CNBUNPCKNE 2TEKTPOHHbBIE
S@©MR MATEMATUHECKWE N3BECTUA

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru
ISSN 1813-3304

Tom 20, Ne 2, emp. 144-145 (2023) VIK 517.95,539.3
https://doi.org/10.33048 /semi.2023.20.777 MSC
3588, 35Q74

ON EQUILIBRIUM PROBLEM FOR 3D
ELASTIC BODY WITH THIN AND VOLUME
INCLUSIONS IN NON-COERCIVE CASE

A.M. KHLUDNEV

IIpedcmasaerno I1.I1. TIETPOBBIM

ABSTRACT. In the paper, we analyze an equilibrium problem
for a three-dimensional elastic body with incorporated thin
two-dimensional elastic inclusion. The inclusion is delaminated
from the surrounding elastic body forming therefore an interfacial
crack. To avoid a mutual penetration between the opposite
crack faces, the inequality type boundary conditions at the
faces are considered. In addition to this, the Neumann type
condition is imposed at the external boundary of the elastic
body, which implies a non-coercivity of the problem. Assuming
that the elasticity tensor depends on a positive parameter
in a given subdomain we prove an existence of solutions
and investigate the asymptotic behavior of the solutions as
this parameter tends to infinity. It is proved that the limit
model describes an equilibrium state of the elastic body
with the thin and volume inclusions. Necessary and sufficient
conditions imposed on the external forces are found, and
solution existence for all cases analyzed is proved.
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1 Introduction

Mathematical modeling of composites leads to the need to analyze
boundary value problems in non-smooth domains. In particular, composite
structures may contain thin inclusions of various natures: elastic, rigid,
semi-rigid, etc. In the cases of delaminations of thin inclusions from
the surrounding elastic material we have to analyze boundary value
problems with interfacial cracks. From mechanical point of view, boundary
conditions of inequality type at the crack faces look more suitable; they
allow to avoid a mutual penetration between faces. Last decades, a
huge number of works have been published related to the analysis of
composites structures with thin and volume inclusions, see, for example,
|1-18] and the literature therein. The articles [19-21] are focusing on the
volume rigid inclusions.

In the present paper, we consider an equilibrium problem for 3D
elastic body with incorporated thin elastic inclusion modeled in the
frame of the Kirchhoff-Love approach. The inclusion is delaminated
from the elastic body. Boundary conditions of inequality type are imposed
at the crack faces.

Simultaneously, we consider the Neumann boundary condition at the
external boundary of the elastic body which implies a non-coercivity
of the problem analyzed. We can refer the reader to the works [22-29|
where various non-coercive boundary value problems are investigated.

The structure of the paper is as follows. Section 2 concerns the
problem statement and provides both variational and differential approaches.
A solution existence is proved. In so doing, necessary and sufficient
conditions imposed on the external forces are found. In Section 3, an
asymptotic analysis of the solutions is presented. We assume that the
elasticity tensor is changing in a given subdomain being proportional
to the positive parameter. A passage to the limit is investigated as
the parameter tends to infinity. The limit model is analyzed, and the
solution existence is proved. The limit model describes an equilibrium
state of the elastic body with the thin elastic and volume rigid inclusion.

2 Problem formulation

Let Q C R? be a bounded domain with smooth boundary I', and
vy C € ~vis a 2D domain lying in a plane z3 = 0 with a smooth
boundary, see Fig.1. Denote by n = (ny, ne, ng) a unit normal vector to
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Puc. 1. Elastic body with inclusion ~

['; v = (11, 1) is the unit vector to the boundary 07 of 7 in the plane
3 =10; 2, =Q\ 7 (0,0,0) € 0.

Introduce elasticity tensors A = {a;ju }, 4,7, k, 1 =1,2,3; B = {biju}, D =
{dijui}, i,7,k, 1 = 1,2, satisfying the symmetry and positive definiteness
properties

Ag : g Z 00|€|2 \Vf = {fij}, Co = const > 0,

o0
Qijrl = Qjikl = kg, Qijr € L(82).

