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KERNEL DETERMINATION PROBLEM FOR A PARABOLIC
INTEGRO-DIFFERENTIAL EQUATION WITH A VARIABLE
THERMAL CONDUCTIVITY

D.K. DURDIEV, ZH.Z. NURIDDINOV

ABSTRACT. The inverse problem of finding a multidimensional memory
kernel of a time convolution integral depending on a time variable ¢
and (n — 1)-dimensional spatial variable ' = (z1,...,Z,—1) in the n-
dimensional heat equation with a time-dependent coefficient of thermal
conductivity is studied. The direct problem is the Cauchy problem for
this equation. The integral term has the time convolution form of kernel
and an elliptic operator of direct problem solution. As additional information,
the solution of the direct problem on the hyperplane =, = 0 is given.
The problem reduces to an auxiliary problem which is more convenient
for further consideration. Then the auxiliary problem is replaced by an
equivalent system of Volterra-type integral equations with respect to
unknown functions. Applying the method of contraction mappings to
this system in the Hdlder class of functions, it is proved the main result
of the paper representing a local existence and uniqueness theorem.

Keywords: Heat equation, memory kernel, Holder space, convolution
integral, contraction mapping.

1. INTRODUCTION. SETTING UP PROBLEM

The constitutive relations for a linear non-homogeneous heat propagation and
diffusion processes in medium with memory contain a time- and space-dependent
kernel in an integral term of time variable convolution type [1]-[5]. Often, in practical
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applications these kernels are unknown functions and it is required to determine
them. Kernel determination inverse problems in parabolic integro differential equations
were the object of studying since the end of last century. In literature are most
often found the linear inverse source and nonlinear inverse coefficient problems
with different type of over determination conditions (see, for example [6]-[15] and
references there). In these works authors discussed the unique solvability and stability
estimates of solution as well a numerical approach for solving such problems.

Among the works devoted to finding the kernel depending on one time variable
(one dimensional inverse problem), we note [2], [4], [16]. When kernel, in addition to
time variable also depends on all or part of spatial variables, i.e. multidimensional
inverse problems are few studied. In this direction we observe [4], [17]-[19]. In the
article [17] the problem of determining of the kernel depending on time variable
t and (n — 1)—dimensional spatial variable 2’ = (z1,...,2,_1) was investigated.
The principal part of integro—differential equation in [17] is n— dimensional heat
conduction operator and integral part has a form of time-convolution with regard
to unknown functions: the solutions of direct and inverse problems. However in
applications, the great interest is the study of kernel determination problems when
in convolution type integral the kernel is multiplied by an elliptic operator of
solution to the direct problem. The present work considers this kind of parabolic
integro—differential equations for which will be studied inverse problem.

Consider the problem of determining functions u(z,t), k(z’,t),
x=(2',z,) = (21, ..., Tn-1,2n), t > 0 from the equations

t

(1) up = a(t)Au — /k(m',t — 1)a(r)Au(z, 7)dr, (2,t) € RY,
0

(2) u(z,0) = ¢(z), z € R",

(3) u(@',0,t) = f(2',1), (/,t) € RZ™', f(a',0) = p(a',0),

where A is the Laplace operator with respect to spatial variables © = (z1, ..., z,),
R} = {(z,t)|x = (2',z,) € R", 0 <t < T} is astrip with thickness T, T' > 0 is an
arbitrary fixed number; a(t) € C?[0,T], 0 < ag < a(t) < a; < o0, ag and a; are
given numbers.

Our investigations generalize the result of works [17], [18] to the case of the
integro-differential heat equation with a variable coefficient of thermal conductivity
and special convolution integral.

Our main result of this work is following theorem:

Theorem 1. Suppose that all conditions of Section 1 with respect to the given
functions a(t), p(z), f(«',t) and the matching conditions of (3) and (10) are
satisfied. Besides |fi(z',0)| > fo = const > 0, fo is a given number.

Then there exists sufficiently small number T > 0 that the unique solution to the
inverse problem (1)-(8) etists in the class of functions u(x,t) € HF2(+2/2 (R |
k(z',t) € HWW2 (REY), 1€ (0,1).

