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Abstract: This paper investigates the asymptotic of the
number of distinct words in a finite Markov chain driven
model. We analyse the normalized and centered processes
associated with the occurrence of distinct words in the
model. Each state of the Markov chain is associated with its
own unique infinite dictionary. At each state of the Markov
chain, words are selected from the dictionary according to
an infinite urn scheme. The probabilities in each infinite
urn scheme satisfy the condition of regular variation. We
use a combination of asymptotic techniques and results for
Gaussian processes and derive the covariance structure of the
limiting processes. The influence of stationary probabilities
of the Markov chain on the normalization and scaling of
these processes is explored in detail. Our findings provide
new insights into the interaction between word frequencies
and the stationary distribution in systems with overlapping
or non-overlapping dictionaries. These results are applicable
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to a wide range of stochastic systems, offering a deeper
understanding of their limiting behaviour.

Keywords: Stationary distribution, Markov processes,
Different words, Infinite urn scheme.

1 Introduction

Karlin [1] investigated an infinite-box scheme in which each ball is
independently placed in the ith box with probability pi. In particular, Karlin
studied the asymptotics of the number of non-empty boxes after n throws and
proved the Central Limit Theorem for this statistic. This infinite box scheme
can be interpreted as a fundamental elementary probabilistic model for text
generation: the boxes correspond to the words of an infinite dictionary, while
the balls represent the sequential words in a text. Within this framework,
words are selected randomly and independently. This model has been studied
in many works over the years. The first explanation of the Law of Large
Numbers for distinct values in the elementary probabilistic model of the
infinite urn scheme is found in [10]. Before addressing a few of them, let’s
discuss [2], which forms the basis of our main work. In this research, a
new "regime-switching model"was proposed. The essence of the model is
as follows: let A be a finite set, and X = (Xn)n≥1 be a discrete Markov
chain taking values in the set A. In each state a ∈ A, items are taken
independently and identically distributed (iid) with distribution pa from an
infinite set (vocabulary) Va. The vocabularies do not overlap, Va∩Vb = ∅ for
a ̸= b. We assume that the Markov chain {Xi} is irreducible and starts from
its stationary distribution {πa, a ∈ A}. Pananjady et al. [8] proposed a new
method for estimating the missing mass in Markov chains, called Windowed
Good-Turing (WingIt). The method is minimax-optimal in terms of mean
squared error and has linear runtime complexity, making it efficient for large-
scale data. They also conducted experiments demonstrating the effectiveness
of their approach on synthetic data and natural language texts.

If A = {a} has only one element, then we have the classical results of
Karlin. Random variables Y a

1 , Y
a
2 , . . . are iid and take values in a countable

vocabulary Va = {1a, 2a, . . .}. Let

pak := P(Y a
1 = k) = l(a, k)k−αa , k ∈ Va, (1)

where αa > 1 is an unknown parameter, and l(a, k) > 0 is a function
satisfying the normalization condition:∑

k∈Va

l(a, k)k−αa = 1.

The function l(a, x) is slowly varying as x → ∞ for fixed a, meaning that:

l(a, cx)

l(a, x)
→ 1 as x → ∞ for any c > 0.
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Let Ja
i (n) denote the number of balls in urn i after drowing n balls in

state a,

Ja
i (n) =

n∑
j=1

1(Y a
j = i).

Let Ra
n be the number of nonempty urns and R∗,a

n,k be the number of urns
containing at least k ≥ 1 balls. These quantities can be expressed as:

Ra
n =

∞∑
i=1

1(Ja
i (n) > 0), R∗,a

n,k =

∞∑
i=1

1(Ja
i (n) ≥ k),

where 1(·) be the indicator function.
Notably, R∗,a

n,1 = Ra
n. Furthermore, the number of urns containing exactly

k balls is given by:
Ra

n,k = R∗,a
n,k −R∗,a

n,k+1.

