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Abstract

Let D = (V, A) be a oriented digraph with a partition V.= K U I
such that D[I] is a null graph has at most two vertices and D[K]
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1 Introduction

We consider here only a finite simple digraph, i.e., a digraph that has a finite
number of vertices, no loop, and no multiple arc. Unless otherwise indicated,
our graph-theoretic terminology will follow [2]. We will also adopt notation
and basic definitions that are used in [17].

Thomassen in [19] has proved that every digraph with minimum out-
degree at least 3 contains two vertex-disjoint cycles. Recently, in connection
with 2-coloring of hypergraphs, Henning and Yeo have begun to study in
[7] the existence of vertex-disjoint cycles of different lengths in digraphs and
they have posed there several conjectures. One of these conjectures has
been solved by Lichiardopol in [11], which asserts that every digraph with
minimum out-degree at least 4 contains two vertex-disjoint cycles of differ-
ent lengths. By the results obtained by Thomassen [19] and Lichiardopol
[11], the investigation of structure for digraphs without vertex-disjoint cycles
of different lengths can be restricted to digraphs with minimum out-degree
3. Further, by the result obtained by Tan in [18], the investigation of this
problem can be reduced to the investigation of such a problem for strong
digraphs.



Figure 1: The digraph D3

A digraph D = (V, A) is called k-regular if d}(v) = dp(v) = k for every
vertex v € V.

A digraph D = (V, A) is called acyclic if it has no cycles. An oriented
digraph is a digraph with no cycle of length 2. A digraph D = (V, A) is
called strong if for every pair x,y of distinct vertices in D, there exist both
a path from x to y and a path from y to x. A digraph with only one vertex
is considered to be strong.

A digraph D = (V, A) with V' = {vy,vs,...,v,} is called a tournament if
exactly one of the arcs v;v; and vjv; is in A for every i # j € {1,...,n}. A
digraph D = (V, A) is called a null digraph if A = 0.

A 3-regular digraph having no vertex-disjoint cycles of different lengths
has been given in [1] and is denoted here by D3. This digraph has the vertex
set V(D2) = {vg,v1,...,v6} and the arc set A(D32) = {vv; | (j —i)(mod 7) €
{1,2,4}}. The digraph D2 is illustrated in Figure 1.

Recently, there have been many research results on the existence of dis-
joint cycles with different lengths in some classes of directed graphs, typically
articles [4, 5, 6, 8, 9, 10, 12, 13, 14, 15, 16].

We note that the digraph D2 is a strong oriented digraph with minimum
out-degree 3, V(D3) = K U I such that D[K] is a tournament has six ver-
tices, D[I] is a null digraph has exactly one vertex. So, it is natural to ask
whether there are other strong oriented digraphs D with minimum out-degree
3, V(D) = KUI such that D[] is a null graph has at most two vertices and
DIK] is a tournament, without vertex-disjoint cycles of different lengths. In
this paper, we will give the answer to this question by proving the following
main result.



Theorem 1. Let D = (V, A) be a strong oriented digraph with a partition
V = K UI such that D[I] is a null graph has at most two vertices, D[K] is
a tournament and D has minimum out-degree 3. Then, except the digraph
D2, D contains two vertez-disjoint cycles of different lengths.

2 Preliminary results

From now on, we always assume that D = (V, A) is a strong oriented digraph
with a partition V' = K U I such that D[I] is a null graph has at most two
vertices, D[K] is a tournament, D has minimum out-degree 3 and having no
vertex-disjoint cycles of different lengths. In further discussions, we will use
this assumption implicitly. Then by the result obtained by Thomassen in
[19], D has two vertex-disjoint cycles A° and A'. By our assumption, it is
clear that A° and A! must have the same length ¢t > 3. Let

0o _ 0 0 0 0
AV = (ag,ay,...,a;_y,0qp),
1 1 1 1 1
AY = (ag,aq,...,a;_4,0a5), and

V' = V(D)\ (V(A) UV(AY).

Further, when we talk about the cycles A7 and A’*! (resp., the vertices

al, a{H, a{+2, ..., of A7), we implicitly understand that j € {0,1} and j + 1
is taken modulo 2 (resp., j € {0,1},i€{0,1,...;t —1}andi+1,i+2,...,
are taken modulo t).

Then we have the following trivial observations.
Observation 2. Fach of A° and A' has no chord.

Observation 3. Let V' # () and P = (vy, ..., v;) be a path in D[V']. Then if
ve has out-neighbors in V(P), then ¢ >t and vy_y11 is the unique out-neighbor
of v in V(P).

Observation 4. Let V' # () and P = (vq,...,v) be a path in D[V']. Then
1. if vy has an in-neighbor in V (A7), then v, has at most one out-neighbor

in V(A7);

2. if v1 has two in-neighbors in V(A?), then v, has no out-neighbor in
V( Aj);

3. if vy has an out-neighbor in V (A7), then vy has at most one in-neighbor
in V(A7);

4. if ve has two out-neighbors in V (A7), then vy has no in-neighbor in

V (A7),



Observatlon 5. Let V' # 0 and v € V'. Then
1. if al —u then u 4 al 4;
.zfu—>a thena+t174>u

Observation 6. Let u € V' and u is adjacent to all vertices in V(A?). Then
1. if u has an in-neighbor in V(A7) then A7 — u;
2. if u has an out-neighbor in V(A7) then u — AJ.

The following lemma is simple but it is very useful for many further
discussions.

Lemma 7. Let u € V' and
X, ={v e V'] v is reachable from u in D[V']}.

Then if u has two in-neighbors in V(A?), then any vertex in X, has no
out-neighbor in V(A?) and no in-neighbor in V (AIT1).

Proof. Clearly, u € X,. Let v be a vertex in X,, and P be a path from u to
v in D[V’]. By Observation 4, v has no out-neighbor in V(A7).

For a contradiction, assume that v has an in-neighbor in V(A’*!). Let
Q = (v1,...,v) be a longest path in D[V’] with the initial vertex v; = v.
Then v, has at most one out-neighbor in X, by Observation 3, no out-
neighbor in V’\ X, by the definition of X, and no out-neighbor in V(A7) by
the assertion just proved before. Therefore, v, has at least two out-neighbors
in V(A7!). This contradicts Observation 4. Thus, v has no in-neighbor in
V (A7), Lemma 7 is proved. O

Lemma 8. The length t of A° and A is equal to 3. Moreover, each of A°
and A' has at most one vertex in I.

