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Abstract: This work investigates the solvability of nonlocal boundary
value problems for the generalized Boussinesq-Love differential equation
in anisotropic S.L. Sobolev spaces. A distinctive feature of the
studied problems is that their nonlocal conditions represent Samarskii-
Tonkin type conditions with respect to the temporal (distinguished)
variable. The main objective of this work is to prove existence

and uniqueness theorems for regular solutions of the considered
problems—specifically, solutions possessing all generalized derivatives
in the S.L. Sobolev sense that appear in the corresponding equation.
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1 Bsenenue

[Tpu MaTeMaTHYIECKOM MOJIETUPOBAHIN [IPOIECCOB PACIIPOCTPAHEHUS TPO-
JIOJIbHBIX BOJIH B CTEPYKHSX, JJIAHHBIX BOJIH HA BOJIE, BOJIH B ILJIa3Me BO3HU-
KaeT nuddepennuaibHoe ypaBHEHNE

2

(0?A — 1)2; + 72 Au =0, (*)
HasbiBaeMoe ypasHenueM Byccunecka [1]-[3]. Takoe ke ypasuenue (umm 6o-
Jiee 00Iee) BOBHUKAET B TEOPHUU YIPYTOCTH; HA3BIBAIOT €r0 yPaBHEHUEM
Byccunecka-JIsisa -cm. [4]. B macrosimeii pabore Gyjer u3ydarbcsi ypaBHe-
HUE, KOTOpOe MOXKHO Ha3BaTh OOOOIIEHHBIM ypaBHeHHeM bByccunecka-JIsBa
- UMeHHO, ypaBHeHue Buja (*), mo ¢ nepemeHHBIME KO pUIMEHTAMI U €
JIOTIOJTHUTETHHBIMY MJIJIIITUMU TPOU3BOITHBIMU.

Jns coberBenHo ypasHuenuit Byccunecka, fjisi 06OOIEHHBIX ypaBHEHUH
Byccunecka-JIsiBa pazpemnmmMocTh pa3mnIHbIX KPAEBBIX U HEJTOKATHHO-KPAEBBIX
38184 [IPEJICTABIIAETCS JOCTATOTHO XOPOIIO N3ydeHHOf- M. paborsI [3]-[15].
B ocrnoBHOM B 3THX paboTax M3ydaauCh KJIACCHIECKHE JIOKAThHBIE KPAEBbIe
3aja4n, Jumb B paborax [10], [13], [15] u3ywanucs mnemokaabHble 33841 (TO
€CTh TaKue 38J]a9i, B KOTOPBIX BMECTO OOBIYHBIX TPAHUIHBIX YCIOBHH 3a/1a-
IOTCsI YCJIOBUSI, CBSI3BIBAIOIIIE 3HAUCHUST PEIICHUsT W (1) €r0 IPOU3BOIHBIX
B TPAHIYHBIX TOYKAX CO 3HAYCHUSMI PEIeHIs W (1) MPOM3BOHBIX B HHBIX
TOYKAX TeX WU JIPYTUX TPAHUYIHBIX WM BHYTPEHHUX MHOTOOODAa3Hii.

Nmento HelOKaTbHBIE 38491 B HOBBIX ITOCTAHOBKAX M OYIYT MPEIMETOM
HCCJIETOBAHNUSI B HACTOSIIEH paboTe.

Bousee Touno, B pabore OymeT n3ydaThbCsi pa3perrmMOCTb HEJTOKAIbHBIX 38~
Jad i oboOIeHHbIX ypaBuenunit byccunecka-JIsiBa ¢ 3amannem ycmoBuii mo
nepeMeHHoi t, siistonuxcsi yejaopusimu Camapckoro-Monkuna. Panee 1mo-
JI0OHBIE 331a4u sl ypaBHeHuii Buja () u jyist ux 06001IIeHI He N3y Yalluch.

Hestokasibable KpaeBble 33JIa91 € yCJIOBUSIMEU, KOTOPbIE B HACTOSIIEE Bpe-
Msi HaszbiBatoTcs yesaosusmu Camapcekoro-VloHKMHA, BIEPBbIE NOSBUIUCH B
MaTeMaTuueckoil jureparype B 1977 roay B crarbe H.J. Vonkuna [16]. B
JlasibHeiineM nocranoBka [16] 6bta 0606miena A.A. Camapckum B pabore [17]
(MMEHHO TO9TOMY HeJIOKAJIbHBIE YCJIOBHs THa ycsaoBuil [16] u nx 06obie-
Huii 1 HasbiBarocs yciaosusmu Camapekoro-Monkuna). Paspermumocts Hesto-
KaJIbHBIX 33124 ¢ yeaoBusiMu Camapckoro-MoHKUHA J1J1sT DA3/IMIHBIX KJIACCOB
nuddepeHIuaIbHbIX YPABHEHUH M3y IaIach BO MHOIUX paboTax; 6ubmorpa-
duro sTux pabor u noc/ieHIe PE3YILTATHI MOXKHO HaliTu B MOHOrpaduu 18],
crarbsax [19]-[21].