In the sequel, we will use the Holder space H with exponent « for functions
depending only on spatial variables and for functions depending on both spatial
and time variables - Holder space H*%/2 with exponents o and a/2, « € Ly =
{0,1,...}. Throughout this paper we will assume that p(x) € H'*8 (R"), p(x) >
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¢o = const > 0, f(2/,t) € HFOHO/2(RE1) . Spaces HY(Q), H'/*(Qr) and
norms in them are defined in [20, p. 16-27]. In what follows, for norm of functions

in the space H"//2(Qr) (in concrete cases Q7 = R} or Qr = R7%:! ) depending

on spatial and time variables will be used notation | - éll/ 2, while for functions

depending only on spatial variables we use |- | (in this case Q = R™ or Q = R"1).

The article is organized as follows. In Section 2, we reduce the problem (1)-(3)
into an auxiliary problem where the additional condition contains the unknown k
outside integral. In Section 3, we replace auxiliary problem by an equivalent system
of integral equations with respect to unknown functions. In Section 4, we prove the
main result which states the existence and uniqueness of solution of problem by
fixed point theorem.

2. PRELIMINARIES. AUXILIARY PROBLEM

We give the following assertion which will be used in obtaining the auxiliary
problem.

Lemma 1. If {k(t),r(¢)} € C[0,T] for a fired T > 0 and k(t),r(t) are connected
by the integral equation

r(t) = k(¢) +/0 k(t —1)r(t)dr, tel0,T],

then the solution of the integral equation

ﬂﬂ=Ak@—ﬂwﬂm+f@,f@€CNT

is expressed by formula

Mﬂ:Ar@—ﬂﬂﬂm+f@~

Proof. The proof of Lemma follows from the general theory of Volterra -type
integral equations (see, for example [21]).
Rewriting the equation (1) in the form of Volterra integral equation with respect
to a(t)Au
t
(4) a(t)Au = /k(x/,t —7)a(r)Au(z, 7)dT + uy
0
and at any fixed x € R™ applying Lemma to (4), we have
t
(5) u — a(t)Au = —/r(m’,t — T)ur(x, 7)dT.
0

In (5) r(2/,t) is the resolvent of the kernel k(2/,t¢) and it satisfies the integral
equation

t
(6) r(z',t) = k(2 t) +/k(:r/,t —1)r(2',t)dr, (x,t) € RY}.

0
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In the sequel we investigate the problem of determining the functions u(x,t), r(z’, t)
satisfying the equations (5), (2), (3). Then after solving this problem, k(z’,t) can
be found from (6).

We introduce new function 9™ (z,t) by formula 9 (x,t) = u,, ., (,t). Then
the straightaway differentiation of equations (5), (2) with respect to z,, twice leads
us to the following relations for 91 (z, t):

t
(7) 9D a(t)Avh = — / Pt — 700 (2, 7)dr,

0

(8) IW(2,0) = ¢u,, (2)-

The over determination condition can be transformed as follows. We allocate the
term a(t)uy, ., in the expression a(t)Au of (5) and set z, = 0. Then in view of
a(t)ug, », = a(t)¥) and using (2), we obtain

t

9) 9(,0,t) = %ft(x’,t) - i Fo, (2, 1) + ﬁ /'r(x',t — ) [ (2!, T)dT.
i=1 0

Requiring the continuity of the function 9V (,t) for z,, =t = 0, x € R*~!, from
(8) and (9) it follows the matching condition

n—1
(10) Prana(#0) = 5 16 0) = 3 fria(@'.0),
=1

Hereinafter, the values of functions a(t), f(z',t) and their derivatives at ¢t = 0 we
will understand as the limit for ¢ — 4-0.

We carry out the next converting of problem. Denoting for this purpose the
derivative of 9(!) (x,t) with respect to t by 93 (z, 1), i.e. 92 (z,t) := 19%1)(% t) and
h(z',t) :==r(2',t), from (7)-(9) we get

¢
1) 9 —at)A9® = o' (1) A9 — (2,09 — / h(a',t — 7)0@ (z,7)dr,
0

(12) 19(2)(x, 0) = a(0)Ap,, 2, (2),

(13) 9 (2',0,t) = —Z;((?)ft(a:’,t)

t t

' t—T 917’7'7'L ) f (2 —TTLT.II (2 t).
a2(t)0/7“($(},t )fT( ’ )d +a(t)0/h( ’ )fT( ’t )d +a(t) ( 70)f( ,t)

Here the initial condition (12) is derived from (7) by setting ¢ = 0 and using (8).
The equations (11) and (13) also include the unknown function r(2’,0). We can
determine this function by following approach. Same as when getting the equality
(10), we require the continuity of the function ¥(? (z,t) for z, =t =0, 2 € R*!

a(l) fttfﬂf thw%xt
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Then, from (12) and (13) we have some equation the solving of which with respect
to r(2’,0) yields

1 2 / a’(0)
ft($/,0) a (O)A@xnacn (z,0) + a(0)

n—1
0) Z fm’il’i (x/7 0)‘|
=1

Further the function r(2’,0) is assumed as known one.

