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Abstract: The paper investigates the isometry properties of strongly
facially symmetric spaces. It establishes that a linear operator in
a reflexive strongly facially symmetric space is a surjective isometry
if and only if it maps the set of indecomposable geometric tripotents
onto itself and preserves orthogonality relations within this set.
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1 Introduction

In the early 1980s, the development of the theory of JB*-triples began in
the works of Kaup; in many respects, these triples are parallel to the function-
analytical aspects of the theory of operator algebras |1, 2|. The JB*-triples
that are characterized by holomorphic properties of their unit balls form a
wide class of Banach spaces based on ternary algebraic structures, which
contains C*-algebras, Hilbert spaces, and spaces of rectangular matrices.
Many axioms used by Alfsen and Schultz show that there are disordered
analogs of JB*-triples [3]. In 1989, Friedman and Russo published papers
[4, 5], where they introduced the concept of facially symmetric spaces. The
primary purpose of defining these spaces was to provide a geometric characterization
of the predual spaces of JB*-triples that admit an algebraic structure. Many
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of the properties necessary for these characterizations are natural assumptions
for state spaces of physical systems. These spaces are considered as a geometric
model for representing states in quantum mechanics.

In [6], it was proven that the predual space of a complex von Neumann
algebra, as well as more general JB*-triples, is a neutral strongly facially
symmetric space. In [7], a geometric characterization was provided for complex
Hilbert spaces and complex spin factors, along with descriptions of JBW™*-
triples of ranks 1 and 2 and Cartan factors of types 1 and 4. Later, Friedman
and Russo [8] described atomic facially symmetric spaces and demonstrated
that a neutral strongly facially symmetric space is isometrically isomorphic
to the predual space of one of the Cartan factors of types 1-6. Neil and
Russo [9] identified geometric conditions under which a facially symmetric
space is isometric to the predual space of a complex JBW*-triple. In [10],
it was proved that the predual space of the real part of a von Neumann
algebra is a strongly facially symmetric space if and only if this algebra is
the direct sum of an Abelian algebra and an algebra of type I5. Moreover,
it was shown that the predual space of a JBW -algebra is a strongly facially
symmetric space if and only if the algebra is the direct sum of an Abelian
algebra and an algebra of type I (see [11]). In [12], a classification of finite
dimensional real neutral strongly facially symmetric spaces with joint Peirce
decomposition property was proposed. Moreover, it was shown in [13] that
if there exists a mapping between the sets of minimal geometric tripotents
of any two reflexive atomic neutral strongly facially symmetric spaces that
preserves both orthogonality and transition pseudo-probabilities, then this
mapping admits an extension to an isometric isomorphism between the two
spaces.

This paper investigates the isometry properties of strongly facially symmetric
spaces. We prove that a linear operator in a reflexive strongly facially symmetric
space is a surjective isometry if and only if it maps the set of indecomposable
geometric tripotents onto itself while preserving orthogonality relations within
this set.

2 Preliminaries

We present necessary information from the theory of facially symmetric
spaces, [4, 5|. Let Z be a real or complex normed space, and let Z* denote
its dual space. We say that elements f,g € Z are orthogonal and write fog
if [|f+gll=Ilf—gll = IIfIl +llgll. We say subsets S,T C Z are orthogonal
and write S o T, if fo g for all (f,g) € S x T. For a subset S of Z, we put
S®={fe€Z: fog, Vg€ S}; the set S°is called the orthogonal complement
of S. Recall that a face F' of a convex set K is a non-empty convex subset of
K such that if g, h € K satisfy Ag+ (1 — A\)h € F for some A € (0, 1), then
g,h € F.

A norm exposed face of the unit ball Z; = {f € Z : ||f|| <1} of Z is a
non-empty set (necessarily # Z7) of the form F, = {f € Z; : u(f) = 1},
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where u € Z* with |lu|]| = 1. While every norm exposed face is a face, the
converse does not hold in general. An element u € Z* is called a projective
unit if |ul| =1 and (g,u) = 0 for all g € FY.

Definition 1. A norm exposed face F, in Zi is called a symmetric face
if there exists a linear isometry S, from Z to Z such that S = I whose
fized point set coincides with the topological direct sum of the closure SpEy,
of the linear hull of the face F,, and its orthogonal complement F;, i.e., with
Sply, @ FY.

Definition 2. A space Z is said weakly facially symmetric (WFS) if each
norm exposed face in Z1 is symmetric.