Proof. For a contradiction, assume that ¢ > 4. If both a) and d} are in K

then af is adjacent to a3, a contradiction to Observation 2. So, a} € I or

a} € 1. Without loss of genemhty7 we may assume that af) € I. Then both a]
and a]_; are in K. So, a] is adjacent to a]_;, a contradiction to Observation
2. Thus, t = 3. Tt is clear that each of A° and A! has at most one vertex in
I. O

Lemma 9. V' #£ (.
Proof. It V! = (), then
6
18 < Tv) = < =
< 3 a1 (5) -
veV (D)

a contradiction. Thus, we must have V' # (). [
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Lemma 10. Let u € V'NK and u has two in-neighbors in V (A7). Then any
vertex in V(A7) has no out-neighbor in V' N K. Moreover, if w € V' N I
and w has an in-neighbor in V(A7*1) then w has no out-neighbor in V.

Proof. For a contradiction, assume that v € V' N K has an in-neighbor in
V(A7Th). Since u and v are in K, u adjacent to v. So u — v or v — w.
By Lemma 7, u 4 v. So v — u. Since u € K and u has no in-neighbor
in V(A7) u has at least two out-neighbors in V(A7) a contradiction to
Observation 4. Thus, any vertex in V(A7) has no out-neighbor in V' N K.
Now, assume that w € V' N I, w has an in-neighbor in V(A7) and w has
an out-neighbor v in V', It is clear that v € K. By renaming the vertices of
V(A71), we may assume that a)}™" — w. Because V (A7+!) contains at least
two vertices belonging to K and v has no in-neighbor in V(A’*1), v has two
out-neighbors in V(A7) a contradiction to Observation 4. O

Lemma 11. Let u € V' and u is adjacent to all vertices in V(A°) UV (AY).
Then

1. if u has an in-neighbor in V(A7) then A7 — u and u — AITL;

2. if u has an out-neighbor in V(A7) then u — A7 and AT — u.

Proof. 1. If u has an in-neighbor in V(A7) then by Observation 6, A7 — u.
For a contradiction, assume that « has an in-neighbor in V(A’*!). Again
by Observation 6, A’** — u. Since D is strong, we can find in D a path
(v1, ..., v, ve41) such that vy = u, vy € V(A%) UV(A'). Then, we get a
contradiction to Observation 4. So, u has no in-neighbor in V(A47*!). Thus,
Al — v and u — AT

2. By argument similar to those used in Assertion 1 we can prove Asser-
tion 2. O

Lemma 12. Let u € V' N K, u is not adjacent to exactly one vertex in A7
for every 7 =0,1. Then

1. u has at most one in-neighbor in V(A?) for every j =0,1;

2. u has at most one in-neighbor in V(A°) UV (AY);

3. u has at least one in-neighbor in V(A%) UV (AL);

4. u has exactly one in-neighbor and exactly three out-neighbors in V(A% U
V(AY). If u is not adjacent to al and al, then either al,, — u and u —
{a) 1 05410500} or agy — woand u — {agy, 074,075}, where 1,5 €
{0,1,2} and r + 1,7+ 2,5+ 1,5 + 2 are taken modulo 3.

Proof. By renaming the vertices of V' (A°) and V(A'), we may assume that u
is not adjacent to ad and al. So, u is adjacent to all vertices in {a9, a3, a},al}.
Since u € K, ay,a} € I. So, V' NI = .



1. By renaming the cycles A° and A!, it suffices to prove that u has
at most one in-neighbor in V(A%). For a contradiction, assume that u has
two in-neighbors in V(A%). Then, we have {a,a3} — w. By Lemma 7,
u — {a},al}. Tt follows that u has an out-neighbor v € V' and v € K. By
Observation 4 and Lemma 10, {a},a5} — v and v — {a},al}. By Lemma
10, each vertex in V' (A') has no out-neighbor in V'. So, aj — {a{,a5} and a}
has at least two out-neighbors in V/(A%). It follows that aj — a9 or a} — a9.
Then, (ai,al,v,a}) and (u,ad, aj, ad, u), or (af,ad,v,ai) and (u, aj,al,al, u),
are two disjoint cycles of different lengths in D, a contradiction.

2. For a contradiction, assume that u has two in-neighbors in V(A%) U
V(AY). By Assertion 1, we may assume that v has one in-neighbor 2° €
V(A% and one in-neighbor 2! € V(A'). By Observation 5, it is easy to see
that u — {a?,a7} and {a3,a3} — w. So, u has at most two out-neighbors
in V(AY) UV(AY). Tt follows that v must have an out-neighbor in V. Let
P = (vy,...,v) be alongest path in D[V’] with the initial vertex v; = u and
¢ > 2. If £ = 2 then v, has at least three out-neighbors in V/(A%)UV (A!). So,
vp has at least two out-neighbors in V(A%) or V(A'), we get a contradiction
to Observation 4. It follows that ¢ > 3 and v, has at least two out-neighbors
in V(A" ) UV(AY). If v, —» o € V(A (resp., vy - = € V(A')) then
(a3, P,xA%Y) and A' (resp., (ab, P,xA'al) and A°), where zA’a) are the
vertices that go along the cycle A7 from z to ag, are two disjoint cycles of
different lengths in D, a contradiction.

3. For a contradiction, assume that u has no in-neighbor in V(A%) U
V(AY). Then u — {af,ad,a},a3}. Since D is strong, there exists a path
(v1,...,ve,ve41) such that vy € V(A" ) UV (AY), vypy =uand vy, ..., v, € V',
from which the contradiction to the Observation 4.

4. By Assertions 2 and 3, u has exactly one in-neighbor, and exactly
three out-neighbors in V(A% U V(A').

If v has exactly one in-neighbor in V' (A%) then by Observation 5, it is not
difficult to verify that @) — u and u — {a9, ai,al}.

If u has exactly one in-neighbor in V(A!) then by arguments similar
to those in the previous paragraph we can prove that ai — u and u —
{ai,a? a3}. O

Lemma 13. Let u € V' N K, u is not adjacent to exactly one vertex in A
and is adjacent to all vertices in AL, Then

1. u — AL,

2. if u is not adjacent to al then {al,,,al ,} — u, where r € {0,1,2},
r+1 and r + 2 are taken modulo 3.

Proof. By renaming the cycles A’ and A, we may assume that j = 0. By
renaming the vertices of V(A%), we may assume that u is not adjacent to aj.
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So, ad € I.

1. Since u is adjacent to all vertices in V(A') and by Observation 6,
u — Al or A — wu. For a contradiction, assume that A' — u. By Lemma
10, u — {af,a3}. So, u has an out-neighbor in V'. Let P = (vy,...,v,) be a
longest path in D[V'] with the initial vertex v; = v and ¢ > 2.