(14) r(z',0) = fe@',0) = fu(2’,0)+

Introducing also function ¥(z,t) as ¥(x,t) = ﬁEQ)(x,t), in this way, we obtain
the final problem of determining 9(x,t) and h(a’,t) satisfying the equations

(15) 9y —a(t) A9 = 2a/ () AIP +a” () AV —r (2,000 — h(z, t)a(0)Apy. o, (2)—
—/h(x’,T)ﬁ(x,t — 7)dr,
0
(16) Iz, 0) = U(x),

a3(t) 2(t

(17)  9(,0,6) = F(&', ) + (2(6”(’5) ® )/r =) fo (T dr—
0

t

/ h(x', 7) fu (2, t—T)dT—f—ih

10) 1
a(t) a(t)
0

20) h(x',7)fr (2, t—7)dT—
0

(xlvt)ft(xlvo)v

where

U(z) = a? (O>A2‘pwnwn (2) +d' (0)A¢qs,z, (x) —r(2',0)a(0)Apy, 0, (2),
and through F(2/,t) in (17) is denoted the known function:

o (L) WP o y
F(1'7t)—< 22 (1) +2 A (0) )ft( 1)+ ( fttt 1) thtr o (1, 1)—

T ST
GQ(t)r(a:,O)ft(:E,t)Jra(t)( ,0) fre (2, ) 2a2(t)ftt( 1).

The equation (15) includes the expression 2a’(t)A9?) 4 a” (t)A9™) on the right
side. Taking into account 19§1) =92 and using (7) we represent it through 9(%) :

—2

(18) a" () A9 = a(( ))19(2) +

a”(t tra?’ — )9 (z, 7Vdr
t)o/w 0 (@, ).

In similar way from (7) and (11), we obtain

(19) 24’ (t)A¥? =2 (Ina(t)) [19 — (Ina(t))’ (19@) + / r(2' t — 7)19<2>(x,7)d7)—
0

t
—r(z’,0)9? — / h(x',tT)ﬂ@)(x,T)dT].
0
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In the future, we assume that in equation (15) the expression 2a’(t)A9?) +
a” (t) A9 is excluded with the help of (18) and (19).

At fulfilling the matching condition (10) and relation (14) it is not difficult
carrying out the inverse transforms to derive from (11), (12) and (15)-(17) the
equations (1)-(3) [17]. Thus the inverse problem (1)-(3) is equivalent to problem
(11), (12) and (15)-(17) of determining the functions 9 (z, ), 9(x, t), h(z’, t), r(x, t).

O

3. REDUCTION OF THE AUXILIARY PROBLEM
Here we prove the main result of Section 3, which is the following assertion:

Lemma 2. The auziliary problems (11)-(12), (15)-(16) and the equality h(2',t) :=
r(z',t), is equivalent to the problem of determination functions 9® (z,t),0(x,1t),
h(z',t), r(z,'t) from the following system of integral equations:

Proof.
0(t) .
(20) 19(2)(x7t) _RZQ(O)A(pgngn(f)G(.T—f,@(t))df—F b/ Fz—(T))x
0= (1)
x/l(lna(@l(ﬂ))/(ﬁ(z) (€071 (r) + / r(€,071(r) = ) (g, a)da)
R™ 0
6= (1)

—r(&,009@ (&,07 (7)) - / h(E 07 () — )P (& a)da| G (z — &, 0(t) — 7) dE,

0
" "(6-1(r))
(21) 19(x,t):/\I/(f)G(x—{,@(t))d§+ / “(9_17(7)) / [<aa(9—1(:)) _
R» 0 Rn

~2((na(071(r)))')?) 0@ (6,071 (r)) + (2 a(0~} () = r(¢,0))9(&, 07 (7))~
67 (n)

a” —1 T
-/ h(g’,mﬁ(s,elma)da+(M+2<lna<alm»'

