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Abstract: Main objects of the paper are stationary and weak
KAM Hamilton-Jacobi equations on the finite-dimensional torus.
The key idea of the paper is to replace the underlying calculus
of variations problems with continuous time Markov decision
problems. This directly leads to an approximation of the
stationary Hamilton-Jacobi equation by the Bellman equation for a
discounting Markov decision problem. Developing elements of the
weak KAM theory for the Markov decision problem, we obtain
an approximation of the effective Hamiltonian. Additionally,
convergences of the functional parts of the discrete weak KAM
equations and Mather measures are shown. It turns out that the
approximating equations are systems of algebraic equations. Thus,
the paper’s result can be seen as numerical schemes for stationary
and weak KAM Hamilton-Jacobi equations.
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1 Introduction

Overview of the main results. The paper is concerned with the discrete
approximations of solutions of stationary Hamilton-Jacobi equation

Auy + H(x,—Vuy) =0 (1)
and the weak KAM equation

H(z,—Vu) =H. (2)
The Hamiltonian H is assumed to be periodical in z, i.e., we consider them
on the d-dimensional torus T%. Notice that in the weak KAM equation, the
unknowns are a function v : T — R and a constant H.
The stationary Hamilton-Jacobi equation describes the value of the
discounting infinite horizon problem of calculus of variations:

+oo
minimize /0 e L(a(s), i(s))ds (3)

subject to
z(-) € AC([0,400); TY), z(t) = z.. (4)

In this case (see [17, 3|), the value function of problem (3), (4) is equal to
ux(z«), where uy is a viscosity solution of (1).

Similarly, weak KAM equation (2) provides [16, 5| the fixed points of the
backward Lax-Oleinik operator. This means that a pair (u, H) is a viscosity
solution of (2) if and only if, for each T" > 0,

T
u(zy) = min { /0 L(x(t),&(t))dt + u(z(T)) :

z(-) € AC([0,T); T9), z(0) = x} + HT.

The number H is called an effective Hamiltonian or a Mafé critical value.
Our approach relies on the approximation of an absolutely continuous

curve z(-) by a continuous-time Markov chain on the regular lattice Ay =

72 /(N—1Z%) with the generator QN (v) = (Qé\fy(v))m,yeAN that depends on

a vector v = (v1,...,v4)" and is defined by the rule:
N vy, N y = x + hsgn(v;)e;,
N A
x,y(v) = -N Zj:l |Uj|7 Yy =,
0, otherwise.

Hereinafter, h = N~!, sgn(a) denotes the sign of the number a, whilst e;
stands for the i-th coordinate vector.
For this Markov chain, we consider the criterion

+oo
minimize ]E/ e ML(X,,V,)dt,
0
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where X; and V; are a state and a stochastic control respectively. The
corresponding Bellman equation turns out to be a system of algebraic
equations.

The first main result of the paper is the rate of approximation of a solution
to stationary Hamilton-Jacobi equation (1) by the Bellman equation for the
aforementioned discounting Markov decision problem. We show that it is of
order N=1/2 (see Theorem 1).

The study of the limit behavior of the discounting Markov decision
problem in the case where A — 0 makes it possible to develop some elements
of the weak KAM theory for continuous time Markov chains. In particular,
we derive the weak KAM equation on the lattice that is also a system of
algebraic equations. As for the continuous phase space case, we are seeking
for a function and an effective Hamiltonian.

The second main result is the fact that the effective Hamiltonian for the
lattice A approximates the number H with an error of the order N —1/2 (see
Theorem 3). Additionally, the functional parts of the discrete weak KAM
equations converge up to subsequence to the functional part of the solution
of weak KAM equation (2) (see Theorem 4).

Recall that, in the continuous phase space case, the effective Hamiltonian

can be characterized via Mather measures those minimize the action
V= [rayga L(x,0)v(d(z,v)), where L stands for the Lagrangian. We also
introduce the concept of Mather measures for the weak KAM theory on the
lattices and show their convergence up to subsequence to a Mather measure
for the classical weak KAM theory (see Theorems 5, 6).
Literature overview. The modern theory of first order Hamilton-Jacobi
equations relies on the notion of viscosity solutions proposed by Crandall
and Lions [9]. This concept, in particular, provides a characterization of
the value of optimal control problems through Bellman equations. We refer
to [3, 17| for the exposition of the viscosity equation and its applications to
the optimal control theory.

The passing to the limit in the stationary Hamilton-Jacobi equation
as the discounting factor tends to the zero leads to the weak KAM
equation [24]. This result is primary used within the study of homogenization
of the evolutionary Hamilton-Jacobi equation [24, 13|. Another source of
weak KAM equation is the weak KAM theory itself [15, 30]. Recall that
this theory studies the long time behavior of the calculus of variation
problems and the Euler-Lagrange flows. In particular, the infinitesimal form
of the definition of calibrated curve immediately yields the weak KAM
equation [15, 16, 12, 11, 5]. Notice that the effective Hamiltonian also known
as the Mané critical value provides the averaged optimal outcome for the
long time calculus of variations problem. The effective Hamiltonian can be
calculated using a Mather measure [26] (see also [5, 30, 14, 15]) that is a
measure on the tangent bundle minimizing the action of the Lagrangian over
the set of measure invariant w.r.t. the Euler-Lagrange flow (the equivalent
form of this condition is obtained in [4, 25]).
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There are several extensions and analogs of the weak KAM theory (see,
in particular, {1, 10, 20, 18|). We especially mention papers [19, 29, 22, 27]
where stochastic analogs of the weak KAM theory are developed. Papers [19,
22, 27| deal with a problem coming from perturbation of the dynamics by
the Brownian motion and give an insights into the selection problem for
Mather measures, whilst in [29] the weak KAM theory for the discrete time
random walk on the regular lattice is constructed. There, in fact, it is shown
that the corresponding weak KAM equations converge to a solution of the
continuous phase space weak KAM equation if the time and space steps
vanish. More precisely, effective Hamiltonians converge to the continuous
phase space effective Hamiltonian, while the function parts converge up to
the choice of a subsequence. Thus, one can regard the results of [29] as a
numerical method for weak KAM equation (2). This concept is close to one
of the paper. However, in the contrast to [29], we start with the continuous
time Markov chain. This gives half less number of algebraic equation needed
to assure the same order of approximation. Moreover, we impose milder
conditions and do not use the completeness of the Euler-Lagrange flow. The
close scheme based on time discretization of the Lax-Oleinik operator was
realized in [6, §].