Kax yzke roBopuIoch BbIIlle, B HACTOAIIEH paboTe 6Y/IyT N3ydaThCs HOBbIE
HeJIOKAJbHbIE KpaeBble 3aJjiadn st 00ODIIEHHBIX ypaBHeHu# ByccuHecka-
JIaBa.

Bece mocTpoennst m BBIKJIAJIKN B paboTe OYIYT OCHOBAHBI Ha CBOHCTBAX
dyuknwmit u3 npocrpancts Jlebera Lp u CobosieBa Wpl. Heobxomumbie ompe-
JIeJIeHIe U ONACaHne TpeOyeMbIX CBOMCTB MOXKHO HATH B MOHOTrpadusx [22]-

[24].
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YTOYHUM, YTO IEJIBI0 PADOTHI SIBJISETCS JIOKA3ATETHCTBO TEOPEM CYIIe-
CTBOBAHUS U €IUHCTBEHHOCTH PErYJISIPHBIX PEIIEHUI TeX U UHBIX 3aJ1a9-TO
€CTh TAKMX PENIeHuil, KOTopble uMerT Bee 0600IeHHbIe 10 Cob0JIeBY TIPO-
U3BOJHBIE, BXOJIAIINAE B COOTBETCTBYIONIEE YPABHEHHE.

2 IlocranoBka 3ama4

IIycts 2 ecTb orpanuveHHast 06J1acTh U3 MpocTpaHcTBa R™ mepeMeHHBIX

X1, ..., Ty C IVIAJKOH (/I POCTOTHI - GeCKOHEUHO-nuddepEHIpPyeMoii )
rpanutieit I', Q ecrs mumnsaap Q X (0, T') koneunoii Beicors 1, .S = T'x (0, 7))
- 6okosast rpanuna Q. Janee, nycrs a” (x), b (z), ¢V (x), i, j=1,...,n, ap(x),

bo(x), co(z) - 3amanuble dyHKIUM, onpenesnenusie npu = € Q, f(z,t) - 3a-
nanHas GyHKIWMsA, onpesenentas npu x € §), t € [0,T], v - 3amanH0e jeii-
crBuTeIbHOE uncio. Onpenennm muddepennuanbabie oneparopsl A, B, C u
L 1o ux geiicruio Ha 3a1auH0i DyHKIMN v(T,1):

o .
Av = a—mi(a” (7)ve;) + ao(x)v,
Bo = -2 (6 (2)vs ) + bo(a)v
- 8561 T 0 ;

9 .
Cv = %(CU ()va;) + co(@)v,

Lv = Avy + Bug + Cv

(371€Ch 1 1ajiee MOIPA3yMeBaeTCst, YTO 110 MOBTOPSIONIMMCS HHICKCAM BeJIeT-
csl CyMMEPOBaHHUE B mpejiesiax or 1 110 n).

Henokanbaas 3agava I. Haamu gynryuio u(x,t), asasowyroca 6 yu-
aundpe @ peweruem YypasHeHus

Lu = f(z,t) (1)

U MAKYI0, WMo 0AA Hee BLNONHANMEA YCAOBUA
u(z, t)|s =0, (2)
u(z,0) =yu(z,T), w(z,T)=0, z€q. (3)

Henokasbaas 3agava I1. Hatimu gynxyuro u(z,t), asasouyrocs 6 yu-
aundpe Q pewernuem ypasrenus (1) u makxyro, wmo das nee 6LINOAHAIOMCA
ycaosue (2), a makorce ycaogue

ut(x,0) = yue(z,T), u(z,T)=0, =€ (4)

B nesokasbubix 3asgadax [ u II ypasuenue (1) ecrb o6obiieHue ypasHe-
Hust (*); IMEHHO TT09TOMY ABTOPBI HA3BIBAIOT €r0 OOOOIIEHHBIM yPABHEHUEM
Byccunecka-Jlasa. [laiee, B cayuae v = 0 memokaabuble 3amadn I u I crano-
BSATCH SJITUITUIECKUMU 38/1a9aMU C TPAHTIHBIMU JIAHHBIMU Ha BCEH TPaHUIE
nminHapa (), B ciydae v = 1 HesjiokasibHble 33 tadn | u 11 aeisitorest anasora-
mu 3aaan VMouakuna paborer [16], B 6Gosiee ke obiem ciiydae mporu3BOJILHOTIO
qncsia y "Hesiokasbable 3aa4qn 1 u 11 6yayr 3a7auamu ¢ 0000IIEHHBIM YCJIO-
Busim Camapckoro-Monknua paborst [17].
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Kaxk y:xe roBopusoch Bbile, Hesiokasbuble 3amaqu 1 u I mra ypasuenwuit
(1) panee He U3yYAINCE.