First, assume that v, € K. By Lemma 10 and Observation 4, v, —
{a?, a3} and {ai,al} — v,. If a? — al (vesp., a) — ad) then (a?,al,u,a?)
and (vy, a3, ad, a3, ve) (resp., (a?,a}, u,a?) and (vy,al, ad, ai,vy)) are two dis-
joint cycles of different lengths in D, a contradiction. So, {a},as} — a? and
al has an out-neighbor v € V’. By Lemma 10, v € I and v has no out-
neighbor in V. By Observation 5, v /4 ay. So, v — A'. Then (af,v,al,a?)
and (v, a3, al, as, vy) are two disjoint cycles of different lengths in D, a con-
tradiction.

Now, assume that v, € I. If £ = 2 then v, has an out-neighbor in V(A?!)
because a) € I, a contradiction to Observation 4. So, ¢ > 3, v,_; € K and
v¢_1 # u. By reasoning similar to the case v, € K, we deduce a contradiction.

2. Suppose that u — {a% a3}. Since D is strong, there exists a path
(v1,...,vgve41) such that v, € V(A" ) UV (AY), vpy = v and vy, ... 0, € V|
from which the contradiction to the Observation 4. Thus, a? — u or @) — u.
If ¥ — u then by Observation 5, u /4 a3. So, ay — u. Now, assume that
a3 — u. For a contradiction, suppose that u — af.

First, assume that V(A') contains one vertex in I. By renaming the
vertices of V(A'), we may assume that a} € I. First, suppose that a) has
an out-neighbor v € V. Easy to see v € K. By Observation 6, A° — v.
By Lemma 10, v — {a},a}}. Again by Lemma 10, each vertex of V(A!)
has no out-neighbor in V’. So, each vertex of V(A!) has two out-neighbors
in V(A%) and a} — {al,a3}. If al — ad (resp., ai — a?) then (u,a},a, u)
and (v, aj, a3, ad, v) (resp., (v,ai,al,al,v)) are two disjoint cycles of different
lengths in D, a contradiction. Now, suppose that a) has no out-neighbor in
V'. So, aj — {ai,al}. If a} has an out-neighbor v € V’ then by Observation
6, A' — v. By Lemma 10, each vertex of V(A%) has no out-neighbor in
V', a contradiction to a3 — w. Thus, a} has no out-neighbor in V' and
ay — {a%,a3}. If a has an out-neighbor v € V’ then it is not difficult to
verify that v € K, a} — v. By Lemma 10, each vertex of V(A%) has no
out-neighbor in V', a contradiction to a — u. So, a} has no out-neighbor
in V' and a] — {a?,a3}. It follows that ) has an out-neighbor v € V’. By

Observation 5, a) — v. By Lemma 10, v — {al,al} and a} — {a%, da3}.

Then, (u,a},ad,u) and (v,ai,ad,a? v) are two disjoint cycles of different
lengths in D, a contradiction.
Now, assume that all vertices of V(A') belong to K. First, suppose that

a) has an out-neighbor v € V’. Easy to see v € K. Lemma 11, A — v and
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v — Al If o] with i € {0,1,2}, has an out-neighbor w € V' then by Lemma
10, w € I and w — {a, a3, a},,}. It is not difficult to see that aj,, is not
adjacent to w, so by Lemma 10, a;,, — {a?,a3}. Then, (w,a; ,,a;,w) and
(u,a},q,a}, a3, u) are two disjoint cycles of different lengths in D, a contradic-
tion. So, each vertex of V(A') has no out-neighbor in V’. Tt follows that each
vertex of V(A') has two out-neighbors in V(A"). If aJ has an in-neighbor
a; with ¢ € {0,1,2}, then (v,q},af,v) and (u,al 5, af, a3, u) (or (v,a;,af,v)
and (u,a},,a;,,,a3,u)) are two disjoint cycles of different lengths in D, a
contradiction. So, aj has no in-neighbor a} for every i € {0,1,2}. It follows
that A' — {al,a3}. Then, (v,a},a? v) and (u,ai,al,ad, u) are two disjoint
cycles of different lengths in D, a contradiction. Now, suppose that a) has
no out-neighbor in V’. So, a has at least two out-neighbors in V(A'). By
renaming the vertices of V(A'), we may assume that a) — {a},al}. Let
a} with 7 € {0,1,2}, has an out-neighbor v € V'. If v € K and v is not
adjacent to a) then by Assertion 1, u — A', a contradiction. If v € K and v
is adjacent to a) then by Lemma 11, v — A® and A' — v. So, (a?, a3, u, a?)
and (v, a), apA'a},v) (or (v,a$,ai A'a}l,v)) are two disjoint cycles of different
lengths in D, a contradiction. Thus, v € I. If v has an out-neighbor w € V'
then w € K. By Observation 4, A — w. By Assertion 1, w is adjacent
to a). By Lemma 11, w — A% So, (a?,a3,u,a?) and (w,al, a}, ai,w) are
two disjoint cycles of different lengths in D, a contradiction. Thus, v has
no out-neighbor in V’. It is not difficult to see that v — {af,a3,a},,} and
v is not adjacent to a; ;. Since a;,, is not adjacent to exactly one vertex
(v,a},,,a},v) and is adjacent to all vertices in V(A"), by Assertion 1 we have
a} — AY a contradiction to @) — a}. Thus, a} has no out-neighbor in V’
for every i € {0,1,2}. So, {a},al} — {a,a3}. Tt follows that a{ has an
out-neighbor v € V'. 1t is clear that v # w. If v € K then by using Lemma
11, Observation 5 and Assertion 1, we deduce a3 — v and v — A'. Tt fol-

lows that (u, ai, a3, u) and (a9, v, a}, a, ad) are two disjoint cycles of different

lengths in D, a contradiction. So, v € I. If v — u then (al,ai,ad, a) and

(v,u,a},al,v) are two disjoint cycles of different lengths in D, a contradic-
tion. So, v 4 u. Suppose that v has an out-neighbor w € V’. Then w € K

and w # u. It is clear that a — w. If a) — w then by Lemma 10, w — A'.

It follows that (u,ai,ad, u) and (v,w,a},a?,v) are two disjoint cycles of dif-

ferent lengths in D, a contradiction. So, w — a?. Then, (v,w,a? v) and

(u,al, a},ad,u) are two disjoint cycles of different lengths in D, a contradic-
tion. Now, suppose that v has no out-neighbor in V’. By Observation 5,
v — A'. Then, (u,a},ad,u) and (v,a},a},al,v) are two disjoint cycles of
different lengths in D, a contradiction.