[}

G
—2((lna(0_1(7)))’)2> / r(€,071(7) — )9 (¢, a)da + +2(Ina(0 (1)) x

0=1(r)

X / (€07 (1) =) (€, a)da—h(€'07" (1))a(0)Apg, ¢, (€) | Gla—E, 6(t)—T)d,

(=)

R i)

f(a,0) -

/\If(g)G(x’ — & &,,0(t))dE — F(2',t)

R
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o(t)

alt) dr O et ony12o® € 01 (r
+ft(x,’0)[ / i/ ([a(e_lm) 2((Wa(®~" (7)))}9? (€07 () +

R™

0~ 1(r)

+[2ma0 )y = € 0007 () = [ A @067 ()~ a)da

[}

071 (7)

+2(Ina(0 (7)) —2((Ina(6* (7’)))/)2} / r(&, 7—a)9P (¢, a)da+

0

a"(67(7))

Ty
0~ 1(7)

+2(Ina(07'(r))) / h(fﬂ9_1(7)—04)19(2)(&Oé)da—h(ﬂ9_1(7))a(0)A<P5,L5n(€)>><

0

xG(x'—f',fn,H(t)—T)dﬁl —fi(2',0)(2((In(a(t /7‘ (@ t—7) fr (2, 7)dT+

t

+2fi(z',0)(In(a(t))’ / h(x' 1) fr (2" t — 7)dT + fi(2,0) / h(x',7) foe(2' t — T)dT,

0 0

(23) r(z, t) =r(a',0) + /h(a:',T)d’r.
0

¢
where 0(t) = [a(7)dr and 671 (¢) is the inverse function to 0(t); G(z —&; 0(t) —7) =
0

—lz=glm ! __ — —
(2m)" 4(9(t) T) f— (51,' ,gn)v 5 - (gla"'agnfl)a df - dgldgnv |£C|2 -

1’% + ...+ x%
For proof Lemma we will use the formula

o(t)
(24 pant) = [ €6 - onds + [ 5
J

0
x / F(€.671()C(a — &6(t) — )de,

which provides the solution of the following Cauchy problem for the heat equation
with time-variable coefficient of thermal conductivity:

pr — a(t)Ap = F(x,t), v € R"t > 0,

p(z,0) = p(x), v € R.

The equations (20) and (21) follow from the Cauchy problems (11), (12) and (15),
(16) on bases of (24), respectively. In (21) we set z,, = 0 and use the additional
condition (17). Then we obtain the equation (22). The equality (23) is obvious. O
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We join to the equations (20)-(23) the integral equation with respect to the
solution of the direct problem (1), (2), i.e. u(x,t). It can be obtained from equalities
(5) and (2). At first, we integrate by parts in the integral on the right-hand side of
(5), then use the formula (24). As a result, one gets

0(t)
@) ulet) =[G o0+ [ S [ [0 m)ete-
R™ 0 R™

0~ 1(7)

(€0l 67 ()~ [ BELOT) - ahulés a)daGlo — &56(0) )

0

4. EXISTENCE AND UNIQUENESS

In this section we prove the existence and uniqueness theorem for the system of
the integral equations (20)-(23), (25). Then, from this result will be followed the
existence unique solution of inverse problem (1)-(3). Here we use the contraction
mapping principle [22, pp. 87-97]. The idea is to write the integral equations for
unknown functions ¥ (z,t), 9(x,t), h(2',t), r(2',t) as a system with a nonlinear
operator, and prove that this operator is a contraction mapping operator. The
existence and uniqueness then follows immediately.

We recall that some operator F' is a contraction mapping operator in a closed
set Q) which is a subset of a Banach space if it satisfies the following two properties:

1) if y € Q, then Fa € Q (i.e. F maps Q into itself);

2) if y,z € Q, then |[Fy— Fz|| < plly—z| with p < 1 (p - is a constant
independent of y and 2 ).