Finally, we refer to [2], where an approximation of an optimal control

problem by a continuous time Markov decision problem was developed for
the case of compact control space. Additionally, the approximation technique
for the Hamilton-Jacobi equation based on discrete-time Markov chains was
examined in [28].
Organization of the paper. In Section 2, we give the general notation
and assumptions. Additionally, here we remind the definitions of viscosity
solutions for equations (1), (2). The next section (Section 3) is concerned
with the controlled continuous-time Markov chain defined on a regular lattice
that plays the crucial role in the paper. We recall the required concepts
from the theory of stochastic processes and compute the Hamiltonian for
corresponding Markov decision problems. Furthermore, we evaluate the L>-
distance between an absolutely continuous curve and a controlled Markov
chains generated by a stochastic strategy. The Bellman equation for the
discounting Markov decision problem and the existence of an optimal
strategy are discussed in Section 4. Then (see Section 5), we prove the
approximation result for the stationary Hamilton-Jacobi equation. Elements
of the weak KAM theory for the continuous time Markov decision problem
on the lattice are developed in Section 6. Below, we obtain the convergence of
the weak KAM equations for the Markov decision problem to the weak KAM
equation on the torus (see Section 7). Finally, in Section 8 we introduce the
concept of Mather measure for the Markov decision problem on the lattice
and derive the convergence of the Mather measures on regular lattices to a
continuous phase space Mather measure.
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2 Preliminaries

2.1. General notation and assumptions. If (X, px) is a metric space,
x € X, r >0, then B,(z) stands for the open ball in X of radius r centered
at x, i.e.,
B, (x) £ {y € X : px(z,y) <r}.
Let T £ RY/Z% denote the d-dimensional flat torus. Recall that an
element of T? is a set given by the rule:

r={F+n:nez}

for some # € RY. We denote the standard Euclidean norm on R? by | - |.
Further, with some abuse of notation, for z,y € T¢, we put

|z —y| 2 min{|z’ — 9| : 2’ €z, €y}

The quantity |z — g/ is a distance on T¢.

Elements of R% are considered as column vectors, while R%* consists of
row vectors. Below we regard R? as the tangent space to T%, and R%* as the
cotangent space.

Further, if € T?, ¢ is a function defined in a neighborhood of z that is
differentiable at z, then V¢(z) denotes the derivative of ¢ at z. We assume
that V¢(x) is a row-vector.

Assume that we are given with a function L : T% x R? — R that is called
a Lagrangian. We impose the following condition on the function L:

(L1) L, L, and L, are continuous;

(L2) L is convex;

(L3) L satisfies the superlinear growth condition, i.e., for each a > 0 there
exists a constant g(a) such that

L(z,v) > a|v| + g(a).
In the following, we will widely use the notation

K(c) & sup |Ly(z,0)|. ()

z€T4 |v|<c
The Hamiltonian H : T% x R%* — R is defined by the Legendre transform:
H(z,p) £ max {pv — L(x, v)} :
veER

2.2. Stationary Hamilton-Jacobi and weak KAM equations. The
first main object of the paper is stationary Hamilton-Jacobi equation (1).
We consider the concept of viscosity solutions [3, 9]. A function uy is a
viscosity solution of (1) if, for every point 2 € T¢ and each smooth function
defined in some neighborhood of = such that the mapping y — u)(y) — ¥ (y)
attains the minimum (respectively, maximum) at the point z, one has that
Aup(z) + H(z, —V(x)) > 0 (respectively, Auy(z) + H(z, —Vi(x)) <0).
The second object of the paper is weak KAM equation (2). As above,
its solution is considered in the viscosity sense: a pair (u, H) is a viscosity
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solution of (2) provided that, for every point z € T? and each function
¢ € CY(B,(z)) for some r > 0 such that the mapping y — u(y) — ¥(y)
attains the minimum (respectively, maximum) at the point z, one has that
H(x,—V(z)) > H (respectively, H(z,—V(x)) < H).

In [24], it is shown that, if, for each sufficiently small A > 0, u) solves (1),
then up subsequence (uy(x) — ux(z), —Auy(x)) converge uniformly on T¢ to
a pair (u(z), H) that is a viscosity solution of weak KAM equation (2) (here
z is a fixed point on T%).

The constant H can be characterized through a so called Mather measure
. To introduce this concept, we follow [5] and put

w(v) £ xiél'ﬂfd L(z,v) V1. (6)

Further, we denote by M the set of probability measures on T x R? with
finite integral of w, i.e.,

Mé{yep(ﬂ‘dxkd):/
T

A Mather measure [5] for the torus T? is a probability on T¢ x R that
minimizes the functional

w(v)v(d(z,v)) < oo.}

d wRd

Vi L(x,v)v(dzdv)
Td xR

over the set of measures v € M satisfying the holonomic constraints:
/ Vo(x)vv(d(xz,v)) =0
Td xR

for each ¢ € C''(T?). It is shown (see, in particular, [5]) that, if u is a Mather
measure for T?, then

~H = L(z,v)p(d(x,v)).
TdxR4

3 Controlled continuous time Markov chain

3.1. Construction of approximating Markov  chain. The
approximation results derived in the paper rely on a construction of
continuous time Markov chains on infinite or finite time interval. To unify
the presentation, we will denote a finite or infinite time by interval Z, i.e.,
either Z = [0,7] or Z = [0, +00).

To explain the main idea of construction of the approximation continuous
time Markov chain, we notice that each function z(-) € AC(Z,R%) is entirely
determined by x(0) and a velocity v(-) € L'(Z,R%). We say that a pair
(z(-),v(+)) is a control process on T provided that x(-) € C(Z,T%), v(-) €
L (Z,R%) and

loc
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In the Introduction, we already briefly described the main concept of
approximating Markov chain. We fix
(1) a natural number N;
(2) a regular lattice Ay = (hZ4)/Z* C T
Hereinafter, we denote
h=N""
Additionally, as we mentioned above, e; stands for the i-th coordinate vector
on RY.
The Kolmogorov matrix of the approximating Markov chain is constructed
as follows. If v = (v1,...,v4)T € R? then we define the matrix QV(v) =
(@Y, (1))zyeny by the following rule:

h_1|vi|, ) y = x + sgn(v;)he;,
A _
Sy 2 —hTIY ], y=a,
0, otherwise.

Now let us define stochastic control processes those are determined by this
Kolmogorov matrix. First, we start with open-loop controls.

Definition 1. We say that a 6-tuple (0, F,{Fi}tez, P, X, V) is a controlled
Markov chain process for the lattice Ay provided that
o (U F {Fitiez,P) is a filtered probability space;
o X is a {Fi}iez-adopted process with values in Ay;
o V is a {Fi}iez-progressively measurable process with values in R?
such that Efg |Vs|dt < oo for each t € Z;
e for each ¢ : ANy — R the process

S(X) - /0 QY (Va)o(X.)ds

is a {Fi hez-martingale.
Hereinafter, E stands for the expectation corresponding to the probability P.

Below, we denote the set of all controlled Markov chain process for the
lattice Ay on the time interval 7 satisfying the initial condition X (0) = =,
P-a.s. by MCPN(Z, z).

The most convenient tool in the theory of controlled Markov chain is
feedback strategies (policies).

Definition 2. A feedback strategy on Ay is a measurable mapping w : T X
Ay — R4, A stationary feedback strategy is a mapping 7 : Ay — R,

A feedback strategy 7 defines a Kolmogorov matrix QN[m,t] =
(Qi‘v,y[ﬂ—a t])m,yeAN Wlth entries

Quylm, 1] = Qpy [ (t, )],

If 7 is a stationary feedback strategy, we will write simply Q™[] instead
of QN[x,1].
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Definition 3. Given a feedback strategy 7, we say that (2, F,{F; ez, P, X)
is a motion produced by m provided that

o (U F {Fitiez,P) is a filtered probability space;
o X is {F;iez-adopted process with values in Ay ;
e for everyt eI,

t
E/ |7 (s, Xs)|ds < oo
0
e for each ¢ : Ay — R, the process
t
o(x) = [ QVr.slo(x.)ds (7)

is a {Fi hrez-martingale.