Thus, we have proved a{ — u. O



Lemma 14. If |V'| = 1 then D is isomorphic to D3.
Proof. Let there exists x,y € V(D) such that x is not adjacent to y. Then

s ¥ = 1aw) < (3) 1=

veV (D)

a contradiction. So, every pair of vertices x,y € V(D) are adjacent.

Let V' = {u}. By renaming the cycles A° and A', we may assume that
A% — u, u — A'. By renaming the vertices of V(A%), we may assume that
apy — {af, al}.

Suppose that aj — @, it follows that a) — a3, ai — {ad,ad}, af — a1,
aj — a3, a3 — al. So, (a9, a},ai,al) and (u,ad,ad, ad,u) are two disjoint
cycles of different lengths in D. Thus, af — a}. It follows that ai — {aQ, a3},
ad — ad, ay — {a?,a3}, a — al. Now let ¢ be the following mapping from
V to V(D2): u s vy, al = vy, al = vg, a) — v3, ab — vy, a¥ — vs and
a9 — vg. Then it is not difficult to verify that ¢ is an isomorphism between
D and D:. O

3 Proof of Theorem 1

Now we continue to prove Theorem 1. If |V’| = 1 then by Lemma 14, D
is isomorphic to D3. So, we may assume that |V’| > 2. We consider the
following cases separately.

Case 1. V' contains two vertices u,v € K.

Without loss of generality, we may assume that u — v. We again divide
Case 1 into several subcases.

Subcase 1.1. A7 NI = for every j =0, 1.

In this subcase, u and v are adjacent to all vertices in V(A°%) U V(A!).
By Lemma 11 and by renaming the cycles A° and A!, we may assume that
AY — u, u — A'. By Lemma 11 and Observation 4, A° — v and v — Al

First, we may assume that there exists vertex of V(A') has an out-
neighbor in V(A°). Without loss of generality, we may assume that aj — a.

1 0 1 0 10 . 1 10 11
If a3 — af (resp., a3 — ay) then (ay,ay,v,ay) and (a3, aj, u,ay,ay) (resp.,

(ad,ad,v,al) and (ad, ad, u, ai,al)) are two disjoint cycles of different lengths
in D, a contradiction. So, {a? a3} — ai. Tt follows that al has an out-
neighbor w € V. By Lemma 10, w € I and w has no out-neighbor in V’. So,
w has at least two out-neighbors in V(A%). It follows that w — a? or w — a9.
Then, (aj, w,al, ad) and (a}, ad, u,v,a}), or (ai, w, a3, a}) and (al, ad, u,v,a}),

are two disjoint cycles of different lengths in D, a contradiction.



Now, we may assume that any vertex of V(A!) has no out-neighbor in
V(A®). So, A° — Al Tt follows that there exists 21,2, € V' with 21 # 29
such that a(l) — 21 and a} — 2. By Lemma 10, z1, 20 € I, 2; and 2, has no
out-neighbor in V'. So, z; has at least two out-neighbors in V' (A°) for every
i = 1,2. Tt follows that there exists r,s € {0,1,2}, r # s such that z; — a°
and zy — a%. Then, (a2, a}, 21,al) and (a2, u, a}, 2, a?) are two disjoint cycles
of different lengths in D, a contradiction.

Subcase 1.2. There exists j € {0, 1} such that A7NI # ) and A7T'NT = ().

By renaming the cycles A° and A', we may assume that j = 0. By
renaming the vertices of V(A%), we may assume that aj € I.

First, assume that a is not adjacent to u or aj is adjacent to u but
a) — u. By Lemma 13 and Lemma 11, {a},a5} — w and u — A'. By
Lemma 10 and Observation 4, v — A and {a{, a3} — v. Suppose that there
exists 7 € {0,1,2} such that a has an out-neighbor w € V'. By Lemma 10,
w € I and w has no out—neighbor in V. So, w — {a},ad,al,} and al,
is not adjacent to w. If a;,; — af (resp aj,; — a) then (a;,w,a; ,,a;)
and (a4, al,u,v,a},;) (vesp., (aj,w,a}l 5, a}) and (a},,ad, u,v,a}, ) are two
disjoint cycles of different lengths in D, a contradiction. So, {a?, a3} — aj,,
and a;,, has an out-neighbor z € V. It is easy to see that z € I, z # w and
z — {a?,a3,al}. Then, (a},w,a}, s, a;) and (2,43, u,a},,, z) are two disjoint
cycles of different lengths in D, a contradiction. Thus, a} has no out-neighbor
in V' for every ¢ = 0,1,2 and a} has two out-neighbors in V(A°) for every

i=0,1,2. Let al — ay. If a} — ao (resp., ap — a?) then (a},al,u,a}) and

(ad,ad,al, v, a) (resp., (a},a?, v,al,v,a})) are two disjoint cycles of different
lengths in D, a contradiction. So, a — a}. It follows that aj — {a$,a?}.
Similarly, we can prove that aJ — af and aj — {a,al}. It follows that af
has an out-neighbor x € V’. It is not difficult to verify that z € K, A° — x
and z — A'. Then, (a},al,ad, al) and (ad, z, al, al, ad) are two disjoint cycles
of different lengths in D, a contradiction.

Now, assume that aj is adjacent to v but u — a). By Lemma 11, u — A°
and A' — u. If af is not adjacent to v then by Lemma 13, v — Al a contra-
diction to Observation 4. So, aJ is adjacent to v. By Lemma 11 and Obser-
vation 4, v — A” and A' — v. By Lemma 10, a has no out-neighbor in V”.
So, a) has at least two out- nelghbors in V(Al) By renaming the vertices of
V(Al) we may assume that a) — {a},ai}. If a§ — a} (resp., a3 — al) then
(ad, ad,u,ad) and (a3, ai,v,al, ad) (resp., (a3, al,v,a?,al) are two disjoint cy-
cles of different lengths in D, a contradiction. So, {ai,a}} — a3 and a$ has
an out-neighbor w € V’'. By Lemma 10, w € I and w has no out-neighbor
in V’. So, w has at least two out-neighbors in V(Al) it follows that w — ai

or w — a}. Then, (a9, a},u,ad), and (a3, w,ai,v,al) or (a3, w,ad, v,al), are
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two disjoint cycles of different lengths in D, a contradiction.

Subcase 1.3. A7 N1 # () for every j =0, 1.

By renaming the vertices of V(AY) and V(A'), we may assume that
ad,ah € 1.