All functions with two lower indices are symmetric in those indices.
Summation convention over repeated indices is used; functions defined
on 7y are identified with functions of the variable (x,z5) € 7.

For a scalar function w defined in v we put VVw = {w;},4,j = 1, 2.
If M ={M,;},i,5=1,2, then VVM = M,;,;. Introduce notations for
a bending moment M" and a transverse force 7" = T" (M),

v . v __ —
MY = _Mijyjyia T = _Mij,jyi — Mij,kaTjVi s (TI,TQ) = (—1/2, 1/1).

(1)

The domain €2, corresponds to an elastic body, and - fits to the thin
elastic inclusion.



ON EQUILIBRIUM PROBLEM FOR 3D ELASTIC BODY 147

The formulation of the problem is as follows. We have to find a
displacement field u = (uy, ug, uz) of the elastic body and a displacement
v = (v1,v2),w of the thin inclusion defined on v such that

—dive =g, 0 = Ae(u) in Q,,

—divN = [(013,0923)], N = Be(v) on 7,
—VVM = [o33], M =—DVVwon ~,
on=0 onl; Nv=0, M =T" =0 on 07,

ui_:viu 221’2, ugzw, [U:JJ > (0on v,

e~

TN TN TN TN N TN N
e’ e e e N e S

043 < 0,084 =0,i=1,2; [us)oss =0 on 1,
/UZO, /(ui’j—ujyi)zo, Z,j:1,2,3
Q, Q,

Here, N = N(U) = {Nij}7 M = M(w) = {Ml] },i,j = 1,2, are
stress and moment tensors to be defined on v; 0 = o(u) = {0y;},4,j =
1,2,3, is the stress tensor for the elastic body to be defined in €2;

1
e(u) = {e;j(uw)}, €ij(u) = 5(“@3 +u;;) is the strain tensor, 4, j = 1,2, 3;
[h] = h™ — h™ is a jump of a function h on -, where the signs =+

correspond to positive and negative faces of the crack with respect to
the normal vector (0,0, 1). It is assumed that v is delaminated from the
elastic material, thus forming a crack between v and the elastic body.
In particular, the delamination of the elastic inclusion means that a
displacement field of the elastic body has a jump on +. We assume
that the delamination takes place at 4. In such a case we impose
suitable glue conditions at 7~ see (6). Relations (2) are the equilibrium
equation of the elastic body and the constitutive law (Hooke’s law),
respectively. Relations (3), (4) provide equilibrium and constitutive law
equations for the thin inclusion v being an elastic plate in the frame
of Kirchhoff-Love approach. As for boundary conditions (6)-(7), they
guarantee a mutual non-penetration between the crack faces v* with
zero friction at v*. The contact set is unknown a priori in the frame of
the model (2)-(8); the approach used corresponds to a free boundary
one. The left-hand sides in the first equations of (3) and (4) describe
forces acting on «y from the surrounding elastic body. The first boundary
condition of (5) corresponds to the Neumann type which implies the
non-coercivity of the problem (2)-(7). To obtain a unique solution, we
impose integral conditions (8). The function g € L?(Q2)® represents a
given external force acting on the elastic body.
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Our aim is to prove a solution existence of the problem (2)-(8)
and analyze a passage to a limit with respect to a parameter, to be
introduced in Section 3, characterizing the elasticity tensor A.

