbINH aHATUTHIECKHH [TOTTHS/IP

D¢(r)=Dys(ri, ..., m) ={2€U:|fj(2)|<rj,j=1,...,n},
C OCTOBOM
Li(r)={2€U:|fij(z)|=r;,j=1,...,n},

rjae U — orpaHudeHHasi OKPECTHOCTb HYJISl, & T1, ..., Ty — IOJIOXKUTEIbHbIE
urcsa. B ety Toro, 9To Hawas0 KOOPANHAT SIBJISICTCS M30JIMPOBAHHBIM KOP-
HeM cucTeMbl (1), KOMIIOHEHTBI BEKTOPa apaMeTPOB T U OKPECTHOCTH HYJIs
U MOXKHO BBIOpATh HACTOJIBKO MAJIBIMH, YTO 3aMbIKAHHUE I[OJHUIPA U €ro
OCTOB SIBJISIIOTCS KOMIIAKTHBIMEH MHOKecTBamu (cMm. [9, Imasa II]). Kpowme
sToro, ocroB I'¢(r) sB/geTCS IIaJKIM KOMIAKTHBIM KoM |1, Jlemma 4.4
JUIs IOYTH BCEX T

Pacemorpum ciydail, Korga cucrema ypasaenuii F'(z) = 0 Tak ke umeer
M30/IMPOBAHHBIN HYJIb B Hadase KoopauHar. Mcnonssys dopmymty mpeobpa-
30BaHust Bbryera 'porenyuka (cM. [11]), /it MaJbIX 7 U HEOTPHUIATEIbHBIX
MYJIBTUMHJIEKCOB (¢ MBI TIOJLY UM

1 /zo‘-Afdz_ 1 / 2% -det B-Ardz
(2mi)™ fi--fn (2mi)™ Fy... F, ’

Ty (r) Lp(r')
rae Ay — skobman cucreMsl f1, ..., fn, Irp(r") — octoB nommsapa Dp(r') =
{z:|Fj(2)| <7}, =1, ..., n}. Bexrop r’ BhiGupaercs TaK, 4TI B TOJIH-

51p Dp(r') monajasn Toibko u30/MpoBaHHbLl Hy/Ib cucteMbl F(z) B Havase
koopuHatT. B arom ciayuae ruki I'p (1) Tak e sBisgercst riajKuM KOMIIAKT-
HBIM I[HKJIOM.

BriGepenm Teneps mukit e = {2 : |29 =¢;, j = 1,...,n} c &; > 0 nocra-
TOYHO MaJTBIMH, uTo6bI Ha [ BeITOHAICH HepasencTsa |27 | > [q;(2)|, j =
1, ..., m, 9TO BCerja BOBMOXKHO B CHJLy COOTHOIIEHHS UX CTereHel (10100Hast
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curyanust noapobHo ucciaenosana B [5, Pazmen 1]). Hukin ', Takke siBisier-
cst KoMmakTHbIM, 1 10 JiemmMe A.IT. FOxkakosa o cmerennom ocrose (cM. |1,
Jlemma 4.9]) B MHOXKECTBE

Dp(r') ~ Q z: HFJ(Z) =0
J

kbl e u Tp(r’) roMosorudassl st Bcex J0CTATOMHO MaJbiXx 1. DTOro
JIOCTATOYHO, YTOOBI HOJIy9UTh PABEHCTBO MHTEIPAJIOB
1 / z*det B - Aypdz 1 / 2%det B - Aydz

Tp(r) T

(2mi)n Fi...F,  (2m)" Fi...F,

Huka I'. coBmazaer ¢ ocTtoBoM moiumKpyra {|z;j| = 0;} m1s HEKOTOPOro
BBIOOpA TIOJIOKUTEIBHBIX IapaMeTpos d;. [elicTeuTesnsno, mposorapudmMu-
poBaB PaBEHCTBAa \zﬁﬂ'| = €4, MBI [IOJTy9UM JINHEHHYIO CUCTEMY yDaBHEHUI Ha
norapudumsl |z;|. Marpura KoabHIIeHTOB 9TOl CHCTEMBI HMeeT BUJL

diag(s1, -, n)+ (1, 1o DT (S0, 3o af, 3o
l l l

Oupejiesuresb MaTPUIBI TAaKOro Bua paseH (cum. [12, dopmysa 0.8.5.11])