First, assume that u is adjacent to a) and a}. By Lemma 11 and by
renaming the cycles A% and A', we may assume that A — u and v — A%
Suppose that v is adjacent to a) and af. Then by Lemma 11 and Observation
4, A - v and v — A'. By Lemma 10, a} has no out-neighbor in V', so aj —
{a?,a3}. If ai — af (resp., ai — a9) then (al,a? u,al) and (a}, a3, v,al, a})
(resp., (a},a3,u,ai) and (a},al,v,ad, a})) are two disjoint cycles of different
lengths in D, a contradiction. So, {a}, a9} — a] and @i has an out-neighbor
w € V'. Because I contains at most two vertices, it is easy to see that
w € K, a contradiction to Lemma 10. By similar reasoning, we can deduce
the contradiction in cases v is adjacent to aJ and is not adjacent to a, v is
adjacent to a} and is not adjacent to al, or v is not adjacent to a and aj.

Next, assume that u is adjacent to exactly one of the two vertices aj and
ay. By renaming the cycles A® and A', we may assume that u is adjacent
to a) and is not adjacent to a}. By Lemma 13, {a},al} — v and u —
A% Suppose that v is adjacent to aJ and a}. Then by Lemma 11 and
Observation 4, v — AY and A' — v. By Lemma 10 and I contains at most
two vertices, each vertex of V' (A?) has no out-neighbor in V. So, each vertex
of V(A% has two out-neighbors in V(A!). Tt follows that a) — {ai,al}. If

a) — ai (resp., ai — al) then (af,ai,v,al) and (ad,u,ad,ad, al) (resp.,

(a9, al,v,a?) and (ai, u,ay,ad, al)) are two disjoint cycles of different lengths
in D, a contradiction. Using a similar method, we can demonstrate the
contradiction in cases v is adjacent to a) and is not adjacent to aj, v is
adjacent to aj and is not adjacent to aJ, or v is not adjacent to a) and ag.
Finally, assume that u is not adjacent to a) and a}. By Lemma 12 and
by renaming the cycles A° and A', we may assume that a — w and u —
{a?,ai,al}. Suppose that v is adjacent to aj and a}. Then by Lemma 11 and
Observation 4, v — A and A° — v. By Lemma 10 and I contains at most
two vertices, each vertex of V' (A') has no out-neighbor in V. So, each vertex
of V(A') has two out-neighbors in V(A%). Tt follows that aj — {a,a5}. If

al — ai (resp., al — a9) then (ai,a® v,a}) and (a},ad,u,ad,al) (resp.,

(al,aY,u,a}) and (a},a?,v,ad, al)) are two disjoint cycles of different lengths
in D, a contradiction. Using a similar method, we can demonstrate the
contradiction in cases v is adjacent to a) and is not adjacent to ag, v is

adjacent to a} and is not adjacent to aJ, or v is not adjacent to a) and ag.

Case 2. V' contains exactly one vertex u € K and there exists v € V'
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such that ©v — wv.

In this case, all vertices in V' \ {u} also belong to I. We again divide
Case 2 into several subcases.

Subcase 2.1. AV N1 = for every j =0, 1.

By Lemma 11 and by renaming the cycles A’ and A!, we may assume
that A% — u, u — Al. By Observation 4, v — A'.

First, assume that a} has two out-neighbors in V(A°). By renaming the
vertices of V(A°), we may assume that aj — {aJ,al}. Suppose that aj — a?
and a) — ai. Then, (a},al,ai,al) and (a, u,v,a}, al) are two disjoint cycles
of different lengths in D, a contradiction. Now, suppose that a} — af and

al — af. Then, af has an out-neighbor w € V' and w # v, because if

w = v then (af,w,ai,a?) and (aY,u,al,al,ad) are two disjoint cycles of
different lengths in D. By Observation 5, w /4 aJ. If w — aj then we set
(A% = (w,af,al, w), A* and two vertices u,ad € V(D) \ (V((A°))UV(A')).
By considering similarly to Subcase 1.2 we deduce the contradiction. So,
w # a) and w has two out-neighbors in V(A'). Tt follows that w — al
or w — ay. Then, (w,a},ad,w) or (w,ad,al,w), and (ad,u,v,a},al), are
two disjoint cycles of different lengths in D, a contradiction. Thus, a) —
ay. If aj — a) (resp., aj — a3) then (a},a?,al,al) and (ai,ad,u,v,al)
(resp., (al,al,u,v,a})) are two disjoint cycles of different lengths in D, a
contradiction. So, {aY,a3} — al and @i has an out-neighbor w € V’. By
Lemma 10 and Observation 5, w — ad or w — a3. Then, (w,al,a},w) or
(w,al, al,w), and (a?, u, al, a}, al), are two disjoint cycles of different lengths
in D, a contradiction.

Now, assume that af, has at most one out-neighbor in V(A°). By renaming
the vertices of V(A%), we may assume that {aJ,a%} — al. Then, a} has an
out-neighbor w € V’. By Lemma 10 and Observation 5, w has at least two
out-neighbors in V(A°%). Suppose that w — al. Set A°, (A') = (w, ad, a}, w)
and two vertices u,a} € V(D) \ (V(AY) UV ((A')’)). By considering similarly
to Subcase 1.2 we deduce the contradiction. Thus, w /4 a) and w — A°.
If al — &Y with ¢ € {1,2} then (w,a),a}, w) and (al,al,u,v,ai) are two
disjoint cycles of different lengths in D, a contradiction. If ai — a then
(w,a?,al, w) and (a},ad,u,v,al) are two disjoint cycles of different lengths
in D, a contradiction. So, aj has no out-neighbor in V(AY). It follows that
al has an out-neighbor z € V', z # w, contradicts the assumption that [

contains at most two vertices.

Subcase 2.2. There exists j € {0,1} such that A7NT # ) and A7T'NT = ().
By renaming the cycles A° and A', we may assume that ;7 = 0. By
renaming the vertices of V(A%), we may assume that a) € I. Tt is easy to see
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that V' contains exactly two vertices u and v.

First, assume that a} — u. By Lemma 11, A — v and u — A'. By
Observation 4, v — A®. Tt is easy to see that a) has an out-neighbor in V(A?!)
and each vertex of V(A!) has two out-neighbors in V(A°). By renaming the
vertices of V(A'), we may assume that a) — aj. So, aj — {al,a3}. Ifaj — a®
then (al,ad, a3, ad) and (al,a? u,v,al) are two disjoint cycles of different
lengths in D, a contradiction. So, a — al. It follows that aj — {a$,aS}.
Then, (ai,a),al,a}) and (a},ad, u,v,a}) are two disjoint cycles of different
lengths in D, a contradiction.

Next, assume that © — aJ. By Lemma 11, u — A° and A" — w. Tt is easy
to see that v has an out-neighbor in V(A!), a contradiction to Observation
4.