Consider Sobolev spaces H'(Q,)%, H'(y),i = 1,2,

U={(u,v,w) € H(Q)* x H'(y)* x H*(7) | u; =v;, i =12, uy =won¥y;

u = (u1,ug,u3), v=(v1,v2)}

and its subspace Uy C U,

Uy = {(u,v,w) € U | /u =0, /(u” —u;;) =0, 4,7=1,2,3; u=(ur, ug, us)}.
Q, o

The norm in the space U is defined as follows
1w, v, w)l[E = Nl o,y + 10l + 1wl
For any set G C R?, introduce the space of infinitesimal rigid displacements
R(G)={p=(p1.p2,p3) | p(x) = C + Fz,x € G; C = (!, 2, %), F ={fi;},
fij ==ty 1,5 =1,2,3; Ciafz’j c R}
and the following spaces

L(y) = {l = (lig,l3) | liy = (11, 12), L(z) = axy + ¢, ly(x) = —az; + &,

I3(2) = a1w1 + agwy + ¢ v = (21, 20) €7; a,a;, ¢ € R},

S={(pliz,13) €U | p € R(Q,), (L2, 13) € L(7)}-

Introduce the following inner product in the space U,

(w0, w), (3,7, ) :/ui/ﬁi—l—/ui,jﬂi,ﬁ— ()

+/5kp(v)€kp(@) +/w,kpu_)’kp; i,j=1,2,3; k,p=1,2.

v Y

The inner product (9) induces the norm in the space U being equivalent
to the standard norm in this space. We omit the proof of this statement
here. Suitable arguments will be presented below where the coercivity
of the energy functional F is proved.
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Consider the energy functional £ : U — R,

B, v, w) = %/a(u)s(u) —/gu+

Q, Q,

43 [ V=) = 5 [ M@)VV0, 0= (), v = (01,00)

Y

For simplicity we write o(u)e(u), N(v)e(v) instead of o;;(u)e;;(w), Nyij(v)ei;(v).
Introduce next the set of admissible displacements

Q={(u,v,w) €U | [uz] > 00n v; u= (ur,uz u3)},
and consider the minimization problem

inf  E(u,v,w). (10)

(u,,w)EQNUL

The problem (10) has a solution (u,v,w) satisfying the variational
inequality

(u,v,w) € QN U,

(11)

\
Q
Pl
&
Buy
I
|
&
|
\
N
=
I
|
E
+

Q, Q,
(12)

—1—/]\/(1))5(27—11)—/M(w)VV(w—w) >0 V(u,v,w)e@QNU.

To prove the solution existence of the problem (11)-(12), it suffices to
check a coercivity of the functional £ on the set () N U; since its weak
lower semicontinuity is clear. For (u,v,w) € Uy, we have the following
relations with positive constants independent of functions

[otwet) 2 e [ etwew = af fugus+ [u [ w) = el
Q, Q, Q, Q,  Q "

The second inequality in (13) follows from Proposition 1.4 in [12] being
valid for the domain €2, with the cut . Consequently, we conclude with
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a parameter 0 > 0,

1
B v,0) 2 cullya, e — callio, o + 5 [ N@EG)- (19

1
—i/M(w)VVw + 5/(1}2 +w?).
v
By imbedding theorems and boundary conditions u; = v;, ¢ = 1,2, ug
w on 7, it implies for a small ¢

C
53||u||§{1(97)3 - 6/(1}2 + w2) > 0.
v
Then

1 1
5/N(v)g(v) -3 /M(w)VVw + 5/(@2 +w?) > ([0 3 + 0] a)).
i Y i

(15)

By (14), (15), the functional E' is coercive on the set ) N Uy, and the
problem (11)-(12) has a solution.

In the sequel, we will use the following statement.

Proposition 1. The space U can be presented as a direct sum of two
orthogonal subspaces with respect to the inner product (9),

U=SaU,.