Now, here a proof the main result:

Proof. The system of equations (20)—(23), (25) are closed system for the unknown
functions 93 (x,t),9(x,t), h(z',t), r(x,t), u(z,t) in the domain R%. It can be
rewritten in a nonlinear operator equation

(26) ¥ = Ay,

where 1 = (1, 2, 3,14)" = (VP (2,t),9(2, t), h(z', 1), r(sc,’t))* , % is the symbol
of transposition, and according to the equations (20), (21), (22) are operator Ay =
[(A)1, (Av)2, (A¢)s, (Av)4] has form

(27) (AY)1 = o1 (z,t) +

S
o\@
—~
>
Ll &
— \]
\]
—~
=
=
>
L
—
2
—
<
=
~
>
L
\]
S~—
S~—
+

07 (1)
b [ €870 - (€ ada) — (€ 0 (6 0) -
0
0~1(r)

- / Us(€,671(r) — a) (€, a)dar| Gz — €,6(t) — 7)de,
0
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0(t)
_ T dr a" (0= (1)) _ nal0~1(-M2] x
(28) (Av)e = oz, 1) + 0/ a<e—1(r>>R[ Ga(e—lm) 2((lna(0~'(r)))')?]

971 (7)
< (€07 () + 200 ()Y ~ (€. 0)]ual6. 07 )~ [ wale )

0

a// —1 T
X1y (€,071 (1) — a)do + [ a(ff_l(i)))) +2(Ina(07'(1))) - 2((1na(9’1(7)))/)2} X
071 (1) 071 (1)
X / Va(€,071(1) — Q)1 (€, @)da + 2(Ina(07 (1)) / V3(&, 071 (1) — a)x
0 0

Xd)l (fa Oé)dO[ - ¢3 (5/3 ail(T))a(O)Agafnfn (5)) G(:ZZ - 55 a(t) - T)dfa

o(t)

B o a(t) dr a”(g_l(T)) .
(29) (Av)s = Yos(a’,t) + JAC) lo/ a(0=1(7)) / <{

R

~2((a(®~ (7))?]un (6,071 () + [2ma(~ (7)) — 7€, 0)|wa(€, 07 (7))~
0=1(7)
- [ € - aydat [

0

+2(Ina(d~1 (1)) -

0= (1)
~2((tna(@ () P] [ i€ 07 r) - cha(€ a)dar+ 2inalo~ (7)) x
0
67 (7)
X / 1/)3 (fla 071(7—) - 04)1/)1 (53 Oé)dO[ - 1/}3 (5/3 071 (T))G(O)A@Engﬂ (E)) X
0

(2, 7)dT+

XG(x'—€'7£n79(t)—T)d£] —fe(a’,0)(2((In
0

—|—2ft(x’70)(1n(a(t))'/¢ (@', 7) fr (2, t —7)dT + fi (2,0 /wg, (@', 7) fre (2’ t — 7)dr,
0

0

(30) (At)a = voala', ) + / Yo/, )dr
0
() .
B) s =l + [ s [ [0 e
0 R™
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071 (n)

=1 (&, 0)¢s5(€,071(7)) — / (6,071 (7) = )5 (&, a)da| Gz — & 0(t) — T)de.
0
In (27)—(31) we introduced notations:

b (2, 1) = / a(0) A, (€)C(x — £, 6(8))dE,

R

b, 1) = / V()G — €,0(1))de,

R~

do(a', 1) = [ [w©66 - ¢ 6o~ Fia'.0).

R’Vl
hoa(2’,t) = r(2',0), tos(x,t) = /@(f)G(ﬂ? — & 0(1))ds.
R’L
Denote [, = max (valy,  [Valy, . sl .1k, » sl ) T < To and consider
in the space H"!/2 (R%.) the set S(T) of functions v(,t), which obey the inequality
(32) [ = ol < [tolz,
where 0 = (Y01, o2, Y03, Yo, tos) and

l l l l l l
|thol7, = max (WoﬂToa o2l 7, » [Yosly, |oaly, \1/fos|To>-

It can be demonstrated that sufficiently small T" the operator A is contraction
mapping operator in S(T'). The theorem of existence and uniqueness then follows
immediately from the contraction mapping principle.

First it is shown that A has the first property of a contraction mapping operator.
Let ¢ € S(T), T < Tp. The from the inequality (32), we have

|1b7,|’l]1 < 2 |¢0|’ZTO ) 1= 172a3a475'

Let us introduce the notations:

a1 := lla(t)llc2p,r), a2 = [(Ina(®))’|r, as = |a(0)]
= ‘T(m/70)|lv fl = |f<xl>t - T)|l+6’(l+6)/2a Y1 = |(p(x)|l+6'