Finally, assume that u is not adjacent to a). By Lemma 13, {a{,ad} — u
and u — A'. By Observation 4, v — A'. Tt is easy to see that aj) has two out-
neighbors in V(A') and each vertex of V' (A') has two out-neighbors in V' (A?).
By renaming the vertices of V(A!), we may assume that aj — {aj,ai}. So,
{a},ai} — {a% a3}. Then, (ad, a}, a3, ad) and (a},a?, u,v,al) are two disjoint
cycles of different lengths in D, a contradiction.

Case 3. V' contains exactly one vertex u € K and there exists v € V'
such that v — w.

In this case, all vertices in V"’ \ {u} also belong to I. By Case 2, we may
assume that if w € V’\ {u} then u 4 w. We again divide Case 3 into several
subcases.

Subcase 3.1. AV N1 = for every j =0, 1.

By Lemma 11 and by renaming the cycles A° and A!, we may assume
that A — u, u — A'. Since D is strong, there exists z € V(A%) UV (A!)
sao cho * — v. By Observation 4, z € V(AY). By renaming the vertices of
V(A%), we may assume that z = af. By Observation 5, v /4 a?

First, assume that v — aJ. Set (A°) = (v,a3,ad,v), A' and two vertices
u,a? € V(D) \ (V((A°)) UV (AY)). By considering similarly to Subcase 1.2
we deduce the contradiction.

Now, assume that v /4 ay. Then, v has two out-neighbors in V(A'). By
renaming the vertices of V(A!), we may assume that v — {a},a}}. Sup-

pose that a} — aJ. If ai — af (resp., ai — a9) then (a,v,a},al) and

(ad,al u,al,al) (vesp., (ai,ad,u,al,al)) are two disjoint cycles of different
lengths in D, a contradiction. So, {a{,a3} — al and a} has an out-neighbor
w € V'. By Lemma 10 and Observation 5, w — af or w — aJ. Then,
(ad,v,ad,ad), and (al, w,al, u,ad) or (ai, w,ad, u,al), are two disjoint cycles

of different lengths in D, a contradiction. Now, suppose that aj — a}. Since
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aj has at most one out-neighbor in V', a} — a9 or a} — af. First, we

- 1 0 1 0 1 0 0 10
consider case ay, — aj. If a3 — ay (resp., ay — ag) then (af,u,ay,al) and

(a},ad,v,al,al) (vesp., (ad,al, ad, v, ai, a%)) are two disjoint cycles of different
lengths in D, a contradiction. So, {a), a3} — al and @) has an out-neighbor
w € V'. By Lemma 10 and Observation 5, w — a8 or w — ay. Then,
(a9, u,a,a?), and (ad, w,ad,v,ai,al) or (a},w,al,ald,al), are two disjoint
cycles of different lengths in D, a contradiction. Similarly, we can point out

the contradiction when considering case af — a9.

Subcase 3.2. There exists j € {0, 1} such that A7NI # @ and A7INT = ().

By renaming the cycles A° and A!, we may assume that j = 0. By
renaming the vertices of V(A"), we may assume that a) € I. It is easy to see
that V' contains exactly two vertices u and v.

First, assume that a) — u. By Lemma 11, A — v and u — A'. If
a} with 7 € {0,1,2} has an out-neighbor w € V' then by Lemma 10 and
Observation 5, w = aj,. Set A% (AYY = (w,a},,,a},w) and two vertices
u,a;,, € V(D) \ (V(AY UV ((AYY )) By considering similarly to Subcase 1.3
we deduce the contradiction. So, each vertex of V(A!) has no out-neighbor
in ¥/ and each vertex of V(A') has two out-neighbors in V(A°). By renam-
ing the vertices of V(A'), we may assume that a) — af. It follows that
ay — {a% a3}, Since D is strong, there exists z € V(A% U V(A!) such
that z — v. By Observation 4, z € V(A%). First, suppose that z = af.
If aj — af (resp., ai — a?) then (ad,a},ad,ad) and (aj,al,v,u,ai) (resp.,
(a},al,v,u,a})) are two disjoint cycles of different lengths in D, a contra-

diction. So, a? — {ai,al} and {ai,al} — {ad,al}. Then, (a9, u, al,a2) and

(a3, ad, al, ad, al) are two disjoint cycles of different lengths in D, a contra-
diction. By considering the same thing, in case z = a3 and a? /4 v we can
also point out the contradiction.

Next, assume that u — aJ. Then, a) has two out-neighbors in V(A!).
By Lemma 11, A' — w and u — A°. Since D is strong, there exists
r € V(A% U V(AY) such that * — v. By Observation 4, z € V(A!).
By renaming the vertices of V(A'!), we may assume that z = a}. So,
v A aj. If v — a} then we set A%, (A') = (v,ad,a},v) and two vertices
u,at € V(D) \ (V(A°) UV ((AY))). By considering similarly to Subcase 1.3
we deduce the contradiction So, v /4 a} and v — {al,az} Suppose that
a¥ — af. Since af has two out-neighbors in V/(A'), a) — ai or a) — ai. Then,
(v,a9,ad,v), and (ad,a},u,ad, ad) or (aj, a,u,al,ay), are two disjoint cycles
of different lengths in D, a contradiction. Thus, a(l] — a?. Since af has two
out-neighbors in V(A'), a — a} or a — ai. If ¥ — ad then (u,a?,al, u)
and (a9, aj,v,a3,a), or (u,ad,ai,u) and (a2, al,al,v, a(l))) are two disjoint
cycles of different lengths in D, a contradiction. Thus, ai — a. Tt follows
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that a{ has an out-neighbor w € V' and w — A'. Then, (ad,al,u,a)) and
(a9, w,al,v,al), or (ad, al,u,al) and (af,w,al,v,a?), are two disjoint cycles
of different lengths in D, a contradiction.

Finally, assume that u is not adjacent to aJ. Then, af has two out-
neighbors in V(A'). By renaming the vertices of V(A'), we may assume
that a — {a,a}}. By Lemma 13, u — A' and {a{,a} — w. If a] with
i € {0,1,2} has an out-neighbor w € V' then by Lemma 10 and Observation
5,w = aj,. Set AY, (A') = (w, ajyy, a}, w) and two vertices u, aj,, € V(D)\
(V(A°) UV ((A'))). By considering similarly to Subcase 1.3 we deduce the
contradiction. So, each vertex of V(A!) has no out-neighbor in V' and each
vertex of V(A') has two out-neighbors in V(AY). So, {a},al} — {a9,ad}.
Then, (a,ai,ad,al) and (a}, al, u,al,al) are two disjoint cycles of different
lengths in D, a contradiction.