3 PaspemmumocTs HeJiOKaJAbHOM 3aga4u 1

JlokazaTeIbCTBO Pa3pennMOCTy HEeJIOKAJIbHOI 3amadu | Oyaer nmposeneHo
C TIOMOIIIBIO METOJIa PETYIISPU3AIIT U METOJIA ITPOJIOJIYKEHUS 10 TapaMETPY;
HOCKOHbe 2Ke U I IIpUMEeHeHud MeTOoda peI‘yﬂHpI/ISaHI/H/I, n aJisl IIpuMeHe-
HUsT METOA MPOJIOJIKEHUsT 110 TIapaMeTpy TPeOYIOTCs MOIXOISIIINIE AlTPUOP-
HbI€ OIlEHKH, YCTaHOBUM BHa4YaJl€e UX HaJIX4IUE.

Bcrojty HuzKe 6y1eM cuuTaTh, 4To onepaTop A simnruuen B (), oneparop
B sipunTuko - mapabondeH; U 94To 0ba oIepaTopa CUMMETPUYHEL:

al(z) =a(x), d,j=1,...,n, a’(x)&& > aolél,
reN, £€R™ ag>0; (5)
Vi(z)=b'(x), i,5=1,...,n, bI(x)&& >0, z€Q, £€R™ (6)

Hamee, mycTb dy €CTh HEOTPHUIATETBHOE UHCIO TAKOe, UTO BBITOJHSIETCS
yCJIOBUE

—c(2)&&; > doa” ()65, do >0, z€Q, £ER™ (7)

u nycThb byHKIun ag(x) u by(z) TAKOBBI, UTO JIJIsi HEKOTOPOTO HEOTPHUIIATE b
HOTO 9mcIa 3y BBITOTHAETCS

lbo(z)|< Bolao(z)], =€ Q, (8)
OnpegennM JmHeieoe TpoCTpaHCTBO V' 1 HOPMY B HEM:

k
V= {v(x,t) : W € Ly (0,T;WE(Q)) , k = 0,1,2},

2, ok 9 ’
o]y = ZHW,‘LQ(O,T;V@(Q))
k=0

VIMeHHO 3TO NPOCTPAHCTBO M OyJIeT OCHOBBIM B HacTOsimeli pabore.
Bcrogty HUKe TEPMUH ,,pEry/IsIPHOE DellleHne HeIOKaIbHOM 3ajaun [“Gyer
[O/Ipa3yMeBaTh pellleHne U3 IpocTpaHcTsa V.
ITo 3aIaHHOMY YHCJLY 7y ONIPEJIEJIUM UUCTIA Y1 U Ya:
n=maz(1-+*0), y2=n+7" -1
JIemma 1. ITycmov evinoanstomes ycaosus (5)-(8), a makowce ycarosus
a’(z) € CY(Q), b(z) € CY(Q), Y(x) € CH(Q),

dl(z) =% x), zeQ, i,j=1,...,n;
ap(z) <0, bo(x) <0 |bo(z)| < Bolao(z)|, =z € 9)
b7 (2)&i&; < Bra” (2)&i&j,  co(w) > @lao(z)], @ >0, z€Q, £eRY
(10)

T?dy —TB1 —y2 >0, (TB1+72)? +4(Th1 +2) — 4T%dy < 0,
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T?¢—TBy—v2 >0, (TBo+72)°+4(TBo+72)—4T%6 <0.  (11)
Tozda das peeyaaprolr pewenut u(z,t) nesokarvrotl 3adavu I umeem me-
CMO ANPUOPHAA OUEHKG

/taijumituxjt d:xdt%—/taijumiumjdxdt < Ml/fzdxdt (12)

Q Q
¢ nocmosanmoti My, onpedeasiowetica auwn dynxyuamu a® (x), b9 (x), ¢ (z),i,
j=1,...,n, ap(x), bo(x), co(x), a maroce wucaramu v u T.

Jlokazamenvemeo. Ymuoxum (1) ma dysxmnumo tu(x,t) u npomHTErpUPYEM
no mumaapy Q. Ilocse Hec0KHBIX TPeoOdpa3oBaHuii MOy IUM PABEHCTBO

g 1—~2 g
/ta”(x)u:vituxjtd$dt+ 27 /a”(a;)uzi(x,T)uxj(x,T)dx

Q Q
1 1 .
—/tag(ax)ufd:ndt+2/[QtCU(J:)—bO(a:)}Udedt—2/Tb”(x)uxi(x,T)uxj(:x,T)d:B
Q Q Q
1-— 72
- ao(x)u?(z, T)d:n—l— bo (z,T)dx
Q
1 g g
—I—2/[b” (x) — 2t (x)]uxiuxjdajdt = /tfudxdt (13)
Q Q
NnmeroT MecTo HepaBeHCTBA
.. 2
/a” (z)ug, (z, T)ug, (v, T)dx < (;1/ T) Uy Uy ddt+
Q Q
; (T +2) /ta”um Uy dxdt (14)