If (Q, F,{Fi}tez,P, X) is a motion produced by m, then, letting

‘/t £ W(t, Xt)>
we obtain a controlled Markov chain process (2, F, {F;}iez, P, X, V).
Further, a distribution on Ay is a sequence m = (mg)ger, Wwith

nonnegative entries such that
Z m, = 1.
LL’EAN
We say that a motion (2, F,{Ft}ie(0,40c), Ps X) produced by a feedback
strategy m has the initial distribution mg = {mo ¢ }zen, if
IP)(XO = :U) =mgygz, T E Ay.
Additionally, we say that a motion (Q, F, {F}te[0,400); P, X) produced by 7
has the initial state z provided that
X(0) =2, P—as.
This corresponds to the initial distribution 1, = (1, ;)zen, Wwith entries
1. 5 1, 2=z,
L1 0, x#£ oz

There exists (see [23, Theorem 5.4.1]) at least one motion produced by
the stationary feedback strategy m with the initial distribution equal to my.

Notice that an evolution of distributions produced by the feedback
strategy m and the initial distribution mg is described by a mapping Z >
t — m(t) = (my(t))zea such that

mg(t) = P(Xy = x). (8)
The function m(-) satisfies by the Kolmogorov equation
d
am(t) =m(t)QN[r, t], m(t) =my. 9)

Here, we regard m(t) as a row-vector.
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3.2. Finite differences. Let ¢ : Ay — R, z € Ay and i € {1,...,d}.
Define, for x € Ay,

Al b 2 2EE h‘z) —9@) "
) & 21 ~6ta)

If there exists a smooth function uw such that ¢(x) = w(z) on Ay, then
the quantity A} .¢(z) is the standard right approximation of the partial

derivative of u at = w.r.t. z;. Analogously, A&iqﬁ(x) is a left approximation
of the —0,,u(z).
Notice that
AEJ(ZS(J") = —A]_V,Z-Qb(l‘ + hei)a (11)
A]_Vﬂqﬁ(x) = —AE’igb(x — he;).

Further, we set

And(x) = (AN 19(2), Ay 1(2)), .- (AR 40(2), Ay 46(2)))-

Thus, it is convenient to work with sequences of pairs. If £ =
((ffff),,(fg,f{;)) is a d-tuple of pairs, where E:r,éf € R, v e RY
then, with some abuse of notation, we denote

d
w2 Y[ + €]

=1
Notice that, for each ¢ : Ay — R and = € Ay, one has that
> QNllo(y) = Ang(x) - v (12)
YyEAN

Thus, if (Q, F,{Fi}ez,P, X, V) is an controlled Markov chain process for
the lattice Ay, then, for each function ¢ : Ay = R, and s,r € Z, s <,

E¢(X,) — E¢(X,) = E / ' (Ano(Xy) - Vi)dt.

In particular, given a feedback strategy m and a corresponding motion
(Q, F,{Fi}tez, P, X), we have that

E¢(X,) — Ep(Xs) = ]E/T (ANo(Xy) - m(t, Xy))dt.
Now, for # € Ay, € = ((&,&7))4,, where &', & € R, we set

7

H(z,€) 2 sup [5 - L(x,v)] (13)

vERC
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This and (12) give that

H(w, (~Ax)p(x)) = max [(—Amqb(m) v~ L(z,v)]

veRd
[ (14)
= — min Q )+ L(=z, U)]

vERI yEZAN

Here,

(AN)$(z) = (FAF1)8(), (AN )d(2)), .-, (A% Po(2), (- Ay 4)(x))).

3.3. Distance between the deterministic evolution and the Markov
chain. We recall that T? = R%/Z% while Ay = (th) /Z4. Tt is convenient
to denote by [#] the equivalence class of Z € RY,

[Z] 2 {Z +n:nezi}

Let 7 be a feedback strategy on Ayn. We assume that its entries are
uniformly bounded. Denote by 7 a feedback strategy on hZ? such that, for
T e hzd, 7 (t,7) = n(t, [7]).

Now we define the infinite matrix ON[r, ] = {in 1™t} s genze indexed
with elements of hZ% by the rule:

hH (L, 7)1, y =12+ hsgn(fi(t,))es,
AN Cimd e g N = -
Qpglm ]l = —h ' Y5, 7t 8)], §=7,

0, otherwise.

Notice that, if § = 2+he;, then Qé\{g[ﬂ, t] = Qi\fy[w, t], where x = [Z], y = [9].
Let us introduce the generator £ on R x (hZ%) by the following rule: for
¢ € CL(R? x (hZ%)) with at most quadratic growth,

LTo(E, ) & Vag@, #)n(t,2) + Y ON [m, (@, §).

JEhZA

Hereinafter, we denote by C1(R? x (hZ?)) the set of continuous functions
from R? x (hZ?) to R those are continuously differentiable w.r.t. the first
variable.

It follows from [23, Theorem 5.4.1] that, given (&}, #2) € R% x (hZ?), there
exist a filtered probability space (£2,F, {ft}tez, P) and {F;}iez adopted
process (X', X2) such that

(X5, X§) = (&1, 3) (15)

and, for each ¢ € C'(R? x (hZ?)) with at most quadratic growth, one has
that the process

p(X}, X /127r X2)ds (16)
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is a {F;}ier-martingale. Notice that, in this case, X1 satisfies P-a.s. the
system of ODEs

d ~ o~
@th = 7(t, X?),

while X2 is a continuous time Markov chain with Kolmogorov matrix
QN[r, -]. Furthermore, if we let

th = [)?tIL Xt2 £ [)?tQL (17)
then
d 2
and (Q, F, {Fi }tez, P, X?) is a motion produced by the feedback strategy m

and the initial state z2 = [#2].

The key result of this section is the following.

Lemma 1. Let

o 7 be a feedback strategy such that, for some constant ¢ > 0, |w(t,z)| <
¢

o 2l cT? 22 c Ay,

o il € R &2 € hZ? be such xl = [#]], 22 = [#2] and |z} — 22| =
“%i - 533|7

o (U F {Fitiez,P) be a filtered probability space;

o (X', X?2) be a stochastic process defined on (0, F,{Fi}ier,P) with
values in R x (hZ) satisfying conditions (15) and (16);

o (X1 X?) be defined by (17).

Then, for each t € T,
E|X! — X2 <E|X} — X2)? < |z} — 22> + VdeN 't (18)

Proof. The first inequality in (18) directly follows from the construction of
(X1 X?).

To prove the second inequality, we first notice that, due to the assumption
that 7 has uniformly bounded entries, E| X} — X2|2 is bounded. Further, let
(%1, 2) = |#1 — #2|2. Plugging in (16) the function ¢, we obtain that

~ ~ ~ ~ t ~ o~
BIR! - 2P <EIR) - BP+E [ LT X
0
Direct computation gives that

d
LTg(w1,29) = h Y |mi(t,x2)| < heVd.

=1

Therefore, taking into account that h = N1, we obtain the second inequality
in (18). O
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4 Discounting Markov decision problem

In this section, we work with the infinite time interval, i.e., we put Z =
[0, +00).

If (Q,F,{Fi}tc0,4+00): P, X, V) is a controlled Markov chain process for
the lattice Ay, then its quality is evaluated by the quantity

—+00
IE/ e MNL(X,, V).
0

Furthermore, the outcome of the feedback strategy m and the initial
distribution mg is equal to

“+oo

Tualromo] £E [ ML (e, X,
0

where (9, F, {Fi}1[0,400), P, X) is a motion produced by m and mg. The
quantity Jn a[m, mo] does not depend on the concrete choice of the process
(Q, F,{Ft}i€0,400), P, X) produced by m and mg. Indeed, (8) implies that

+oo
TN AT, mo) = /0 e M /]l‘d L(z, m(t, z))m(t)dt.

