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Abstract: Coxeter groups, better known as reflection-generated
groups, have numerous applications in various fields of mathematics
and beyond. Groups with Fischer 3-transpositions are also associated
with many structures: finite simple groups, triple graphs, geometries
of various spaces, Lie algebras, etc. In previous works, the authors
established a simple genetic relationship between Coxeter groups
and groups with symplectic 3-transpositions Fisher’s —symplectic
and orthogonal groups over a field of two elements. As it turned
out, Fisher groups are obtained from Coxeter groups using a single
relation - the square of the product of two conjugate involutions,
one of which belongs to the generating set of the Coxeter group,
and the second is specially selected. Elements of computer calculations
using the GAP system were used. In this paper, the genetic codes
of the commutators of these groups are found. The series of Coxeter
graphs used in the work are provided with markup indicating how
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BBeaenne

MuoxectBo D = a% wuBostonuii rpynmel G HA3BIBAETCH KIACCOM

3-mpancnosuyud, ecan |abl < 3 st n06eix a,b € D (8, 2|; nogrpymb
H = (DN H) u3 G nazsBarorca D-noarpynnamu [8]. Korga 8 G ner D-
noarpynn nopsaakos 18 u 54, G Ha3bIBaeTC IPYNHON ¢ CUMNAEKMUBECKUMU
3-mpancnosuyuamu |9] ( B pabore 7] G HaszbiBasack rpyunoil tuna Y4). B
u3BecTHOH Teopeme B. @umiepa [8], [2, Teopema 2.58] 310 cummerpudeckue
rpymmel Sy, CUMILIEKTHUYECKAE TPYNIbl SpPg;(2) W OpTOrOHATBHBIE TPYIIIEI
O;?(?). B. ®umep B |8] ucnoss3yer onucanue sTux rpym u3 [10].

Ipynnsl ¢ 3-TpaHCIO3UIMAME CBSI3aHBI CO MHOTUMH MaTe€MaTHIECKUMU
CTPYKTYpaMW; 3TO KOHEUHbIE HPOCThIe TPyl |2; 6|, Tpoiinbie rpadsl |2,
¢.125]|, reomerpun npocrpancts Purepa, reoMeTpUN OPTOTOHAIBHBIX, CHM-
IJIEKTHYECKUX, YHUTAPHBIX U JIp. IPOCTPaHCTB [3;5;7;8|, anrebpst J1u |9; 10],
asireGphl BEPITMHHBIX OMEPaTopoB U Ap. (cM., Hanpumep, [11; 12]).

B [4, 5, 6] ycranosiena npocrasi ¢Bsi3b rpyun Spe(2) X Zo n O;EZ(Q) c
nekoropeimu rpynnamu Kokcrepa [1, c. 286-293|, [3, rui. 9]. B nacrosmei
pabore HaiiIeHbl TEHETHIECKIEe KOJIBI IPYIIT Spoy(2) u 95(2) ompeiesTeMble
rpadamu I'y, (20 =n — 1 ansa Spe(2) u 2l = n s inl(Q))

Ucnonesyembie B pabore cepun rpados Iy, ormcansl B [4]; Tam ke rpa-
bl 6bUIM CHAOXKEHBI pPa3MeTKO#, ykasbiBatolell, kakum rpynnam W, =
(w1, ..., wp) w3 SLy(2) coorBercrByer paccmarpusaemblii rpad I'y,. [lpuse-
nem Tpu cepun rpados I'y, u3 [4] ¢ pazmeTkoii:

Cornacho [4, npejioskenue 1] ecin MeTka Beprmmib n pasua OF, 1o W), ~
OF(2) mn — yerHoe uncyI0; €CiM HaJL BEPIIMHON N CTOUT MeTKa, Sp, T0 W), ~
Spn_1(2) X Zo m n — HeYeTHOE YMCIIO; €CIM METKa BepIIMHbBI 1 paBHa 27 1,
TO N — HEYeTHOe Yuc/ao0 u rpynmna W, obrazaer HOpMATLHON 3/IeMEHTAPHOT
abesieBoil 2-oArpymIoit mopsiaka 271,
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B obmem cayuae E-cepueti naszbiBaerca muoxecrso {I',} (n > m) Bio-
JKEHHBIX APYT B Apyra rpadoB, €Cau OHU HABJISIOTCS JIE€PEBbIAMM, COIIEPIKAT
noarpad Fg n ux noarpadbl ¢ BepimHaMu m, m+ 1, ..., n aBIsioTcs ey
BHJIA

I'mclpqrCc...cly, C ... e O—Q - O ——-

U yJIOBJIETBOPSIFOT CHIEIHATBHOMY YCJIOBHIO: JIJIsi HEKOTOPOTO 1 B aCCOIHHPO-
BarHOM ¢ ['), BeKTOpHOM TIpocTpancrse V,, HeT HEeHYIEeBBIX W,,-HHBADUAHTHBIX
BexTOpoB [4]. Hauampabim rpadowm cepuit { £, } u {J,,} asasaorca rpader Ey
uJg (m=29), acepuu {I,} —rpad Iy (m =7).