Khmaladze [9] investigates asymptotic properties of occupancy statistics,
including the Karlin–Rowault law, which describes the distribution of the
number of bins with a given occupancy rate. In particular, the author showed
that for a system with n objects and N bins, the ratio ERa

n,k/ERa
n converges

to a function ρθa(k), defined as

ρθa(k) =
θaΓ(k − θa)

Γ(k + 1)Γ(1− θa)
,

where θa = 1/αa.
Karlin [1] proposed studying a random sample where the number of

experiments is itself random, denoted by Πa(n). Here, {Πa(t), t ≥ 0}
represents a Poisson process with parameter 1. The random choice of an urn
and the Poisson process are assumed to be independent. From the splitting
property of the Poisson process, the processes {Ja

i (Πa(t)) = Πa
i (t), t ≥ 0}

are independent Poisson processes with respective parameters pai .
By definition, the quantity R∗,a

Π(t),k is expressed as:

R∗,a
Πa(t),k

=

∞∑
i=1

1(Πa
i (t) ≥ k).

In [16] the asymptotics of the number of unique words was studied. In
particular, it was shown that if limi→∞ pai+1/p

a
i = 1, then Ra

n,1 →p ∞ for
n → ∞. If lim supi→∞ pai+1/p

a
i < 1, then ERa

n,1 remains uniformly bounded.
The statistics Ra

n and Ra
n,1 in these models are also studied in the works of

[3], [4], [5], [6], [7], [12], [13], [14], [15], [17]. We present to your attention [20]
about statistical tests conducted using these statistics.

In [18], a randomized Karlin scheme with parameter β ∈ (0, 1) is studied.
It is shown that under restricted randomization the odd-occupancy process
after normalization scales to fractional Brownian motion with Hurst index
β/2 ∈ (0, 1

2), while under heavy tails of randomization distribution with
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index α ∈ (0, 2) the same process converges to (β/α)-self-similar symmetric
α-stable process with stationary increments.

Another new work (see [19]) introduces weighted processes
∑

j wjR
a
n,j with

flexible weights wj . Under the condition |wi+j−wi| ≤ Cjβ , a Functional CLT
is proved.

We refer to [22] for modifications of the Karlin (also Simon, see [21]) text
model.

1.1. Related work. We define θa = 1/αa, where θa represents the inverse
Zipf exponent, satisfying 0 < θa < 1.

A general formulation of (1), as presented in [1], is given by:

κa(x) := max{k > 0 : pak ≥ 1/x} = L(a, x)xθa , (2)

where L(a, x) is a slowly varying function. Specifically, for any c > 0, the
property

L(a, cx)

L(a, x)
→ 1 as x → ∞

holds.
Karlin established the almost sure (a.s.) convergences:

Ra
n

ERa
n

→ 1 and
Ra

n,1

ERa
n,1

→ 1.

In [11] was proved that there is convergence of the centered and normalized
process of numbers of different words,

Za
n := {Za

n(t), 0 ≤ t ≤ 1 } =

{
Ra

[nt] − ERa
[nt]√

ERa
n

, 0 ≤ t ≤ 1

}
(3)

converges weakly in D(0, 1) with uniform metrics to a centered Gaussian
process Z with continuous a.s. sample paths and covariance function

Ka(t, s) = (s+ t)θa −max(sθa , tθa). (4)

Karlin [1] proved that

ERa
n ∼ Γ(1− θa)L(a, x)n

θa , ERa
n,k ∼ θa

Γ(k − θa)

k!
L(a, x)nθa . (5)

2 Main results

Let A = {a1, a2, . . . , a|A|} be a finite set of states of an irreducible Markov
chain {Xi}i≥0. Assume the Markov chain starts in the stationary regime:

P(Xi = aj) = πj , i ≥ 0, j ≤ |A|.

We have the CLT for the Markov chain. Denote the sum Sn = X1 + · · ·+
Xn. Consequently, at this time the weak invariance principle holds; in other
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words, putting

S̃n(t) =
S[nt] − ES[nt]√

Var(Sn)
, 0 ≤ t ≤ 1, (6)

we have
S̃n ⇒ W as n → ∞, (7)

where {W (t), 0 ≤ t ≤ 1} is a standard Wiener process on D([0, 1]) with
Skorokhod topology.