Here m(-) satisfies (9). If my is equal to 1 at z and zero elsewhere, then we
write Jn [T, 2] instead of Jn a[m, mo.

The Bellman equation for the examined discounting Markov decision
problem takes the form:

AgpNv)\(x) + 7‘[(33, (—AN)cpN)\(ﬂs)) = 0, T € AN. (19)
This fact is formalized in the following statement.

Proposition 1. Equation (19) has a unique solution. Moreover, the
stationary feedback strategy w3 n defined by the rule:

mo(T) € Argmdax (—AN)ena(x) v — L(z,v) (20)
veER
is optimal, i.e.,
onA(2) = Inalmi N, 2] (21)
and, for each (Q, F,{Fi}ie(0,400): P, X, V) € MCP ([0, +00), 2), one has

“+o00
E / e NLIX,, Vi)t > o). (22)
0

Proof. The proof relies on truncations arguments. Let A > 0. We consider
the Markov decision problem

minimize E

+o0
/ e ML(Xy, Vi)dt
0

over the set of 6-tuples (2, F, {Fi}icjo,400): P, X, V) € MCPn([0, +00), 2)
satisfying the additional constraint |[V;| < A. Due to |21, Lemma 4.4,
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Theorems 4.6, 4.10], this problem has a value denoted by gpﬁ - The latter
satisfies the following Bellman equation on Ay:

Nofka(e) + ma | (—Aw)efa(e) -0 - Lz )| =0.

Now recall that due to condition (L3)
L(z,v) = g(0).
Thus, ¢4 () > A"1g(0) for each € Ay. On the other hand, letting V; = 0,

we obtain that ¢4 () < A™1L(2,0). Therefore, denoting

Ch 2 19(0)| v | sup L(z,0)].
zeTd
we conclude that

|<Pﬁ,,\($)’ <A'CG, x € An.

Hence, for each x € Ay and i € {1,...,d},
Aj\}’i(pﬁ)\(x)

Choosing in condition (L3) a = 2N)\_1\/gC’6 +1, we have that, if z € Ay,
v e Re,
(—AN)p (@) -0 = L(z,0)
< 2ANA"WACH|v| — (2NATIVAC)|v| + 1) |v| — g(2NATVAC) 4 1)
= —|v] — g(2NA"VdC) + 1).

Ay ia(@)] < 2NATIC

)

Hence,
(—AN)gaﬁ’)\(x) v — L(z,v) - —o0 as |v]| = oo

uniformly w.r.t. [v|. Thus, there exists a constant Ay y such that, for every
A>A NAs

‘15‘12}15‘ [(—AN)SOJIL\XI,A(JI) v — L(ZL‘,U):| = feulé)d [(—AN)%"\‘,’A(J;) Co— L(:r,v)].

Therefore, if A > Ay , the function goﬁ , satisfies

o)+ sup [(~AN)ga() v = Liz,v)| = 0.
veERY
This gives the existence of solution to (19). The fact that 73 y is optimal,
i.e., the fact that equality (21) and inequality (22) are valid, can be proved

using the standard verification arguments. They also give the uniqueness of
the solution of (19). O
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5 Approximation of a solution of the stationary
Hamilton-Jacobi equation

The aim of this section is to prove the following approximation result.

Theorem 1. There exists a constant C1 depending only on the Lagrangian L
such that if uy, @nx are solutions of (1) and (19) respectively, while x € Ay,
one has that

lux(z) — ona(z)] < CLIATENT2,
The proof of this statement relies on several auxiliary statements.

Lemma 2. There exist constants cg and ¢ depending only on L such that,
if A > 0 and uy, is a viscosity solution of (1), then, for every z,y € T¢,

(1) Alux(@)] < co;
(2) Jux(z) —ua(y)| < erlz —yl.

Proof. To prove the first statement, we use condition (L3). It gives that
L(x,v) > g(0).

Since w) is a value function for the discounting control problem (3), (4), we
have that

Auy(z) > /\/0+OO e Mg(0)dt = g(0).

Simultaneously,

+oo
Auy(z) < )\/ e sup L(z,0)dt = sup L(z,0).
0

zeTd zeTd

Letting

co 2 g(0) v | sup L(z,0)],
z€Td
we derive the first statement.
To prove the second statement, we argue as in the proof of |3, Proposition
4.1]. We set
c12co+ sup  L(x,v)+ 1,
€T |v|=1
fix € T? x R? and consider a test function ¢(y) £ c1|y — x|. We wish to
prove that the maximum of uy(y) — ¢(y) attains at x. Indeed, in the converse
case, let § be a point where the maximum of u)(y) — ¢(y) is achieved. Since
we assume that ¢ # x, the function ¢ is differentiable at § with the derivative

equal to c1 ‘g:;. Using the fact that u) is a solution of (1), we have that

Aup(9) + H | g, —c1 Y1) <o.
g — x|
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Plugging in the right-hand side of the Hamiltonian (see (13)) v
we have that

c1— sup L(z,v) <cp.
z€T4 |v|=1

This contradicts with the choice of ¢;. Therefore, for each y € T¢,
ux(y) — aaly — z| < ux(2).

Interchanging the variable, we conclude that the function wu) is Lipschitz
continuous with the constant ¢; that does not depend on . O

Lemma 3. Let A\ > 0, 2, € T¢ and let (x(-),v(-)) be such that v(-) €
L'([0,+00); T4), 2(0) = ., ga(t) = v(t) and
+o0o
up (22) = / eML(w(t), v(t))dt.
0

Then,
[o(t)| < ¢ for a.e. t €0, +00).

Here co is a constant determined only by the Lagrangian L.

Proof. Let 7 be a Lebesgue point of the function v(-). For r > 0, from the
dynamic programming arguments we have that

e Muy(z(1)) = / e AT L(2(r + 1), (7 + 8))dt + e ATy (2(7 + 7).
0
Therefore,

/r e ML(x(T +t),v(T + t))dt
0

=u)(z(7)) —ux(z(t + 7)) + ur(z(r + 7)) [1 — e*)""].

Using Lemma 2, we have that

/T e ML(x(r + 1), 0(r + 1)dt < ) / [o(m +B)ldt +cor. (23)
0 0

Now assume that r < A~!In2. Using this, inequality (23) and choosing
in superlinear growth condition (L3) a = 2¢; + 2, we obtain the following
inequality

(c1+1) / lo(T + t)|dt + 27 g(2¢1 + 2)r
0
< (2¢1+1) / e Mo(r 4+ t)|dt + g(2¢1 + 2) / e Mdt
0 0

< / e ML(x(r +1),v(r +1))dt < ¢ / |v(T +t)|dt + cor-
0 0
This gives,
/ (e + B)ldt < [eo — g(2er +2)/2]r.
0
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Since 7 is a Lebesgue point of the function v(-), we conclude that
[o(T)] < ea £ [co —g(2c1 + 2)/2].

This and the fact that almost every points of [0,+00) are Lebesgue points
of the function v(-) completes the proof. O

Lemma 4. Let oy ) solve stationary Hamilton-Jacobi equation (19). Then,
for each x,y € Ay, i € {1,...,d},

o Mona(x)| < co for each x € An;

o AN ona (@)l AN jona(@)] < ¢35

* [ona(@) —ena(Y)| < calz —yl.
Here, cq is the same constant as in Lemma 2, c3 and ¢4 are determined only
by the Lagrangian L.

