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Abstract: We study the accuracy of shock-capturing schemes for
hyperbolic systems of conservation laws theoretically and numeri-
cally. Based on the method of differential approximation of the nu-
merical schemes, we give a theoretical justification for the fact that
high order shock-capturing schemes can have significantly differ-
ent accuracy in the various smoothness regions of calculated weak
solutions. We also show that in the case of the hyperbolic system
with invariants, different invariants of this system can be calcu-
lated with significantly different accuracy in the same smoothness
region of the exact solution, in particular, in the shock influence
areas or inside the centered rarefaction waves. To illustrate these
theoretical results, we use test calculations by the RBM (Rusanov-
Burstein-Mirin), TVD and WENO5 finite-difference schemes of the
special shallow water Cauchy problem, which exact solution con-
tains a shock and centered rarefaction waves.
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1 Introduction

In classical paper [1] associated with an original numerical technique for
Riemann solver, Godunov introduced the concept of a monotone numerical
scheme and proved that, among the linear two-layer in time schemes, there
are no monotone ones with an order of accuracy higher than the first. The
subsequent development of the theory of shock-capturing schemes for hy-
perbolic systems of conservation laws was aimed to a large degree at the
overcoming of the Godunov order barrier. As a result, various classes of
finite-difference, finite-volume and projection shock-capturing schemes were
developed in which a high order of accuracy for smooth solutions and mono-
tonicity (in the approximation of linear systems and scalar conservation
laws) were achieved by applying Nonlinear Flux Correction (NFC), which
leads to the nonlinearity of these schemes even in the approximation of the
linear equations. The following papers underlie whole classes of the NFC
schemes: MUSCL [2], TVD [3], ENO [4], NT [5], WENO [6, 7], DG [8],
CU [9, 10] and CABARET [11]. The NFC schemes also include hybrid
schemes [12, 13, 14, 15] in which the numerical solution is monotonized us-
ing a special numerical algorithm in the vicinity of large gradients of the
exact solution. Various methods for constructing the NFC schemes and
their practical application are described in [16, 17, 18, 19] and references
therein. The advantage of these schemes is they localizing shocks with high
accuracy in the absence of considerable spurious oscillations. However, it
was shown in [20, 21, 22] that the NFC schemes of different types have at
most the first convergence order in the post shock areas regardless of their
accuracy on smooth solutions.

To more detailed study the accuracy of shock-capturing schemes inside the
shock influence domains, we proposed [23] for the shallow water system [24]

Ht + qx = 0, qt +
(
q2/H + gH2/2

)
x
= 0 (1)

the special Cauchy problem with smooth periodic initial data of invariants
w1 = u− 2c and w2 = u+ 2c:

w1(x, 0) = −10, w2(x, 0) = 4 sin

(
2πx

X
+
π

4

)
+ 10, (2)

where H(x, t), q(x, t), u = q/H, c =
√
gH, g = 9.81 and X = 10 are the

depth, the fluid flow rate, the horizontal fluid velocity, the velocity of small
disturbances propagation, the gravity acceleration and the period length,
respectively. For such problem, we will use an abbreviation SPC (Special
Periodic Cauchy).

In the exact solution of the SPC problem, at the time moment t∗ ≈ 0.54,
as a result of gradient catastrophes, a sequence of isolated shocks x = si(t)
is formed, which propagate one after another at the same distance X and
with the same positive velocities (Fig. 1). Since these shocks initially (at
t = t∗ + 0) appear as strong discontinuities of infinitesimal amplitude, the
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Figure 1. Shock waves si and different smoothness regions
Λ1, Ωi of the exact solution.

exact solution of the SPC problem in the area

Λ = {(x, t) : t ≥ 0; x ̸= si(t), t ≥ t∗, i ∈ Z} (3)

is quite smooth, where Z is the set of integers. Despite this, numerical
calculations of the SPC problem using various high order shock-capturing
schemes have shown [23, 25, 26, 27, 28, 29, 30, 31, 32, 33] that these schemes
have significantly different accuracy in the regions Λ1 ∈ Λ and Λ2 = Λ\Λ1,
where Λ1 is the region of smoothness of the exact solution that does not
intersect with the shock influence domains,

Λ2 =
⋃
i∈Z

Ωi, (4)

Ωi = {(x, t) : max (si−1(t), ci(t)) < x < si(t), t ≥ t∗} ,

is the set of shock influence domains (Fig. 1), located between neighboring
shocks, where x = ci(t) is the characteristic propagating with the velocity
λ1 = u − c across the i-th point of the gradient catastrophe (x∗i , t

∗), x∗i =
si(t

∗).
Calculations have shown that in the region Λ1 each of the considered

schemes has the convergence order that coincides with its approximation
order on smooth solutions. It is consistent with approximately identical
accuracy of the invariants calculation in this region, which increases with
scheme order increasing. The situation is fundamentally different in the
shock influence domains Ωi, where the convergence orders of all schemes
become smaller than their formal approximation orders and the invariant
w1 is calculated with a much lower accuracy than the invariant w2. For a
more detailed analysis of this situation it was proposed [23] to investigate
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the convergence order of the numerical values of the integrals

U(a, b, t) =

b∫
a

u(x, t)dx, u =

(
H
q

)
,

calculated by high-precision integro-interpolation formula on intervals [(a, t), (b, t)]
with one or both endpoints are inside the shock influence domains (4); for
such convergence, following [32], we will use an abbreviation NINSID (Neg-
ative Integral Norm Shock Influence Domain). It is shown [23, 25, 26, 30,
31, 32, 33] that when calculating the SPC problem by the NFC schemes,
they have only the first order of the NINSID convergence (regardless of their
formal orders on smooth solutions), which leads to a corresponding decrease
in the accuracy of the NFC schemes in the shock influence domains.

The shock-capturing schemes that do not belong to the NFC type and
become linear when applied to a linear approximation of a quasilinear hy-
perbolic system we will designate QL (Quasi-Linear) schemes. It was shown
in [23, 27, 28, 29, 32, 33] that some high order QL schemes, in particular,
the RBM scheme [34, 35], have the second order of the NINSID convergence
in the numerical calculations of the SPC problem and as a result, unlike
the NFC schemes, these schemes maintain an increased accuracy inside the
shock influence domains (4), despite noticeable scheme oscillations at the
shocks. In [32] for such QL schemes a special abbreviation HASIA (High
Accuracy Shock Influence Area) was introduced. The reason of this was
follows. When calculating the SPC problem, some high-order QL schemes,
for example, the Lax-Wendroff scheme [36], just like the NFC schemes, have
the first order of the NINSID convergence, so these schemes lose increased
accuracy inside the shock influence domains. The existence of the HA-
SIA schemes predetermined the possibility of constructing combined shock-
capturing schemes [27, 28, 29, 32, 33] that unites the advantages of the NFC
and HASIA schemes: combined schemes monotonically localize shocks and
simultaneously keep an increased accuracy in the shock influence domains.

The main purpose of this paper is to offer a theoretical justification for the
numerical results mentioned above. In Section 2 we formulate the Cauchy
problem for a hyperbolic system of conservation laws and give a brief de-
scription of three high order shock-capturing schemes approximating this
problem, namely, the HASIA RBM scheme [34] and also the NFC schemes
TVD [3] and WENO5 [7]. In Section 3 the Runge formula is presented,
which is used to approximate calculations of the local convergence orders of
numerical solutions. In the theoretical Section 4, the hyperbolic systems of
differential equations are obtained for the approximate determination of the
disbalances (errors) of the numerical solution in various continuity regions
of the calculated exact solution. An important feature of these systems is
that its characteristics field coincides with the characteristics field of the ap-
proximated system of conservation laws, which determines to a significant
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extent the scheme accuracy inside corresponding continuity region of the
approximated weak solution.

An analysis of internal initial-boundary value problems arising in the ex-
act solution continuity regions for hyperbolic numerical disbalance systems
allows us to give a theoretical justification for the fact that high order shock-
capturing schemes can have significantly different accuracy in the different
continuity regions of calculated weak solutions. We also analytically showed
that in the case of the hyperbolic system with invariants, different invari-
ants of this system can be calculated with significantly different accuracy in
the same continuity region of the exact solution, in particular, in the shock
influence areas or inside the centered rarefaction waves. To illustrate these
theoretical results in Section 5, we use test calculations by the RBM, TVD
and WENO5 finite-difference schemes of the special shallow water Cauchy
problems, which exact solutions contains a shock and centered rarefaction
wave.

In the final Section 6 we give a general description of the results and formu-
late the main promising directions for further development of the combined
scheme theory.

2 Considered shock-capturing schemes approximating the
hyperbolic system of conservation laws

Let us consider a hyperbolic system of conservation laws

ut + f(u)x = 0, (5)

where u(x, t) is unknown vector function and f(u) is given smooth vec-
tor function containing m components. For system (5), we set the Cauchy
problem with an initial data

u(x, 0) = u0(x), (6)

where u0(x) is given bounded function. We will assume that the prob-
lem (5), (6) has a unique weak solution u(x, t) in the class of piecewise
smooth bounded functions with shocks.

