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Abstract: Coxeter groups, better known as re�ection-generated
groups, have numerous applications in various �elds of mathematics
and beyond. Groups with Fischer 3-transpositions are also associated
with many structures: �nite simple groups, triple graphs, geometries
of various spaces, Lie algebras, etc. In previous works, the authors
established a simple genetic relationship between Coxeter groups
and groups with symplectic 3-transpositions Fisher's �symplectic
and orthogonal groups over a �eld of two elements. As it turned
out, Fisher groups are obtained from Coxeter groups using a single
relation - the square of the product of two conjugate involutions,
one of which belongs to the generating set of the Coxeter group,
and the second is specially selected. Elements of computer calculations
using the GAP system were used. In this paper, the genetic codes
of the commutators of these groups are found. The series of Coxeter
graphs used in the work are provided with markup indicating how
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Ââåäåíèå

Ìíîæåñòâî D = aG èíâîëþöèé ãðóïïû G íàçûâàåòñÿ êëàññîì
3-òðàíñïîçèöèé, åñëè |ab| ≤ 3 äëÿ ëþáûõ a, b ∈ D [8, 2]; ïîäãðóïïû
H = 〈D ∩ H〉 èç G íàçûâàþòñÿ D-ïîäãðóïïàìè [8]. Êîãäà â G íåò D-
ïîäãðóïï ïîðÿäêîâ 18 è 54, G íàçûâàåòñÿ ãðóïïîé ñ ñèìïëåêòè÷åñêèìè
3-òðàíñïîçèöèÿìè [9] ( â ðàáîòå [7] G íàçûâàëàñü ãðóïïîé òèïà Σ4). Â
èçâåñòíîé òåîðåìå Á. Ôèøåðà [8], [2, òåîðåìà 2.58] ýòî ñèììåòðè÷åñêèå
ãðóïïû Sn, ñèìïëåêòè÷åñêèå ãðóïïû Sp2l(2) è îðòîãîíàëüíûå ãðóïïû
O±2l(2). Á. Ôèøåð â [8] èñïîëüçóåò îïèñàíèå ýòèõ ãðóïï èç [10].
Ãðóïïû ñ 3-òðàíñïîçèöèÿìè ñâÿçàíû ñî ìíîãèìè ìàòåìàòè÷åñêèìè

ñòðóêòóðàìè; ýòî êîíå÷íûå ïðîñòûå ãðóïïû [2; 6], òðîéíûå ãðàôû [2,
ñ.125], ãåîìåòðèè ïðîñòðàíñòâ Ôèøåðà, ãåîìåòðèè îðòîãîíàëüíûõ, ñèì-
ïëåêòè÷åñêèõ, óíèòàðíûõ è äð. ïðîñòðàíñòâ [3;5;7;8], àëãåáðû Ëè [9; 10],
àëãåáðû âåðøèííûõ îïåðàòîðîâ è äð. (ñì., íàïðèìåð, [11; 12]).
Â [4, 5, 6] óñòàíîâëåíà ïðîñòàÿ ñâÿçü ãðóïï Sp2l(2) × Z2 è O±2l(2) ñ

íåêîòîðûìè ãðóïïàìè Êîêñòåðà [1, c. 286-293], [3, ãë. 9]. Â íàñòîÿùåé
ðàáîòå íàéäåíû ãåíåòè÷åñêèå êîäû ãðóïï Sp2l(2) è Ω±2l(2) îïðåäåëÿåìûå

ãðàôàìè Γn (2l = n− 1 äëÿ Sp2l(2) è 2l = n äëÿ Ω±2l(2)).
Èñïîëüçóåìûå â ðàáîòå ñåðèè ãðàôîâ Γn îïèñàíû â [4]; òàì æå ãðà-

ôû áûëè ñíàáæåíû ðàçìåòêîé, óêàçûâàþùåé, êàêèì ãðóïïàì Wn =
〈w1, ..., wn〉 èç SLn(2) ñîîòâåòñòâóåò ðàññìàòðèâàåìûé ãðàô Γn. Ïðèâå-
äåì òðè ñåðèè ãðàôîâ Γn èç [4] ñ ðàçìåòêîé:

