
Âÿçêèå ðåøåíèÿ óðàâíåíèÿ ôèëüòðàöèè
ñ ìëàäøèìè ÷ëåíàìè

Àë.Ñ. Òåðñåíîâ

Department of Mathematics and Applied Mathematics, University of Crete

tersenov@uoc.gr

Àð.Ñ. Òåðñåíîâ

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà

aterseno@math.nsc.ru

Adstract. In this article, su�cient conditions are given for the existence of a viscosity solution
to the �rst initial boundary value problem for the equation of porous media type with low order
terms.

Keywords: porous media equation, viscosity solution.

ÓÄÊ 517.95

MSC 35A01, 35D40

� 1 Ââåäåíèå è îñíîâíûå ðåçóëüòàòû

Ðàññìîòðèì óðàâíåíèå ôèëüòðàöèè ñ ìëàäøèìè ÷ëåíàìè

ut = (um)xx + F (t, x, u, ux), â ΩT = (0, T )× (−l, l), m > 1, (1.1)

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì Äèðèõëå

u(t,−l) = u(t, l) = 0,

à òàêæå íà÷àëüíîìó óñëîâèþ

u(0, x) = u0(x) ≥ 0, u0(−l) = u0(l) = 0,

ãäå ôóíêöèÿ u0 íåïðåðûâíà ïî Ãåëüäåðó ñ ïîêàçàòåëåì 1/m:

|u0(x)− u0(y)| ≤ C|x− y|
1
m . (1.2)

Ñäåëàâ â óðàâíåíèè (1.1) çàìåíó ïåðåìåííûõ

v =
m

m− 1
um−1,

ìû ïîëó÷àåì óðàâíåíèå ôèëüòðàöèè äëÿ äàâëåíèÿ v(t, x)

vt = (m− 1)vvxx + v2x +G(t, x, v, vx), â ΩT , (1.3)

êîòîðîå óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì

v(t,−l) = v(t, l) = 0, (1.4)
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à òàêæå íà÷àëüíîìó óñëîâèþ

v(0, x) = v0(x) =
m

m− 1
um−1
0 (x), v0(−l) = v0(l) = 0. (1.5)

Çàìåòèì, ÷òî èç (1.2) âûòåêàåò, ÷òî v0(x) óäîâëåòâîðÿåò

|v0(x)− v0(y)| ≤ C0|x− y|α, α =
m− 1

m
, (1.6)

ñ íåêîòîðîé ïîñòîÿííîé C0. Çäåñü G(t, x, v, vx) = F (t, x, u, ux) ïðè óêàçàííîé çàìåíå ïåðå-
ìåííûõ. Â äàëüíåéøåì áóäåì ðàññìàòðèâàòü çàäà÷ó (1.3)�(1.5), äëÿ êîòîðîé è äîêàæåì
ñóùåñòâîâàíèå âÿçêîãî ïî Ëèîíñó ðåøåíèÿ.

Óðàâíåíèþ (1.3) ïðèG = 0 ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò. Íå èìåÿ âîçìîæíîñòü
ïðèâåñòè ïîëíûé ñïèñîê ñîîòâåòñòâóþùåé ëèòåðàòóðû, îòìåòèì ëèøü ìîíîãðàôèè [1],
[13] è ññûëêè â íèõ. Â ñëó÷àå G = 0 áûëè ïîëó÷åíû îïòèìàëüíûå ðåçóëüòàòû î ãëàäêîñòè
ðåøåíèé ïî ïðîñòðàíñòâåííîé ïåðåìåííîé êàê çàäà÷è Äèðèõëå, òàê è çàäà÷è Êîøè. Â
ïåðâîì ñëó÷àå áûëà äîêàçàíà íåïðåðûâíîñòü ðåøåíèÿ ïî Ãåëüäåðó ñ ïîêàçàòåëåì 1

m
, âî

âòîðîì � íåïðåðûâíîñòü ðåøåíèÿ ïî Ãåëüäåðó ñ ïîêàçàòåëåì 1
m−1

.
Äàäèì îïðåäåëåíèå âÿçêîãî ðåøåíèÿ çàäà÷è (1.3)�(1.5) ñëåäóÿ [14] (ñì. òàêæå [5], [10]).