Denote Na,n =
∑n

i=1 1(Xi = a), a ∈ A.
It is obvious that ENa,n = nπa.
Let

Ña,n(t) =
Na,[nt] − ENa,[nt]√

Var(Na,n)
, 0 ≤ t ≤ 1, (8)

From the Functional CLT for (Na,n, a ∈ A) we have

(Ña,n, a ∈ A) ⇒ (Wa, a ∈ A) as n → ∞

on D|A|([0, 1]) with Skorokhod topology, components Wa are standard
Wiener processes,

Cov(Wa(s),Wb(t)) = lim
n→∞

Cov

(
Na,[ns] − ENa,[ns]√

Var(Na,n)
,
Nb,[nt] − ENb,[nt]√

Var(Nb,n)

)

= lim
n→∞

Cov(Na,[ns], Nb,[nt])√
Var(Na,n)

√
Var(Nb,n)

This limit can be calculated as follows: let’s start with

Cov(Na,n, Nb,n) =
n∑

i=1

n∑
j=1

Cov(1(Xi = a),1(Xj = b))

=

n∑
i=1

n∑
j=1

γa,b(j − i) = |j − i = k| =
n−1∑

k=−(n−1)

(n− |k|)γa,b(k),

where
γa,b(k) := Cov(1(X0 = a),1(Xk = b)), k ∈ Z.

For k = 0:

γa,b(0) =

{
πa(1− πa), if a = b,

−πaπb, if a ̸= b.

For k > 0:

γa,b(k) = P(X0 = a,Xk = b)− πaπb = πaP
k(a, b)− πaπb.

For k < 0:
γa,b(k) = γb,a(−k) = πbP

−k(b, a)− πaπb.

Cov(Na,n, Nb,n)

n
=

n−1∑
k=−(n−1)

(
1− |k|

n

)
γa,b(k) →

∞∑
k=−∞

γa,b(k) =: va,b.
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Similarly,

Var(Na,n) =
n∑

i=1

Var(1(Xi = a)) =
n∑

i=1

n∑
j=1

Cov(1(Xi = a), 1(Xj = a)) =

=
n∑

i=1

n∑
j=1

γa,a(j − i) =
n−1∑

k=−(n−1)

(n− |k|)γa,a(k).

From here
Var(Na,n)

n
→ va,a, a ∈ A.

Hence,

lim
n→∞

Cov(Na,n, Nb,n)√
Var(Na,n)

√
Var(Nb,n)

=
va,b√

va,a
√
vb,b

=: ρa,b.

cov(Wa(s),Wb(t)) = lim
n→∞

Cov(Na,[ns], Nb,[nt])√
Var(Na,n)

√
Var(Nb,n)

= min(s, t)ρa,b

Let each of a ∈ A corresponds to its own dictionary.
Let (2) be satisfied for any state a ∈ A. Without loss of generality,

we rearrange the set of states A so that their parameters are arranged in
descending order:

θa1 ≥ θa2 ≥ · · · ≥ θa|A| . (9)
Let k0 be such that

θa1 = θa2 = . . . = θak0 > θak0+1
≥ · · · ≥ θa|A| , (10)

1 ≤ k0 ≤ |A|.
Let there exist

cj := lim
x→∞

L(aj , x)/L(a1, x) ≤ 1, 1 ≤ j ≤ k0. (11)

Note that c1 = 1.
Let Ra

Na,n
denote the number of distinct words observed in state a,

and Ra
Na,n,1

denotes the number of words that occur only once in state a.
While the transitions between states follow a Markov chain with stationary
distribution π = (πa)a∈A. Since the dictionaries corresponding to different
states a ∈ A do not intersect, the number of distinct words Rn and
the number of words that occur only once Rn,1 are determined by the
sums Rn =

∑
a∈ARa

Na,n
and Rn,1 =

∑
a∈ARa

Na,n,1
, respectively. From

Na,n = ENa,n + OP (
√

VarNa,n) we now ERa
Na,n

∼ ERa
[ENa,n]

= ERa
[nπa]