Wn = W (En), n ≥ 9 :
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Wn = W (In), n ≥ 7 :
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Wn = W (Jn), n ≥ 9 :
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Ñîãëàñíî [4, ïðåäëîæåíèå 1] åñëè ìåòêà âåðøèíû n ðàâíà O±, òîWn '
O±n (2) è n � ÷åòíîå ÷èñëî; åñëè íàä âåðøèíîé n ñòîèò ìåòêà Sp, òîWn '
Spn−1(2)× Z2 è n � íå÷åòíîå ÷èñëî; åñëè ìåòêà âåðøèíû n ðàâíà 2n−1,
òî n � íå÷åòíîå ÷èñëî è ãðóïïà Wn îáëàäàåò íîðìàëüíîé ýëåìåíòàðíîé
àáåëåâîé 2-ïîäãðóïïîé ïîðÿäêà 2n−1.
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Â îáùåì ñëó÷àå E-ñåðèåé íàçûâàåòñÿ ìíîæåñòâî {Γn} (n ≥ m) âëî-
æåííûõ äðóã â äðóãà ãðàôîâ, åñëè îíè ÿâëÿþòñÿ äåðåâüÿìè, ñîäåðæàò
ïîäãðàô E6 è èõ ïîäãðàôû ñ âåðøèíàìè m,m+1, ..., n ÿâëÿþòñÿ öåïÿìè
âèäà

Γm ⊂ Γm+1 ⊂ ... ⊂ Γn ⊂ ...,
(1)

gg g
m + 1m n

è óäîâëåòâîðÿþò ñïåöèàëüíîìó óñëîâèþ: äëÿ íåêîòîðîãî n â àññîöèèðî-
âàííîì ñ Γn âåêòîðíîì ïðîñòðàíñòâå Vn íåò íåíóëåâûõWn-èíâàðèàíòíûõ
âåêòîðîâ [4]. Íà÷àëüíûì ãðàôîì ñåðèé {En} è {Jn} ÿâëÿþòñÿ ãðàôû E9

è J9 (m = 9), à ñåðèè {In} � ãðàô I7 (m = 7).
Êàæäîìó ãðàôó Γn ñîîòâåòñòâóåò ãðóïïà Êîêñòåðà Gn = G(Γn) [1]:

Gn = 〈s1, ... , sn | s2i = (sksj)
2 = (sisj)

3 = 1, 1 ≤ i, j, k ≤ n, (k, j) /∈ Γn, (i, j) ∈ Γn〉,
(2)

èëè êîðîòêî Gn = 〈Sn | Rn〉, ãäå Sn = {s1, ..., sn}, Rn � ñîîòíîøåíèÿ
ãðóïïû Gn èç (2).

Â ãðóïïàõ Wn ïðè îòîáðàæåíèè si → wi (i = 1, ..., n) âûïîëíÿþò-
ñÿ âñå ñîîòíîøåíèÿ Rn ãðóïïû Gn. Åñòü ãèïîòåçà, ÷òî ãðóïïà Wn ∈
{Sp2l(2)×Z2, O

±
2l(2)} � ýòî åäèíñòâåííàÿ êîíå÷íàÿ ôàêòîð-ãðóïïà ãðóï-

ïû Gn ñ ïðîñòûì íåàáåëåâûì êîììóòàíòîì. Äëÿ n ≤ 20 ñ ïîìîùüþ
ñèñòåìû GAP äîêàçàíî [4, òåîðåìà 1], ÷òî ëèáî Wn ' O±(2), ëèáî
Wn ' Spn−1(2) × Z2, ëèáî O2(Wn) ÿâëÿåòñÿ ýëåìåíòàðíîé àáåëåâîé 2-
ïîäãðóïïîé ïîðÿäêà 2n−1. Âî âñåõ ñëó÷àÿõWn èçîìîðôíà ôàêòîð-ãðóïïå
Gn/Nw, ãäå Nw � íîðìàëüíîå çàìûêàíèå â Gn ýëåìåíòà w2. Â ñëó-
÷àÿõ Γn = En è Γn = Jn ýëåìåíò w = ss9 åñòü ïðîèçâåäåíèå èíâî-
ëþöèè s9 íà êîðíåâóþ ñèììåòðèþ s = wr ãðóïïû Âåéëÿ W (E8), ãäå
r = 2p1+4p2+6p3+3p4+5p5+4p6+3p7+2p8 � ìàêñèìàëüíûé ïîëîæèòåëü-
íûé êîðåíü, {p1, ..., p8} � ôóíäàìåíòàëüíàÿ ñèñòåìà êîðíåé {p1, ..., p8}
òèïà E8. Â ñëó÷àå Γn = In ýëåìåíò w = ss7, ãäå s = wr � êîðíåâàÿ
ñèììåòðèÿ, r = p1 + 2p2 + 3p3 + 2p4 + 2p5 + p6 � ìàêñèìàëüíûé ïîëîæè-
òåëüíûé êîðåíü ñèñòåìû êîðíåé òèïà E6. È ãðóïïàWn èìååò ñëåäóþùåå
êîïðåäñòàâëåíèå

〈s1, ..., sn | s2i = (sksj)
2 = (sisj)

3 = w2 = 1, 1 ≤ i, j, k ≤ n, (k, j) /∈ Γn, (i, j) ∈ Γn〉,
(3)

èëè Wn = 〈Sn | Rn, Qn〉, ãäå Sn = {s1, ..., sn}, Rn � ñîîòíîøåíèÿ ãðóïïû
Gn èç (2) è ìíîæåñòâî äîïîëíèòåëüíûõ ñîîòíîøåíèéQn = {x(s1, ..., sm) =
1 | x ∈ Wm} (â êîïðåäñòàâëåíèè (3) ãðóïïû Wn ìíîæåñòâî Qn ñîñòîèò
èç îäíîãî ñîîòíîøåíèÿ (ssm)2 = (wrsm)2 = 1).