Explicit numerical schemes approximating problem (5), (6) will be con-
structed on a rectangular uniform grid

S = {(xj , tn) : xj = jh, tn = nτ, n ≥ 0}, (7)

where h and τ = rh are constant grid steps in space and time, r is a param-
eter that we choose taking into account the CFL stability condition

θ =
τ

h
=

z

max
i,j,n

|λi(vnj )|
, z ∈ (0, 1), (8)

where λi(u) is the Jacobian eigenvalues of system (5) and vnj = vh(xj , tn) is a
numerical solution. When performing applied calculations, to save computer
time, a time-nonuniform numerical grid is usually used

S̃ = {(xj , tn) : xj = jh, tn+1 = tn + τn, t0 = 0},
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where the variable time step τn is determined by the formula

τn =
zh

max
i,j

|λi
(
vnj

)
|
, z ∈ (0, 1).

However, for the purposes of this paper related to the experimental study
of the scheme accuracy on a sequence of imbedded grids, it is more natural
to use uniform numerical grids (7) with a constant time step given by the
formula (8).

Let us consider the following shock-capturing finite-difference schemes, ap-
proximating the Cauchy problem (5), (6): the third order RBM scheme [34,
35], the second order TVD scheme [3] and the fifth-order in space and the
third order in time WENO5 scheme [7]. The RBM scheme belongs to the
class of the HASIA schemes, while the TVD and WENO5 belong to the class
of the NFC schemes. Let us give a brief description of these schemes.

The RBM scheme was the first scheme of the third order in which the
three-step Runge-Kutta method was used for time approximation; brief in-
formation about this scheme was published in [34], its detailed analysis was
performed in [35]. To ensure numerical stability in the RBM scheme, a spe-
cial artificial viscosity was used, which is a fourth-order divergence difference
operator approximating the fourth spatial derivative; the coefficient C of this
viscosity should satisfy the inequalities

3 ≥ C ≥ z2(4− z2).

Test calculations of discontinuous solutions of the gas dynamic equations
were performed at close values of C = 2.5 in [34] and C = 2.8 in [35]. In the
present paper we use the value C = 2.5.

In classical paper [3], the TVD property of the difference scheme was in-
troduced, which assumes that when calculating the Cauchy problem for a
scalar conservation law, the total variation of the difference solution does not
increase when moving from one time layer to another, which corresponds to
a similar property of the exact solution [37]. The Harten TVD property is
equivalent to the Godunov monotonicity property [1] when approximating
linear equations and enhances the monotonicity property when approximat-
ing a quasilinear scalar conservation law [38]. The TVD scheme is con-
structed by monotonizing the Lax-Wendroff scheme [36] and is an explicit
two-layer in time difference scheme, in which the numerical fluxes are cor-
rected as a result of applying a special minimax procedure, which reduces
their smoothness to the level of Lipschitz-continuous functions. For a small
heuristic parameter included in this correction procedure, we take the value
ε = 0.1 offered in [3], which ensures the decay of unstable strong discon-
tinuities that the Lax-Wendroff scheme can admit [39]. With this ε value,
the TVD scheme is strongly monotonic [40], that is similar to the fulfillment
of the NED property [41]. If the approximated hyperbolic system (5) has
a convex extension [42], the selection of stable shocks in the TVD scheme
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occurs due to the difference analogue of the entropy inequality. When calcu-
lating smooth solutions, the TVD scheme has the second order of accuracy
everywhere except the local extrema of these solutions, where it has the first
order of convergence.

The WENO schemes [6, 7] are based on the ENO schemes [4, 43], in which
TVD property [3] holds approximately. The key idea of the ENO schemes,
associated with choosing the most "smoothest" stencil among several can-
didates to approximate the fluxes, in the WENO schemes is modified as
follows: one uses a convex combination of all the candidate stencils and each
of the stencils is assigned a weight which determines its contribution to the
final approximation of the numerical flux. We will apply the fifth order in
space and the third order in time WENO5 scheme [7], which uses global Lax-
Fridrichs flux spliting for spatial approximation and three-step Runge-Kutta
method for time approximation. For a small heuristic parameter included in
this scheme, we take the value ε = 10−6. In contrast to the TVD scheme,
the WENO5 scheme preserves increased accuracy at the local extrema of the
calculated smooth solutions. In addition, in contrast to other classes of the
NFC schemes, in which different types of minimax flux corrections are used
to monotonize the difference solution, in the WENO schemes such a correc-
tion is achieved by introducing weight parameters, which allows maintaining
the increased smoothness of the numerical flux functions.

3 Methods for estimating the accuracy of numerical
solutions

To estimate the local convergence orders of the numerical solution vnj =

vh(xj , tn), given on the uniform grid (3), we fix on this grid some node
(xj , tn), where n ≥ 1, and introduce for it a new notation (x∗, t∗), where
x∗ = jh and t∗ = nτ > 0. Suppose that on a sequence of imbedded grids

Si = {(xij , tin) : xij = jhi, t
i
n = nτi, n ≥ 0}, i = 1, 2, . . . , (9)

where hi = h/2i−1 and τi = τ/2i−1, which is based on the basic grid (3), the
numerical solution vhi

converges with order r to the exact solution u at the
point (x∗, t∗). This means that at this point, with accuracy o(hri ), condition

vhi
− u = Chri (10)

is satisfied, where C is a vector quantity independent of hi and such that
|C| > 0.

Since in the general case the exact solution u is unknown, to estimate
the convergence order r we will use Runge method [32]. Subtracting from
formula (10) the same formula, in which the index i is replaced by i+ 1, we
obtain

vhi
− vhi+1

= C
(
hri − hri+1

)
⇒ |vhi

− vhi+1
| = |C|hri

(
1− 2−r

)
. (11)



456 O.A. KOVYRKINA, V.V. OSTAPENKO

Taking the ratio of the second equalities (11) for i = 1, 2, we have

|vh1 − vh2 |
|vh2 − vh3 |

=

(
h1
h2

)r

= 2r.

This implies the Runge formula

r = log2
|vh1 − vh2 |
|vh2 − vh3 |

= log1/2
|vh2 − vh3 |
|vh1 − vh2 |

(12)

for determining the local convergence orders of the numerical solution to the
exact one.

Since the first equation (11) for i = 1 is written in the form

vh1 − vh2 = C (hr1 − hr2) = Ch
r
(
1− 2−r

)
,

the vector C can be represented as follows

C =
vh1 − vh2

hr (1− 2−r)
. (13)

Substituting the value (13) in formula (10), for i = 1 we obtain

vh − u = vh1 − u =
vh1 − vh2

1− 2−r
.

Hence, taking into account (12) we have the formula

δvh = vh − u = (vh1 − vh2)

(
1− |vh2 − vh3 |

|vh1 − vh2 |

)−1

(14)

for an approximate estimate of the error of the vector numerical solution on
the base grid (7).

Let us consider some smooth scalar function w = w(u) of the vector
solution u, and we have to estimate the accuracy of calculation for it. Sup-
pose that on the sequence of imbedded grids (9) the numerical function
whi

= w(vhi
) at the point (x∗, t∗) converges with the order ρ to the exact

function w = w(u) . This means that at this point, with accuracy o(h ρ
i ),

condition
whi

− w = Bh ρ
i (15)

is satisfied, where B is a scalar quantity independent of hi and such that B ̸=
0. If the calculated solution u is smooth, the vector and scalar convergence
orders r and ρ is equal to each other (r = ρ) for any smooth function
w = w(u). At the same time, if the exact solution u is not smoth and
contains shocks or centered rarefaction waves, then in the shock influence
domain and inside centered rarefaction waves for some functions w(u), in
particular, for invariants of the exact solution, vector and scalar convergence
orders can be different (r ̸= ρ). Taking this into account, to estimate the
scalar convergence order ρ we will use formula

ρ = log2
|wh1 − wh2 |
|wh2 − wh3 |

= log1/2
|wh2 − wh3 |
|wh1 − wh2 |

(16)
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and to estimate the error in calculation of the function w(u) we will apply
the formula

δwh = wh − w = (wh1 − wh2)

(
1− |wh2 − wh3 |

|wh1 − wh2 |

)−1

. (17)

Formulas (16) and (17) are derived from condition (15) in the same way as
formulas (12) and (14) are derived from condition (10).

If the local convergence orders r = rh(xj , tn) and ρ = ρh(xj , tn) defined
by formulas (12) and (16) oscillate sharp at time tn, we will show in figures
the averaged local convergence orders bounded above

r̄ = r̄h(xj , tn) =

{
r̂(xj , tn), r̂(xj , tn) ≤ 4,

4, r̂(xj , tn) > 4,

ρ̄ = ρ̄h(xj , tn) =

{
ρ̂(xj , tn), ρ̂(xj , tn) ≤ 4,

4, ρ̂(xj , tn) > 4,

(18)

where

r̂h(xj , tn) =
1

15

7∑
i=−7

rh(xj+i, tn), ρ̂h(xj , tn) =
1

15

7∑
i=−7

ρh(xj+i, tn),

calculated on the sufficiently fine basic grid (7). In the figures we will also
show relative errors of numerical solution, determined by the formulas

∆vh = lg
|δvh|
|vh|

, ∆wh = lg
|δwh|
|wh|

. (19)

4 Disbalances of the difference solution in the continuity
regions of calculated weak solution

In this section, we will compare the dependence regions of the exact and
numerical solutions of the Cauchy problem (5), (6), will obtaine a hyper-
bolic systems of differential equations for the approximate determination of
disbalances (errors) of the numerical solution in continuity regions of the
calculated weak solution. Using these systems, we will justify that high or-
der shock-capturing schemes can have significantly different accuracy in the
various regions of such type, and in the case of the hyperbolic system (5)
with invariants, we will show that different invariants of this system can be
calculated with significantly different accuracy in the same continuity region
of the exact solution.