Proof. Take any elements (p, l12,13) € S and (u,v,w) € U. Let p(x) =
C+Fl’, HAS Q’W O - (01702763)7 F = {fzg}a fZ] = _fjl7 Ci)fij €
R, 4,7 =1,2,3. Then we have

(1,0, 0), (s iz, 1)) = €[ / wit fy / (i — 10y0)+
Q (9]

Y vy
+fij(/ul‘/$j —/uj/xi); u = (ug, us, ug).
Q0 QO

Thus, we conclude that sufficient and necessary conditions for the
identity ((u,v,w), (p,li2,13)) =0 Y(p,li2,13) € S are of the form

/U—O/u” u]Z )=0,14,7=1,2,3,

ie. (u,v,w) € U1. O
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Now assume that the external forces satisfy the following condition
[oo=0vpe R(@,). (16)
Q'Y

In this case the problem (11)-(12) can be rewritten in the following
form

(u,v,w) € QN Uy, (17)
/awx@+p—uy—/g@+p—uyﬁ/N@k@+h,~w—(m)

Q, Q,

—/mm@w@+@—mzo

y
V(TL?T),?IJ) S Q N Ul, V(p, llg,lg) S S,

or, by Proposition 2 below, in the following form

(u,v,w) € QN Uy, (19)
/kam—u)./ i — u) L/N (20)
7 /Jf V(i — w) > 0 V(i b, ) € Q.

To justify the equ1valence of (17)-(18) and (19)-(20) given that (16)
holds we need to have in our disposal the following statement.

Proposition 2. For any (4, 0,w) € Q there exist (u,v,w) € QNU;
and (p,li2,l3) € S such that

(ﬂa f}ﬂb) - (ﬂ, 777 lD) + (p7 l127 l3)

Proof. According to Proposition 1, we have
(@, 0,w) = (a,0,w) + (p, li2,l3); (4,0, w) € Uy, (p,li2,13) € S.
On the other hand,
[is] = [us] + [ps] on .
Hence [u3] > 0 on v, i.e. (u,9,w) € @ N U; what we needed. O
As a result, we arrive at the following assertion.

Theorem 1. There exists a unique solution of the problem (19)-(20)
provided that the condition (16) holds.
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The uniqueness of the solution can be easily checked by contradiction
arguments. In so doing, we can take into account reasonings used to
prove the coercivity of the functional E.

One more assertion takes place.

Theorem 2. Problem formulations (2)-(8) and (19)-(20) are equivalent
provided that the solutions are quite smooth.

We do not provide a proof of this statement since in Section 3 we
prove a similar assertion in a more difficult case.

Notice that the condition (16) is not only sufficient for the solvability
of the problem (19)-(20) but it is necessary. Indeed, assume that the
problem (19)-(20) has a solution. We can take (@, 0, w) = (u,v,w) £
(p, li2,13) as a test function in (20), where (p,l12,13) € S. This implies
(16).

3  Rigid inclusion in (),

Let w C € be a small subdomain with a smooth boundary dw; we
assume that dw NT =0, (0,0,0) € w, see Fig.2. A unit normal vector
to Ow is denoted by s = (s1, 5,53). Denote ¥ = w N7y, wy = w \ Z.
We assume that the geometry of the domain w is such that ¥ is a 2D
domain with the Lipschitz boundary 0X. In what follows, we suppose
that the elasticity tensor depends on a positive parameter « inside the
domain wy, and we aim to pass to the limit as « — oo. Namely, let

aA in wy .

Aa:{ A in Q\w

Like before, we assume that the condition (16) is fulfilled.

Denote 0%(u) = A%(u). For any fixed a > 0, we can find a unique
solution of the problem like (19)-(20). Indeed, there exists a solution of
the problem

(u®, v, w*) € QN Uy, (21)

/aa(ua)g@ u) — /u—u /N ) (22)

2y

/M VTV (i — ) > 0 (i, ,) € 0.



ON EQUILIBRIUM PROBLEM FOR 3D ELASTIC BODY 153

Puc. 2. Subdomain w

First, we obtain a priori estimates of the problem (21)-(22). From
(21)-(22) it follows

o / o (u®)e(u®) + / o (u)e () — / gu® + / N(®)e(®)—  (23)

wx Q\@

—/M(wo‘)VVw“ =0.
v

The arguments of Section 2 used to prove the coercivity of the functional
E allow us to derive from (23) the estimate being uniform in o > o >
0,

1w, 0%, w)[lo < e, (24)
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and moreover,
[otumey <2, 29
Q@
wx

In view of (24)-(25), we can assume that as a — oo,
(u®, v*, w*) = (u,v,w) weakly in U; ul,,, = p° € R(ws). (26)
Introduce the space
U? ={(u,v,w) € U| uly € R(ws)}
and the set of admissible displacements suitable for the limit problem,
QY = {(u,v,w) € U | [ug] > 0onv; u=(up,us,us)}.