.
Let Ra

Πa(Na,n),1
and Ra,∗

Πa(Na,n),1
denote the number of words in state a that

occur only once and the number of distinct words, respectively, after n steps
of the Markov chain under Poissonization. Similarly, for a Poisson setting,
the total number of words that occur only once and the total number of
distinct words at time n can be expressed as RΠ

n,1 =
∑

a∈ARa
Πa(Na,n),1

and RΠ
n =

∑
a∈ARa,∗

Πa(Na,n),1
, respectively. In this model, Poissonization
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controls the random occurrence of words in each state a ∈ A, where
transitions between states follow a Markov chain with stationary distribution
π = (πa)a∈A. Observations in each state are independent and identically
distributed according to a regime-specific distribution pa,m. Poisson processes
{Πa(·), a ∈ A} are mutually independent and does not depend on the
processes of observations in each state and on the Markov chain.

We can directly derive the following asymptotics using the asymptotic
formulas for the case of |A| = 1 from [1]:

Lemma 1. For any a ∈ A

E[Ra
Πa(Na,n),1

] ∼ θa Γ(1− θa) (nπa)
θaL(a, nπa), (12)

E[Ra,∗
Πa(Na,n),1

] ∼ Γ(1− θa) (nπa)
θaL(a, tπa). (13)

Proof. If at each step the state a ∈ A is selected with probability πa, then
the average number of terms falling exactly on the label a is equivalent to
πan. Consequently, for the number of occurrences of exactly one event at the
label a by the moment n we have

E
[
Ra

Na,n,1

]
∼ θaΓ(1− θa)

(
πan

)θaL(a, nπa),
When passing to Poissonization, we actually substitute Π(t) ∼a.s. t as

t → ∞. Then we get

E
[
Ra

Π(Na,n),1

]
∼ θaΓ(1− θa)

(
nπa

)θaL(a, nπa).
Similarly, we can also obtain the (13) asymptotics.

□

Then for the entire system, the following statements are true:

Theorem 1. Under assumptions (12) and (13),

E[RΠ
n,1]

E[RΠ
n ]

→ θa1 ,

and for any 0 < x < 1,
E[RΠ

[xn]]

E[RΠ
n ]

→ xθa1 ,
E[RΠ

[xn],1]

E[RΠ
n,1]

→ xθa1 .

Proof. 1. From Lemma 1 and definitions of RΠ
n,1 and RΠ

n ,

E[RΠ
n,1] =

∑
a∈A

E[Ra
Π(n),1] ∼

∑
a∈A

θa Γ(1− θa) (nπa)
θaL(a, nπa). (14)

E[RΠ
n ] ∼

∑
a∈A

Γ(1− θa) (nπa)
θaL(a, nπa). (15)

From (14), (15), (10) and the definition of cj ,

E[RΠ
n,1] ∼ θa1 Γ(1− θa1)n

θa1L(a1, n)
∑
j≤k0

cjπ
θa1
aj ,
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E[RΠ
n ] ∼ Γ(1− θa1)n

θa1L(a1, n)
∑
j≤k0

cjπ
θa1
aj , (16)

so
E[RΠ

n,1]

E[RΠ
n ]

→ θa1 ,

Suppose that, according to (9), several states share a maximal parameter,
i.e.

θa1 = θa2 = · · · = θak > θak+1
≥ · · · ≥ θa|A| .

Then the asymptotic expansions are dominated only by the terms
corresponding to these maximal θai . Although each such term contributes
to a constant, these constants appear in both the numerator and the
denominator, causing them to cancel. Hence, the limit remains determined
by the common maximal parameter θa1 .

Moreover, if all θai coincide, then the same reasoning applies: each term
has the same exponent θa1 , and the overall limit again converges to θa1 .

2. Let replace n with [xn] in the asymptotic expression for E[RΠ
n ]:

E[RΠ
[xn]] =

∑
a∈A

Γ(1− θa) (xnπa)
θaL(a, xnπa). (17)

From (15) and (17) and taking into account the above reasoning, we have:

E[RΠ
[xn]]

E[RΠ
n ]

→ xθa1 .