4.1. Dependency domain of the exact and numerical solutions.
Since the considered finite difference schemes RBM, TVD and WENO5 are
conservative, explicit and two-layer in time, they can be written in the fol-
lowing divergent form

vn+1
j − vnj

τ
+
f̄n
j+1/2 − f̄

n
j−1/2

h
= 0, (20)
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where the numerical fluxes f̄n
j±1/2 is determined by the formulas

f̄n
j+1/2 = f̄

(
vnj−l+1,v

n
j−l+2, . . . ,v

n
j+l, θ

)
,

f̄n
j−1/2 = f̄

(
vnj−l,v

n
j−l+1, . . . ,v

n
j+l−1, θ

)
,

(21)

in which l = 2 for the RBM and TVD schemes, and l = 9 for the WENO5
scheme. Numerical fluxes (21) are consistent with the differential flux f(u)
of the system (5) in the sense of fulfilling relation

f̄(u, . . . ,u, r) = f(u). (22)

Let us denote by M [u0] the set of points of strong discontinuities for
the initial function u0(x), which is used in the formulation of the Cauchy
problem (6) for the hyperbolic system (5). In the calculations below, the
discontinuous initial data (6) and the numerical grid (7) are chosen in such
a way that all points of the set M [u0] are integer nodes xj of the numerical
grid (7). Taking this into account, for the considered numerical schemes, the
approximation of the initial data (6) at integer grid nodes is given by the
formula

v0j = vh(xj , 0) =

{
u0(xj), xj /∈M [u0],

1

2
(u0(xj − 0) + u0(xj + 0)) , xj ∈M [u0].

(23)

As shown in [36], the bounded discontinuous solution of the finite-difference
initial problem (20)–(23) is weak solution u(x, t) of the approximated differ-
ential Cauchy problem (5), (6).

From formulas (20) and (21) it follows that the resulting difference solution
vnj = v(xj , tn) at a fixed node (xj , tn), where n ≥ 1, depends on its values
at the grid nodes, which at each time level k, where 0 ≤ k ≤ n − 1, form a
finite set

Pk(xj , tn) = {(xj+i, tk) : i = −sl, . . . , sl, s = n− k} . (24)

Union of sets (24)

V (xj , tn) =

n−1⋃
k=0

Pk(xj , tn) (25)

is the dependence domain of the numerical solution of the grid Cauchy prob-
lem (20)–(23) at the node (xj , tn).

Let us fix the point (x∗, t∗), where x∗ = jh, t∗ = nτ > 0 and for each grid
Si included in the sequence (9) construct the dependence domain of type (25)
at the point (x∗, t∗); for this domain we will use the notation Vi(x∗, t∗), where
V1(x∗, t∗) = V (x∗, t∗). The limiting discrete set

Vlim(x∗, t∗) = lim
i→+∞

Vi(x∗, t∗)

everywhere densely fills the triangular region

Vnum(x∗, t∗) =

= {(x, t) : L−(t, x∗, t∗) ≤ x ≤ L+(t, x∗, t∗), 0 ≤ t ≤ t∗} , (26)
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where, taking into account the stability condition (8),

L±(t, x∗, t∗) = x∗ ± lµ(t∗ − t)/z, µ = max
i,x,t

|λi (u(x, t)) |, (27)

u(x, t) is the approximated exact solution.
The triangular region (26) will be called the continual dependence set of

the numerical solution at the point (x∗, t∗). By virtue of the CFL correct-
ness condition [44], which is typical for the explicit finite-difference schemes,
the continual dependence set (26) of their numerical solutions contains the
dependence set

Vex(x∗, t∗) =

= {(x, t) : Lm(t, x∗, t∗) ≤ x ≤ L1(t, x∗, t∗), 0 ≤ t ≤ t∗} (28)

of the exact solution of the approximated differential problem (5), (6), i. e.

Vex(x∗, t∗) ⊆ Vnum(x∗, t∗), (29)

where x = Li(t, x∗, t∗) is characteristic of the i-th family of the exact so-
lution u coming at the point (x∗, t∗). Taking into account the stability
condition (8), the RBM, TVD and WENO5 schemes satisfy the correctness
condition (29); moreover, the WENO5 scheme has a large stencil, since the
spatial size of its dependence region (26), determined by the number l = 9
included in the formula (27), significantly exceeds the spatial size of the
dependence region (28) of the approximated exact solution.

4.2. Systems of equations for disbalances of a numerical solution.
Suppose that finite-difference scheme (20) with k-th order approximates hy-
perbolic system (5). According to the CFL stability condition (8)

τ = θh, θ = const,

and this means that for each sufficiently smooth solution u(x, t) of the sys-
tem (5) up to o(hk) we have

Λh[u(x, t)] = hkΦ[u(x, t)], (30)

where Λh is the operator of the scheme

Λh[wh(x, t)] =
wh(x, t+ τ)−wh(x, t)

τ
+

+
f̄ [wh(x+ h/2, t)]− f̄ [wh(x− h/2, t)]

h
= 0,

(31)

f̄ [wh(x+ h/2, t)] =

= f̄ (wh(x− (l − 1)h, t),wh(x− (l − 2)h, t), . . . ,wh(x+ lh, t), θ) ,

f̄ [wh(x− h/2, t)] =

= f̄ (wh(x− lh, t),wh(x− (l − 1)h, t), . . . ,wh(x+ (l − 1)h, t), θ) ,
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obtained from the finite-difference scheme (20) as a result of replacing the
grid functions

vn+1
j = v(xj , tn + τ), vnj+l = v(xj + lh, tn)

with functions wh(x, t + τ) and wh(x + lh, t), depending on continuously
changing arguments x and t; Φ[u(x, t)] is a vector differential operator de-
pending on the function u(x, t) and its partial derivatives with respect to x
up to (k + 1)-th inclusive.

Since finite-difference scheme (20) is explicit and two-layer in time, the
increased approximation order (30), where k ≥ 2 is achieved due to the
vector equation (5) and its differential consequences

∂su

∂tl∂xs−l
+

∂sf(u)

∂tl−1∂xs−l+1
= 0, l = 1, s, s = 2, k. (32)

The fulfillment of condition (30) implies not only the smoothness of the
exact solution u(x, t) of approximated system (5), but also the corresponding
smoothness of the numerical flux function f̄ of the scheme (20). The flux
function f̄ in the RBM scheme is analytical and therefore this scheme has
the third order of approximation. At the same time, the approximation
order (30) for the TVD and WENO5 schemes can significantly depend on
the smoothness of their numerical flux functions (21), which changes as a
result of nonlinear flux correction. Taking this into account, in the general
case, k ≤ 2 for the TVD scheme and k ≤ 3 for the WENO5 scheme.

Since sufficiently smooth solutions wh(x, t) of the scheme (31) approxi-
mately satisfy the vector equation (5) and its differential consequences (32),
this scheme on such solutions up to o(hk) can be represented in the form

(wh)t + f(wh)x = hkΨ[wh], (33)

where Ψ[wh] is a vector differential operator depending on the function
wh(x, t) and its partial derivatives with respect to x up to (k+1)-th inclusive.
The system (33), called in [45] the P-form of the First Differential Approxi-
mation (PFDA) of the finite-difference scheme (20), makes it possible to ap-
proximately simulate the behavior of the numerical solution vnj = v(xj , tn)

of this scheme in the smooth parts of the calculated weak solution u(x, t) of
the Cauchy problem (5), (6).

Slightly modifying the method proposed in [46], we will construct a solu-
tion of the system (33) as the following series

wh(x, t) = u(x, t) +
k∑

i=1

hiwi(x, t) + o(hk), (34)

where u(x, t) is the smooth solution of the system (5). Substituting for-
mula (34) in equation (33), taking into account the system (5), up to o(hk)
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we obtain
k∑

i=1

hi ((wi)t + (A(u)wi)x)+

+
k∑

i=2

hi (Ψi(u,w1,w2, . . . ,wi−1))x = hkΨ[u], (35)

where A(u) = fu(u) is the Jacobian of the system (5), and Ψi are vector
functions whose components are polynomials of the components of vector
functions w1,w2, . . . ,wi−1; moreover, functions Ψi take zero values if all
functions wl included in them are zero, i.e.

Ψi(u, 0, 0, . . . , 0) = 0, i = 2, k. (36)

Equating to zero the sums of coefficients at the same powers of h in equa-
tion (35), we obtain the following recurrent system of vector linear differential
equations for functions wi included in series (34):

(w1)t + (A(u)w1)x = 0, (37)

(wi)t + (A(u)wi)x + (Ψi(u,w1,w2, . . . ,wi−1))x = 0,

i =2, k − 1,
(38)

(wk)t + (A(u)wk)x + (Ψi(u,w1,w2, . . . ,wk−1))x = Ψ[u]. (39)
Since the matrix A(u) in the systems (37)–(39) is the Jacobian of the ap-
proximated system (5), the systems (37)–(39) are hyperbolic and their char-
acteristics fields coincide with the characteristics field of system (5).