Let us take (,v,w) € QY; in this case (u,0,w) € . Hence, this
element can be substituted in (22) as a test one. Passing to the limit
as a — 00, we obtain

(u,v,w) € Q* N U, (27)

/a(u)s(u—u) /u—u /N ~ o)

2, \@ N
- / M(@)VV (i —w) > 0 ¥(i, 5, i) € Q°.

\E
As a result we prove the following assertion.

Theorem 3. Solutions of the problem (21)-(22) converge in the sense
(26), as a — o0, to the solution of the problem (27)-(28) provided that
the condition (16) holds.

Notice that we integrate over v\ ¥ (not over ) in (28) since (v, w) =
p° on X, and hence N(v) = M(w) =0 on X.

We can provide the differential statement of the problem (27)-(28):
it is necessary to find functions v = (uy, us, uz) defined in €2, functions
v = (v1,v),w defined on 7, as well as a function p° = (p?, p3, p3) €
R(ws,) such that
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—dive = ¢, 0 = Ae(u) in Q, \ @, (29)
—divN = [(013,023)], N = Be(v) on v\ %, (30)
~VVM = [033], M=-DVVwon~y\X, (31)
on=0 onl; Nv=0, M"=T"=0on dv\ 0%, (32)
u;, =v;, 1=1,2; uy =w; [ug] >0on 7, (33)
04 <0, 06 =0,i=1,2; [uslofz =0on~\X, (34)
u=p’onws; [u] =0 on duw, (35)
ow  9p)
P’ = (v,w), 5 = 8_; on 0%\ 0, (36)
v Ops
—[os-p+ Nv - (p1,p2) + M= (37)
Ow OX\Ovy 0¥\ 0y
- / T ps — /g,o= 0 Vo= (p1,p2,p3) € R(ws),
0X\0vy wx

/U = 0, (U@j — Ujﬂ') = 0, 2,] = 1, 2, 3 (38)

Q, 0y

Notice that the functions v, w found from (27)-(28) are defined on
7. On the other hand, by the conditions u|,, € R(ws), (uy,uy,us) =
(v,w) on 7, we formulate equilibrium equations (30)-(31) for v, w only
on v\ ¥. These facts are included in (29)-(38), i.e in the differential
statement of the problem (27)-(28).

The problem (29)-(38) describes an equilibrium state of the elastic
body ©, \ & containing the thin elastic inclusion v\ ¥ and the volume
rigid inclusion wy. Relations (36)-(37) can be seen as junction conditions.
In particular, (37) implies that the principal vector of forces and the
principal moment acting on the rigid inclusion wy, are equal to zero.

The following assertion takes place.

Theorem 4. Problem formulations (27)-(28) and (29)-(38) are equivalent
provided that the solutions are quite smooth.

Proof. Let (27)-(28) be fulfilled. First note that the equilibrium equation
for the elastic body holds. Indeed, take in (28) the test functions of the
form (4,0, w) = (u,v,w) £ (p,0,0), ¢ € C*(Q, \ w)?, assuming that
¢ is extended by zero outside of (2, \ @. It implies

—divoe =¢ in Q,\ @
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Puc. 3. Set O N {x3 > 0}

which is needed. Next, choose in (28) test functions (@, 0, @) = (u, v, w)+
(1,0,0), where a support of the function 1 = (¢1, s, ¥3) is located in
a small neighborhood of the boundary I'. Integrating by parts in the
relation obtained and taking into account the equilibrium equation, we
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/0n~2/1:0.