Case 4. V' contains exactly one vertex u € K and u is not adjacent to
any vertex in V' \ {u}.

Let v € V'\ {u}. We again divide Case 4 into several subcases.

Subcase 4.1. AV N1 = for every j =0, 1.

By Lemma 11 and by renaming the cycles A’ and A!, we may assume
that A — u, u — A'. Since D is strong, there exists z € V(A%) UV (A!)
such that z — v.

First, assume that = € V(A%). By renaming the vertices of V(A?%), we
may assume that z = aY. Easy to see v 7¢> al. If v — a3 then we set
(A% = (v,da9,ab,v), A' and two vertices u,ad € V(D) \ (V((A%)) UV (A)).
By considering similarly to Subcase 1.2 we deduce the contradiction. So,
v+ a3 and v — A'. Suppose that a; with i € {0,1,2} has an out-neighbor
w € V'. By Lemma 10 and Observation 5, w — a},, or w — A% If
w — a},, then we set A°, (A") = (w,a},,,a}, w) and two vertices u, a;,, €
V(D) \ (V(A") U V((A'))). By considering similarly to Subcase 1.2 we de-
duce the contradiction. So, w — A°. It is easy to see that each vertex
of V(A") has an out-neighbor in V(A°). If a},;, — af (resp., aj,, — a3)
then (al,,,al,u,a},,) (vesp., (a1, a3, u,al)) and (a},w,af,v,a}) are two
disjoint cycles of different lengths in D, a contradiction. So, {af, a3} — a} 4
and a},; — a. Then, (af,af,a},,,a)) and (a3, u,a}, w,ad) are two disjoint
cycles of different lengths in D, a contradiction. Thus, each vertex of V(A')
has no out-neighbor in V' and each vertex of V(Al) has two out-neighbors in

V(A%). Suppose that aj — al. If ai — af (vesp., al — a3) then (a}, ad, v, a})

and (a3, ad,u,al,ad) (resp., (ai,ay,u,ai,a})) are two disjoint cycles of differ-
ent lengths in D, a contradiction. So, aj — a} and af — {a?,a}. If al — a

(resp CL2 - al) then (&%7a8>v>a%) and (u,aé,a?,ag,u) (I‘eSp., (CL%,G?,U,CL%)
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and (v, a}, a3, ad,v)) are two disjoint cycles of different lengths in D, a con-

tradiction.

Now, assume that x € V(A!). By renaming the vertices of V(A!), we
may assume that r = a}. Easy to see v 4 aj. If v — a) then easy to
see v is not adjacent to ai, it follows that a} is not adjacent to exactly one
vertex in (A') = (v,a},a},v) and is adjacent to all vertices in A°, from
which we deduce the contradiction with the Lemma 13. So, v /4 a} and
v — A% Suppose that a] has an out-neighbor in V(A°). Without loss of
generality, we may assume that aj — a3. If a — a} (resp., a3 — a}) then

(a},ad,u,a}) and (a9, al,v,a?, al) (resp., (a3, ad,al,v,ay)) are two disjoint

cycles of different lengths in D, a contradiction. So, {a},ad} — a3. If

a3 — ai then (a3, ai,ad,ad) and (ad,u,ad,v,ay) are two disjoint cycles of
different lengths in D, a contradiction. So, A* — a. It follows that aJ has an
out-neighbor w € V. Tt is not difficult to see that w — aj or w — al. Then
(a3, w, ai,al) or (a3, w,al,al), and (ad,u,al,v,ad), are two disjoint cycles
of different lengths in D, a contradiction. Thus, a] has no out-neighbor in
V(A%), that is A° — af and al has an out-neighbor w € V. Tt is not difficult
to see that w — A°. Then, (a},w,ad,al) and (af,u,al,v,a?) are two disjoint

cycles of different lengths in D, a contradiction.

Subcase 4.2. There exists j € {0, 1} such that A7NI # ) and A7INT = ().

By renaming the cycles A° and A!, we may assume that j = 0. By
renaming the vertices of V(AY), we may assume that a) € I. It is easy to
see that V' contains exactly two vertices u and v. Since D is strong, there
exists € V(A%) U V(A!) such that  — v. Suppose that z € V(A'). By
renaming the vertices of V/(A!), we may assume that = a}. By Observation
5 v 4 ai. So, v — a). Set A (A'Y = (v,a},a},v) and two vertices
u,a} € V(D) \ (V(A°) UV ((A'))). By considering similarly to Subcase 1.3
we deduce the contradiction. So, z = a or = = a).

First, assume that a) — u. By Lemma 11, A° — u and u — A'. Suppose
that x = af. Since v 4 {ad, a3}, v — Al. Tt is easy to see that a) has an
out-neighbor in V(A') and each vertex of V(A') has two out-neighbors in
V(A%). By renaming the vertices of V(A'), we may assume that aj — ag.

So, ay — {a%,ad}. If a — a (rvesp., ai — a)) then (a},a?,v,a}) and

(a},ad,u,a},al) (vesp., (ai,ad,u,al,al)) are two disjoint cycles of different
lengths in D, a contradiction. Now, suppose that z = a) and a9 4 v.
If v — a?f then we set (A°) = (v,af,a),v), A' and two vertices u,a) €
V(D)\(V((A"Y)UV(AY)). By considering similarly to Subcase 3.2 we deduce
the contradiction. So, v 4 af and v — A'. It is easy to see that a) has an
out-neighbor in V(A') and each vertex of V(A') has two out-neighbors in

V(AY). By renaming the vertices of V(A'), we may assume that a) — a}.

16



So, al — {a%,aS}. If a} — af (resp., ai — af) then (a},a3,v,a}) and

(ad,ad,u,ai,ad) (resp., (ai,al,u,al,al)) are two disjoint cycles of different
lengths in D, a contradiction.

Next, assume that v — a). By Lemma 11, A’ — u and u — A°. By
renaming the vertices of V(A'), we may assume that a) — {a},ai}. First,
suppose that x = a. It is clear that v — A'. Tt is easy to see that each
vertex of V(A!) has an out-neighbor in V(A%). If a} — aJ (resp., aj — a9)

then (ad, a3, ay, a}) (resp., (ai,ad,ad, al)) and (v, ad, u,al,v) are two disjoint

cycles of different lengths in D, a contradiction. So, ay — {a},ai} and

{a},al} — a¥. Then, (u,ad,a},u) and (v,a},a},a®, v) are two disjoint cycles
of different lengths in D, a contradiction. Now, suppose that z = a9 and
a? A v. If v — af then we set (A°) = (v,af,ad,v), Al and two vertices
u,a) € V(D) \ (V((A°Y)UV(AY)). By considering similarly to Subcase 2.2
we deduce the contradiction. So, v 4 a and v — Al. Tt is easy to see
that each vertex of V(A') has an out-neighbor in V(AY). If a} — a9 (resp.,
al — a?) then (u,al, aj, u) and (v, al,a?, ay, v) (resp., (v,al,al, ad, v)) are two
disjoint cycles of different lengths in D, a contradiction. So, a? — {a},al}
and ai — a3. Then, (u,al,al,v) and (v,a},al,ad,v) are two disjoint cycles
of different lengths in D, a contradiction.