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî íåïðåðûâíàÿ, íåîòðèöàòåëüíàÿ ôóíêöèÿ v(t, x)
ÿâëÿåòñÿ âÿçêèì ñóáðåøåíèåì (ñóïåððåøåíèåì) çàäà÷è (1.3)�(1.5) â íåêîòîðîé òî÷êå
(t0, x0) ∈ ΩT , åñëè

v(t,−l) = 0 (≥ 0), v(t, l) = 0 (≥ 0),

v(0, x) ≤ v0(x) (≥ v0(x)), x ∈ (−l, l),

è äëÿ ëþáîé ϕ(t, x) ∈ C1,2(ΩT ), óäîâëåòâîðÿþùåé äëÿ (t, x), (t0, x0) ∈ ΩT óñëîâèÿì

v(t, x) ≤ ϕ(t, x)
(
≥ ϕ(t, x)

)
, v(t0, x0) = ϕ(t0, x0),

âûïîëíÿåòñÿ
ϕt − (m− 1)ϕϕxx − ϕ2

x −G(t, x, ϕ, ϕx)
∣∣∣
(t0,x0)

≤ 0 (≥ 0).

Âÿçêèì ðåøåíèåì çàäà÷è (1.3)�(1.5) â òî÷êå (t0, x0) ÿâëÿåòñÿ íåïðåðûâíàÿ, íåîòðèöà-
òåëüíàÿ ôóíêöèÿ v(t, x), êîòîðàÿ îäíîâðåìåííî ÿâëÿåòñÿ ñóá- è ñóïåððåøåíèåì.

Îñíîâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ òåîðåìà ñóùåñòâîâàíèÿ âÿçêîãî ðåøåíèÿ (1.3)�
(1.5) (ñì. òåîðåìó 1) â ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü, â ÷àñòíîñòè, ìîæåò èìåòü ïðîèçâîëüíûé
ïîëèíîìèàëüíûé ðîñò ïî ïðîèçâîäíîé îò ðåøåíèÿ. Êðîìå òîãî, äîêàçàíà íåïðåðûâíîñòü
ðåøåíèÿ ïî Ãåëüäåðó ïî ïåðåìåííîé x ñ ïîêàçàòåëåì α (ñì. ëåììó 2.2). Ñ.Í. Êðóæêîâûì
[9] áûë ïîëó÷åí ðåçóëüòàò î õàðàêòåðå íåïðåðûâíîñòè ïî t ðåøåíèÿ ëèíåéíîãî ïàðàáîëè-
÷åñêîãî óðàâíåíèÿ, åñëè àïðèîðè èçâåñòåí ìîäóëü íåïðåðûâíîñòè ïî ïðîñòðàíñòâåííûì
ïåðåìåííûì. Áûëî äîêàçàíî, ÷òî íåïðåðûâíîñòü ðåøåíèÿ ïî Ãåëüäåðó ïî ïåðåìåííîé x
ëèíåéíîãî óðàâíåíèÿ ñ ïîêàçàòåëåì σ ∈ (0, 1], âëå÷åò íåïðåðûâíîñòü ðåøåíèÿ ïî Ãåëüäåðó
ïî ïåðåìåííîé t ñ ïîêàçàòåëåì σ

2+σ
. Ïîêàçàòåëü íåïðåðûâíîñòè ïî Ãåëüäåðó ïî ïåðåìåííîé

t áûë óëó÷øåí Á. Ãèëäèíãîì [6], ãäå áûëî äîêàçàíî, ÷òî îí ðàâåí σ
2
. Â ëåììå 2.3 ìû îáîá-

ùèëè ðåçóëüòàò Êðóæêîâà�Ãèëäèíãà íà ñëó÷àé, êîãäà â óðàâíåíèè ïðèñóòñòâóåò ïðàâàÿ
÷àñòü íåëèíåéíàÿ ïî ïðîèçâîäíîé îò ðåøåíèÿ. Îòìåòèì, ÷òî â ñëó÷àå, åñëè åñòü îöåíêà
ìàêñèìóìà ìîäóëÿ ãðàäèåíòà ðåøåíèÿ, ðåçóëüòàò Êðóæêîâà-Ãèëäèíãà ìîæåò áûòü ïåðå-
íåñåí è íà êâàçèëèíåéíûå óðàâíåíèÿ. Íî, êàê óæå áûëî îòìå÷åíî âûøå, òàêîé ãëàäêîñòüþ
ðåøåíèÿ óðàâíåíèÿ âèäà (1.3) íå îáëàäàþò.

Äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ âÿçêîãî ðåøåíèÿ çàäà÷è (1.3)�(1.5) ïðîâåäåì
ìåòîäîì ðåãóëÿðèçàöèè èñõîäíîé êðàåâîé çàäà÷è. Â ñâÿçè ñ ýòèì, îòìåòèì ðàáîòû [2, 11],
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â êîòîðûõ áûëî äîêàçàíî ñóùåcòâîâàíèå âÿçêîãî ðåøåíèÿ â ñëó÷àå G = G(u) òàêæå ñ
ïîìîùüþ ðåãóëÿðèçàöèè.

Ïðåäïîëîæèì, ÷òî â (1.3) ôóíêöèÿ G óäîâëåòâîðÿåò

G(t, y, z1, q)−G(t, x, z2, q) ≥ 0, (1.7)

G(t, x, z1,−q)−G(t, y, z2,−q) ≥ 0 (1.8)

ïðè t ∈ [0, T ], −l ≤ y < x ≤ l, z1 < z2, q ≥ 0, à òàêæå óñëîâèÿì

G(t, x, z, q) ≤ 0, z ≥ 0, q ∈ R; G(t, x, z, 0) = 0, (1.9)

ïðè x ∈ [−l, l], t ∈ [0, T ]. Ïðèâåäåì ïðîñòîé ïðèìåð ôóíêöèè G, óäîâëåòâîðÿþùåé (1.7)�
(1.9):

G(t, x, z, q) = f(t, z)g(t, q),

ãäå g(t, q) ≥ 0 ∀q, g(t, 0) = 0, à f(t, z) íåâîçðàñòàþùàÿ ïî z è òàêàÿ, ÷òî f(t, z) ≥
0 ïðè z ≤ 0.

Äëÿ òîãî, ÷òîáû äîêàçàòü ñóùåñòâîâàíèå âÿçêîãî ðåøåíèÿ çàäà÷è (1.3)�(1.5) ñ ïîìîùüþ
ïðåäåëüíîãî ïåðåõîäà íåîáõîäèìî ïîëó÷èòü ðàâíîìåðíûå îòíîñèòåëüíî ïàðàìåòðà ðåãóëÿ-
ðèçàöèè îöåíêè Ãåëüäåðà ðåøåíèé ðåãóëÿðèçîâàííîé çàäà÷è. Ïîëó÷åíèå îöåíêè Ãåëüäåðà
ïî âðåìåíè áàçèðóåòñÿ íà óïîìÿíóòîì âûøå îáîáùåíèè ðåçóëüòàòà Êðóæêîâà-Ãèëäèíãà.
Â ñâÿçè ñ ýòèì áóäåì ïðåäïîëàãàòü, ÷òî G óäîâëåòâîðÿåò ñëåäóþùåìó íåðàâåíñòâó ïî
ïåðåìåííîé q

max
(t,x)∈ΩT ,|z|≤M

|G(t, x, z, q)| ≤ κ0(1 + |q|p), (1.10)

ñ íåêîòîðîé ïîñòîÿííîé κ0 è êàêèì-ëèáî ôèêñèðîâàííûì p ≥ 0. Ñôîðìóëèðóåì òåïåðü
îñíîâíîé ðåçóëüòàò íàñòîÿùåé ñòàòüè.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ G(t, x, z, q) ∈ C
β
2
,β,β,β

t,x,z,q ((0, T ) × (−l, l) × R × R) ñ
íåêîòîðûì ïîêàçàòåëåì β ∈ (0, 1) è âûïîëíåíû óñëîâèÿ (1.7)�(1.9), (1.10). Òîãäà ñóùå-
ñòâóåò âÿçêîå ðåøåíèå v(t, x) çàäà÷è (1.3)�(1.5) òàêîå, ÷òî

|v(t, x)− v(t, y)| ≤ C0|x− y|α, α =
m− 1

m
, x, y ∈ [−l, l], t ∈ [0, T ],

|v(t1, x)− v(t2, x)| ≤ C1|t1 − t2|γ, γ =
α

max{2, p}
, x ∈ (−l, l), t1, t2 ∈ (0, T ),

ãäå ïîñòîÿííàÿ C0 èç (1.6), à ïîñòîÿííàÿ C1 çàâèñèò ëèøü îò C0, κ0, l, α, p è d = dist(x, ∂Ω).