T

derive

Since the functions v are arbitrary, this identity implies the first condition
of (32).

To proceed, we prove that equilibrium equations from (30), (31) are
fulfilled. To this end, the following test functions are taken in (28):

(i, 0,@) = (u, v, w) + (a,0,%), (i,0,®) € Q*, [] = 0 on 7.
This substitution gives

/(( — gu) /gu+/N e(0) /M =0.

2,\@ NE NS
(39)

Denote by m = (0,0,1) the unit normal vector to . Integrating by
parts in (39) and taking into account the equilibrium equation from
(29) and the first condition of (32), we obtain (with ¢ = o(u), N =
N(v), M = M(w))

/amu—/gu—/dw]\/ 'U—/VVM w— (40)

Y NE NE
—/03-ﬂ+ / Nv -0+ / MYw, — / Tw = 0.
Ow O(N\E) d(Y\E) (L)

In so doing, the following Green’s formula for a domain G C R?
with a smooth boundary 0G is used: for smooth functions w, M =
{M;;}, i,7 = 1,2, we have [12]

—/M-VVw:—/wVVM—ir/qu —/Tq
G G

oG

where ¢ is outward unit vector to the boundary 0G, w, = and

'LU
a_q’
M9, T are defined similar to (1). Temporarily assume that the test
functions in (40) satisfy the conditions

d=w=1,=0 on I(y\2).
In this case © = 0 in wy, hence, & = 0 on dw. Moreover, notice that

[om] = [(013, 023, 033)] on ¥\ . Then, in view of the boundary condition
U = (0,w) on v\ X, the relation (40) implies

—divN = [(013,023)], —VVM = [o33] on 7\ X,
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i.e. the equilibrium equations for the thin inclusion are fulfilled, see
(30), (31).

Going back to (40), by arbitrariness of 0, w, w, on 97\ 0%, we obtain
the second group of boundary conditions (32). Thus, from (40) it follows

—/o—s-a+ / Nv -+ / M4, — / T“w—/ga:o.

Ow OX\0vy OX\ Oy OX\ Oy wx:

This identity coincides with (37), since (0, w) = p, W, = %ij on 0%\ 0,
p € R(ws), p= (p1,p2,p3)-

Boundary conditions (34) can be derived from (27)-(28) by the following
arguments. Take a test function in (28) in the form (@, v, w) = (u, v, w)+
(@,v,w), where u = (uq,ug, ug), and the support of the function @ is
located in O N {x3 > 0}; here O is a small neighbourhood of a point
2% € v\ X, i3 > 0on (v\X)NO, see Fig. 3. This substitution provides

the inequality
/a(u)s(u) - /gu > 0.

o o

The first relations from (34) easily follow from this inequality.

Now, we prove the last relation from (34). Assume that [uz(z°)] >
0, 2° € v\ X. Then it is possible to take in (28) a test function of the
form (@, 9,0) = (u,v,w) &+ B(p,0,0), where supp ¢ C O N {x3 > 0},
B € R, §is small, see Fig.3. This implies

/O(U)ﬁ(w) —/990: 0.

(@] (@]

Hence, integrating by parts, we obtain o43(2%) = 0. On the other hand,
assuming that o4;(2%) < 0, the equality [uz(z")] = 0 easily follows.
Consequently, the last equality of (34) is derived.

Equalities (35), (36) are consequences of the relation (u,v,w) € Q¥.

Thus, all relations (29)-(38) are derived from (27)-(28).