1 n
87 'Yl>
S1...8n [ 1+ L+ L

n

Bce BeTHIMHBI YF B 9TOM BBHIPasKeHHH HEOTPUIATEILHBIE, & S — CTPOTO TOJI0-
KuTesbHbIe. [109TOMy onpeenTess IMHeRHON CHCTeMBI OTIIMIEH OT HYJIs, &
cucTeMa MMeeT ¢UHCTBEHHOE PelleHue — Bee JIOrapudMBbl | 2| BIparKaioTcs
B BIJIe JIMHEHHBIX KOMOMHAIMI JIOrapiudMOB €5, TO €CThb |z;j| SBIAIOTCS MO-
HOMAaMU OT €, KOTOPbIE M MOXKHO B3ATb 3a d;. Jlajee 110 TEKCTy 9TOT OCTOB
nosukpyra {|z;| = d;} Oymem obosnagars I

Tora paccMaTpuBaeMblil HHTErpaJ paBeH

1 /zo‘detB'Afdz
(2mi)™ Jr F...F,

ITo Teopeme o norapudmmdeckom Berdere |1, Teopema 4.5| sToT mHTErpas
paBeH CyMMe 3HaUeHUi MOHOMa z% B HyJIIX cucreMsl ypaBHeHuit F'(z) =0 B
HOJIMKPYTe ¢ OCTOBOM I, M JIJIs1 TIOJIO?KUTENIBHBIX (v PABEH HYJIIO.

JIIst MyJIBTHHH/IEKCOB (v IMEIOIINX KOOP/IMHATHI PA3HBIX 3HAKOB 9TOT HMH-
TerpaJl Ha3bIBAETCs 0-CTEIIEHHOI CyMMOIl i y2Ke He 00s3aTe/IbHO PaBeH HyJIIO.
B pabore [4] on paccmarpusaiicst 1jist 60siee IPOCTHIX CHCTeM (BCe Yj PABHBI
HYJIIO).

Crenys [4], MBI paccMOTPUM O-CTENEHHBIE CYyMMBI
1 / det B - Afdz (8)
Qriy Jp o F

U COOTHOIIEHUsI MEXKJy HUMHE Jijist cucteM Bujaa (1) B obriem cirydae.

Oq —
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3 CsoiicTBa 0-CTENIEHHBIX CYMM
JIemma 1. Ecau |a| < 0, mo 04 = 0. Ecau |a| =0, mo

0q = po(f) dna a=(0,...,0),

0o =0 daa a#(0,...,0),
2de po(f) — Kpamuocmsd U30AUPOBANHO20 HYAL 6 HAUAAE KOOPOUHAM, CUCTE-
Mot (1).
Zoxasameavcmeo. Pazmoxum PpyHKITHIO

I 1
Fj(2) 2% +¢5(2)

Ha I B psisi reoMeTpUIECKOil IPOrpeccuu:

s () 0

p=0

Torna

O = (10)

1 / (_1)\1| detB-Af-qil---qf{Ldz
r

27T’in o, Zjﬁj. 161 ... inﬁn.
( ) [1|>0 z z z z

B sToit d)OpIVIyJIe I = (il, ey Zn) - HeOTpI/IL[aTeJIbeIfI H,EJIO'-H/ICJIGHHI)IIU/I MYJIb-
THUHNHIECKC AJINHBI T.

$IcHO, 9TO STOT WHTErpas paBeH Ko3(hMUIMEHTY IPH MOHOME —L

21...2n
HHU —7 IIOABLIHTETPDaJIbHOI'O BbIPpazKEHMA. BaMeTI/H\I, YTO CTEIIEHU HEHYJIEBBIX

MOHOMOB B PAa3JIOXKEHUHU B Psili SIKOOWaHa OTOOpaykeHWsT f He MeHbIe, 4eM
[IpOM3BeIeHNe CTEIeHel MTIIINX OTHOPOIHBIX JacTeil Bcex PyHKIN MIHYC

n, TO €CTh He MeHbIIe, YeM
g ;| + E mj — n.
J J

Corutacuo (5) crenens det B pasHa
dosi=> mit+ (-1 |yl
J J J

TaknMm o6pa30M, C y49eToM (7), B KaxKJIOM CJjiaracMOM IIOJABIHTEIPAJILHOI'O
BbIpazK€HUs CTEIIEHb HEHYJIEBBIX Cjlal'a€MbIX B YUCJ/IATEJIE HE MCHbLIIIE, 9eM