Q
1T ,
|ag(2)|u? (z, T)da < < - ﬂao )|uZdadt + ﬁ(éz 2) [ tlao(z)|udxdt
Q

Q
(15)
(01 1 09 - TPOU3BOJILHBIE MOJIOXKUTE/ILHBIE YUC/IA; JIOKA3ATETHCTBO STHX HEPa-

BEHCTB OyJIeT [IPUBEJICHO HUXKE).
Bepuemcs k pasenctsy (13). Vcosb3yst ycaoBust IEMMBbI, & TaK:Ke Hepa-

BercrBa (14) u (15), HerpyaHo ot (13) mepeiiTn K orEeHKe

/taij(a;)uxituxjtda:dt-l-do/taij(l’)uwi“%dmdt+/t|a0(w>,u?dmdt
Q @ ¢

52
—l—c‘o/t|a0(aj)\u2dwdt —1(Tﬁ1 —|—72)/ J(:E)umtuxjtd:ﬁ-
Q Q
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T 53
(T'B1+72) 2+5 /ta” umzux]dxdt—l— (Tﬂg—l—’yg)/tlao(x)\u?dxdt—l—
Q Q

(TBo +)(2 + 52)/t!ag(x)\u2d:cdt+|/tfudxdt]. (16)

2772

1
272
YT06BI U3 9TOl OIEHKU BbITEKasa TpebyeMast anpropHasi oreHka (12), neob-
XOJIUMO, YTOOBI JIjIsl 9ncest 87 U do BBIIOJIHSINCH HEPABEHCTBA

2
1 S (06, + ) >0, (17)
1 T
do — 5g (T'B1 +72)(2 + E) >0, (18)
2
1 (T8 1) > 0 (19)
&~ g (Tho )2+ 1) >0 (20)
1

CymiecrBoBanue TpebyembIx dnces 91 u 0y obecnieunBaercs yciaosueM (11).
HeiicrBuresibHo, nepsble jBa ycjoBusi (11) o3HAYAIOT, YTO BBINOJHSIIOTCS
HEPABEHCTBA
TS +p) 2T
4T%dy — 4(TPr+v2) ~ TH1+ 272
Bribepem anciio §1 Tak, 9TOOBI BBITOTHSIOCH

T(T,Bl + ")/2) 2T )
AT%dy — A(TB1 +v2) TB1 + 272

OueBuIHO, UTO Jisl JAHHOIO YHCJA 01 BBIIOJIHSIOTCsST HepaBeHcTBa (17) u
(18).

AHaIOrnvHO OKA3BIBAETCSI, UTO MIPH BHIIOJHEHUN TPETHETO U YE€TBEPTOTO
HepaBeHCTB ycsioBust (11) MOXKHO BBIODATH YHCIIO O TAK, YTOOBI BBIIOJIHSI-
qmch Hepasencrsa (19) u (20).

Ucmonb3yst yKa3aHHBIN BLITIE BHIOOP dnces §1 u Oy, OTCHUBAST MTOCIETHEe
csroraemoe paBoit wactu (16) ¢ nomornpio HepaBeHcTa FOHra u ssiemeHTap-
HBIX OIIEHOK JIjIsi HOpMbI (pyHKIWU u(x,t) B npocrpancrse Lo (), HETPyHO
HoJIy4uTh Tpebyemyto oneHky (12).

JlemMa JoKaszaHa.

o € (

Caencreue 1. Ilycmov swvnoansomes sce ycaosusa semmo, 1. Tozda Oas
peayaaproir pewenuts u(xz,t) nHeaokasvnol 3adavu I umeem mecmo ouenka

> / w2 dadt < M / f2dzdt (21)
=g Q

¢ nocmosannoti Ma, onpedessowieticsa auwun dyrryuamu a (x), b9 (z), ¥ (z),
i,j =1, ..., n, ap(x), bo(x), co(x), a maxoce wucaamu v u T.
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HokazarenbeTBo oneHku (21) NpoBOAUTCs IPUMEHEHHEM K [IPABON 4acTh
PaBEHCTBO

/uidazdt = —2/tuxiuzitd:cdt —T/ui (x,T)dx
Q Q Q
nepasencrsa IOura u ornenok (12) u (14).
J171s1 TI0JTy e U CIIeYIONINX OIEHOK HOTPeOyeTcs BCIOMOraTeIbHOE Hepa-
BeHCTBO Jist ontepatopoB A, B u —C.

JIemma 2. Ilycmv 6bnoanA0Omes 6ce yeao6us semmol 1, u nycmv o one-
pomopa B umeem mecmo npedcmasaeriue
B=a1A+ By. (22)

Tozda Odan peeyaaprvir pewenut u(x,t) nesokasvrnol 3adavu I umerom
MECMO OUEHKU

—/tAu(azjt) -Cu(x,t)dxdt > ko/t[Au(az,t)]2da:dt — Ky, (23)
Q Q

/ By (, ]2 dadt < by / Ay (, )]2dadt + Ki, (24)

Q Q
6 komopwx t € [0,T ]{ wucaa ko, ki, Ko u K1 nososicumenviros u onpedens-
romes pymryusmu a (), b (x),c?(z), i, j = 1, ..., n, ag(x), bo(x), co(x),
f(x,t), wucaamu v u T, a makorce obaacmuvio 2.
Joxazamenvcmeo. Tpebyemsle onenku (23) u (24) HeTpygHO BBIBECTH, UC-

0JIB3ys BTOPOE OCHOBHOE HEPABEHCTBO /YISl SJUIMITHYCCKUX OIEPATOPOB -
eM.|23, . 111, § 8], a Takzke ucnosb3ys onenku (12) u (21).