Ñòàòüÿ ñòðóêòóðèðîâàíà ñëåäóþùèì îáðàçîì. Âòîðîé ïàðàãðàô ïîñâÿùåí ïîëó÷åíèþ
àïðèîðíûõ îöåíîê ðåøåíèÿ ðåãóëÿðèçîâàííîé çàäà÷è, íå çàâèñÿùèõ îò ïàðàìåòðà ðåãó-
ëÿðèçàöèè. Â òðåòüåì ïàðàãðàôå ïðèâîäèòñÿ äîêàçàòåëüñòâî òåîðåìû 1.

� 2 Àïðèîðíûå îöåíêè ðåøåíèÿ ðåãóëÿðèçîâàííîé çà-

äà÷è

Äëÿ äîêàçàòåëüñòâà òåîðåìû 1 ìû ñòðîèì ïîñëåäîâàòåëüíîñòü êëàññè÷åñêèõ ðåøåíèé vµ
ñëåäóþùèõ ðåãóëÿðèçîâàííûõ çàäà÷, ãäå óðàâíåíèå (1.3) îñòàåòñÿ íåèçìåííûì

vµt = (m− 1)vµvµxx + v2µx +G(t, x, vµ, vµx), â ΩT , (2.1)
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êðàåâûå óñëîâèÿ (1.4) çàìåíÿþòñÿ óñëîâèÿìè

vµ(t,−l) = vµ(t, l) = µ > 0, (2.2)

à íà÷àëüíîå óñëîâèå (1.5) ïðèíèìàåò âèä

vµ(0, x) = v0µ(x) ≥ µ, v0µ(±l) = µ, (2.3)

ãäå ôóíêöèÿ v0µ(x) � ãëàäêàÿ ôóíêöèÿ óäîâëåòâîðÿþùàÿ ñîîòíîøåíèÿì

|v0µ(x)− v0µ(y)| ≤ C0|x− y|α, (2.4)

||v0µ(x)− v0(x)||Cα([−l,l]) → 0 ïðè µ → 0. (2.5)

Äàäèì äëÿ óäîáñòâà ÷èòàòåëÿ îïðåäåëåíèå êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (2.1)�(2.3).
Îïðåäåëåíèå 2. Ôóíêöèþ vµ(t, x) ∈ C1,2

t,x(ΩT ) ∩ C0(ΩT ), óäîâëåòâîðÿþùóþ óðàâíåíèþ
(2.1) â êàæäîé òî÷êå îáëàñòè, à òàêæå íà÷àëüíî êðàåâûì óñëîâèÿì (2.2), (2.3), ïîíè-
ìàåìûì ïîòî÷å÷íî, áóäåì íàçûâàòü êëàññè÷åñêèì ðåøåíèåì çàäà÷è (2.1)�(2.3).

Â ýòîì ïàðàãðàôå ìû ïîëó÷èì ðàâíîìåðíóþ ïî µ îöåíêó ìàêñèìóìà ìîäóëÿ ðåøåíèé
çàäà÷è (2.1), (2.2), (2.3). Òàêæå ïîëó÷èì ðàâíîìåðíóþ ïî µ îöåíêó Ãåëüäåðà ýòèõ æå
ðåøåíèé.

Ðàññìîòðèì çàäà÷ó (2.1)�(2.3) è, äëÿ ïðîñòîòû, â äàëüíåéøèõ âûêëàäêàõ îïóñòèì µ
ó ôóíêöèè vµ, ïîëîæèâ v(t, x) = vµ(t, x), v0(x) = v0µ(x). Â íîâûõ îáîçíà÷åíèÿõ çàäà÷à
(2.1)�(2.3) ïðèíèìàåò âèä

vt = (m− 1)vvxx + v2x +G(t, x, v, vx) â ΩT , (2.6)

v(t,−l) = v(t, l) = µ > 0, (2.7)

v(0, x) = v0(x) ≥ µ, v0(±l) = µ, (2.8)

ãäå v0(x) � ãëàäêàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ñîîòíîøåíèþ

|v0(x)− v0(y)| ≤ C0|x− y|α, (2.9)

ãäå ïîñòîÿííàÿ C0 èç (1.6). Äîêàæåì ñëåäóþùóþ ëåììó.
Ëåììà 2.1. Äëÿ ëþáîãî êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (2.6)�(2.8) â ΩT âåðíû îöåíêè

µ ≤ v(t, x) ≤ C0(l − x)α + µ, (2.10)

µ ≤ v(t, x) ≤ C0(l + x)α + µ. (2.11)

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî äîêàçàòåëüñòâî ëåâîãî íåðàâåíñòâà â (2.10), (2.11) âûòå-
êàåò èç ïðèíöèïà ìàêñèìóìà, ïðèìåíåííîãî ê çàäà÷å (2.6)�(2.8).