We fix some point (x∗, t∗) with t∗ > 0 and at first assume that weak
solution u(x, t) of the Cauchy problem (5), (6) is smooth in the dependence
set (28). In this case, the solution of system (37)–(39) at the point (x∗, t∗)
can be obtained if for the functions vi the initial conditions are set on interval

I = {x : (x, 0) ∈ Vex(x∗, t∗)} . (40)

Since numerical initial data (23) on continuity interval (40) of the initial
function u0(x) correspond to the initial conditions

wh(x, 0) = u0(x), x ∈ I, (41)

for scheme (31) and its PFDA (33), substituting conditions (41) in for-
mula (34), written at t = 0, and taking into account (6), we obtain

wi(x, 0) = 0, x ∈ I, i = 1, k. (42)

According to relations (36), homogeneous equations (37) and (38) with initial
conditions (42) have zero solutions

wi(x, t) = 0, t ≥ 0, i = 1, k − 1,

due to which inhomogeneous equation (39) takes the form

(wk)t + (A(u)wk)x = Ψ[u]. (43)
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The Cauchy problem for vector equation (43) with initial conditions (42),
where i = k, generally has a non-zero solution wk(x, t). Considering se-
ries (34), this gives up to o(hk) the leading disbalance term

δwh(x, t) = wh(x, t)− u(x, t) = hkwk(x, t) (44)

for the solution wh(x, t) of the PFDA (33), which makes it possible in the
region Vex(x∗, t∗) to approximately estimate the error

δvh(xj , tn) = vh(xj , tn)− u(xj , tn) = hkwk(xj , tn) (45)

of the numerical solution vh(xj , tn) of the finite-difference Cauchy prob-
lem (20)–(23). Thus, in the simplest considered case, the convergence or-
der (45) of the difference solution to the exact one coincides with the ap-
proximation order (30) by scheme (20) of system (5). This situation takes
place in the region Λ1 of the exact solution of problem (1), (2), when each
of the considered schemes have the same orders of approximation (30) and
convergence (45).

4.3. The accuracy of the numerical solution inside shock influence
domain. Let us assume that the dependence set Vex(x∗, t∗) intersects with
the shock of the exact solution u propagating in the positive direction of the
x-axis and located on the line

L =
{
(x, t) : x = s(t), s′(t) > 0, t ≥ t∗ ≥ 0

}
, (46)

where t∗ is a time moment of shock formation. If t∗ = 0, the shock arises
as a result of the decay of a strong discontinuity in the initial data (6), and
if t∗ > 0, as a result of a gradient catastrophe inside the computational
domain (further we will analyze in more detail the case t∗ = 0). We will
assume that the exact solution u of the problem (5), (6) is smooth in the
domain Vex(x∗, t∗)\L outside the shock L. Since the shock is a stable strong
discontinuity [37], to which m + 1 characteristics of system (5) come, and
m − 1 characteristics of this system go out from it, the shock L cannot
immediately cross two lateral sides of the domain Vex(x∗, t∗), defined by
formula (28). With this in mind, without loss of generality, we will assume
that the shock L crosses the right boundary of the domain Vex(x∗, t∗), that is
on the characteristic x = L1(t, x∗, t∗). For this case in Fig. 2 the dependence
set Vex(x∗, t∗) is represented by a curvilinear triangle ABC.

Since in shock-capturing schemes there is no local convergence of the nu-
merical solution to the exact one in some neighborhood of the shocks, we will
assume that in considered domain Vex(x∗, t∗)\L, the semi-discrete numeri-
cal solution wh(x, tn) of the finite-difference Cauchy problem (31), (41) con-
verges to the exact solution u(x, t) of the differential Cauchy problem (5), (6)
in the sense of the following limit

lim
h→0

∥ wh − u ∥Vε(h)
= lim

h→0
max

(x,tn)∈Vε(h)

|wh(x, tn)− u(x, tn)| = 0, (47)
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Figure 2. The dependence set of the exact solution at the
point A that is inside the shock L influence domain.

where
Vε = Vε(x∗, t∗) = Vex(x∗, t∗)\Lε,

Lε = {(x, t) : s(t)− ε ≤ x ≤ s(t) + ε, t ≥ 0}
(48)

is an ε-neighborhood of the shock L and ε(h) is the positive monotonically
decreasing function such that

lim
h→0

ε(h) = 0, lim
h→0

h/ε(h) = 0. (49)

It should be noted that the strong convergence assumption (47) for the
NFC schemes is not always satisfied. It was shown [47] that when calculating
the dam break problem for shallow water equations (1) with the parameter
z = 0.45 in the stability condition (8), the numerical solutions obtained by
the WENO5 [7] and CABARETM [48] schemes have undamped oscillations
on some intervals inside the shock influence domain, where its amplitude does
not decrease with decreasing numerical grid steps. As a result, taking into
account the Lax-Wendroff theorem [36], the numerical solutions obtained by
the NFC schemes WENO5 and CABARETM has only weak convergence to
the constant exact solution inside the shock influence domain.

It follows from the passage to the limit (47) that at the left boundary

∂L−
ε(h) = {(x, t) ∈ Vex(x∗, t∗) : x = s(t)− ε(h), t ≥ 0} (50)

of the domain Lε(h) numerical solution wh converges to the exact solution
u, i.e.

lim
h→0

wh(x, tn) = u(x, tn), (x, tn) ∈ ∂L−
ε(h). (51)

Assume first that this convergence is uniform and regular. This means that
there is a natural number l and vector function ψ(x, tn) for which up to o(hl)
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the condition

wh(x, tn) = u(x, tn) + hlψ(x, tn), (x, tn) ∈ ∂L−
ε(h), (52)

is satisfied. Using a high-order interpolate function ψ(x, tn) with respect to
variable t, we extend the discrete-time condition (52) to the condition

wh(x, t) = u(x, t) + hlψ(x, t), (x, t) ∈ ∂L−
ε(h), (53)

which depends on continuously changing variable t.
To construct the solutions wi of systems (37)–(39) at the point (x∗, t∗)

with initial conditions
wi(x, 0) = 0, x ∈ Iε(h) = {x : (x, 0) ∈ Vex(x∗, t∗), x ≤ s(0)− ε(h)} ,

i = 1, k,

it is necessary to set boundary conditions at the line ∂L−
ε(h). For this we

substitute formula (53) in the expansion (34), written for (x, t) ∈ ∂L−
ε(h),

and equate to zero the sums of coefficients for equal powers of h. As a result
for (x, t) ∈ ∂L−

ε(h) we have

wi(x, t) = 0, i = 1, k, l > k, (54)

wi(x, t) = 0, i = 1, l − 1, wl(x, t) = ψ(x, t), l ≤ k. (55)

In the general case, for the correctness of the initial-boundary value problems
it is necessary that the number of scalar boundary conditions at the line
∂L−

ε(h) coincide with the number of characteristics of system (5) coming
to the point (x∗, t∗) from this line. However, in our case, the boundary
conditions (54) and (55) are correct, since they are not random, but are
obtained from formula (53), which includes the exact u and approximated
wh solutions of the considered problem.

Taking into account the conditions (54) and (55), formally, three quali-
tatively different situations are possible when determining the main term of
the numerical solution error at the point (x∗, t∗).

1. If l > k, the main error term is determined by the formula (44),
where wk(x, t) is the solution of the initial-boundary value problem for the
system (43) with zero initial and boundary conditions

wk(x, 0) = 0, x ∈ Iε(h); wk(x, t) = 0, (x, t) ∈ ∂L−
ε(h).

2. If l = k, the main error term is determined by the formula (44),
where wk(x, t) is the solution of the initial-boundary value problem for the
system (43) with following initial and boundary conditions

wk(x, 0) = 0, x ∈ Iε(h); wk(x, t) = ψ(x, t), (x, t) ∈ ∂L−
ε(h).

3. If l < k, the main error term is determined by the formula

δwh(x, t) = wh(x, t)− u(x, t) = hlwl(x, t), (56)
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where wl(x, t) is the solution of the initial-boundary value problem for the
homogeneous system

(wl)t + (A(u)wl)x = 0,

with the following initial and boundary conditions

wl(x, 0) = 0, x ∈ Iε(h); wl(x, t) = ψ(x, t), (x, t) ∈ ∂L−
ε(h).

Thus, on the boundary condition (52), the main error term at the point
(x∗, t∗) is given by regular formulas (44) or (56). We obtain a similar result
on the condition t∗ > 0 in formula (46), when the shock L arises as a result
of a gradient catastrophe inside the computational domain. However, test
calculations of the SPC problem (1), (2) by the NFC schemes showed [33]
that in these schemes there is no regular convergence of the numerical solu-
tion to the exact one in the shock influence domains (4): the convergence
orders (12) of the NFC schemes in these domains oscillate sharp around the
value r = 1; the wavelength in these oscillations decreases in direct propor-
tionality to decrease in grid step h and the amplitude of oscillations decreases
much more slowly than the decrease in step h.

Taking this into account, for the NFC scheme, regulary boundary condi-
tion (52) is not satisfied, and the consequence of passage to the limit (51) is
the more general formula

wh(x, tn) = u(x, tn) +ψ(h, x, tn), (x, tn) ∈ ∂L−
ε(h), (57)

where function ψ(h, x, t) satisfies the conditions

lim
h→0

|ψ(h, x, t)| = 0, lim
h→0

|ψ(h, x, t)|/h = +∞. (58)

Moreover, function ψ(h, x, t) is not differentiable with respect to h, that
makes it impossible to write condition (57) in regular form (52), which allows
determining the local convergence order l. Here we will assume that function
ψ(h, x, t) is sufficiently smooth with respect to its variables x and t.