Proof. The proof of the first statement is the same as in Lemma 2.
Now let us proves the second statement. From the first statement, we have
that, given x € Ay,

sup |[(—An)ena(z) — L(z,v)| < co.
veRd

If Aj\',iapN,A(x) < 0, then, letting v = e; in the expression of the lattice
Hamiltonian (14), we obtain that

AN sona(@) > —(co + L(z, ).
Analogously, if Ay .oy \(z) > 0, we have that

Ay ipna(@) < co + Lz, —€;).

Combining this, we conclude that,

+
sup <A&71~S@N,/\($)> ; sup (A]—’\_/'JSON,)\('%)) <cs.
z€Tie{l,...,d} z€Teie{l,...,d}

Here,

c3=cy+ sup L(z,v).
z€T4 |v|<1
From this, using equalities (11), we arrive at the second statement of the
lemma.
The third statement obviously follows from this, the definition of right
and left differences (see (10)) and the Holder inequality. O

Lemma 5. There exists a constant cs determined only by the Lagrangian L
such that, if 73 5 satisfies (20), then

TN (@) < e
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Proof. From the definition of the feedback strategy w3} » and the first
statement of Lemma 4, we have that

d

> [Aena @) n @)+ AR v @) (T (@)] ]|+ L 7 (@) < co.
=1

Here (5 y(z))} (respectively, (7} y(x));) stands for the positive
(respectively, negative) part of the i-th coordinate of the vector sy ().

Using condition (L3) with a = v/dez + 1, the second statement of Lemma 4
and the Holder’s inequality, we obtain the following estimate:

Ves| (@) + (Ves + DIy (@)] < o — g(Vies + 1),
This implies the conclusion of the lemma with ¢5 £ ¢g — g(\/g03 + 1). U

Proof of Theorem 1. Let z € Ay. First, let v(-) be such that

+o00
uy(z) = e ML(z v
(D= [ L. (24)
where
x(t) :z—l—/o v(s)ds.

The existence of such open-loop control follows from the Tonelli theorem |7,
Theorem 3.7|. Due to Lemma 3,

lu(t)| < ca.
Let 7 be a feedback strategy defined by the rule:
n(t,z) £ v(t).

Now, we construct a filtered probability space (€, F, {ft}tE[O;i—oo))]P)) and a

stochastic process (X!, X?) defined on it as in Lemma 1 for zl = 22 = 2

and Z = [0, +00). Notice that X} = z(¢) for ¢t € [0, +00). We have that

—+00 “+oo
ona(T4) < E/ e ML(XE w(t, X2))dt = IE/ e ML(XE v(t))dt.
0 0
(25)

Lemma 1 gives that
ElX! - X2 < (02)1/2(11/4151/2]\7_1/2.
Therefore,
E|L(X?, v(t) — L(x(t), v(1))| < CLE[X] — X7| < Cot' PN TV2,

where

Ci £ K(cp), Ch=Cflca)/?d"?,
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while the function K is defined by (5). This, equality (24) and inequality
(25) imply

400
onA(z) —ur(z) < C§N1/2/ H/2e= Mgy
0
oo (26)
= CéN_l/Q/\_gﬂ/ o2 da.
0

To prove the opposite inequality, recall that by Proposition 1, there exists
an optimal feedback strategy 7y 5 that is stationary. By Lemma 5,

T (@) < cs.

Furthermore, we construct a filtered probability space (22, F, {ft}te[0,+oo)> P)

and a process (X', X?) as in Lemma 1 for 7 = 7} 5, Z = [0,+0c) and
zl = 22 = 2. Denoting
V;f £ 7r;i,N(‘thz):

we conclude that

d

&Xg =V, Pas.

Therefore,
+00 +o0
u(z) gE/ e—”L(X,},Vt)dt:E/ e ML(X}, N (X7))dt. (27)
0 0

Additionally, the choice of 73} , gives that

+oo
onalz) =E / e NL(XE, 75y (X2))dt. (28)
0

Taking into account the boundness of 7} 5, Lemma 1 and assumption (L1),
we have that

E|L(X}, 7} n(XP)) = L(X7, 73 v (XP))] < CIEIX] — XP| < Cyt!/2NY/2.

Here, C/ is as above, while C4 £ C4(c5)'/2d/*. This, (27) and (28) give that

+oo
ux(z) —ena(z) < C’éNl/Q/ 12Xt
0

o0
= CéN_l/Z/\_S/2/ at2e%da.
0
The conclusion of the theorem with

+oo
C 2 (Cy Vv C) / o 2e™da
0

follows from this and (26). O
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6 Weak KAM theory on the lattice

In this section, we consider the weak KAM theory problem for the
controlled Markov chain: find a function ¢y : Ay — R and a constant
Hn such that, for each T > 0 and z € Ay,

T
¢n(2) = min {IE {/0 L(X¢, Vi)dt + on(X7)

(97]:7 {ft}tG[O,T]apa X7 V) € MCPN([OaTLz)} +ﬁNT

The dynamic programming arguments give that a pair (o, Hy ) is a solution
of this problem if and only if they satisfies the following weak KAM equation
on the lattice Apy:

H(z, (~An)en(z)) = Hy, =€ Ay. (29)

Theorerri 2. For each N, there exists a solution of (29). Moreover, the
constant Hy 1s unique.

Proof. We use a method borrowed from [24]|. Due to Lemma 4, one has that
on A N

[Aena(z)] < co, (30)
while, for each z,y € Ay,
lona(z) = enay)] < calz —yl.

Hereinafter, ¢ ) is the unique solution of (19).
Furthermore, we fix, z € Ay and set

Yna(z) £ ona(z) — pna(2).

By construction, we have that, for each z € Ay,

[ona(@)] < C £ cavd/2. (31)
Since ¢y solves (19), we have that
Apna+ H(z, (“AN)YNA(z) =0, =€ Ap. (32)

From (30) and (31), it follows that there exist a sequence {\;}32,, a number
Hy and a function ¢y : Ay — R such that

o A\, = 0as k— oo;

® \yony, — —HnN as k — oo uniformly on Ay;

o for cach € Ay, Yy (2) = on(2) as B — oo.
Passing to the limit in (32), we obtain the existence of a solution to the weak
KAM equation on the lattice Ay (29). B

Now let us prove the uniqueness of the number Hp. Assume that there

exist two solutions of (29), namely, (cp’N(-),ﬁ;v), (go’](,(),ﬁ;(;)
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We choose a feedback strategy 7’ such that

/

my(x) € Argeflgdax{(—AN)dN(:p) -v — L(z,v)|. (33)

Let z € Ay and let (Q, F, {Fi}+c(0,100), P; X’) be a motion produced by the
strategy 77, and the initial state z. For each T' > 0, we have that

T
E[/(X'(T)) - ¢'()] = E / Angy (X))t
T T
=E/O [AW’N(XD +L(X£,w§v(X£))]dt—E/0 L(X{, wy (X}))dt.