Kaxmomy rpady I'y, coorBercrayer rpynna Kokcrepa Gy, = G(I',) [1]:

Gr = (81, ooy 8n |87 = (sksj)2 = (sisj)3 =1,1<4,5,k<mn, (k,j)¢T,, (i,j) € Tn),

(2)
wim kopotko G, = (S, | Ry), rue S, = {s1,...,sp}, R — coorHommenuns
rpynusl Gy, u3 (2).

B rpymmax W, mpu orobpaxenun $; — w; (i = 1,...,n) BBIIOTHAOT-
¢ Bce coorHormienuss R, rpynnsl G,. Ecre rumoresa, uro rpymma W, €
{Spai(2) x Za, OF(2)} — 310 exmmcTRerHas Konenas hbakTop-rpyTIA rPyTI-
nbl G, ¢ mpocTeiM HeabesieBbiM KoMMyTanToM. dasg n < 20 ¢ momoribio
cucrenmbl GAP joxazano [4, Teopema 1], uro m6o W, ~ OF(2), mmbo
W, =~ Spp—1(2) x Zy, mubo Oo(W,,) asnserca smemeHTapHOil abeseBoi 2-
norpymmoii nopska 2" 1. Bo Beex corywaax W, mzomopdra hakTop-rpymie
Gyn/Nw, Tne N, — HOpMaibHOe 3aMbIKamme B (I, saementa w?. B ciy-
qagx I, = E, m I';, = J, 37eMeHT w = SS9 €CTh TPOM3BEIEHNE WHBO-
JIOTIMU Sg HA KOPHEBYIO CUMMETDPUIO § = w, rpynnbsl Beiina W(FEg), rue
r = 2p1+4p2+6p3+3ps+5p5+4ps+3p7+2ps — MaKCUMATBHDBIN TOJTOKATETb-
HBIIl KOpeHb, {p1,...,ps} — dyHIaMeHTa bHAST cucTeMa KopHei {p1,...,pg}
tuna Fg. B cayuae [, = I, sneMeHT w = SS7, Tle S = w, — KOpHeBas
CUMMeTpUd, T = p1 + 2p2 + 3ps + 2p4 + 2p5 + pg — MaKCUMATBHBIN TTOJTOXKU-
TeJIbHBIN KOPeHb cucteMbl KopHeit Tuna Fg. U rpynma W), nmeer cieayroriee
KOITPE/ICTABICHHUE

(8150, 80 | 87 = (5885)° = (s18;)° =w? =1, 1 <, 5,k <m, (k,j) & T, (i,5) € T),

(3)
win Wy, = (S, | Ry, Qn), tiie Sp = {s1, ..., Sn}, Ry — COOTHOIIEHMSI TPYIIIIbI
G, 13 (2) 1 MHOXKECTBO JIONOJHUTENBHbBIX COOTHOLIEHUH @y, = {T(S1, ..., Sm) =
1|z e Wy} (B koupeacrasienun (3) rpyunsr W, mHOKECTBO (), COCTOMT
U3 0J[HOTIO cooTHOMmEHUs (85,)2 = (Wrsm,)? = 1).

Teopema o0 KonmpeacTaB/ieHNEe KOMMYTaHTa I'PynIbl W,

Teopema 1. Ecau W, = (S, | R,, Qn) — xonpedcmasacnue epynnv W, €
{Sp2r(2)x Z3, O;(Z)}, mo Konpedcmasaenue ee Kommymanma Yo = (q1, .., Gn—1)
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3adamno coommowenusmu (4)-(5):

=1, (gi9;)* =1, (grg;)* =1, 2de (i,7) ¢ T2, (k,j) €Tn_a; (4)

Hoxaszameavemeo. Kommyranr H, rpynnst Kokcrepa G, cocrout ms aJje-
menToB verHoit jmubl [3|. Tlo [4, nmemma 1] xommyrant Y, rpymner W,
HOPOKIEH dIeMeHTaMn w;wj, tae (i,7) € I'y, cocronT m3 BCex 37€MeHTOB
rpynust Wy, wernoit s, [Wy, : Y,] = 2, W, = Y, X\ (w,), n orpannde-
nue romomopcdusma G, — W, na H, ecrb CIOPbEKTUBHLIA roMoMopdu3M
H,, — Y, (cM. Takxxe Teopema 3.42 [2]).