Test calculations of the SPC problem also showed that the HASIA schemes,
in contrast to the NFC schemes, retain the regular convergence of the numer-
ical solution to the exact one inside shock influence domains (4). However,
this convergence is not uniform: in particular [33], convergence orders of
the RBM scheme inside shock influence domains is not constant, but is con-
tinuous function of independence variables x and t. This means that the
numerical solution obtained by the HASIA scheme at the line (50) is given
by formula (57), in which function ψ(h, x, t), for each value of t = tn, can
be represented in the form

ψ(h, x, t) = hα(t)ψ̄(x, t) + o
(
hα(t)

)
, (59)

where ψ̄(x, t) is some smooth function and α(t) is the positive continuous
function determines the nonuniform convergence orders.
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Using a high-order interpolate function ψ(h, x, tn) with respect to variable
t, we extend the discrete-time condition (57) to the condition

wh(x, t) = u(x, t) +ψ(h, x, t), (x, t) ∈ ∂L−
ε(h), (60)

which depends on the continuously changing variable t, where functionψ(h, x, t)
satisfies conditions (58) for the NFC schemes and condition (59) for the HA-
SIA schemes. To estimate the accuracy of the NFC scheme inside the shock
influence domain, the PFDA-system (33) is applicable, which solution in this
domain, in contrast to (34), should be found as follows

wh(x, t) = u(x, t) + ω(h, x, t), (61)

where with respect to function ω(h, x, t), taking into account (58), we will
assume that

O(|ω|) = O(|ψ|) ⇒ lim
h→0

|ω(h, x, t)| = 0, lim
h→0

|ω(h, x, t)|/h = +∞. (62)

Substituting function (61) in the system (33), taking into account equa-
tion (5) and conditions (62), up to o (|ω|) we obtain

ωt + (A(u)ω)x = 0. (63)

As a result, the main error term of the NFC scheme numerical solution inside
shock influence domain is determined by the formula

δwh(x, t) = wh(x, t)− u(x, t) = ω(h, x, t), (64)

where ω(h, x, t) is the solution of the initial-boundary value problem for the
system (63) with following initial and boundary conditions

ω(h, x, 0) =0, x ∈ Iε(h);

ω(h, x, t) =ψ(h, x, t), (x, t) ∈ ∂L−
ε(h),

(65)

where function ψ(h, x, t) satisfies the conditions (58).
To estimate the accuracy of the HASIA scheme inside shock influence

domain, the solution of the PFDA-system (33) should be sought in the
form (61), in which function ω(h, x, t), considering (59), can be represented
as follows

ω(h, x, t) = hβ(x,t)ω(x, t) + o
(
hβ(x,t)

)
, (66)

where ω(x, t) is some smooth function and β(x, t) is the positive contin-
uous function determines the local convergence orders. Substituting such
function (61) in the system (33), taking into account (5) and (66), up to
o
(
|ω|+ hk

)
we obtain

ωt + (A(u)ω)x = hkΨ[u]. (67)

Thus the main error term of the HASIA scheme numerical solution inside
shock influence domain is determined by the formula (64), where ω(h, x, t)
is the solution of initial-boundary value problem for the system (67) with
the initial and boundary conditions (65), where function ψ(h, x, t) has the
form (59).
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4.4. The accuracy of the numerical solution inside centered rar-
efaction wave. Assume that the point (x∗, t∗) lies inside a centered rar-
efaction wave of index i

R =
{
(x, t) : L−

i (t, x
∗) ≤ x ≤ L+

i (t, x
∗), t ≥ 0

}
(68)

of the exact solution u, where x = L∓
i (t, x

∗) are lateral characteristics of
the i-th family coming from the point P = (x∗, 0) on the x-axis and located
at the left and right boundaries of the centered wave. At the center point
P = (x∗, 0) of the rarefaction wave (68) the initial function u0(x) of the
Cauchy problem (5), (6) is discontinuous

u0(x
∗ − 0) ̸= u0(x

∗ + 0), λi (u0(x
∗ − 0)) < λi(u0(x

∗ + 0)),

and at the lateral boundaries x = L∓
i (t, x

∗) of the wave (68), the exact
solution u may have weak discontinuities, in particular, discontinuities of
its first derivatives. We will assume that the exact solution u is smooth in
dependence set Vex(x∗, t∗) outside boundary characteristics x = L∓

i (t, x
∗). In

Fig. 3 the dependence set Vex(x∗, t∗) is represented by the curvilinear triangle
ABC and the centered rarefaction wave R is located between characteristics
L−
i and L+

i , emerging from the point P = (x∗, 0).
Since in shock-capturing schemes there is no local convergence of the nu-

merical solution to the exact one in some neighborhood of the center point P ,
we will assume that in the domain Vex(x∗, t∗)\P , the semi-discrete numeri-
cal solution wh(x, tn) of the finite-difference Cauchy problem (31), (41) con-
verges to the exact solution u(x, t) of the differential Cauchy problem (5), (6)
in the sense of the limit (47) where

Vε =Vε(x∗, t∗) = Vex(x∗, t∗)\Pε,

Pε =
{
(x, t) : (x− x∗)2 + (t− t∗)2 ≤ ε2

} (69)

is an ε-neighborhood of the point P and ε(h) is the positive monotonically
decreasing function that satisfies the conditions (49). It follows from (47)
that at part of the boundary

∂Pε(h) =

=
{
(x, t) ∈ Vex(x∗, t∗) : (x− x∗)2 + (t− t∗)2 = ε2(h), t ≥ 0

}
(70)

of the domain Pε(h) numerical solution wh converges to the exact solution u

lim
h→0

wh(x, tn) = u(x, tn), (x, tn) ∈ ∂Pε(h).

It follows from the results of test calculations that inside the centered
rarefaction waves, the shock-capturing schemes have the first convergence
order, regardless of their approximation order (30). This means that at part

∂P ∗
ε(h) = ∂Pε(h) ∩R =

=
{
(x, t) ∈ R : (x− x∗)2 + (t− t∗)2 = ε2(h)

}
(71)
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Figure 3. The dependence set of the exact solution at the
point A that is inside the centered rarefaction wave.

of the boundary (70) located inside the centered wave (68), the numerical
solution wh(x, tn) up to o(h) can be represented as

wh(x, tn) = u(x, tn) + hψ(x, tn), (x, tn) ∈ ∂P ∗
ε(h), (72)

where ψ(x, tn) is some vector function. Using a high-order interpolate func-
tion ψ(x, tn) along the line (71), we extend the discrete-time condition (72)
to the condition

wh(x, t) = u(x, t) + hψ(x, t), (x, t) ∈ ∂P ∗
ε(h), (73)

which depends on the continuously changing variable t.
Taking into account boundary condition (73), to obtain the error of the

numerical solution inside centered rarefaction wave (68), we can use the
PFDA-system (33), which solution is calculated in the form

wh(x, t) = u(x, t) + hw1(x, t) + o(h). (74)

Since we consider shock-capturing schemes of increased accuracy, for which
the approximation order k > 1, function w1 included in the expansion (74)
satisfies homogeneous hyperbolic system (37) and zero initial conditions

w1(x, 0) = 0,

x ∈ I∗ε(h) = {x : (x, 0) ∈ Vex(x∗, t∗), |x− x∗| ≥ ε(h)} . (75)

To set the boundary conditions that function w1 satisfies at the line (71), we
substitute solution (74) in condition (73) and equating to zero the coefficients
at h:

w1(x, t) = ψ(x, t), (x, t) ∈ ∂P ∗
ε(h). (76)
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In the general case, for the correctness of the initial-boundary value prob-
lems for the system (37) it is necessary that the number of scalar boundary
conditions at the line ∂P ∗

ε(h) coincide with the number of characteristics of
system (5) coming to the point (x∗, t∗) ∈ R from this line. However, in
our case, the vector boundary conditions (76) is correct, since they are not
random, but is obtained from the formula (73), which includes the exact u
and approximated wh solutions of the considered problem. Thus the main
term of the numerical solution error at the point (x∗, t∗) ∈ R is determined
by the formula

δwh(x, t) = wh(x, t)− u(x, t) = hw1(x, t),

where w1(x, t) is the solution of initial-boundary value problem for the sys-
tem (37) with initial and boundary conditions (75) and (76) accordingly.
Moreover, the convergence of the numerical solution wh to the exact solu-
tion u inside the centered rarefaction wave (68) is uniform and regular.

4.5. Hyperbolic system of conservation laws admitting invariants.
Let us multiply the hyperbolic system (5) on the left by matrix L(u), which
rows are the left eigenvectors of the Jacobian A(u) = fu(u). Taking into
account that

L(u)A(u) = Λ(u)L(u),

where Λ(u) is a diagonal matrix of eigenvalues of the matrix A(u), we obtain
the characteristic representation of system (5)

L(u) (ut + Λ(u)ux) = 0. (77)

Suppose that one of the differential form l(u)du, where l(u) is some left
eigenvector of the matrix A(u), has an integrating factor p(u), when multi-
plied by which it can be represented as a total differential

dF (u) = p(u)l(u)du (78)

of some function F (u). In this case, the system (77) has an invariant

U = U(x, t) = F (u(x, t)), (79)

that satisfies equation
dU

dt

∣∣∣∣
λ(u)

= Ut + λ(u)Ux = 0, (80)

where λ(u) is the eigenvalue of the matrix A(u) corresponding to its left
eigenvector l(u), i.e. l(u)A(u) = λ(u)l(u). Equation (80) implies that the
invariant U remains constant on each characteristic x = xλ(t) given by the
differential equation

dx

dt
= λ(u(x, t)).