Due to the choice of the strategy m/y (see (33)) and the fact that (go’N,ﬁlN)
is a solution of the weak KAM solution, we have that

T
E[¢'(2) — ¢ (X'(T))] = TH)y + E/O L(X;, my (X}))dt. (34)
Simultaneously,
E[¢"(2) — ¢"(X(T))]

=7 A0 + L ry (X)) at

T
+ IE/ L(X], 7 (X]))dt.
0
Since, for each x € Ay,

(~An)@l(x) = L, why(2))] < max [(~An)ek(x) - Liz,0)

= H(z, (-An)¢N () = Hy,

we have that

T
El¢"(2) — " (X'(T))] < THly +E /0 L(X!, iy (X]))dt.

This and (34) yield that
THy — E["(2) — ¢"(X'(T))] > THy — El¢ (o) — ' (X'(T))].

Since that functions ¢y and ¢ are bounded on Ay, dividing both parts of
this inequality by T and passing to the limit when T" — oo, we conclude that

Hy > Hoy

The opposite inequality in proved in the same way. Thus, we conclude that
=

Hy =Hy 0
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7 Limit weak KAM equations on lattices

7.1. Limit of effective Hamiltonians. In this section, we prove the
convergence result for the sequence {Hy}3_;.
Theorem 3. Let (u,H) satisfy weak KAM equation for the continuous

phase space (2), N be a natural number, and let (pn, Hy) solve weak KAM
equation on the lattice Ax (29). Then,

|H —Hy| < CoNTV2,
where Cy s the constant determined only by L.

The proof of this theorem relies on several auxiliary statements.

Lemma 6. Let (u, H) solve (2). Then,
(1) |H| < co;
(2) lu(z) = u(y)| < erlz —yl.
Proof. Recall that, in [24], it is shown that
H= —kli_g)lo Ay, ()

for some sequence {\;}72, converging to zero and every x € T¢. This and
the the first statement of Lemma 2 give that |H| < cp.

The estimate |u(z) — u(y)| < c1]z — y| is proved in the same way as the
second statement of Lemma 2. (]

Lemma 7. There exists a constant c; determined only by the Lagrangian
such that, if

(u(-), H) is a solution of weak KAM equation (2),

o T >0,

v(-) € L'([0, T];RY)

x(-) € ([0, T]; RY),

satisfy

t T
z(t) = z(0) —l—/o v(s)ds, u(xg) —u(z(T)) = /0 L(z(t),v(t))dt + HT,

then, for a.e. r € [0, T,
|’U(t)| S Cq.

Proof. We argues as in the proof of Lemma 3. Let 7 be a Lebesgue point for
the function v(+). From the dynamic programming principle, we have that,
fort € (0,7 — 7]

T+T _
w(@(r)) — u(z(r + 7)) = / L(x(t), v(t))dt + Hr.

Using the second statement of the Lemma 6 and assumption (L3) for a =
c1 + 1, we have that

" /T+T\v(t)\dt> (1 +1) /T+T|v(t)\dt+(g(cl—i—l)—i—H)r.
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Therefore,
T+T _
/ lo(t)|dt < —(g(e1 + 1) + H)r.
-

Since 7 is a Lebesgue point for v(-), we obtain the conclusion of the lemma
with ¢g = —g(c1 + 1) + ¢p. O

Lemma 8. Let (on,Hy) be a solution of (29). Then, for each x,y € Ay,
ie{l,...,d},

o Nona(z)| < co for each x € Ay,

o [ANionA(@)], [AN v ()] < c3;

o lona(x) —ona(y)| < calz —yl.
Here, cq is the same constant as in Lemma 2, whereas c3, ¢4 are determined
m Lemma 4.

The proof of this lemma mimics the proof of Lemma 4.
Finally, let us evaluate the norm of a feedback strategy determined by a
solution of the weak KAM equation on the lattice Ay.

Lemma 9. Let (on, Hn) be a solution of weak KAM equation on the lattice
AN (29) and let 7y be such that

T (z) € Argmax|(—An)en(z) v — L(z,0)|, (35)
veRd
then
|7n ()| < ¢5 for each x € Ap.
The proof literally follows the proof of Lemma 5, where we utilize the

results of Lemma 8 instead of Lemma 4.

Proof of Theorem 3. We use the trick apparently first proposed in [29].
Let z; € Ay be such that

on(2) —u(z) < on(x) — u(x) for each € An. (36)

Furthermore, let 7}, be chosen by rule (33). Applying Lemma 1 with
Z=10,1], 2l =22 = z, and n(t,x) = 7} (), we obtain a filtered probability

space (€, F,{Fi}iepo,r],P) and a stochastic process (X', X?) defined on it
that satisfies conditions (15), (17). Therefore,

E|en(XD) - on(z)]
1
— 5 [ [Anon ()i (03 (0) + L mi (7))
0
1
—B [ L ()

1
= —FHy —E/ L(X?, ma(X?))dt.
0
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Analogously, due to the fact that (u, H) solves (2) and the characterization
of this solution as a fixed point of Lax-Oleinik operator, we have that

1
E[u(zh) - u(Xll)} < FI+E/ L(X}, 7% (X2))dt.
0

Therefore,

Tn — H <E[(pn(z) — ulz)) — (pn(X2) — u(X1)]
=7 LRE (X)) — LOXE, (X))
— E(pn () — u(z) — (pn(X2) - ul(X2)] + E(u(X}) - u(X2))
=7 LXK w4 (X)) — (X (X))t

Due to the choice of 2 (see (36)), we have that
Hy — H < E(u(X{) - u(X7))

1
~E [ [ ()~ LOX, mi ().
Recall that |7y (z)| < ¢5 (this is due to Lemma 9). Thus, Lemmas 1, 6
and the Jensen’s inequality give that
E(u(X{) - u(X})) < C4NTV2,
where CL 2 ¢;d"/*(c5)'/2.

Analogously, Lemma 1, assumption (L1) and the Jensen’s inequality yield
that

EIL(X{, my(X7)) — L(XE, my (X))
< K(cs)-E|X} — X2| < CLNTY241/2,
where the function K is introduced by (5), and
Clh 2 dV4(es)? . K (cs).
This, equality (7.1) and inequality (7.1) imply the estimate
Hy — H < CLNT1/2, (37)
for C% £ 3Cf + C5.
To derive the opposite inequality, we first choose z? such that
on(27) — u(zf) > pn(z) — u(z) for each z € Ay. (38)

There exist functions v(-) € L'([0,1];R?) and z(-) € C([0,T];R?) such
that

x(t) = 2 —i—/o v(s)ds

and

1
() — u(z(1)) = /O Lix(t), v(t)) + . (39)
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Lemma 7 says that |v(t)] < cg.

Letting w(t,#) 2 wo(t), we construct a filtered probability space
(Q, F {Ft}tco,r),P) and a stochastic process (X', X?) defined on it that
satisfies conditions (15), (17) for the initial points 2! = 22 = 2% Notice that
X! now is deterministic with

d
%th =o(t), P-as.

Due to the fact that (o, Hy) is a solution of (29), we have that

1

E[ow(=5) — on(X})] <Hy +E /O L(XZ,v(t))d.

From this and (39), we have that

Hy — H
> E[(pn(2%) — u(zh) = (e (XD) — u(X]))]
~E / KR m (X)) — LOXE, (X))
= E[(pn(z") — u(z) — (on(X}) — u(XD)] + E(u(X]) —u(X})) (40)
B [ [XE R () — LOK ek ()

1
> E(u(X1) — u(X7)) —E/O [L(XP, my (X7)) — L(X], mhy (X)) dt.