Ðàññìîòðèì ôóíêöèþ h = C0(l + x)α, |x| < l. Íàïîìíèì, ÷òî α = m−1
m

> 0. Ëåãêî
âèäåòü, ÷òî h′ > 0, h′′ < 0. Ôóíêöèÿ h óäîâëåòâîðÿåò óðàâíåíèþ

(m− 1)hhxx − ht = −h2
x, (2.12)

Â òî æå âðåìÿ èç (2.6) ñëåäóåò

(m− 1)vvxx − vt = −v2x −G(t, x, v, vx), (2.13)

îòêóäà, âû÷èòàÿ (2.12) èç (2.13), äëÿ ôóíêöèè

w(t, x) = v(t, x)− h(l + x)− µ,
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ïîëó÷àåì
Lw ≡ (m− 1)vwxx − wt + (m− 1)hxxw =

h2
x − v2x − µ(m− 1)hxx −G(t, x, v, vx) ≥ h2

x − v2x −G(t, x, v, vx). (2.14)

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ w äîñòèãàåò ïîëîæèòåëüíîãî ìàêñèìóìà â íåêîòîðîé òî÷êå
(t0, x0) ∈ ΩT \ΓT , ãäå ΓT � ïàðàáîëè÷åñêàÿ ãðàíèöà îáëàñòè ΩT . Ñ îäíîé ñòîðîíû, â òî÷êå
(t0, x0) âûïîëíåíû ñîîòíîøåíèÿ

w > 0, wxx ≤ 0, wt ≥ 0, v > 0, hxx < 0,

÷òî âëå÷åò çà ñîáîé íåðàâåíñòâî Lw
∣∣∣
(t0,x0)

< 0. Ñ äðóãîé ñòîðîíû, â òî÷êå (t0, x0) èìåþò

ìåñòî ñîîòíîøåíèÿ w > 0, wx = 0. Îòêóäà, èñïîëüçóÿ (1.9), âûòåêàåò, ÷òî â òî÷êå (t0, x0)

v > h, vx = hx, v2x = h2
x, G ≤ 0.

Òàêèì îáðàçîì, èç (2.14) ïîëó÷àåì

Lw
∣∣∣
(t0,x0)

≡ (m− 1)vwxx + (m− 1)hxxw − wt

∣∣∣
(t0,x0)

≥ 0.

Ýòî ïðîòèâîðå÷èò òîìó, ÷òî ôóíêöèÿ w äîñòèãàåò ïîëîæèòåëüíîãî ìàêñèìóìà â (t0, x0) ∈
ΩT \ ΓT .

Ðàññìîòðèì w íà ΓT . Çàìåòèì, ÷òî èç ñîãëàñîâàííîñòè ãðàíè÷íûõ è íà÷àëüíûõ óñëîâèé
ðàññìàòðèâàåìîé çàäà÷è, âûòåêàåò v(0,−l) = v0(−l) = µ, îòêóäà ïðè t = 0 èìååì

w(0, x) = v0(x)− (l + x)α − µ = v0(x)− v0(−l)− (l + x)α ≤ 0,

â ñèëó (2.9). Ïðè x = ±l ïîëó÷àåì

w(t,−l) = 0, w(t, l) = −h(2l) < 0.

Ñëåäîâàòåëüíî,
v(t, x) ≤ h(l + x) + µ = (l + x)α + µ.

Ðàññìîòðèì òåïåðü ôóíêöèþ

w̃(t, x) = v(t, x)− h(l − x)− µ.

Ïðèìåíÿÿ ê ôóíêöèè w̃ äîñëîâíî âñå ðàññóæäåíèÿ, êîòîðûå áûëè ïðîâåäåíû âûøå äëÿ
ôóíêöèè w, ëåãêî ïîêàçàòü, ÷òî îíà íå ìîæåò äîñòèãàòü ïîëîæèòåëüíîãî ìàêñèìóìà âíóò-
ðè ΩT \ ΓT . Î÷åâèäíî

w̃(0, x) = v0(x)− (l − x)α − µ = v0(x)− v0(l)− (l − x)α ≤ 0.