Similarly for the number of words occurring only once. □

The next result is directly related to how the (3) process behaves.

Theorem 2. Let

Zn := {Zn(t), 0 ≤ t ≤ 1 } =

{R[nt] − ER[nt]√
ERn

, 0 ≤ t ≤ 1

}
be the normalized and centered process in the model governed by the Markov
chain with a stationary distribution, and assumptions (2), (10), (11) to be
hold.

Then Zn converges weakly in the space D([0, 1]) to a centered Gaussian
process Za1 = {Za1(t), t ∈ [0, 1]} with the covariance function given by (4)
with a = a1.

Proof. Consider the Poissonized version of the process,

ZΠ
n := {ZΠ

n (t), 0 ≤ t ≤ 1 } =

{
RΠ

[nt] − ERΠ
[nt]√

ERΠ
n

, 0 ≤ t ≤ 1

}
Its covariance function

Cov(ZΠ
n (s),ZΠ

n (t)) =
Cov(RΠ

[ns],R
Π
[nt])

ERΠ
n

. (18)
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From the definition of RΠ
n ,

Cov(RΠ
[ns],R

Π
[nt]) =

∑
a,b∈A

Cov(Ra
Πa(Na,[ns])

, Rb
Πb(Nb,[nt])

).

Poisson processes Πa and Πb are independent for a ̸= b, so the the
corresponding covariances are zero,

Cov(RΠ
[ns],R

Π
[nt]) =

∑
a∈A

Cov(Ra
Πa(Na,[ns])

, Ra
Πa(Na,[nt])

). (19)

We know that
Cov(Ra

Πa(ns)
, Ra

Πa(nt)
)

ERa
Πa(n)

→ Ka(s, t) (20)

as n → ∞ for any a ∈ A.
Remember that Na,n → ∞ a.s. as n → ∞, and Na,[nt]/Na,n → t a.s. by

the SLLN for Markov chains. From (20),

Cov(Ra
Πa(Na,[ns])

, Ra
Πa(Na,[nt])

)

ERa
Πa(Na,n)

→ Ka(s, t). (21)

Substituting (16), (19) and (20) to (18), we have

Cov(ZΠ
n (s),ZΠ

n (t)) =
∑
a∈A

Cov(Ra
Πa(Na,[ns])

, Ra
Πa(Na,[nt])

)

ERa
Πa(Na,n)

ERa
Πa(Na,n)

ERΠ
n

→
∑
j≤k0

Ka1(s, t)
cjπ

θ1
aj∑

i≤k0
ciπ

θ1
ai

= Ka1(s, t).

Thus, the covariances of the process converge to the covariances of the
limiting Gaussian process. The convergence of multivariate distributions is
ensured by the central limit theorem: since the process values are sums of
independent indicators, the Lindeberg condition is satisfied for them and w
weak convergence to the multivariate normal distribution is guaranteed.

The relative compactness of the distributions of processes {ZΠ
n , n ≥ 1}

follows from the fact that they are weighted sums of processes Za
Πa(n)

on
random intervals, and these random intervals converge to deterministic ones
after scaling, and the relative compactness for processes on deterministic
intervals is proved in Step 3 of the proof of Theorem 1 in [11]. Therefore,
the Poissonized process weakly converges in the uniform metric to the limit
Gaussian process.

The final step of the proof is the transition from the Poissonized version
ZΠ
n of the process to the original version Zn. The convergence of the maximal

absolute value of the difference of the processes in probability to zero is also
based on the representation as a weighted sum of differences Za

Πa(n)
(·) −

Za
n(·). The convergence of each maximal absolute value of the difference in

probability to zero is proved in Step 4 of the proof of Theorem 1 in [11].
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Thus, process Zn converges in distribution in D([0, 1]) to a centered
Gaussian process with covariance Ka1(t, s).

□

3 Conclusion

The process of numbers of different words, governed by a stationary
indecomposable finite Markov chain, has the same limiting distribution as
the one-state process. Therefore, it is not possible to obtain a model in this
way that better explains the observed data than Karlin’s original scheme.
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