In the latter inequality we used the choice of 2% (see (38)). Since |v(t)| < ¢,
Lemmas 1, 8 and the Jensen’s inequality yield the estimate

E(u(X]) —u(X})) = —CsN 2,

where C4 £ c¢1d"/*(cg)'/?. Using the same arguments and assumption (L1),
we conclude that

E|L(X}, v(t)) — L(XZ, v(t))| < K(cq) - E|X} — X7| < CENTV2412,
where
Ch & K(cg)d"/*(cs) /.

Evaluating the right-hand side of (40) by means of these inequalities, we
conclude that

Hy —H > —C| N~ V2CLN12,
where Cyo = Cg+ %C{). This and estimate (37) provide the conclusion of the

theorem with Cy £ Ch Vv O,
]
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7.2. Limits of the functions py. Let (on,Hy) be a solution of (29).
Lemma 8 implies that the function ¢y is Lipschitz continuous on Ay with
the Lipschitz constant equal to c¢4. Below, we denote by ¢y an extension of
the function ¢y onto the whole torus T¢ that is Lipschitz continuous with
the same constant, i.e., ¢ : T¢ — R is such that

e on(z) = on(z) whenever z € Ap;

® O, is ¢g-Lipschitz continuous function.
The existence of such function can be shown using, for example, the
McShane’s methods. In this case, we let

on(z) 2 mln{gpN )+ calr —y| - yGAN}

Notice that the functional part of a solution of the weak KAM equation is
defined up to an additive constant. Thus, it is reasonable to fix a value
at some point. For definiteness, we choose this point equal to O that is
the equivalent class corresponding to points with integer coordinates. Thus,
without loss of generality, we assume that

¢n(0) =0.

Theorem 4. The sequence of functions {pn}S_, is precompact in C(T9).
If a function u : T — R is its accumulation point, then (u, H) is a solution
of the weak KAM equation on the torus (2).

Proof. The fact that the sequence {¢n}%_; is precompact directly follows
from its definition.

To prove the second part, we assume that there exist a sequence {N;}7°,
and a Lipschitz continuous function u such that

|@n, — ul| = 0 as I — occ.

Further, let
oz cTY
o {z}°, C T< such that z; € Ay, and 2 — 2 as | — oc;
o veERY
For each natural [, we construct a 6-tuple (!, !, {]:l}te[07+oo) P XL X2)
satisfying the conditions of Lemma 1 for N = Nj, the strategy 7 (t,z) = v
and z! = 22 = z. Thus,

E' X" — XP?? < Vdo|tN (41)

Here E! is an expectation corresponding to the probability P'.
Notice that the process X1 is deterministic and satisfies

th’l =z +vt, P-as.
Let T be a positive number. We have that

T
on, (1) — Elon, (X5 < B! /0 L(X}? v)dt + Hp,T.
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From (41), Lemma 8 and the definition of the function K (see (5)), we
conclude that

en, () — N, (x +0T) — L(z,v)T
< HNT + ca(d/ o 2TV2NT? 422 — a))
+ K (fol)d ol PTIRNTE K (Jo])ol T2,
Passing to the limit when [ — 0o, we obtain that
u(z) — u(x +vT) — L(z,v)T < HT + K (|o])|v| T2

Now let 9 be a smooth function such that, for some r > 0, the mapping
B,(x) 2 y — u(y) — ¢¥(y) attains the maximum at z. If |v|T" < r, we have
that

(@) — (@ + ) — L, v)T < HT + K (|o])[o[T*2,
Dividing both parts by T" and passing to the limit when T" — 0, we obtain
that
~Vip(x)v — L(x,v) < H.
Since the choice of v is arbitrarily, we conclude that
H(z, ~Vi(x)) < . (42)

This provides the first part of the definition of the viscosity solution. Let
us prove the second part.

As above, given z € T¢, we consider a sequence {z1}2, C T¢ converging
to = such that z; € Ay,. For each natural [, let W}kvl be such that

7y, € Argmax | (—An,)en, (z) v — L(z,v)|.
vERd
Lemma 9 says that
TN, | < 5.

There exists a 6-tuple (Ql,}"l,{fl}te[07+oo,Pl,Xl’l,Xl’Q) satisfying
conditions of Lemma 1 for x1 = 23 = 2 and the stationary strategy
TN, - Arguing as in the proof of the first viscosity inequality, we conclude
that

E'|\ X} — X22 < VdestN,.

Here, as above, E! stands for the expectation corresponding to the probability
P!. Due to the choice of the strategy Ty, we have that

T
I, l, * l, a7
on (21) — By, (X7°) = E! /0 L(X72, wy, (Xp?)dt + H, T. (43)

Put Vi(t) £ T, (Xf’l). The construction of the processes X, X2! gives
that

t
th’l =z +/ Vi(s)ds, P-as.
0



170 YU. AVERBOUKH

Thanks to Lemma 6, the Lipschitz continuity of the function ¢y, the
definition of the function K (see (5)) and equality (43), we have that

u\xr) — lu X ! ! ! xr L H
(z) - E ( +/0 V(t)dt) ZE/O L(w, V!(£))dt + FHn, T

—2llu — N, || — ca(2|z1 — x| + d1/4C5T1/2Nl—1/2)
—K(es)(ja = 2l + esd TN 4 T,

Now let ¢ be a smooth function defined in B, (z) for some r > 0 such that
the mapping B,(z) 3 y — u(y) —¢(y) attains the minimum at z. For T" such
that ¢5T' < r, we have that

—E'y| Y w(z) — Elul x Y
() Ezp( +/0 V(t)dt)z ()~ E <+/O V(t)dt).

Additionally, since |V!(t)| < c5, P-a.s., the following inequality holds true:
T
H(z,—Vi(z))T > ¢(z) —Ey| = + / Vit)dt
0

_g /T L(z, V! (#))dt + o(T),
0

where o(T')/T — 0 as T'— 0 uniformly w.r.t. [. Here we used the definition
of the Hamiltonian H. Thus,
H(z,—V(x))T > Hn,T
—2u— o || — 1 2]z — 2| + dY e TN P
—K(cs) (|21 — x| + esdA T2 N2 4 5T3/2) 4 o(T).
Passing to the limit when | — oo, we have that
H(z,~Vp(x))T > HnT + K (c5)csT3? + o(T).

Dividing this inequality by 7" and passing to the limit as 7' — 0, we have
that

H(x,=Vi(z)) > Hy,
for each smooth function v such that the mapping B, (z) > y — u(y) — ¥ (y)

attains the minimum at x. This together with (42) gives the fact that u is a
viscosity solution of (2). O

8 Mather measures on Ay and their limit behavior

As in the continuous space case, the constant Hpy can be characterized
using a Mather measure. To introduce this concept for the lattice system, we
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first denote by My the set of probabilities on Ay x R? with finite integral
of the function #+ defined by (6), i.e,

MNé{yeP(ANde):/

ANXRd

w(v)v(d(z,v)) < oo}.

Here the function ¢ is defined by (6). Obviously, My C M.

Definition 4. A measure u € P(Ay x RY) is called a holonomic for the
lattice Ay if, for each ¢ : Ay — R, the following equality holds true:

/ (Ayé(x) - v) uld(, v)) = 0.
Ay xR4

Definition 5. A measure uy € My is called a Mather measure for the
lattice AN provided that

e 1 s holonomic for the lattice Ay ;
[}

/ Lz, o) (d(z, v))
AN xR4

=min / L(z,v)vn(d(z,v)): v e Mpy, v is holonomic ;.
ANXRd

Below, we denote by B, the closed ball of the radius ¢ in R? centered in
the origin.