A projective unit u € Z* is called geometric tripotent if F,, is a symmetric
face and Siu = wu for the symmetry S, corresponding to F,. It should
be noted that some properties of geometric tripotents were established in
[14, 15]. By GT and SF we denote the sets of all geometric tripotents and
symmetric faces, respectively; the correspondence G7 > u — F, € SF is
one-to-one [5, Proposition 1.6].

Definition 3. A WFS-space Z is said to be strongly facially symmetric
(SFS) if for each norm exposed face F,, of Z1 and each y € Z* satisfying
the conditions |ly|| = 1 and F,, C F,, we have S;y = vy, where S, is the
symmetry corresponding to F,.

For each symmetric face F,, contractive projections Py(u),k = 0,1,2 on
Z are defined as follows (see [4]). First, P(u) = (I — S,)/2 is the projection
on the eigenspace corresponding to the eigenvalue —1 of the symmetry .S5,,.
Next, P>(u) and Py(u) are defined as projections of Z onto spF;, and F;,
respectively; i.e., Po(u) + Py(u) = (I + Sy)/2. The projections Py(u) are
called geometric Peirce projections.

We present examples of SF'S-spaces.

n
Example 1. Endowing l;(n) with the norm ||z|| = > |x;|, where x =

i=1

(x;) € l1(n), we obtain a strongly facially symmetric space.
Example 2. Every Hilbert space H is a SFS-space. Each element v € H
with |lu]| = 1 is a geometric tripotent and F,, = {u}. Moreover, the symmetry

S, corresponding to a face F), is defined as follows:
Su(Au+x) = M — x, \u+ 2 € spud® u’ = H,

where u' is the orthocomplement of u in the Hilbert space H.

Example 3. The [;-sum of Hilbert spaces is a SF'S-space.

Example 4. The predual space of a spin factor is a strongly facially
symmetric space.

3 Main Result

Geometric tripotents u and v are said to be orthogonal if u € Py(v)*Z*
(which implies v € Py(u)*Z*) or, equivalently, u = v € GT (see [4, Lemma
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2.5]). More generally, elements x and y of Z* are said to be orthogonal,
denoted x ¢y, if one of them belongs to Py(u)*Z* and the other belongs to
Py(u)*Z* for some geometric tripotent u.

Lemma 1. Let Z be a SFS-space and ® : Z — Z be a linear isometry. If
u,v € GT and uov. Then ®*(u) o ®*(v).

Proof. Let u,v € GT and u ¢ v. Then by [4, Lemma 2.5] we have u =+
v € GT. In [4, Lemma 2.4| it was established that any isometry ®* maps
geometric tripotents to geometric tripotents, i.e. ®*(u), ®*(v) and ®*(u+v)
are geometric tripotents. Therefore, for all f € Fg«, we have

14 (f, @*(v)] = [{f, " (u)) £ (f, ®*(v))] =

= |[(f, @ (uxv))| <" (utv)|| =1,

i.e |1+ (f, ®*(v))| <1.But this inequality is valid only for (f, ®*(v)) = 0.
Thus, (f, ®*(u£v)) =1 and Fg-(y) C Fo*(u+v)- Then by [4, Lemma 2.8] we
have

O (u) + *(v) = P (u+v) =
= 0% (u) + Py(®*(u)) " ®*(u+v) =
= &% (u) + Po(®" (1)) ®" (u) + Po(®*(u))"®*(v) =
= ®%(u) + Fo (2" (u))" " (v).
Therefore,
" (v) = Fo(®"(u))"®"(v),

ie. ®*(v) € Py(P*(u))Z*. Hence, by definition of the orthogonal geometric
tripotents it follows that ®*(u) ¢ ®*(v). O

A partial ordering can be defined on the set of geometric tripotents as
follows: if u,v € GT, then v < v if F,, C F,, or equivalently, by [5, Lemma
4.2], Py(u)*v = u, or v — u is either zero or a geometric tripotent orthogonal
to u.

A geometric tripotent u is called maximal if for v € GT from u < v, it
follows v = w.

A geometric tripotent u is called indecomposable if for v € GT from v < w,
it follows v = u. By Z we denote the set of all indecomposable geometric
tripotents (see. [7]).

Lemma 2. Let Z be a SFS-space and ® : Z — Z be a surjective linear
1sometry.

i) If u is a mazimal geometric tripotent, then ®*(u) is a mazimal geometric
tripotent.

it) If u is a indecomposable geometric tripotent, then ®*(u) is a indecomposable

geometric tripotent.