Dosi+n) lyl—n+d i8]+ 1),
J J J
TOIJla KaK CTeleHb 3HaMeHaresisi pasaa (¢ yaerom (6))
ol + Y s +n >yl + D iilBl
J J J

OTcioia MBI MOJTyYaeM, YTO CTEHEeHb HEHYJIEBLIX CJIAraeMbIX B MOJIBIHTE-
rpajIibHOM BBIDAKEHHN He MeHble, deM —n + |I| — |af.
Ecimu |a] < 0, To sicho, uro ko3 dunuent npu

cTele-

-2, HYJIeBOil.
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Eciu |a| = 0, To HeHy1€BOI OTBET MBI MOXKEM TOJLyYUTh TOJIBKO OT CJlara-
emoro, coorsercrBytomiero I = (0,..., 0). B ciyuae a = (0, ..., 0) uarerpas
0(0’._70) paB€H

1 /detB-Afdz_ 1 det B-Aydz
(27Ti)n T Fan (27‘(’2)” I, F1Fn
1 det B-Aypdz 1 Aydz
- (2mi)n /rp Fi...Fy  @ronJr, freo fa

[Tocsteiauit MHTErpas paBeH KPaATHOCTH M30JIMPOBAHHOTO HyJ/Is B HadYaJse KO-
opaunar po(f) cucremsr (1) (em. [1, §22]). Ormerum, uro corsmacuo |[§]
po(f) = TT;(m; + ).

Pacemorpum reneps caygait a # (0, ..., 0). MoHOMBI U3 ymcauTess nme-
IOT CTelenb, Goble 1160 paBHyIo Y Sj+n ), [vj| —n, Toria Kax crenenb
3HaMeHaTe/ls paBHa ) . s; +n ), [vj|. B Mymsruuniekc oo Bxoqur xorst Gbl
OJIHA OTpHIATEIbHAS KOODMHATA, II0STOMY B 3HAMEHATe/Ie He MOIyT OBbITh
BCE Zj, a BHAYUT, 0o = 0. O

4 PekyppeHTHbIe (POPMYJIbI 51 0-CTENIEHHBIX CYMM

Bsenem oboznadenue /i HEOTPUIATEIBHBIX MYJILTHUHIEKCOB 0:
Jj: 1 / detB'Ade _ 1 /detB-Fl‘.-Fj-Afdz
S @ri) Jp 20 Fiyp---Fy (2m)" Jp 2. F

it § = 1,..., n. 3aMeTuM, 9TO MPU CIEJAHHBIX 0003HAUEHUSX 0p = Jg.

st Toro, 9T00BI UMETH BO3MOXKHOCTH OIIEPUPOBATH ¢ KO3 puimenTaMu
dbynkimit fj, F; n det B 3anumreM nx pasjioXKeHHsl B CTEIEHHbIE psjipl (B
OKDPECTHOCTHU HAvaJia KOOPJMHAT):

fi(2) =20P(x) +Qi(z) = Y al=,

o] 2+
det B = Z ba 2%,
laf=ls|=Im|+(n—1) 3y |7l
Fi(z) = 2P 4 qi(z) = Z cl 22,
la|>s54+3 vl

IIpenaoxenue 1. Jlaa arwbozo j, 0 < j < n, cnpasediusa gopmyaa

He S 0 Y b ahAg e

lat[zmaitiv| o [Zmatlval
et ak Pj+1 Pn
Xm (_1)pj+1 Pn . ZZk . qj+1 N
Z 20 . 2 Pi1+1)Bix1 ... H(Pnt1)Bn
Pj+14 AP <[0] =7 Do [kl —81——5;
2de M[-] — aunetnoti pynryuonan, conocmasamowuts mrozouseny Jlopana