Ïðè x = ±l ïîëó÷àåì w̃(t,−l) = −h(2l) < 0, w̃(t, l) = 0, ñëåäîâàòåëüíî,

v(t, x) ≤ h(l − x) + µ = (l − x)α + µ. □

Äîêàæåì òåïåðü ñëåäóþùóþ ëåììó.
Ëåììà 2.2. Ïóñòü âûïîëíåíû óñëîâèÿ (1.7)�(1.9). Òîãäà äëÿ ëþáîãî êëàññè÷åñêîãî ðåøå-
íèÿ çàäà÷è (2.6)�(2.8) âåðíà îöåíêà

|v(t, x)− v(t, y) ≤ C0|x− y|α äëÿ âñåõ x, y ∈ [−l, l]. (2.15)
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Äîêàçàòåëüñòâî. Ðàññìîòðèì óðàâíåíèå (2.6) â òî÷êàõ (t, x) è (t, y)

vt(t, x) = (m− 1)v(t, x)vxx(t, x) + v2x(t, x) +G(t, x, v(t, x), vx(t, x)), (2.16)

vt(t, y) = (m− 1)v(t, y)vyy(t, y) + v2y(t, y) +G(t, y, v(t, y), vy(t, y)). (2.17)

Âû÷èòàÿ (2.17) èç (2.16), ïîëó÷èì, ÷òî ôóíêöèÿ

V (t, x, y) = v(t, x)− v(t, y)

óäîâëåòâîðÿåò ñëåäóþùåìó ñîîòíîøåíèþ

L1V ≡ (m− 1)v(t, x)Vxx + (m− 1)v(t, y)Vyy − Vt =

v2y(t, y)− v2x(t, x) +G(t, y, v(t, y), vy(t, y))−G(t, x, v(t, x), vx(t, x)).

Ïðåäïîëîæèì, ÷òî x > y è ðàññìîòðèì ôóíêöèþ h(x− y) = C0(x− y)α. Çàìåòèì, ÷òî

hxx = h′′, hyy = h′′, hx = h′, hy = −h′.

Îòêóäà âûòåêàåò, ÷òî

L1h(x− y) = (m− 1)v(t, x)hxx + (m− 1)v(t, y)hyy − ht =

1− 1
α

h
h′2v(t, x) +

1− 1
α

h
h′2v(t, y) =

1− 1
α

h
h′2(v(t, x) + v(t, y)).

Äëÿ ðàçíîñòè W = V − h áóäåì èìåòü

L1W ≡ (m− 1)v(t, x)Wxx + (m− 1)v(t, y)Wyy −Wt =

v2y(t, y)− v2x(t, x) +G(t, y, v(t, y), vy(t, y))−G(t, x, v(t, x), vx(t, x))−

1− 1
α

h
h′2(v(t, x) + v(t, y)). (2.18)

Ðàññìîòðèì ôóíêöèþ W â îáëàñòè

P = {(t, x, y) : 0 < t < T, y < x, |x| < l, |y| < l}.

Ïðåäïîëîæèì, ÷òî W äîñòèãàåò ñâîåãî ïîëîæèòåëüíîãî ìàêñèìóìà â íåêîòîðîé òî÷êå
(t0, x0, y0) ∈ P \ Γ, ãäå Γ � ïàðàáîëè÷åñêàÿ ãðàíèöà P . Òîãäà â ýòîé òî÷êå Wx(t0, x0, y0) =
Wy(t0, x0, y0) = 0. Êàê ñëåäñòâèå, ïîëó÷àåì vx(t0, x0) = vy(t0, y0). Îòìåòèì òàêæå, ÷òî
W (t0, x0, y0) > 0, ÷òî âëå÷åò çà ñîáîé v(t0, x0) > v(t0, y0) > 0. Ó÷èòûâàÿ âûøåèçëîæåííîå,
à òàêæå (1.7), ïîëó÷àåì èç (2.18)

L1W
∣∣∣
(t0,x0,y0)

=

v2y(t0, y0)− v2x(t0, x0) +G(t0, y0, v(t0, y0), h
′(x0 − y0))−G(t0, x0, v(t0, x0), h