Let us prove the converse. Assume that (29)-(38) hold. Multiply the
first equations of (29)-(31) by @ —u, 0 —v, W —w, where (@, 0, W) € Q¥,
and integrate over Q. \ @, v\ ¥, v\ %, respectively. We obtain
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/ (dive + g) (i — u) + / div N (5 — v) + / VM (i — w)+

Q. \@ N\E N
+ / (043, 05)](5 — v) + / (755 (i — w) = 0.
NE NE

From here, it follows

/ o (w)e (it — 1) — / i — ) /N /M@U)vvw) —w)t

Q- \@ Qy NE 2>
(a1)
+ /[am(& —u)| — /[am]([f —u" )+ /05(71 —u)+
N\E Ow
—|—/g(ﬂ—u)— / Nv(d —w) / MY (0, —w,) + / T" (w0 — w) = 0.
ws: (L) d(\E) O(1\2)

By the second boundary conditions (32) and the identity (37), the
last five terms in the left-hand side of (41) cancel since (v,w) =

-~ ~ 909
poa (’U,'LU) =P, Wy = %a Wy = % on 32\6% p = (p17p2,P3) €

R(wy). Consequently, the relation (41) implies (28) if the following
inequality holds

[lom@=w) = [lom@ —u) <o (12)
NE NE

On the other hand, the inequality (42) is valid in view of (33)-(34).
Thus, we have proved that (29)-(38) imply (27)-(28).
U
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A.M. Xayanes. O 3aj1a4e paBHOBECH TPEXMEPHOIO YIIPYTOIo TeJ1a
C TOHKUMH 1 O0ObeMHBIMHU BKJIIOYEHUSIMU B HEKOIPIIUTHUBHOM CJIy4Yae

Awunoramusa. B crarbe anagum3upyercs 3ajada PaBHOBECHS] TPeEX-
MEPHOTO YIIPYTOTO TeJa ¢ THKOPIOPUPOBAHHBIM JIBYMEDHBIM YIIPYTUM
BK.IIouenueM. [Ipesmonaraercs, 4To BKJIIOYEHHE OTCJIAUBACUCS OT OKPY-
JKAIOIIETro YIPYroro Teja, odpasys, TakKuM o0pa3oM, uHTepdeiicnyio
TpemuHy. YTo0b n36eKaTh B3AUMHOI'O IMPOHUKAHUS MEXKJIY IPOTHBO-
OJIOYKHBIMEU OeperaMu TPeIMHbI, pACCMATPUBAIOTCS TPAHUYHbBIE YCJIO-
BHS TUIIA HEpaBeHCTBa Ha Oeperax. B jionojiHenne K 3roMy, Ha BHEITHeR
rpaHuIe YIpyroro Teja HakKjaaJabiBaeTca ycaopue Heiimana, aro Bje-
JeT HEKOIPIMTHBHOCTH paccMarpuBaeMoii 3agaqn. [Ipenmonarast, 4o
TeH30p MOJIyAell YIPYTroCTH 3aBUCHAT OT ITOJ0XKUTEJBHOTI0 TapaMeTpa B
3aJIAHHOI OI00IACTH, MBI JOKA3bIBAEM CYIIIECTBOBAHNE PEITEHUI 1 UC-
cJeJlyeM aCHMITOTHYECKOE TOBEJeHUE PEIIeHUN MIPH CTPEMJICHUU STO-
ro napamerpa K OeckonednocTH. JlokKazaHo, 4TO HpejeabHasd MOIETIb
OITUCBHIBAET COCTOAHHME PABHOBECHS YIPYI'Oro Tejia ¢ TOHKUM H 00beM-
HBIM BKJIIOUeHusiMH. HaiimeHbl HeoOXoauMble U JOCTATOYHBIE YCIOBUSA
Ha BHEHNIHHUE CHJIbI, OGGCHG"H/IB&IOH_H/IG cyaieCTBOBanue peleHud, u J0-
Ka3aHO CYIIECTBOBAHNE PEIEHUsT BO BCEX PACCMOTPEHHBIX CJIydasax.

KiroueBbie cjoBa. ylpyroe Tejio, TpeluHa, 00bEMHOE YKEeCTKOe
BKJIIOUEHMe, rpaHndHoe yciaopue Hefimana, ycioBus Bua HepaBeHCTRA,
ACUMIOTOTUKA PEIIeHAN
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