[[] ezo ceob00HbIL waeh.
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Jloxasamesvcmeo. Boimimem cHadaia skoouan orobpaxkenust f. Vcnonbays
pesynbrar [3, Jlemma 1], mosryanm

1 1
- 1 n @ a™
Af_T Z E : A1 Qgn =27 " 2 “Agian;

Zn
led [Zmit+|vi] o |>mn+|ynl

rye gepe3 A1 ,n 0OD03HAYEH OLPE/IEIUTEb

Ayt on =det(al...a"),

aal = (o] ...,oz%),jzl,...,n.
Torna

j 1 det B - Aydz
J5 = \n S F. ...
(27TZ) 4 F]_;,_l Fn

1 Yo" det B
= Z e Z 041111 ce ag"Aalman / il ¢ dz.
r

2mi)n z5+I-F<1--~F
lat[>mi+lvi| o >ma 4| (27i) + n

Ha I' dynkiuu F' packiagblBalOTCsa B Psi T€OMETPUIECKON ITPOTIPECCH
o dopmyse (9), mosromy

Z =

1 / 22k det B
(271'1)” T Z6+I . Fj+1 e Fn

> > Za‘k. pj+1.‘.pn'
D D I e I e e
(2mi)" Jr

dz.
0 0 z5+I . Z(pj+l+1)ﬁj+1 e Z(pn“l’l)ﬂn
Pj+1= Pn=

[Tocennee BbIparkeHue mUpeCTaBIsgeT cOOO KOHEUHYIO CymMMy. UToOBI B
9TOM yOEIUThCs, PACCMOTPUM PA3HOCTH CTEIEHe!l MOHOMOB B YHUCJIATENE U
3HaMeHaTeJIe [IOJILIHTErPAJIbHOIO BhIPaXKeHUs — OHa He MEHbIIe, YeM

D 1o+ (1Bl + Dpja -+ (1Bal + Dpn 18l = fml+ (n=1) > |yl—
k k
— 0] =n — (pjr1+ 1)|Bjt1] — (pn + 1)|Bn| =
= Z ¥ | =8| —n+pji1+- - +pat]s|—|m|+(n—1) Z |kl =|Bj41]—" - -—|Bnl-
k k

YuuTBEIBaS ONpeEJiesIeHne [3; ¥ OrpaHNIeHNs Ha ) £, TIOJIy9aeM, 9TO pac-
cMaTpuBaeMasi Pa3HOCTL CTeleHeil 60JIbIlle WM paBHA

31+...+5j+pj+1+pn+j2|7k|_|5‘_n’
k

HeHyJIeBOfI BKJIa/Jl B UHTErpaJl MOI'yT JaThb TOJIBKO MOHOMBI, UMEIIIHEe CTCIICHb
—n, a 3Ha4YUT, HEHYJ/JIEBBIMU MOI'YyT OBITH TOJILKO CJlIaraeMble, JIJIsI KOTOPbIX

pj+1+pn§!5\—‘72’7“—81—“'—8]‘-
k
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ITosromy
1 / 22Xk det B p
z =
@mi)" Jp 294 F - F,
Seat L gPitl L g
= Z (_1)m+1+-~'+pn 1 b d541 Pn . det B in.

pit1++pn< (2mi)™ Jp 25+ . 2Pir )B4 L p(Pat )b
i1t tpn <

§|6|_j2k [Vi|—51—"-—5;

IIo TeopemMe 0 BBIMETaX KarKIbIli HHTEI'PAJ B 3TOH cymMMme paBeH Kodddu-

1
IHEHTY [P Z———, CJIe/I0BATE/ILHO

1 / 225" det B
T

: z =
(27”)71 2041 . Fj+1 - B,
o (—1)Pi+1ttpn . o ;’fll ceeghr
B Z 25 . Z(pj+l+1)ﬁj+1 “ e Z(pn‘i‘l)ﬂ'n ’
Pj+1++pn<
<101=3 32k Iyl =s1—"+=5;
rie M[-] — aunelinblit byHKIMOHA, comOCTaBIANNI MHOTOUIeHY Jlopana
[-] ero cBOGOMHBII UsIeH. O

Sameyanne. B dopmysnnposke |3, Jlemma 4| n aHAIOrHYIHBIX pe3ysbraTax
eé 0600IIaIoNuX MPUCYTCTBYET onevyaTka — Juirauit I B mokaszaresie creneHu
B 3HAMeEHaTeJIe.