Similarly, multiplying the PFDA-system (33) on the left by matrix L(wh),
we obtain the characteristic representation of this system

L(wh) ((wh)t + Λ(wh)(wh)x) = hkΦ[wh], (81)
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where Φ[wh] = L(wh)Ψ[wh]. With formula (78) in mind, the system (81)
has an invariant

Wh =Wh(x, t) = F (wh(x, t)), (82)
that satisfies the inhomogeneous hyperbolic equation

dWh

dt

∣∣∣∣
λ(wh)

= (Wh)t + λ(wh)(Wh)x = hkΦ[wh], (83)

where Φ[wh] = p(wh)ϕ[wh] and ϕ[wh] is corresponding component of the
vector Φ[wh]. Let us study the accuracy with which invariant Wh of the
numerical solution wh approximates the invariant U of the exact solution u
at some point (x∗, t∗), where t∗ > 0.

4.5.1. The case when the exact solution is smooth in the depen-
dence set Vex(x∗, t∗). Assume that the exact solution u in the dependence
set Vex(x∗, t∗) is smooth. In this case, the main error term of the numerical
solution wh in the domain Vex(x∗, t∗) is determined by the formula (44),
so it follows that the numerical solution in this domain up to o(hk) can be
represented as

wh(x, t) = u(x, t) + hkwk(x, t), (84)
where function wk(x, t) is the solution of the Cauchy problem for the sys-
tem (43) with zero initial condition

wk(x, 0) = 0, x ∈ I = {x : (x, 0) ∈ Vex(x∗, t∗)} .
Substituting expansion (84) in the formula (82), taking into account (79),
we obtain

Wh(x, t) = F
(
u(x, t) + hkwk(x, t)

)
=

= U(x, t) + hkFu(u(x, t))wk(x, t) + o(hk).

Hence it follows that numerical invariant Wh in the domain Vex(x∗, t∗) up to
o(hk) can be written as

Wh(x, t) = U(x, t) + hkWk(x, t), (85)

where Wk(x, t) = Fu(u(x, t))wk(x, t).
Substituting formulas (84) and (85) in the equation (83), we obtain

Ut + hk(Wk)t + λ
(
u+ hkwk

)(
Ux + hk(Wk)x

)
= hkΦ[u+ hkwk]. (86)

Transforming the equation (86) using expansions

λ
(
u+ hkwk

)
= λ(u)+hkλu(u)wk+o(h

k), Φ[u+hkwk] = Φ[u]+O(hk),

and considering equation (80), we equate to zero the sum of the coefficients
at hk. As a result, we have the hyperbolic equation

dWk

dt

∣∣∣∣
λ(u)

= (Wk)t + λ(u)(Wk)x = Φ[u]− (λu(u)wk)Ux (87)
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that function Wk satisfies with known functions u, U and wk.
Since the sequence of equalities

Wh(x, 0) = F (wh(x, 0) = F (u0(x)) = F (u(x, 0)) = U(x, 0)

follows from the initial conditions (6) and (41), taking into account formu-
las (79) and (82), the numerical invariant Wh satisfies the following initial
condition

Wh(x, 0) = U(x, 0), x ∈ I. (88)
Substituting expansion (85) in the formula (88), we obtain

Wk(x, 0) = 0, x ∈ I, (89)

Integrating equation (87) along the characteristic x = xλ(t, x∗, t∗) coming
to the point (x∗, t∗) from some point (x0∗, 0), where x0∗ ∈ I, with the initial
condition (89) in mind, we have the formulas

Wk(x∗, t∗) =

t∗∫
0

Ψ [V (xλ(t, x∗, t∗), t)] dt, (90)

where we use the following notation

V = (u,wk, U), Ψ [V ] = Φ[u]− (λu(u)wk)Ux.

Thus, in the considered case, the calculation error of the invariant U at
the point (x∗, t∗) up to o(hk) is determined by the formula

δWh(x∗, t∗) =Wh(x∗, t∗)− U(x∗, t∗) = hkWk(x∗, t∗), (91)

where the value Wk(x∗, t∗) is given by (90). If system (77) admits one more
invariant that extends along another family of characteristics x = xµ(t),
formulas (91) also take place for the calculation error of this invariant, tak-
ing into account the fact that in the integral in formula (90), characteristic
xλ(t, x∗, t∗) should be replaced by characteristic xµ(t, x∗, t∗). This means
that all invariants of the system (77) are calculated at the point (x∗, t∗) with
the same accuracy, which coincides with the accuracy of calculating the exact
vector solution u.

4.5.2. The case when the point (x∗, t∗) is inside the shock influ-
ence domain. Let us assume that the point (x∗, t∗) is inside the shock
L influence domain (Fig. 2) and the exact solution u is smooth in the de-
pendence set Vex(x∗, t∗)\L. Denote by V infl

ε(h)(x∗, t∗) that part of the do-
main Vε(h)(x∗, t∗), which intersects with the influence area of the shock L,
where Vε(x∗, t∗) is given by formulas (48). In the considered case the NFC
numerical solution wh in the domain W infl

ε(h)(x∗, t∗) is representable in the
form (61), and substituting it in the formula (82) with (79) in mind, we
obtain

Wh(x, t) = F (u(x, t) + ω(h, x, t)) =

= U(x, t) + Fu(u(x, t))ω(h, x, t) + o(|ω|).
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Hence it follows that numerical invariant Wh in the domain V infl
ε(h)(x∗, t∗) up

to o(|ω|) can be written as

Wh(x, t) = U(x, t) + W̃ (h, x, t), (92)

where W̃ (h, x, t) = Fu(u(x, t))ω(h, x, t). Substituting formulas (61) and (92)
in the equation (83), taking into account equation (80) and conditions (62),
up to o (|ω|) we obtain the hyperbolic equation

dW̃

dt

∣∣∣∣∣
λ(u)

= W̃t + λ(u)W̃x = − (λu(u)ω)Ux (93)

that function W̃ satisfies with known functions u, U and ω.
At first let us assume that characteristic x = xλ(t, x∗, t∗), coming at the

point (x∗, t∗), goes out from the point (xε, tε) ∈ ∂L−
ε(h), i. e. from the point

located at the left boundary (50) of the ε(h)-neighborhood of the shock L.
Since at (x, t) ∈ ∂L−

ε(h) the sequence of equalities

Wh(x, t) = F (wh(x, t)) =F (u(x, t) +ψ(h, x, t)) =

= U(x, t) + Fu(u(x, t))ψ(h, x, t) + o(|ψ|)

follows from the boundary condition (60), taking into account formulas (79)
and (82), the function W̃ in expansion (92) up to o (|ψ|) satisfies the bound-
ary condition

W̃ (h, x, t) = ψ̃(h, x, t) = Fu(u(x, t))ψ(h, x, t), (x, t) ∈ ∂L−
ε(h). (94)

Integrating equation (93) along the characteristic x = xλ(t, x∗, t∗) on the
time interval [tε, t∗], with the boundary condition (94) in mind, we have the
formula

W̃ (x∗, t∗) = ψ̃(h, xε, tε)−
t∗∫

tε

Ψ̃
[
Ṽ (xλ(t, x∗, t∗), t)

]
dt, (95)

where we use the following notation

Ṽ = (u,ω, U), Ψ̃ [Ṽ ] = (λu(u)ω)Ux. (96)

Formula (95) with conditions (58), (62) and formulas (94), (96), implies the
estimate

W̃ (x∗, t∗) = O(|ψ|)− (t∗ − tε)O(|ω|)O(|Ux|) =
= O(|ψ|) (1− (t∗ − tε)O(|Ux|) = O(|Ux|)O(|ψ|). (97)

Suppose now that characteristic x = xλ(t, x∗, t∗), coming at the point
(x∗, t∗), goes out from the point (x0∗, 0) on x-axis, where x0∗ ∈ Iε(h), and
does not pass through the domain Lε(h). In this case, this characteristic at
some point (xb, tb) crosses the boundary of the region V infl

ε(h)(x∗, t∗), located
inside the shock L influence domain. Since the exact solution u is smooth
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in the dependence sets Vex(x, t) of points (x, t) belonging to characteristic
x = xλ(t, x∗, t∗) at t ≤ tb, the numerical invariant Wh in this points up
to o(hk) has the form (85). Substituting expansion (92) in formula (85) at
(x, t) = (xb, tb), we obtain an internal boundary condition

W̃ (h, xb, tb) = hkWk(xb, tb),

Wk(xb, tb) =Fu(u(xb, tb)wk(xb, tb),
(98)

for the function W̃ at the boundary of the shock influence domain. Inte-
grating equation (93) along the characteristic x = xλ(t, x∗, t∗) on the time
interval [tb, t∗], in respect of the notation (96) and boundary condition (98),
we have

W̃ (x∗, t∗) = hkWk(xb, tb)−
t∗∫

tb

Ψ̃
[
Ṽ (xλ(t, x∗, t∗), t)

]
dt. (99)

Because we conside shock-capturing schemes of high accuracy with approx-
imation order k ≥ 2, then formula (99) with conditions (62) and formu-
las (96), up to o(|ψ|) implies the estimate

W̃ (x∗, t∗) = (t∗ − tb)O(|ω|)O(|Ux|) = (t∗ − tb)O(|Ux|)O(|ψ|). (100)

Let us denote by U s
ε the invariant transferred to the point (x∗, t∗) along

the characteristic passing across the point (xε, tε) ∈ ∂L−
ε(h) and denote by U s

b

the invariant transferred to the point (x∗, t∗) along the characteristic passing
across the point (xb, tb) that is at the boundary of the region V infl

ε(h)(x∗, t∗).
Comparison of formulas (97) and (100) shows that, if the inequality

(t∗ − tb) |(U s
b )x| ≪ |(U s

ε )x|

is satisfied in the region V infl
ε(h)(x∗, t∗), then the invariant U s

ε is calculated at
the point (x∗, t∗) with a significantly lower accuracy than the invariant U s

b .
We can obtain a similar result for the HASIA schemes, provided that the
local convergence orders in formulas (59) and (66) satisfy inequalities

α(t) ≪ k, β(x, t) ≪ k,

where k is the order of approximation of the scheme. We note that above
situation takes place [27, 28, 30, 32, 33] in the numerical solution of the SPC
problem (1), (2) according to high order shock-capturing schemes, when in
the shock influence domains (4), invariant w1, transferred to these domains
through the shocks, is calculated with a significantly lower accuracy than the
invariant w2, transferred to these domains from x-axis through the smooth-
ness region of the exact solution.