TTomoxum
’}/QOT 2T
= T Tp= —2"  Ty="=
Y20 =72 +1ai, Lo 2(T2ko — 0)’ 1 -
020 T\ Y20
0)=4(1 — —) (kg — 2+ =) —= 0

JlemMma 3. Ilycmv uinoansomces ece ycaosus semmov, 1 u 2, a maxoice
YCA0BUA

a; > 0, T2/€0 — 790 > 0, 7220 + 499 < 4T2k0, ki < min(ap(Tg), gO(Tl)>.

Toz0a das peeyasprvir pewenud u(T,t) neaokarvhot sadavu I umeem me-
CIMO GNPUOPHAS OUEHK

/ [t(Aug)? + t(Au)?|dzdt < M; / fAdadt (25)
Q Q
¢ nocmosnmoti Mz, onpedeasiowetica b dynxyuamu a® (x), b (x), ¢ (x),i,
j=1, ..., n, ap(x), bo(z), co(z), f(z,t), wucramu v u T, a makorce obara-

cmwio ).
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Jlokazamenvcmeo. Ymuoxkum ypasaenue (1) na dyuxnuto —tAu(x, t) u upo-
uaTerpupyeM 1o nuauHapy Q. Ioayuum paBeHCTBO

/ {[ Ay (z, )2 ddt — / tAu(z, )Cula, t)dadt + % / (Au(z, )Pdzdt
Q Q Q

+ 1 2 [Au(z, t)]2da = 7;" [Au(z, T dz + / tAu(z,t) Byug(z, t)dedt
Q Q Q

_ / £ f (s ) Au(z, £)dadt (26)
Q

Ncronbays yciioBus JIeMMbI, OIEHKY

2
/[Au(ac,T)}2 < i{/t[Aut(m,t)] dacdt—i— /t [Au(z, t))*dxdt
Q Q Q

I
T
(27)

(01 - IPOU3BOJIbHOE MOJIOKUTEJLHOE YHCJIO), & TAKYKE HepaBeHCTBO Lesbiepa,
HeTpy/HO OT (26) mepeiiTu K HEPABEHCTBY

_(52720 g, )2 720 T w(w, 1)2dz
<1 I )Q/t[A ( t)]ddt+[ko 2+ )L)/t[A( ) 2dwdt

2T 272 52

<k | [ fAu(e, )]2dudt {[Aug(x, £)]2dadt
g /

N
N

Q
1 1
2 2
+ / tf2dxdt / tlAu(z, t)?dxdt | + Ko (28)
Q Q
¢ nocrosiaHol Ko, onpenensomeiica tumb bynxumsamu a (), b (x), ¢ () i,
j=1,...,1n, ap(x), bp(x), co(x), f(x,t), aunciom T, a Takzke obacrbio €.

Badukcupyem WmucIo 61 Tak, 9To6BI BBITOMHsIOCH Ty < 67 < Ti. 3ame-

THM, YTO IPH TaKOM BbIOOpe umcia dp uuciaa 1 — 127T20 u ko — 575(2 + %)

OyyT mostokuTebHBIME. [lasee, Tpu yKazaHHOM BBIOOpE dncjaa 01 W MpH
BBITIOJIHEHUH YCJIOBHH JIEMMbI KBaJIpaTudHas Gpopma

62720 i Y20 T
1— L) 2 g2 k 2 2
( o7 ) & ki€t (ko — ol +52) n
Oy/er moJsioKuTeIbHO onpesesena. Torma u3 (28) u u3 nepasencrsa Fura u

Gy/ier BeITEKATh TpebyeMast orieHka (25).
JlemMa mokazaHa.
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Caenctsue 2. [lycmb 6bnoAsnANOMCA 6CE YCAOBUA AEMMDBL 3, U NYCTND YUCAO
a1 noaoosrcumenvno. Toeda das pezyaapnwx pewernuds u(z,t) HeaokaavHol
sadavu I cnpasedausa ouenka

> / ul,, drdt < M / F2dzdt (29)
Q Q

ij=1

¢ nocmosannoti My, onpedeasrouietica auws gyrnryuamu a (x), b (x), ¢ (z),
i, j =1, ..., n, ao(x), bo(x), co(x), wucramu v u T, a maxorce obaracmuvio
Q.