Theorem 5. There exists a constant C3 such that, for each N, one can find
a Mather measure for the lattice Ay concentrated on Ax x Bc,.

Proof. Let (¢n,Hy) be a solution of the weak KAM equation on the lattice
An. Let my be defined by (35). By Lemma 9, |73 (z)] < ¢5 on Ay. The
Kolmogorov matrix QN [r%] determines a Markov chain on the lattice Ay. It
is well known (see, for instance, [31, Theorem 5.4.6]) that this Markov chain
has at least one stationary distribution, i.e., a sequence My = {Mnyztzeay
such that, for each y € Ay,

> N QY [rn] =0. (44)

$€AN
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Now let ¢ : Ay — R. Taking into account the definition of the matrix
QN from (12) and (44), we obtain that

0= %

Y g in,y[ﬂ}*v}] ¢(y)

yeAN LxeAN
=Y mN[ > Qﬁy[w}‘vw(y)l
TEAN CZ{/GAN (45)
= > v Y (AL 0@ (R @)F + AR (@) (@)
zEAN i=1
= 3 e (Ave(@) - (i (@) ).
TEAN
Set
fin = Z N0 (%, () - (46)

TEAN
Here, 6, stands for the Dirac measure concentrated at w. Due to (45), we
have that

/ANXRd (AN@Z’(@ ' v) fin(d(zx,v)) = 0,

i.e., iy is holonomic. Furthermore, fiy is concentrated on Ay x Bg, for the
constant C3 £ ¢5 that does not depend on a number N.
Now let us prove that

/ L(z, v)jin (d(z, v)) = —Fy. (47)
AnxRd

Recall that, due to the choice of the strategy w3, we have that, for each
T €Ay,

Anen(a) - mi(z) + Lz, 7y (2) = —Hy.
Multiplying each equality on m, and summing up, we obtain that

Z [mx(AN@N(:U) () + Lz, 7y (2))) | = —Hn.

TEAN

Equality (45) and the definition of the measure fiy (see (46)) yield that (47)
holds true.

To complete the proof it suffices to show that, for each probability v € My
that is holonomic, one has that

/ Liz, v)u(d(z,v)) > T (48)
AnxRd

Indeed, given a holonomic measure v, let m, £ v({z x R%}). Further, denote
by v, a probability on R? such that, for each Borel set T C R

ve(T) =v({z} x Y).
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Additionally, we define a feedback strategy by the rule: if x € Ay,
(49)

o(z) & /R owe(dv).
),

It is convenient to set, for each i € {1
v (z) = /Rd v; Vg (dv).

7@ [ i),
]Rd

x))ei.

Obviously,
d
)2 Z_l (

Notice that the numbers #; (z) and #; (x) are nonnegative. For each ¢

An — R? and 2 € Ay, the following equalities hold true

o)va(dv) = /Rdz v AR (@) o Ja(dv)

/ (AN¢(
R4
Z[ () + Ay @) (2)]
= AN¢>( ) v(z).
This and the definition of the sequence m = {mg},en, imply the following
property for each function ¢ : Ay — R¢
0= [ (Bwola) - o)rldia o) = 3 ma(Bvote) - #(@).  (0)
AN xRd Z‘eAN
). Therefore, using the

Now recall that (¢n,Hn) is a solution of (
definition of the Hamiltonian H, we have that
< Hn

(—An)en(z) - v(z) — L(z,v(x))
Taking into account equality (50), equality (49) and the convexity of the
function L w.r.t. the second variable, we deduce the following estimates

Ay <Y ma[Li@,0(@) + Avon(@) - 7(a)]

TEAN
:meL<xy/Udev)<me/ (z,v)v(dv)
TzEA

zEAN
- [ Lol
ANXRd
). Thus, iy is a Mather measure, that is
O

This, in fact, is inequality (
concentrated on Ay x Bc,.
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We complete this section with the statement providing the limit behavior
of Mather measures. Following [5, 30|, we put

VM xRHY2{pecC(T?xRY):  sup
(z,w)ETIXRE

w*(v)

where
wt (v) & sup L(z,v) V1.
zeTe

We say that a sequence {p1,,}3°; C M converges (C?)*-weakly to p iff, for
each ¢ € CY,

/ o, ) (d(x, 0)) — o, 0)p(d(z, v)).
Td xRe Td xR

Notice that if {u,}5° ; converges to u (C%)*—Weakly, then it converges to the
same measure in the narrow sense.
The limiting properties of Mather measures are described as follows.

Theorem 6. Let

o { N}, be an increasing sequence of natural numbers;
o for each k, jn, be a Mather measure for Ay, ;
o {un, 132, (C9)*-weakly converges to a measure .

Then, i is a Mather measure on the torus.
Before the proof of this theorem, we introduce the following result.

Corollary 1. The sequence of Mather measures {in}3_, defined in
Theorem 5 is precompact. Fach its accumulation point is a Mather measure
for the continuous phase space. In particular, there exists a Mather measure
for the flat torus T¢ supported on the compact set Ax x Bc,.

Proof of Theorem 6. Let ¢ € C1(T?), we have that, if x € Ay,
AN, 0(x) = Vo), [Ay,6(2) — Vo(z)| < vy,

where the number ¢y ; is equal to

gN,i[d)] £ sup |8x7,¢)($ =+ 561’) - axzd)(x”
e€[—h,h]

Denote

d 1/2
SN [Z(w W] :

i=1
Notice that sy[¢] — 0 as N — co. Therefore, for each ¢ € C1(T?),

Ané(x) v = Vo(a)o| < nlg] - ol
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We have that
[ Vo, )
ANk xRd
= [ Awo() o, (e, v) 61
AN xRd
[ Ao v Vel . 0).
ANk xR4
The estimate of Ay, ¢(z) - v — Vo(z)v gives that

/ANk xRd

Ay () - v — Vo (@)o|u, (d(z, v))

<owlel [ ol a0,

Since L(z,v) > |v| + g(1), we have that the functions (z,v) — |v;| and
(z,v) — |v| lies in C9. Thus, the integrals fAkaRd Vé(x)vun, (d(z,v)),
fAN Jrd AN O(@)vpn, (d(z,v)) are  well-defined. Using (C})*-weak

k

convergence of the sequence {un,}, we conclude that the quantities
fAkaRd |v|pn, (d(z,v)) are uniformly bounded. Using this, the fact that

each measure {py,} is holonomic for the lattice Ap,, the convergence
SN, [@] = 0 as k — oo, we pass to the limit in (51) and obtain that

/ Vo(x)ou(d(z,v)) = 0.
Td xRe

Thus, w is holonomic.
Since

/ Lz, o), (d(z, v) = T,
ANk xRd

using the (C9)*-weak convergence of the sequence {zx, } to s and Theorem 3,
we arrive at the equality

/ Lz, v)p(d(z,v)) = —H.
Tdx R4

This gives that p is a Mather measure for the flat torus. (]

Proof of Corollary 1. Recall that each measure jiy is concentrated on Ay X
Be, C T¢ x B, Furthermore, the set P(T¢ x B, ) is compact in the topology
of narrow convergence. Now, to obtain the conclusion of the corollary, it
suffices to notice that on P(T¢ x B¢,) the narrow convergence coincides with
the (C?)*-weak convergence and use Theorem 6. O
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