148 J. SEYPULLAEV, D. ESHNIYAZOVA

Proof. 1) Let u be a maximal geometric tripotent. Then by [4, Lemma 2.4|
we have that ®*(u) is a geometric tripotent. Suppose that ®*(u) is not a
maximal geometric tripotent. Then there exists a geometric tripotent v such
that ®*(u) < wv. Therefore, by |5, Lemma 4.2] it follows that v — ®*(u)
is geometric tripotent and ®*(u) ¢ (v — ®*(u)). Therefore, according to [4,
Lemma 2.4] and Lemma 1, we have that

¢ (v), (2" (v) —u) €GT

and

uo (O H(v) — u).
Then again from [5, Lemma 4.2] we get u < ®*~!(v). This contradicts the
fact that u is a maximal geometric tripotent. Hence, ®*(u) is a maximal
geometric tripotent.

ii) Let w € Z. By [4, Lemma 2.4] we have that ®*(u) is a geometric
tripotent. Suppose that ®*(u) is not an indecomposable geometric tripotent.
Then there exists a geometric tripotent v such that v < ®*(u). Therefore,
by [5, Lemma 4.2| it follows that ®*(u) — v is geometric tripotent and v ¢
(®*(u) — v). Therefore, according to |4, Lemma 2.4] and Lemma 1, we have
that

*(w), (u — ®* 1 (v)) € GT
and
> (w) o (u— @1 (v)).
Then again from [5, Lemma 4.2] we get ®*~!(v) < u. This contradicts the
fact that u € Z. Hence, ®*(u) is an indecomposable geometric tripotent. [J

Theorem 1. Let Z be a reflexive strongly facially symmetric space and @ :
Z — Z linear operator. Then the following statements are equivalent:

1) ® is a surjective isometry;

2) ®* maps I onto itself and preserves orthogonality relations on T.

Proof. 1) = 2) follows from Lemmas 1 and 2.

2) = 1). Let ®* maps Z onto itself and preserves orthogonality relations
on Z and u € GT be a decomposable geometric tripotent. Then, by [16,
Theorem 4.1], there exist mutually orthogonal indecomposable geometric
tripotents uq, ..., u, such that u = u; + ... + u,,. Therefore, according to |4,
Lemma 2.1] we have

[@* ()] = [ (ur) + ... + @*(un)|| =

— max{ @ (), o, [ @ ()} = 1.

Now, let’s suppose that x € Z* is not geometric tripotent. Then, by the
spectral theorem for reflexive SFS-spaces (see [4, Theorem 1|), each element
x € Z* is uniquely represented in the following form

T = ANV + ... + Ao,
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where A\; > ..\, > 0, and vy, ...v,, € Z. Then by virtue of [4, Lemma 2.1] it
follows that

|zl = A1 + ... + Apop || = max{||A1v1]], ..., [[Anvn ||}
= max{)\l, veny )\n} = )\1.
On the other side,

(1)

B*(2) = M (11) + eoo + MA@ (). 2)

Since ®* maps Z onto itself and preserves orthogonality relations on Z, then
by [4, Lemma 2.1] it follows from equality (2) that

12" (2) ]| = (A (v1) + oo 4 An @ (vn) |

= max{A[[®*(v1)[], ., An[| " (0n) [} = (3)
= max{\i, ..., A\n} = A1.
From equalities (1) and (3) it follows that ||®*(z)|| = ||z||. Therefore ®* is

an isometry.

Moreover, ® is surjective. Indeed, if y = piuy + ... + WmUp,. Since P*
maps Z onto itself, then there are indecomposable geometric tripotents v;,
1 < ¢ < m (orthogonality is not needed now) such that ®*v; = u;. Therefore,
T = p1v1+ ...+ i Up, satisfies @*(x) = y. This means that ®* is an surjective
isometry. Hence, ® is an surjective isometry. [l

Corollary 1. Any surjective linear isometry ®* of the dual space of a reflexive
SES-space Z iz uniquely determined by its values on the set T.

References

[1] W. Kaup, Riemann mapping theorem for bounded symmetric domains in complex
Banach spaces, Math. Z., 138:4 (1983), 503-529.

[2] W. Kaup, Contractive projections on Jordan C*-algebras and generalizations, Math.
Scand., 54:1 (1984), 95-100.

[3] E. M. Alfsen and F. W. Shultz, State spaces of Jordan algebras, Acta. Math., 140:3
(1978), 155-190.