Zoxasamesvcmeso. Tpebyemyto OleHKY HETPYIHO IOJIYIUTDh, €CJIU B JOIOJI-
HEeHNe K PACCYXKJEHUIM, ITPOBEJIEHHBIM PN JI0KA3aTEeIbCTBE JIEMMBI 4, IIpu-
MEHHUTHL BTOPO€ OCHOBHOE€ HEPaBEHCTBO AJIgd JIJIUIITHYICCKUX OIIEpaTOpPOB K
TPeTbeMy CJIaraeMOMy JIeBOii YacTu paBeHCTBa (26).

Jlemma 4. [lycmb 8bNOAHANOMCA 6CE YCAOBUS AEMMbBL 3, U NYCTML JON0A-
HUMEABHO YUCAO A1 TOAOAHCUMEADHO

To2da das peeyaaprox pewenuts u(z,t) neaokarvrols 3adavu I umeem
MECMO ANPUOPHAA OUEHKA

/ [Aug (z, )2 dadt + / [Auy (z, )]2dadt < Ms / P,
Q

Q Q
nocmosannas Ms 6 xomopoti onpedeasemes auws gynxuuamu a (), b (x),
c(x),i, =1, ..., n, ap(x), bo(z), co(x), wucramu v u T, a makorce obaa-
cmwio €.

Jlokazamenvemeso. Ymuoxkum ypasaenue (1) na dyuakuuto Augy(z,t) u upo-
uHTErpupyeM 1o nuauHapy Q. Vcnonb3ys sjaeMeHTapHoe HepaBEeHCTBO

/vfdazdt < 5/vt2tdxdt + C(0) /UzdIdt

Q Q Q

B KOTOPOM ¢ €CThb IIPOU3BOJILHOE IOJOXKHUTEILHOE YICJIO, U UCIIOJIb3Ysl TaKyKe

orierky (29) u Hepasercto HOHra, HETPYIHO MOIYIUTH TPEOYEMYIO OIEHKY.
JlemMa 1oKaszaHa.

[lepeiiteM HETOCPEACTBEHHO K JIOKA3ATEIHCTBY Pa3PeInMOCTH HEJTOKAIb-
Hoit 3ana4n 1.

Teopema 1. Ilycmwv svinoansaromes ece ycaogus aemm 1-4. Toeda dasn aro-
60t pynruuu f(x,t) us npocmpancmea La(Q) neaokarvran sadava I umeem
PERYAAPHOE PEWLEHUE, NPUHEM DOSHO 0OHO.

Zloxazameavcmeo. PaccmorpuM BHadaste ciaydait v < 1.
st aucesn A uz orpeska [0,1] pacemorpum Kpaesyto 3ajady: Haiitu HyHK-
o v(x, t), SIBIAAIONIYIOC B IUJIKNH/PE () PEreHneM ypaBHEHMsT

Lo=f- &CU(QC,T) (30)
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U TaKylO, YTO JJIsi Hee BBIIOJIHSIOTCS YCIOBUS
v(z,0) = v (2, T)=0, ze€Q. (31)

B sroit 3aaue ypasaenue (30) npu A # 0 siBjsieTcst “HArpyKeHHbIM B Tep-
muHostorun pabotr [25], [26] ypaBuennem. Ilpun A # 0 xpaesble 3amaun (30),
(2), (31) panee ne nzyvanuch, Ho pu A = ( paspemumMocTb TOi 3a1a9u B
KJlacce PEryJIsipHBIX PelleHnii oueBmiHa - M., HarpumMep paborsr [11, 12, 13].
Eciin Tenepb mpuBiiedb TeopeMy 0 METOJIE MPOJIOJIKEHNUsT TI0 apaMeTpy |27,
. 111, § 14], To 3amaqa (30), (2), (31) Oymer paspemmnMa B KJIacce Perysip-
HBIX pelrenuii 1yist Becex A u3 orpeska |0,1] npu HammIum Jyist BCEBO3MOXKHBIX
perennii v(x,t) 9TOM 3aJaun PABHOMEPHOIT IO A allPUOPHOI OIEHKN

[[vllv < Rollfll o) (32)
YT06BI YCTAHOBUTDH HAJIMYHE UCKOMOM OIEHKH, OlpeienM (byHKIMIO u(x, t):
w(@,t) = vz, t) + —T—o(z, T) (33)

1—My

Hns sroii dyHknum BeinosHsiorest ypasaenue (1), yciosue (2), a Takxke
YCJIOBHSI

u(z,t) = Myu(z,T), u(z,T)=0, x€.

[Mosropsist mst dyukmu u(z,t) 10KA3aTEIBCTBO JeMM 1-4, HeTPYIHO ycTa-
HOBUTb HaJIMYUE allpUOPHOI OlEeHKU

ullv < RollfllLyq) (34)
¢ nocrosHoit Ry, onpeensiomeiicss mumb yakmmamu a (x), b (), ¢ (z),
i,j=1, ..., n, ap(x), bo(x) u co(x), uncaamu v u T, a Takxke 06JACTHIO

Q. YaursiBas jasee npejcrasienue v(x,t) = u(x,t) — AMyu(x, T), noayanm,
qro Jyist pyHKIwn v(z,t) uMeeT MecTo Tpebyemasi oneHka (32).