4.5.3. The case when the point (x∗, t∗) is inside the centered rar-
efaction wave. Suppose that the point (x∗, t∗) is inside the centered rar-
efaction wave (68) of the exact solution u and this solution is smooth in the
dependence set Vex(x∗, t∗) outside boundary characteristics x = L∓

i (t, x
∗)
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of the rarefaction wave. Denote by V rar
ε(h)(x∗, t∗) that part of the domain

Vε(h)(x∗, t∗), which intersects with the rarefaction wave (68), where Vε(x∗, t∗)
is given by formulas (69). In the considered case the numerical solution wh

in the domain V rar
ε(h)(x∗, t∗) is representable in the form (74), substituting

which in the formula (82) with (79) in mind, we obtain

Wh(x, t) = F (u(x, t) + hw1(x, t) + o(h)) =

= U(x, t) + hFu(u(x, t))w1(x, t) + o(h).

Hence it follows that numerical invariant Wh in the domain Srar
ε(h)(x∗, t∗) up

to o(h) can be written as

Wh(x, t) = U(x, t) + hW1(x, t), (101)

where W1(x, t) = Fu(u(x, t))w1(x, t). Substituting formulas (74) and (101)
in equation (83), taking into account equation (80) and inequality k ≥ 2, up
to o(h) we obtain the hyperbolic equation

dW1

dt

∣∣∣∣
λ(u)

= (W1)t + λ(u)(W1)x = − (λu(u)w1)Ux (102)

that function W1 satisfies with known functions u, U and w1.
At first let us assume that characteristic x = xλ(t, x∗, t∗), coming at the

point (x∗, t∗), is a characteristic of i-th family coming from the center point
P = (x∗, 0) of the rarefaction wave (68) and intersecting at the point (xε, tε)
boundary line ∂P ∗

ε(h) of ε(h)-neighborhood of the center point P . Since at
(x, t) ∈ ∂P ∗

ε(h) the sequence of equalities

Wh(x, t) = F (wh(x, t)) = F (u(x, t) + hψ(x, t)) =

= U(x, t) + hFu(u(x, t))ψ(x, t) + o(h)

follows from the boundary condition (73), taking into account formulas (79)
and (82), the function W1 in expansion (101) up to o(h) satisfies the bound-
ary condition

W1(x, t) = ψ(x, t) = Fu(u(x, t))ψ(x, t), (x, t) ∈ ∂P ∗
ε(h). (103)

Integrating equation (102) along the characteristic x = xλ(t, x∗, t∗) on the
time interval [tε, t∗], with the boundary condition (103) in mind, we have the
formula

W1(x∗, t∗) = ψ(xε, tε)−
t∗∫

tε

Ψ
[
V (xλ(t, x∗, t∗), t)

]
dt, (104)

where we use the following notation

V = (u,w1, U), Ψ
[
V
]
= (λu(u)w1)Ux. (105)
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Formula (104), with (101) and (105), implies the estimate for numerical
invariant error

δWh(x∗, t∗) =Wh(x∗, t∗)− U(x∗, t∗) = hW1(x∗, t∗) =

= O(h) (1− (t∗ − tε)O(|Ux|)) = O(|Ux|)O(h). (106)

Suppose now that characteristic x = xλ(t, x∗, t∗), coming at the point
(x∗, t∗), goes out from the point (x0∗, 0) on x-axis, where x0∗ ∈ I∗ε(h), and
does not pass through the domain Pε(h). In this case, the characteristic at
some point (xb, tb) crosses the boundary of the region V rar

ε(h)(x∗, t∗). Since the
exact solution u is smooth in the dependence sets Vex(x, t) of points (x, t)
belonging to characteristic x = xλ(t, x∗, t∗) at t ≤ tb, the numerical invariant
Wh in this points up to o(hk) has the form (85). Substituting expansion (101)
in the formula (85) at (x, t) = (xb, tb) and considering that k ≥ 2, we obtain
an internal boundary condition

W1(xb, tb) = 0 (107)

at the boundary of the centered rarefaction wave. Integrating equation (102)
along the characteristic x = xλ(t, x∗, t∗) on the time interval [tb, t∗], taking
into account the notation (105) and boundary condition (107), we have

W1(x∗, t∗) = −
t∗∫

tb

Ψ
[
V (xλ(t, x∗, t∗), t)

]
dt. (108)

Formula (108), with (101) and (105), implies the estimate for numerical
invariant error

δWh(x∗, t∗) =Wh(x∗, t∗)− U(x∗, t∗) = hW1(x∗, t∗) =

= (t∗ − tb)O(|Ux|)O(h). (109)

Let us denote by U r
ε the invariant transferred to the point (x∗, t∗) along

the characteristic passing across the point (xε, tε) ∈ ∂P ∗
ε(h) and denote by U r

b

the invariant transferred to the point (x∗, t∗) along the characteristic passing
across the point (xb, tb) that is at the boundary of the region V rar

ε(h)(x∗, t∗).
Comparison of formulas (106) and (109) shows that, if the inequality

(t∗ − tb) |(U r
b )x| ≪ |(U r

ε )x| (110)

is satisfied in the region V rar
ε(h)(x∗, t∗), then the invariant U r

ε is calculated at
the point (x∗, t∗) with a significantly lower accuracy than the invariant U r

b .
Thus, we have given a theoretical justification for the fact that in the

shock influence domains and inside the centered rarefaction waves, different
invariants of the approximated hyperbolic system can be calculated with
significantly different accuracy.
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Figure 4. Liquid depth obtained by solving the modified
dam break problem (1), (111) at time t = 0.6. Initial data
(dashed line) and exact solution (solid line) that simulated
by numerical calculation with the step h = 0.001 by the
WENO5. Numerical calculations with the step h = 0.2 by
the schemes: RBM (points), TVD (crosses) and WENO5 (cir-
cles).

5 Modified dam break problem

To illustrate the theoretical results obtained in the previous section, we
will use test calculations by the RBM, TVD and WENO5 finite-difference
schemes of the Cauchy problem for shallow water equations (1) with the
following piecewise smooth discontinuous initial data

H(x, 0) =

{
H1, x ≤ 0,
φ(x), x > 0,

q(x, 0) = 0, (111)

where H1 = 5,

φ(x) = 2− 1

π
arctan(x+ 2). (112)

From formulas (111) and (112) it follows that the initial depth function
H(x, 0) at x = 0 has a strong discontinuity

H(0, 0)−H(0 + 0, 0) = 3 +
1

π
arctan(2) ≈ 3.35. (113)

Since Cauchy problem (1), (111) differs from the classical dam break problem
only that in the initial data (111) the liquid depth in the lower pool of the
dam is not constant, but monotonically decreasing function (112), we will
designate the problem (1), (111) as Modified Dam Break (MDB) problem.

In the exact solution of the MDB problem (solid line in Fig. 4), as a result
of the decay of the initial discontinuity (113), it is formed L shock (46) of
index i = 2 and R centered rarefaction waves (68) of index i = 1 with
x∗ = 0, between which a smooth flow region VLR is located, where the liquid
level decreases monotonically. Before the shock L, by the evolution of the
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initial liquid depth given by formula (112), another smooth flow region VL
is formed, where the liquid level also decreases monotonically. On the left
of the rarefaction wave R there is region VR, where the liquid is at rest and
has the initial depth H1. Thus, in the considered problem we have four
qualitatively different regions of smoothness for the exact solution, namely:
R, VLR, VL and VR. Moreover, the region VR, where the exact solution is
constant, is special, since all the schemes reproduce this constant solution
accurately, due to which the errors of numerical solutions in this region are
equal to zero, and the local convergence orders are not defined.

Figs. 4–6 present the results of the MDB problem calculations at time t =
0.6 by the RBM, TVD and WENO5 schemes on the numerical grid (7), where
τ/h = 0.05, which guarantees the fulfillment of the stability condition (8).
Fig. 4 shows a comparison of the exact solution for the liquid depth with the
results of calculations on the numerical grid (7) with the spatial step h = 0.2.
The exact solution is simulated with numerical calculation by the WENO5
on a fairly fine grid (7) with a spatial step h = 0.001. We can see from Fig. 4
that the HASIA scheme RBM has noticeable oscillations at the shock, which
are absented in the NFC schemes TVD and WENO5. Fig. 5 represent the
averaged local convergence orders (18) of numerical solutions to the exact
vector solution u = (H, q), as well as to its invariants w1 = u − 2c and
w2 = u + 2c. Note that in some neighborhoods of the shock L and weak
discontinuities at the boundary of the wave R, where the exact solution
is not smooth, the local convergence orders are not defined and therefore
their formal values, obtained from formulas (18), give typical fluctuations in
these neighborhoods that have no connection to real convergence orders (the
indicated neighborhood of the left boundary of the wave R in Figs. 5 and 6
are not shown). Fig. 6 show relative errors (19) in calculating the vector
solution u and its invariants w1 and w2. Calculations of the convergence
orders and relative errors are performed on the basic grid (7) with the spatial
step h = 0.02 and are shown for each 15th spatial node j = 15i of the basic
grid.