Finally, assume that v is not adjacent to aj. By Lemma 13, u — A' and
{a®, a9} — u. By renaming the vertices of V(A!), we may assume that a) —
{a},ai}. First, suppose that z = af. It is clear that v — A' and each vertex
of V(A') has two out-neighbors in V(AY). So, {a},al} — {a% a3}. Then,
(u,al,ad,u) and (v,a},a},a?, v) are two disjoint cycles of different lengths
in D, a contradiction. Now, suppose that z = a9 and a? 4 v. It is clear
that each vertex of V(A!) has two out-neighbors in V(A°%). So, {a},ai} —
{a?,a3}. Since v has at least two out-neighbor in V(A'), v — al or v — al.
Then, (v,ai,ad,v) and (u,al,al,ad,u), or (u,a},ad,u) and (v,ad,ad,ad,v)
are two disjoint cycles of different lengths in D, a contradiction.

Case 5. V' =1.

In this case, all vertices in V(A%) UV (A!) are also in K. Let V' = {u,v}.
Since D is strong, there exists x,y € V(A%)UV (A') such that * — v and y —
v. By renaming the cycles A° and A', we may assume that z € V(A°). By
renaming the vertices of V(A!), we may assume that z = a). By Observation
5, u /4 a¥. If u— a9 then we set (A°) = (u, a3, ad,u), A* and two vertices
v,al € V(D) \ (V((A%))UV(AY)). By considering similarly to Subcase 2.2,
or Subcase 3.2, or Subcase 4.2, we deduce the contradiction. So, u 4 a and
u — Al. We again divide Case 5 into several subcases.

Subcase 5.1. y € V(A?).
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By similar reasoning as above we see that v — A'. So, each vertex of
V(A') has two out-neighbors in V(A?).
First, assume that y = aj. Since a) has two out-neighbors in V(A°),

ay — a or a) — a3. Suppose that a} — {al),al}. If a) — v then (u, al, ad, u)

and (v, al,a},al,v), or (v,a},al,v) and (u,al,a,ad, u), are two disjoint cy-
cles of different lengths in D, a contradiction. So, a9 /4 v. If ay — wu then
1 .0 1.1 0 1.0 1.0 0

(U7 g5 Ao, U) and (U, ay, g, Ay, U), or (uv Qg, 4y, u) and (Ua Ay, Ao, Qg U), are two
disjoint cycles of different lengths in D, a contradiction. So, a¥ /4 u. It
follows that a{ — {ai,a} and {a},as} — {a,ad}. Then, (a},a?, a},a}) and
(v,al,ad, ad,v), are two disjoint cycles of different lengths in D, a contradic-
tion. Using a similar method of proof, we can also find the contradiction in
cases ap — {a,aS} or af — {a?,ad}.

Next, assume that y = af. Suppose that aj — {a,ad}. If a) — u then

10 1,1 0 1 .0 1.0 0
(U, Qg g, U) and (Uv ay, az, ay, U)a or (U'7 ay, g, U’) and <U’ Qp, Qg A7 'U)v are two
disjoint cycles of different lengths in D, a contradiction. So, a3 4 u. If a) —
10 11 0 1.0 1.1 .0

v then (ua Qg Qg u) and (Ua ai, az, ay, U), or (U, Qg Ao, u) and (’U, ajp, aa, Ao, U)a
are two disjoint cycles of different lengths in D, a contradiction. So, a3 /4 v.
It follows that a3 — {al,al} and {a},ad} — {al,al}. Then, (u,a},ad,u) and
(al,ad,a?,a), al) are two disjoint cycles of different lengths in D, a contra-
diction. We can easily deduce the contradiction in either case aj — {ad,a%}
or ap — {a?,ad}.

Finally, assume that y = a9. Suppose that a; — {a3, al} or aj — {a$, a3}

1 .0 170 0 1 .0 1.1 .0

Then, (u,ay,ag,w) and (v, a3, a?, a3, v), or (u,ay, ag,w) and (v, ay,ay, as,v),
are two disjoint cycles of different lengths in D, a contradiction. Now, sup-
pose that al — {a%,aS}. If a] — af then (u, al,ad,u) and (v, a}, a?, a3, v) are
two disjoint cycles of different lengths in D, a contradiction. So, a) — al
and af — {a?,a3}. Tt follows that a? — u or a — v. Then, (v, al, a9, v) and
(a%u,ad, ab, al), or (a%,v,a},a?) and (u,a},al,ad,u) are two disjoint cycles
of different lengths in D, a contradiction.

Subcase 5.2. y € V(AY).

By renaming the vertices of V(A'), we may assume that y = a}. By
Observation 5, v /4 ai. If v — a} then we set A%, (A') = (v,al,a},v) and
two vertices u,al € V(D) \ (V(A%) U V((A'))). By considering similarly
to Subcase 3.2 we deduce the contradiction. So, v /4 ay and v — A% It
is clear that each vertex of V(A%) has an out-neighbor in V(A') and each
vertex of V(A') has an out-neighbor in V(A%). If a} — a! and @} — a} then
(a}, a3, al,ai) and (u,a},v,a),u) are two disjoint cycles of different lengths
in D, a contradiction. So, a? — al or aj — a!.

First, assume that af — a}. If a} — af then (a},ad, u,a}) and (v, al, ad, a,v)
are two disjoint cycles of different lengths in D, a contradiction. So, aj — ai.
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If a; — a3 then (aj,a9,ag,aq) and (v, ai, a3, a5, v) are two disjoint cycles of

different lengths in D, a contradiction. So, aJ — a} and a} — af. Then,
(a},al,ad,ai) and (u,a},v,a),u) are two disjoint cycles of different lengths
in D, a contradiction.

Now, assume that ay — a and af — a?. So, a) — a}. If @) — al then

(a9, al,al, al) and (u,al,v,a),u) are two disjoint cycles of different lengths

in D, a contradiction. So, aj — a3. Then, (v,a?,a},v) and (u,a}, a3, a, u)
are two disjoint cycles of different lengths in D, a contradiction.

The proof of Theorem 1 is complete.
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