U3 omenku (32), u3 paspemmMocTu B IpocTpaHcTBe V' KpaeBoil 3ajatn
(30), (2), (31) upu A = 0 1 U3 TEOPEMBI O METO/IE IIPO/IOJIZKEHNST 110 TTapaMeT-
py ciaexyer, 9To cymiectByer (yHKIWs v(z,t), MpUHA/IeKAIas IPOCTPAH-
crBy V u sBisiomas perenneM 3agaqdu (30), (2), (31) mpu A = 1. Onpe-
nenernast popmymoit (33) mpu A = 1 dyukus u(x,t) u 6yJger HCKOMBIM
peleHneM HeJIOKJIbHOM 3asadu I B ciyqae v < 1.

Paccymorpum Tenepns coaywait v = 1. Ilomoxkum vy, = 1 — %, m=1,2,...,
U PAcCMOTPHM ceMeficTBO 3aiad: Haiitu GyHKImo u(x,t), sSABIMONYIOCT B
musmepe @ perenneM ypasHenus (1) i Takyro, 4To Jyist Hee BBIIOIHSIOTCS
ycsioBre (2), a Tak¥Ke yCJIOBHsI

u(z,t) = ypu(z,t), w(x,T)=0, z¢€q. (35)

Kak ciemyer m3 JOKa3aHHOrO BbIIIe, HesoKaabHas 3agada (30), (2), (35)
UMeeT pelleHue Uy, (z, t), npuHaexaree npocrpancrsy V. s cemeiictsa
byHKIMiz {um(az, 1) }5°_, MMeeT MeCTO pPaBHOMEDHASI II0 11 AIPUOPHAST OIIEHKA
(34). Ucnonbyst jgasee CBOHCTBO pedIIeKCUBHOCTH THJILOEPTOBA POCTPAH-
cTBa (TOUHEE TOBODS, UCHOJIb3Ysl BO3MOXKHOCTBL BBIOOpa €J1abo CXodeiics
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BV HOIIOC/IEN0BATENLHOCTH { Uy, (,1)}52, HETPYAHO HOKA3aTh, UTO Cy-
IIeCTBYET IpPUHAJIeXKalee IpocTpancTBy Vo pemntenue u(z,t) HEJIOKAJIbHOM
zajaun [ npu v = 1.

Haxonern, mycrs BbIIOTHAETCH Y > 1.

ITycrs A ectb uncso u3 orpeska [0,1] Tlomoxxum

t2 — 2T
V(t) = —m—

Paccmorpum 3agaqy: naiitu Gyxumo v(x,t), ABIAONYOCI B IUIHHIPE ()
pelleHneM ypaBHEHUSI

Ay —1)
Lv = t)+ —————=L(¢¥(¢t T
0= Fant) + oy MO T)) (36)
U TaKylo, 94TO JIisl Hee BBIIOJIHAIOTCs yeJaoBre (2), a TaKxkKe yCJIOBHsI
v(z,0) —v(x,T) =0, wv(z,T)=0, ze€l (37)

B sroit 3asiaue ypasuenne (36) upn A # 0 BHOBb €CTh HAIDY’KEHHOE ypaB-
uenre. Jasee, npu A = 0 3aza4a (36), (2), (37) upeacrasiser coboii HeI0-
KaJIbHYIO 3a1ady | B ciiydae A = 1; Kak 1okasaHO Bbliie, 3a1a4da (36), (2),
(37) mpu A = 0 umeer perenuie v(z,t), NIpuHAJTIEKAIIEE TPOCTPAHCTBY V.
BHOBb COMIACHO TeopeMe O MeTO/ie IPOJIOJKEHUs [0 apaMeTpy, Jisd pas3-
permmmmoctu 3ajgaqn (36), (2), (37) npu Bcex A u3 orpeska |0,1] gocrarowno
yCTaHOBUTH Hasmdue orneHkn (33). Ilokazkem, 9To HpH BBINOIHEHNH BCEX
YCJIOBHIT TEOPEMBI Hy KHasi OICHKA JIEHCTBATEIBHO UMEET MECTO.
Omnpenemnm byuximo u(z,t):

Ay = Dy t)v(z, T)
1+ A(y—1)

Hutst sroit dbyHKImM BeIIOTHSIOTC ypasHenue (1) u ycioBue (2), a Takxke
YCJIOBHE

u(z,t) = v(x,t) +

u(z,0) = [1+ Ay — 1)]u(z,T) (38)

Hpyrumu ciosamu, dyukiwe u(x,t) ecrb pelnenne HeJIoKabHO 3amaun I ¢
ko durmenrom 7* = 14 A(y — 1) B HestokaabHOM yesosuu (3). [Tockosbky
Juist aucsia " Beimosasores 0 < v < 7y, 1o g dbyuknuu u(x,t) Gymer
CIIpaBejInBa PaBHOMEpHAasl 110 \ alpuopHasl oreHKa B npocrpancrse V. Ho
Toryia jist byuknuu v(x,t) 6yaer umers Mecto orenka (32). Kak yxke roso-
PUJIOCH BBIIIE, U3 PA3PENIMMOCTH B npocTpancTse V' Kpaesoit 3ajaqu (36),
(2), (37) upu A = 0 u u3 anpuopHoii onenku (32) cieiyer, 9To Kpaepas 3a-
nada (36), (2), (37) 6ymer pasperuMa B npocTpancTse V Opu Bcex A - TO
ectb 1 ipu A = 1. Pemenne xe v(zx, t) 3amaun (36), (2), (37) naer rpebyemoe
perrenne u(x,t) HesoKaIbHOI 3a1a49n 1.