It is easy to see that

0(t)
o —imlt =| [ o5 | [(lnaw*(ﬂ))'(wl(s,9-1<7>>+
0 R™
6~ () 67 (r)
b [ g0 0 - apin(g.a)da) € 0 )~ [ un(€07 ()= a)x
0 0
o(t)

xwl(ﬁ,a)dal Gz —&0(t) — T)df‘; < / hl(@ffﬁ/ l|(lna(9_1(7)))'T><
0 R
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0=1(r)

x (w607 )+ / (€07 (7) =) b1 (& )lfrdar ) + (€', 0)'Jun (€, @)+

0=1(r)

4 / (€671 (r) — )l 461 (€, @) [y
0

< |thol, 2T % ag(az + 2T az|vo |, + 71 + 2T ol ) == [tbol, B1,
In similar way we obtain

[(AY)2 — Yoo|p < |¢0|IT0 [2T%ag(agar + 2a3 + 2as + 11 + 2T|¢0|ZTO)+
+2T ||, (aoaz + 2a2 + 2a3) + 4T az oy, + azer] := [l B2,

2
|(A¢)3—toslp < [volf, (2

Gl — €,0(t) - 7)dE <

h
+203) + 4T |Wo [, 02 + agipr | + Tf3(aoar + 203 + 202 + 1)) 1= ol Bs

|(A)s — oal'y < 2T ||, == |tbol'y, B,

[(Ap)s — o7 < [tholy, - 2T%ao(p1 + 71 + 2T |vhol'7, ) == |vol'r, Bs.
where 3;(T) = 0 at T — 0, i = 1,2, 3,4, 5. Therefore, if we choose T' (T < Tp) so
that the following inequality should be satisfied

B ‘= max {513 BQ» 537 B4365} < ]-a
then the operator A has the first property of a contraction mapping operator, i.e.,
A € S(T).
Consider next the second property of a contraction mapping operator for A. Let

1 1 1 1 1 2 2 2 2 2
1/1(1):( 5)’ é)a 2(3)3 A(L)v é)>€S(T)7'¢)(2):( g)v g)a i(’>)’ 4(1)7 é))e
S(T). In view of inequalities

|a0a1+2a3-+2a2+71-+2T b0, + 2T wboll, (a0ar +2az+

[0 — @] = [ (57— o) 0+l (0 — )| <
l l l l
<2y — 9| max (Ml) o [uf? ]T) < lpolfp [p - 4| |
we estimate the difference
|((49)D — Ag) @)y <
0(t)
dr
1) _ (2)y. L o -1 / (1) —1 .
[((A9)® = 4) ) [ < O/ a(al(T))TR[ ll(lna(e ()Y kI (7 (€07 (7))
0=1(7)
o e+ [ 1€ 0 - @l a)-
0
U071 () = )i (€, 0) | frda ) + [r(€ )| (1) (€ 0) = v (@)t

071 (1)

b [ I - ) - w8 ()

0
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—a)i? (&, @) lda| Gla — &,0(t) - 7)d¢ <

< |y — ’¢(2)\lT02T2ao(“2 + 4T02W10|lT0 +7r+ 4T|’¢0|ZTO) = M) — 1/J(2)|IT0/11~
For other differences by similar way, we obtain

[((A)D — Ap)@)sffr < [ D — O, (T2a(aoar +203 + 2az + 1 + 4T |l )+

+4T|d)0|lT0 (agay + 2as + 2a3) + 8Ta2|1/10|lT0 + a3<p1) = W(l) _ 11)(2)|1T0u2

T2
[((Ap) D — Ap) D31 < ) — @)L (z {aoal +2a3 + 2as + 11 + 4T ||, +
+AT oy (aoar + 2az +2a3) + 8T o, 02 + asier | +
+T {2 (a0ar + 203 + 20 + 1)) := [0 — @i, g

[((AY) D — Ap) D)1k < [p) — @)l T o= [ — @) |y
((Ag) ) — Ap) D)5 | < | =@ L T2ag (01 + 1 +4T o, = [0 =@ ps

!
Hence, |(Ayp™® — Ayp?) |lT < u‘w(l) — @ ’T, if T satisfies the condition

o= maX{,Ula H2. 143, M4,M5} <L

It is not difficult to see if we choose Ty as Ty = min (3, 1), then for T' € (0,Tp)
the operator A satisfies both the properties of a contraction mapping operator,
i.e., A realizes contracted mapping of the set S(T') onto itself. Hence, according to
Banach theorem (see, for instance, [22, pp. 87-97]), in the set S(T') there exists only
one fixed point of transformations, i.e. there exists only one solution of (26).

O
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