st onipetesieHnst TEHETHIECKUX KOMIOB IpyT Yy, € {Spo(2), QQil(Q)}, rue
n > m + 2, ucronb3yem Kompezacrasiaenne (3) rpymnnsl W, u HIzKe onpee-
JICHHBIE TTOPOXKTAIOIIIHE (1, ..., §p—1 TPYIOBL Y, (cM. Takxke |1, ynpakHenue 9,
ctp. 46]). Urax, mycts n > m+2, 0603HaIUM g, = SipSp, Taek =1, ..., n—2, u
In—1 = SnSn—1. Toryua B Gy, 9JIEMEHTBI g1, ..., §n—2 SBISAIOTCS WHBOJIIOIUSIMHA,
a 3JIEMEHT gy, uMeeT mopsaok 3. CaoBo & = (81, ..., Sy ) U3 KOMPEICTABIIE-
aus (3) B G, nMeeT 9eTHYIO JJINHY, ¥ KaK 3JIeMEHT rpyiibl Gy, COBIAIAET
€O 3HAUEHWEM CJI0BA X(g1, ..., §m) U3 MOATPYMIEL (g1, ..., §m) (IIOCKOJIBKY Sp
[ePECTAHOBOYHA C UHBOJIOIUAMU S1, ..., Spm)-

Takum 06pa3oM, COOTHOIITIEHW S, BHITIOTHAIOIITHECS JJIsT TIOPOK TATOIIUX g1, ..
rpymner Y, < X,, pazbuBarorcs Ha TpW WacTu. ITO COOTHOmEHus (4), He
COZIEPIKAIIIE g1, U COOTHOMIEHUS (5), COMEPIKAIIHIE g1, & TAKIKE COOTHO-
mernsd u3 Q.

Beuy cootHomerust (gn_2gn—1)° = (Sn—25n - 8n8n-1)> = (8p_28,-1)% =1
rpynna

U= <gn—27gn—1 ‘ 972172 =1, 9271 =1, (gn—an—1)3 = 1) (6)

m3oMopdHa 3HAKOTIEpeMeHHoi Tpyine Ay [3, Tabauma 5, ctp. 201] u ouenu -
HO, UTO

-1 |2 ~1 -1

U= <gn72agn71 ‘ 9pn—2 = ]-7 (gnfl)g = ]-7 (gn72gn,1)3 = ]-> (7)

TaK’Ke TeHeTHYeCKUil Ko rpymnbl U.
Hoxkaxem, uro rpynna K = (g1, ..., gn—1), 33JaHHAs COOTHOIEHUAMY (4)
u (5), mzomopdna rpynne Y,,. Bocnoabsyemcst pekoMenanueii 1ist permenust
yupaxsenust 9 [1, crp. 46]. Tockonbky mist 1 < ¢ < m — 3 coorHomeHus
(gign—1)? = 1 u3 (5) pasmocubuel coorHomtenusm (g;g, "1)> = 1, 10 0T06-

pazkenue

trgi—g t(i=1,..,n—1) (8)
IPOJIOIZKACTCS. 70 HHBOIIOTHBHOTO apToMopdusma t : g — gb rpymmsr K.
PacemorpuM B rpyrme K, N (t) cucreMy TOPOKIAONNX S) = Yit, ..., 8, 5 =

v 9n—2,9n—1
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Yn—at, Sh_1 = Yn—1t, s, = t. Cornacuo [1, yupaxuenuto 9, crp. 46| orobpa-
JKeHne s, — §; OpoJosKaeTcs 10 usoMopdusma rpymn Gy u (8], ..., s),), n
MBI MOYKEM 3TH TPYIIBI OTOXKICCTBUTE. Kak panee BBLTIO YKAZAHO, TPH 9TOM
OTOXKIECTBJICHUN JJEMEHTHI COOTHOIIEHUN M3 (), KAK CHOBA OT S, ..., Sy U
or 8, ..., 8, ocratorcs Ha Mecre. Ciel0BaTEIBHO HOPMAJbHOE 3aMBIKAHUE
N B (G, MHOXKECTBa 9THUX CJI0B U3 (), OIpemeeHo ONHO3HAYIHO. B cury cio-
pbeKTHBHOTO romomopcdusma H,, — Y, sakmogaem, aro K, = Y,, u10 n

JIOKA3bIBAET TEOPEMY. ([

3akJrodyeHmne

Hokazano, uro ecom rpynna W, 3amana coorsommrennamu (3), To (4)-(5)
— TeHeTUYecKuil Ko ee kKommyTanTa. st n = 20 < 20 ¢ moMomnibio KOMIIb-
TepHBIX BblUmcaeHuil B cucreme GAP ycranossieno, 4ro coorHorrenus (3)
SIBJISIIOTCS TEHETHYECKMM KogoMm rpynn W, € {05(2), Spoi(2) x Za}. Ocra-
ercd m0Ka3arh, uTo rpynna W, 3amana coornomenusmu (3) u gaa n > 20.
BameTnm Takxke, 9TO KaK U B Caydaax rpymnn Kokcrepa, coorromenus (4)-
(5) nerko BoccranasuTh 10 rpady [y—1:

Beprmmumawm 1, ...,n—2 rpada I[';,_1 COOTBETCTBYIOT MHBOIIONWH (1, -.., §n—2,
a BepmmHe n — 1 — 31emeHT g,_1 nopsaaka 3. Ecom (i,7) ¢ T'y—1, TO B
rpyme BemosHseTcss coornomenne (g;g;)% = 1, a ecm (i,j) € Typoq, TO

coornomenne (g;g;)> = 1.
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