EnuHcTBEHHOCTD pellieHns HeJIOKaJIbHOM 3asa4an | B mpocrpancrse V' npu
BBINIOJIHEHUH BCEX YCJIOBUIT T€OPEMBI OUEBUJIHBIM 00PAa30M CJIe/IyeT U3 JIOKa-
3aHHBIX AIIPHOPHBIX OIEHOK.

TeopeMa TIOJTHOCTBIO JOKA3aHa.
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4 PazpenmMocTb HeJIOKaJIbHOU 3agaum 11

Bamaqa Il 6yner uzydena B ciayaae B = 0. OcHOBOI JJIsI ee UCCIIeI0BAHIST
OyseT Teopema 1 O paspermmMMoCTH HEJOKaJIbHOI 3aja4dn | B mpocTpaHcTBe

V.

Teopema 2. Ilycmv evinoansomes ece ycaosusa meopemvs 1. Tozda das
wobott gy f(z,t) manot, wmo f(,1) € Ly(Q), filz1) € La(Q),
f(x,T) =0 npu x € Q neaokarvran 3adaua Il dan ypasrerus

Autt + Cu= f(x,t)

umeem eduncmeennoe pezyaaproe pewenue u(x,t) makoe, wmo u(x,t) € V,
ut(x,t) € V.

Jlokazamenvcmeso. Pacemorpum 3aady: Haiitu byHKIUO w (2, t) TAKyO, 9TO
JIJIgl Hee BBIIIOJIHAIOTCA YPpaBHEHU A

Awy + Cw = fi(z,t)

a Takzke yciosus (2) u (3). CoracHo Teopeme 1 9ta 3a/jaua NMeET PeIleHie
w(z, t), npunajyiexaimee npocrpanctsy V. Onpenennm dbyrkimio u(z, t) Kak
pelenue 3a1a4u

u(z,t) =w, u(z,T)=0, xe€.

Ora OyHKINA 1 OyIeT NCKOMBIM peIlleHueM HeJIOKaJIbHOM 3aaa4un 11.
EanacTBEHHOCTD pelennii 0vueBuIHA.
Teopema mokazana.

5 JlonmosmeHue

1. Cnenmasbubrii Buj1 oneparopoB A, B u C' - UMEeHHO, CAMOCOIIPSIYKEHHBIA,
a TaK2Ke He3aBUCHUMOCTD UX KOIDPUINEHTOB OT MEPEMEHHO ¢, He SIBJISTIOTCS
cymecrBeHHbIMEU. Corydait obmux oneparopoB A, B u C' ¢ MytammMu djieHa-
MU U KODPUITHEHTAMHI, 3aBUCAIIIIMHA OT BCEX MEPEMEHHBIX, UCCIEYyeTCsS B
IIEJIOM AHAJIOTUYIHO U3JI02KEHHOMY B OCHOBHOMN YacTH PabOTBI, HO BBLIKIAIKI
U YCJIOBHUS MPU STOM CTAHYT CYNIECTBEHHO 0OJIee TPOMO3IKUMU.

2. ITokazkem, urto Hepasencrsa (14) u (15) AefiCTBUTEIBHO UMEIOT MECTO

Nmeer MecTO paBeHCTBO

o Q

+2/t2aij(:1:)uxituxjda:dt
Q

HCIoNIb3ys HepasencTsa Lesbiepa u FOnra, a Takske nepasencrso t2 < T
HETPY/IHO TIOJIyYUThb OIeHKy (14).
AnaylornaHO 10Ka3bIBACTCS CIIPABEJIMBOCTL HepaBeHcTBa (15).
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3. AHAJIOIMYHO BBIIIIE U3JIOXKEHHOMY MOXKHO U3yYUTh Pa3pPEIIUMOCTD U [0~
JIYYIUTh TEOPEMBI CYIIECTBOBAHUS 1 €IMHCTBEHHOCTH PEIICHNI HEJIOKAIbHBIX
sazad I u II ¢ 3amenoit ycinoswuit (3) nam (4) Ha yciaoBus

u(z,0) =qu(z,T), w(z,T)+pu(z,T)=0, z¢€,
ut($,0) :7ut(x>T)+:uu(va)7 u(:n,T) =0, ze€Q
COOTBETCTBEHHO.
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