′(x0 − y0))−

1− 1
α

h(x0 − y0)
h′2(x0 − y0)(v(t0, x0) + v(t0, y0)) > 0 (2.19)

ïîñêîëüêó 1− 1/α < 0. Ñ äðóãîé ñòîðîíû â òî÷êå ïîëîæèòåëüíîãî ìàêñèìóìà

L1W
∣∣∣
(t0,x0,y0)

≡ (m− 1)v(t, x)Wxx + (m− 1)v(t, y)Wyy −Wt

∣∣∣
(t0,x0,y0)

≤ 0,
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÷òî ïðîòèâîðå÷èò (2.19). Òàêèì îáðàçîì, ôóíêöèÿW íå ìîæåò äîñòèãàòü ïîëîæèòåëüíîãî
ìàêñèìóìà âíóòðè P .

Ðàññìîòðèì òåïåðü W íà Γ. Ïðè t = 0

W (0, x, y) = v0(x)− v0(y)− h(x− y) ≤ 0,

â ñèëó (2.9). Èç ëåììû 2.1. âûòåêàþò ñëåäóþùèå äâà íåðàâåíñòâà

W (t, l, y) = µ− v(t, y)− h(l − y) ≤ 0, t ∈ (0, T ), y ∈ [−l, l],

W (t, x,−l) = v(t, x)− µ− h(x+ l) ≤ 0, t ∈ (0, T ), x ∈ [−l, l].

Èç òðåõ ïîñëåäíèõ íåðàâåíñòâ ïîëó÷àåì, ÷òî

W
∣∣∣
P
≤ 0

è, êàê ñëåäñòâèå,
v(x)− v(y) ≤ h(x− y) â P . (2.20)

Àíàëîãè÷íî, âû÷èòàÿ (2.16) èç (2.17), äëÿ ðàçíîñòè Ŵ = v(t, y)− v(t, x)− h(x− y) áóäåì
èìåòü

L1Ŵ ≡ (m− 1)v(t, x)Ŵxx + (m− 1)v(t, y)Ŵyy − Ŵt =

v2x(t, x)− v2y(t, y) +G(t, x, v(t, x), vx(t, x))−G(t, y, v(t, y), vy(t, y))−

1− 1
α

h
h′2(v(t, x) + v(t, y)) â P. (2.21)

Ïðåäïîëîæèì, ÷òî Ŵ äîñòèãàåò ñâîåãî ïîëîæèòåëüíîãî ìàêñèìóìà â íåêîòîðîé òî÷êå
(t1, x1, y1) ∈ P \ Γ. Òîãäà vx(t1, x1) = vy(t1, y1) = −h′(x1 − y1) < 0. Îòìåòèì òàêæå, ÷òî

Ŵ (t0, x0, y0) > 0, ÷òî âëå÷åò çà ñîáîé 0 < v(t0, x0) < v(t0, y0). Ó÷èòûâàÿ âûøåèçëîæåííîå,
à òàêæå (1.8), ïîëó÷àåì èç (2.21)

L1Ŵ
∣∣∣
(t1,x1,y1)

=

v2x(t1, x1)− v2y(t1, y1) +G(t1, x1, v(t1, x1),−h′(x1 − y1))−G(t1, y1, v(t1, y1),−h′(x1 − y1))−

1− 1
α

h(x1 − y1)
h′2(x1 − y1) (v(t1, x1) + v(t1, y1)) > 0. (2.22)

Ñ äðóãîé ñòîðîíû â òî÷êå ïîëîæèòåëüíîãî ìàêñèìóìà

L1Ŵ
∣∣∣
(t1,x1,y1)

= (m− 1)v(t, x)Ŵxx + (m− 1)v(t, y)Ŵyy − Ŵt

∣∣∣
(t1,x1,y1)

≤ 0,

÷òî ïðîòèâîðå÷èò (2.22). Òàêèì îáðàçîì, ôóíêöèÿ Ŵ íå ìîæåò äîñòèãàòü ïîëîæèòåëüíîãî
ìàêñèìóìà âíóòðè P .