[4] Y. Friedman and B. Russo, A geometric spectral theorem, Quart. J. Math. Oxford Ser.,
37:147 (1986), 263-277.

[5] Y. Friedman and B. Russo, Affine structure of facially symmetric spaces, Math. Proc.
Cambridge Philos. Soc., 106:1 (1989), 107-124.

[6] Y. Friedman and B. Russo, Some affine geometric aspects of operator algebras, Pacific.
J. Math., 137:1 (1989), 123-144.

[7] Y. Friedman and B. Russo, Geometry of the dual ball of the spin factor, Proc. London
Math. Soc., 65:1 (1992), 142-174.

[8] Y. Friedman and B. Russo, Classification of atomic facially symmetric spaces, Canad.
J. Math., 45:1 (1993), 33-87.

[9] M. Neal and B. Russo, State space of JB * -triples, Math. Ann., 328:4 (2004), 585-624.

[10] M. M. Ibragimov, K. K. Kudaybergenov and J. Kh. Seypullaev, Facially Symmetric
Spaces and Predual Ones of Hermitian Part of von Neumann Algebras, Russian
Mathematics, 62:5 (2018), 27-33.


https://doi.org/10.1007/BF01173928
https://doi.org/10.1007/BF01173928
https://doi.org/10.7146/math.scand.a-12043
https://doi.org/10.1007/BF02392307
https://doi.org/10.1093/qmath/37.3.263
https://doi.org/10.1017/S030500410006802X
http://dx.doi.org/10.2140/pjm.1989.137.123
https://doi.org/10.1112/plms/s3-65.1.142
https://doi.org/10.4153/CJM-1993-004-0
https://doi.org/10.1007/s00208-003-0495-9
https://doi.org/10.3103/S1066369X18050055
https://doi.org/10.3103/S1066369X18050055

150 J. SEYPULLAEV, D. ESHNIYAZOVA

[11] K. K. Kudaybergenov and J. Kh. Seypullaev, Characterization of JBW-Algebras with
Strongly Facially Symmetric Predual Space, Mathematical Notes., 107:4 (2020), 600—
608.

[12] K. K. Kudaybergenov, J. Kh. Seypullaev, Description of facially symmetric spaces
with unitary tripotents, Siberian Advances in Mathematics, 30:2 (2020), 117-123.

[13] J. Kh. Seypullaev and K. B. Kalenbaev, Isometric Isomorphism of Reflexive Neutral
Strongly Facially Symmetric Spaces, Siberian Advances in Mathematics, 34:4 (2024),
350-355.

[14] J. Kh. Seypullaev, Characterizations of Geometric Tripotents in Reflexive Complex
SFS-Spaces, Lobachevskii Journal of Mathematics, 40:12 (2019), 2111-2115.

[15] J. Kh. Seypulaev, A. Arziev and K. B. Kalenbaev, On some properties of neutral
SFS-spaces, Journal of the Iranian Mathematical Society, 5:2 (2024), 261-269.

[16] M. M. Ibragimov, S. J. Tleumuratov and J. Kh. Seypulaev, Some geometric properties
of a strongly facially symmetric space, Methods of functional analysis and topology,
11:3 (2005), 234-238.

JUMABEK KHAMIDULLAEVICH SEYPULLAEV

V.I. ROMANOVSKIY INSTITUTE OF MATHEMATICS, UZBEKISTAN ACADEMY OF SCIENCES,
UNIVERSITY STREET, 9,

100174, TASHKENT, UZBEKISTAN

E-mail address: jumabek81@mail.ru

DILFUZA ESHNIYAZOVA

KARAKALPAK STATE UNIVERSITY NAMED AFTER BERDAKH,
CH. ABDIROV STREET, 1,

230100, Nukus, UZBEKISTAN

E-mail address: dilfuz.41520gmail. com


https://doi.org/10.1134/S000143462003027X
https://doi.org/10.1134/S000143462003027X
https://doi.org/10.3103/S1055134420020042
https://doi.org/10.3103/S1055134420020042
https://doi.org/10.1134/S1055134424040102
https://doi.org/10.1134/S1055134424040102
https://doi.org/10.1134/S1995080219120126
https://doi.org/10.1134/S1995080219120126
https://doi.org/10.30504/jims.2024.480745.1208
https://doi.org/10.30504/jims.2024.480745.1208

	Introduction
	Preliminaries
	Main Result