Òåîðåìà î êîïðåäñòàâëåíèå êîììóòàíòà ãðóïïû Wn

Òåîðåìà 1. Åñëè Wn = 〈Sn | Rn, Qn〉 � êîïðåäñòàâëåíèå ãðóïïû Wn ∈
{Sp2l(2)×Z2, O

±
2l(2)}, òî êîïðåäñòàâëåíèå åå êîììóòàíòà Yn = 〈q1, ..., gn−1〉
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çàäàíî ñîîòíîøåíèÿìè (4)-(5):

g2i = 1, (gigj)
2 = 1, (gkgj)

3 = 1, ãäå (i, j) /∈ Γn−2, (k, j) ∈ Γn−2; (4)

g3n−1 = 1, (gn−2gn−1)
3 = 1, (gign−1)

2 = 1, 1 ≤ i ≤ n− 3,

x(g1, ..., gm) = 1, ãäå x ∈ Qn. (5)

Äîêàçàòåëüñòâî. Êîììóòàíò Hn ãðóïïû Êîêñòåðà Gn ñîñòîèò èç ýëå-
ìåíòîâ ÷åòíîé äëèíû [3]. Ïî [4, ëåììà 1] êîììóòàíò Yn ãðóïïû Wn

ïîðîæäåí ýëåìåíòàìè wiwj , ãäå (i, j) ∈ Γn, ñîñòîèò èç âñåõ ýëåìåíòîâ
ãðóïïû Wn ÷åòíîé äëèíû, [Wn : Yn] = 2, Wn = Yn h 〈wn〉, è îãðàíè÷å-
íèå ãîìîìîðôèçìà Gn → Wn íà Hn åñòü ñþðüåêòèâíûé ãîìîìîðôèçì
Hn → Yn (ñì. òàêæå òåîðåìà 3.42 [2]).
Äëÿ îïðåäåëåíèÿ ãåíåòè÷åñêèõ êîäîâ ãðóïï Yn ∈ {Sp2l(2), Ω±2l(2)}, ãäå

n ≥ m + 2, èñïîëüçóåì êîïðåäñòàâëåíèå (3) ãðóïïû Wn è íèæå îïðåäå-
ëåííûå ïîðîæäàþùèå g1, ..., gn−1 ãðóïïû Yn (ñì. òàêæå [1, óïðàæíåíèå 9,
ñòð. 46]). Èòàê, ïóñòü n ≥ m+2, îáîçíà÷èì gk = sksn, ãäå k = 1, ..., n−2, è
gn−1 = snsn−1. Òîãäà â Gn ýëåìåíòû g1, ..., gn−2 ÿâëÿþòñÿ èíâîëþöèÿìè,
à ýëåìåíò gn−1 èìååò ïîðÿäîê 3. Ñëîâî x = x(s1, ..., sm) èç êîïðåäñòàâëå-
íèÿ (3) â Gn èìååò ÷åòíóþ äëèíó, è êàê ýëåìåíò ãðóïïû Gn, ñîâïàäàåò
ñî çíà÷åíèåì ñëîâà x(g1, ..., gm) èç ïîäãðóïïû 〈g1, ..., gm〉 (ïîñêîëüêó sn
ïåðåñòàíîâî÷íà ñ èíâîëþöèÿìè s1, ..., sm).
Òàêèì îáðàçîì, ñîîòíîøåíèÿ, âûïîëíÿþùèåñÿ äëÿ ïîðîæäàþùèõ g1, ..., gn−2, gn−1

ãðóïïû Yn ≤ Xn, ðàçáèâàþòñÿ íà òðè ÷àñòè. Ýòî ñîîòíîøåíèÿ (4), íå
ñîäåðæàùèå gn−1, è ñîîòíîøåíèÿ (5), ñîäåðæàùèå gn−1, à òàêæå ñîîòíî-
øåíèÿ èç Qn.
Ââèäó ñîîòíîøåíèÿ (gn−2gn−1)