Sameyanue. [Ipsmvoe Berauncitenne soipazkennst (10) mg [ = (0,...,0) n
a = (0,...,0) B Jlemme 1 naer ciemytoniee Boipazkenue st (io(f) B Buze
koaddurmenTa psiga Jlopana:

detB-Af
po(f) =M [221531] :

Brerancimm Ternepb naHTerpaJi Jg UHBIM CIIOCODOM:

o] /detB-Fl-nFj-Ade:
r

o (2mi)n 2. F
S22 L det B- A
1 /|a1,...,|af|>o “ “ p
Z prd
(2mi)n 2. F
I
R C“l"'ci”/zé—al—m—aj 7
|a IV~~7‘O‘]|ZO I
= Y d, o
ot ],...,|ad | >0

Ncnonp3ysa pesysaprat JlemMmbl 1, momydaem
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Jg = Z c}ll Céj CO§_ol—eqi T Z Cil T C,ij ~pio(f)-

[0—al——ad|>0 d=al++ai

IlepBag cymma B 3TOM paBeHCTBE paBHA

1 j _
iy k) S e <o+ -+od | <Ig
1 )
E Cor " C 5 o1 it
ot (=514 L b
1 )
E cal tt ctjlj : 0-6_a1_..._aj7

s1tsi 47 Dok el<lat+-+ad <[]

DM 9TOM OT CyMMBI Jyist |ad + -+ a| = sy + -+ 8+ j >, || ocraerca
TOJILKO OJIHO CJIAraeMoe, COOTBETCTBYIOIIEE MJIAJIIIIM CTEICHAM PsiJIOB JIst
Fy, To ectb 05_4_; S e

Wrak, Mbl JI0KA3aJIU CJIE/YIOILYI0 TEOPEMY:

Teopema 1. Jlasa cucmemuv, ypasneruts (1)
fi(z) =27 P;(2) + Qj(2) =0, j=1,....,n

C UBONUPOGAHHDIM HYAEM 6 HAMAAE KOOPOUHAM U HEGBPOHCOEHHOT Cucme-
MO muozousenos Py(z),..., Py(z) cnpasedausv, caedyrowsue ananozu pe-
kyppernmmuoix opmys Hvromona:

1 .
O5—5—35, Tk + E Cyt "'C‘zlj 0§l qi T
s1tets i 2o el <|lat+-+ad |<[4]

D ey ml() = Y DL G g AaanX

d=al+t:+ai lat|>mi+|y] e [>mp+]ynl
j+1+FDn | o® Pt gPn
(—1)Pi+r P . 52k 4 qr

X
m 20 . 2(Pj+1+1)Bj41 . .. z(Pr+1)Bn ’

Pj+1t+pa<[6] =7 204 [yl —s1——s;

2de M[-] — aunetinoti pynryuonan, conocmasasowuts mrozouseny Jlopana
[[] ezo ceob00HbIL waeh.

3ameuanue. [lo cpaBHeHNIO ¢ TPEABAYIINMI PAOOTAMHI B 9TOM HaIlpaBJIe-
HUM ypaBHeHHUst cucTeMbl (1) mmeror Gosee CIOXKHBIN B PekyppeHTHBIE
cooTHoIIeHust craTbi [4] cienyior u3 nosydennoro B Teopeme 1 Bbipakenust
— JIJIS 9TOTO JIOCTATOYHO MOJIOZKUTh B HEM BCE Yj PaBHBIMHI HYJIIO.

CucreMbl, pacCMOTPEHHbBIE B JIAHHON craThe, U B crarhe |3| He cBojgATCS
APYTr K APYTrYy H3-3a HAJIO2KEHHOT'0O HaMU OI'DaHUYICHUsA O HEBBIPOZKIECHHOCTU
cHUCTeMbI MHOTOWIEHOB P (2), ..., Ppy(2).
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