Since for each point (x∗, t∗) ∈ VL the dependence set Vex(x∗, t∗) ⊂ VL,
where VL is the smoothness region of the exact solution u, located in front
of the shock L (at x > 4 in Figs. 4–6), in accordance with theoretical
Sections 4.2 and 4.5.1, the convergence orders (18) of all three considered
schemes in the region VL coincide with their approximation orders (30);
for the RBM and WENO5 schemes it is the third order, and for the TVD
scheme it is the second order (Fig. 5). From here, in particular, it follows
that, in the region VL for all these schemes, the convergence orders r̄ to the
vector solution u coincide with the scalar convergence orders ρ̄1 and ρ̄2 to
the invariants w1 and w2. Despite this, the accuracy of calculation of the
invariants w1 and w2 in the region VL is different (Fig. 6), namely, for all
schemes invariant w1 is calculated with significantly higher accuracy than
invariant w2. This is explained by the fact that invariant w1 is transferred
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Figure 5. The averaged local convergence orders (18) to the
exact vector solution u (points) and to its invariants w1 (cir-
cles), w2 (crosses), obtained by the TVD, RBM and WENO5
schemes.

to the point (x∗, t∗) ∈ VL along the characteristic x = L1(t, x∗, t∗) propa-
gating with the velocity λ1 = u − c < 0 from the region x > x∗, where the
flow is smoother and absolute values of the derivatives of the exact solu-
tion are significantly smaller than in the region s(t) < x < x∗, from where
the invariant w2 is transferred to the point (x∗, t∗) along the characteristic
x = L2(t, x∗, t∗) propagating with the velocity λ2 = u + c > 0. As a result,
the absolute value of the integral in the right side of the formula (90) for
the numerical solution error in the case of the invariant w1 is significantly
less than in the case of the invariant w2. From Fig. 6 it also follows that in
the region VL the accuracy of the TVD scheme, which has the second order
of approximation, is noticeably lower than that of the RBM and WENO5
schemes, which have the third order of approximation. At the same time,
the accuracy of the WENO5 scheme in the region VL is significantly higher
than for the RBM scheme, since the WENO5 scheme has the fifth order of
spatial approximation, while the RBM scheme has only the third order of
spatial approximation.

From Fig. 5 it follows that (in accordance with the results of theoretical
Sections 4.4 and 4.5.3) inside the centered rarefaction wave R located in
Fig. 4 on the interval (−4.4,−1.5) outside some vicinity of R wave boundaries
x = L∓

1 (t) all considered schemes have the first order of vector convergence
which coincides with the scalar convergence order (r̄ = ρ̄1 = 1) to invariant
w1, transferred to the region R along characteristics x = L1(t) emerging from
the wave center P = (0, 0), located at the point of discontinuity of the initial
data (111). With this in mind, inside the wave R (Fig. 6) all the schemes
in calculations of the vector solution u have almost identical errors ∆vh,
given by the first formula (19), which are very close to the errors ∆(w1)h
that are given by the second formula (19) and are obtained when calculating
the invariant w1. Moreover, for all considered schemes, the accuracy of
calculation of the invariant w2 in the wave R is several orders of magnitude
higher than for the invariant w1 and vector solution u, which leads (Fig. 5)
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Figure 6. The relative errors (19) in calculating vector so-
lution u (points) and its invariants w1 (circles), w2 (crosses),
obtained by the TVD, RBM and WENO5 schemes.

to higher orders of convergence to invariant w2 inside the wave R: ρ̄2 = 2
for the RBM and TVD schemes, ρ̄2 = 2.6 for the WENO5 scheme. This is
explained by the fact that the exact solution inside the centered R wave is
close to the exact solution inside the self-similar centered rarefaction wave
(obtained by solving the classical dam break problem), where the invariant
w2 = const. Therefore, inside the wave R the inequality

|(w2)x| ≪ |(w1)x|

is satisfied, which, taking into account formulas (106), (109) and inequal-
ity (110), leads to the above-mentioned difference in the accuracy of calcu-
lation of the invariants w1 and w2.

The smooth flow region VLR located in Fig. 4 on the interval (−1.5, 4)
between the shock L and the centered wave R is the L shock influence do-
main, since the characteristics of the first family x = L1(t) passing through
the L shock come into VLR. At the same time, the region VLR is the R
wave influence domain, since it gets the characteristics of the second fam-
ily x = L2(t) passing through the wave R. Fig. 5 shows that on the interval
(0, 3.5) inside the region VLR the RBM scheme provides the second-order
convergence (r̄ = ρ̄1 = ρ̄2 = 2) both to the vector solution u and to its in-
variants w1 and w2. This means that, in contrast to the SPC problem given
in the introduction, which solution obtained by the RBM scheme leads [33]
to non-uniform regular convergence (61), (66) inside the shock influence do-
mains, when solving the MDB problem, the RBM scheme provides uniform
regular convergence with the second order

wh(x, t) = u(x, t) + h2w2(x, t) + o(h) (114)

inside the region VLR. Function w2(x, t), which determines in the expan-
sion (114) the main error term of the numerical solution vh, is obtained by
solving inside the region VLR for the homogeneous vector equation

(w2)t + (A(u)w2)x = 0,
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a boundary value problem with boundary conditions at some lines located
in the region VLR near its lateral boundaries, where the numerical solution
vh converges to the exact solution u with the second order. As a result,
inside the region VLR, the RBM scheme has a fairly close accuracy (Fig. 6)
in calculations of the vector solution u and its invariants w1 and w2.

From Fig. 5 it follows that inside the region VLR, the formal convergence
orders r̄ and ρ̄1 of numerical solutions obtained according to the formulas (18)
by the TVD and WENO5 schemes oscillate sharp around the value r = 1.
Taking into account the results of Section 4.3, this means that the TVD
and WENO5 schemes inside the region VLR do not provide regular local
convergence to the exact vector solution u and its invariant w1, which is
due to the irregularity of the boundary condition (57) generated by the
numerical solution at the line ∂L−

ε(h). Moreover (Fig. 6), in the WENO5
scheme the accuracy of calculation of the invariant w2 in the region VLR
is several orders of magnitude higher than for the invariant w1 and vector
solution u, which (in accordance with Section 4.5.2) is associated with the
higher approximation accuracy of the invariant w2 in the neighborhood of
the left boundary of the region VLR. Fig. 5 also shows that in the region
VLR for the NFC schemes TVD and WENO5, the convergence orders ρ̄2 to
invariant w2 are significantly higher than convergence orders r̄ and ρ̄1 to the
exact solution u and invariant w1. In the numerical solution obtained by
the WENO5 scheme, the convergence orders ρ̄2 in the region VLR oscillate
noticeably, that indicates the absence of regular convergence to the invariant
w2 in this region. At the same time, in the numerical solution obtained
by the TVD scheme, in the region VLR (as well as inside the wave R), the
convergence order ρ̄2 = 2, which means uniform regular convergence to the
invariant w2 in this region. As a result, the errors ∆(w2)h in calculation of
the invariant w2 in the region VLR for the TVD scheme strictly monotonically
increase, and for the WENO5 scheme they oscillate noticeably (Fig. 6).

6 Conclusion

The test calculations of the MDB problem (1), (111) by the high order
shock-capturing RBM, TVD and WENO5 finite-difference schemes showed
(Fig. 4–6) that the maximum loss of the accuracy in these schemes occurs
inside the centered rarefaction R wave. Within the wave R , all three con-
sidered schemes have (Fig. 5) the first convergence order to the exact vector
solution u, which is associated with the first convergence order to the in-
variant w1 = u − 2c of this solution, transferred along the characteristics
emanating from the center of the wave R (the convergence order to the in-
variant w2 = u + 2c inside the wave R is significantly higher). As a result
(Fig. 6), for these schemes inside the wave R the accuracy of calculation
of the vector solution u and its invariant w1 is approximately the same,
while invariant w2 is calculated with significantly higher accuracy. In this
case, the HASIA scheme RBM, in contrast to the NFC schemes TVD and
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WENO5, retains the second convergence order in the main part of the shock
L influence domain (Fig. 5), which is also the R wave influence domain.
This means that the combined shock-capturing schemes constructed in [33],
where the RBM scheme is used as a basic one, and the NFC schemes CU [10]
or A-WENO [49] are used as internal schemes, when calculating the MDB
problem will monotonically localize the shock L and simultaneously keep an
increased accuracy in the shock influence domain VLR. At the same time,
these combined schemes will have only the first convergence order inside the
centered rarefaction wave R, coinciding with the convergence order of the
basic RBM scheme. Thus, for the further successful development of the the-
ory and applications of shock-capturing combined schemes [32, 33], first of
all it is necessary to solve the problem of maintaining the increased accuracy
of the basic HASIA schemes inside centered rarefaction waves. If these cen-
tered waves arise when solving the Cauchy problem with the discontinuous
initial data, then in order to achieve the required accuracy of the HASIA
scheme, calculation should be carried out on a significantly finer numerical
grid (compared to the basic grid) on some initial time interval.
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