3 = (sn−2sn ·snsn−1)3 = (sn−2sn−1)
3 = 1

ãðóïïà

U = 〈gn−2, gn−1 | g2n−2 = 1, g3n−1 = 1, (gn−2gn−1)
3 = 1〉 (6)

èçîìîðôíà çíàêîïåðåìåííîé ãðóïïå A4 [3, òàáëèöà 5, ñòð. 201] è î÷åâèä-
íî, ÷òî

U = 〈gn−2, g−1n−1 | g
2
n−2 = 1, (g−1n−1)

3 = 1, (gn−2g
−1
n−1)

3 = 1〉. (7)

òàêæå ãåíåòè÷åñêèé êîä ãðóïïû U .
Äîêàæåì, ÷òî ãðóïïà K = 〈g1, ..., gn−1〉, çàäàííàÿ ñîîòíîøåíèÿìè (4)

è (5), èçîìîðôíà ãðóïïå Yn. Âîñïîëüçóåìñÿ ðåêîìåíäàöèåé äëÿ ðåøåíèÿ
óïðàæíåíèÿ 9 [1, ñòð. 46]. Ïîñêîëüêó äëÿ 1 ≤ i ≤ n − 3 ñîîòíîøåíèÿ
(gign−1)

2 = 1 èç (5) ðàâíîñèëüíû ñîîòíîøåíèÿì (gig
−1
n−1)

2 = 1, òî îòîá-
ðàæåíèå

t : gi → g−1i (i = 1, ..., n− 1) (8)

ïðîäîëæàåòñÿ äî èíâîëþòèâíîãî àâòîìîðôèçìà t : g → gt ãðóïïû Kn.
Ðàññìîòðèì â ãðóïïå Knh 〈t〉 ñèñòåìó ïîðîæäàþùèõ s′1 = y1t, ..., s

′
n−2 =
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yn−2t, s
′
n−1 = yn−1t, s

′
n = t. Ñîãëàñíî [1, óïðàæíåíèþ 9, ñòð. 46] îòîáðà-

æåíèå s′i → si ïðîäîëæàåòñÿ äî èçîìîðôèçìà ãðóïï Gn è 〈s′1, ..., s′n〉, è
ìû ìîæåì ýòè ãðóïïû îòîæäåñòâèòü. Êàê ðàíåå áûëî óêàçàíî, ïðè ýòîì
îòîæäåñòâëåíèè ýëåìåíòû ñîîòíîøåíèé èç Qn, êàê ñëîâà îò s1, ..., sm è
îò s′1, ..., s

′
m îñòàþòñÿ íà ìåñòå. Ñëåäîâàòåëüíî íîðìàëüíîå çàìûêàíèå

N â Gn ìíîæåñòâà ýòèõ ñëîâ èç Qn îïðåäåëåíî îäíîçíà÷íî. Â ñèëó ñþ-
ðüåêòèâíîãî ãîìîìîðôèçìà Hn → Yn çàêëþ÷àåì, ÷òî Kn = Yn, ÷òî è
äîêàçûâàåò òåîðåìó. �

Çàêëþ÷åíèå

Äîêàçàíî, ÷òî åñëè ãðóïïà Wn çàäàíà ñîîòíîøåíèÿìè (3), òî (4)-(5)
� ãåíåòè÷åñêèé êîä åå êîììóòàíòà. Äëÿ n = 2l ≤ 20 ñ ïîìîùüþ êîìïü-
òåðíûõ âû÷èñëåíèé â ñèñòåìå GAP óñòàíîâëåíî, ÷òî ñîîòíîøåíèÿ (3)
ÿâëÿþòñÿ ãåíåòè÷åñêèì êîäîì ãðóïï Wn ∈ {O±2l(2), Sp2l(2) × Z2}. Îñòà-
åòñÿ äîêàçàòü, ÷òî ãðóïïà Wn çàäàíà ñîîòíîøåíèÿìè (3) è äëÿ n > 20.
Çàìåòèì òàêæå, ÷òî êàê è â ñëó÷àÿõ ãðóïï Êîêñòåðà, ñîîòíîøåíèÿ (4)-
(5) ëåãêî âîññòàíàâèòü ïî ãðàôó Γn−1:

ee e h
m + 1m n− 2 n− 1

3

Âåðøèíàì 1, ..., n−2 ãðàôà Γn−1 ñîîòâåòñòâóþò èíâîëþöèè g1, ..., gn−2,

à âåðøèíå n − 1 � ýëåìåíò gn−1 ïîðÿäêà 3. Åñëè (i, j) /∈ Γn−1, òî â

ãðóïïå âûïîëíÿåòñÿ ñîîòíîøåíèå (gigj)
2 = 1, à åñëè (i, j) ∈ Γn−1, òî

ñîîòíîøåíèå (gigj)
3 = 1.
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