Ðàññìîòðèì òåïåðü Ŵ íà Γ. Ïðè t = 0

Ŵ (0, x, y) = v0(y)− v0(x)− h(x− y) ≤ 0,

â ñèëó (2.9). Èç Ëåììû 2.1. âûòåêàþò ñëåäóþùèå äâà íåðàâåíñòâà

Ŵ (t, l, y) = v(t, y)− µ− h(l − y) ≤ 0, t ∈ (0, T ), y ∈ [−l, l],

Ŵ (t, x,−l) = µ− v(t, x)− h(x+ l) ≤ 0, t ∈ (0, T ), x ∈ [−l, l].
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Èç òðåõ ïîñëåäíèõ íåðàâåíñòâ âûòåêàåò îêîí÷àòåëüíî

Ŵ
∣∣∣
P
≤ 0

è, êàê ñëåäñòâèå,
v(y)− v(x) ≤ h(x− y) â P . (2.23)

Èç (2.20), (2.23) âûòåêàåò

|v(x)− v(y)| ≤ h(x− y) â P .

Â ñèëó ñèììåòðèè ïåðåìåííûõ x è y, ñëó÷àé x < y èññëåäóåòñÿ àíàëîãè÷íî. Â ðåçóëüòàòå
ìû ïîëó÷àåì

|v(x)− v(y)| ≤ h(|x− y|) = C0|x− y|α

ïðè t ∈ [0, T ], |x| ≤ l, |y| ≤ l. Îöåíêà (2.15) äîêàçàíà. □

Ñëåäóþùàÿ ëåììà ÿâëÿåòñÿ îáîáùåíèåì ðåçóëüòàòà Êðóæêîâà�Ãèëäèíãà, óïîìÿíóòîãî
âî ââåäåíèè.
Ëåììà 2.3. Äëÿ ëþáîãî êëàññè÷åñêîãî ðåøåíèÿ v çàäà÷è (2.6)�(2.8), óäîâëåòâîðÿþùåãî
(1.10), (2.15), èìååò ìåñòî îöåíêà

|v(t1, x)− v(t2, x)| ≤ C1|t1 − t2|γ, γ =
α

max{2, p}
, x ∈ (−l, l), t1, t2 ∈ (0, T ), (2.24)

ãäå C1 çàâèñèò îò C0, κ0, l, α, p è d = dist(x, ∂Ω).
Äîêàçàòåëüñòâî. Ôèêñèðóåì íåêîòîðóþ òî÷êó (t0, x0), ãäå t0 ∈ [0, T − τ ], ñ íåêîòîðûì
0 < τ < T è x0 ∈ (−l, l). Ðàññìîòðèì ïàðàëëåëåïèïåä

Π = {(t, x) : t ∈ (t0, t0 + τ), x ∈ (x0 − ρ, x0 + ρ)},

ãäå 0 < ρ ≤ d = min{|x0 − l|, |x0 + l|}. Îáîçíà÷èì ÷åðåç

s = max
t∈[t0,t0+τ ]

|v(t, x0)− v(t0, x0)|.

Çàìåòèì, ÷òî ëåììà 2.1 (ïðè äîñòàòî÷íî ìàëûõ µ) äàåò îöåíêó

max
ΩT

v ≤ C0l
α + 1 = M,

Äàëåå äëÿ îïðåäåëåííîñòè ñ÷èòàåì p > 2.
Ïîëîæèì

µ(ρ, s) = K
2s

ρp
+ κ0,

ãäå p, κ0 � ïîñòîÿííûå èç (1.10), à ïîñòîÿííàÿ K óäîâëåòâîðÿåò

K > (m+ 3)Mlp−2 + κ0(4M)p−1 > 0. (2.25)

Ââåäåì ôóíêöèè

θ1(t, x) = v(t0, x0) +

[
C0ρ

α + (t− t0)µ(ρ, s) +
s

ρ2
(x− x0)

2

]
,

θ2(t, x) = v(t0, x0)−
[
C0ρ

α + (t− t0)µ(ρ, s) +
s

ρ2
(x− x0)

2

]
.

8



Èç ëåììû 2.2 âûòåêàåò
|v(t0, x0)− v(t0, x)| ≤ C0ρ

α.

Îòêóäà

θ1(t0, x) = v(t0, x0) + C0ρ
α +

s

ρ2
(x− x0)

2 ≥ v(t0, x0) + C0ρ
α =

v(t0, x0)− v(t0, x) + C0ρ
α + v(t0, x) ≥ v(t0, x).

Äàëåå ïðè |x− x0| = ρ èìååì

θ1(t, x)
∣∣∣
|x−x0|=ρ

= v(t0, x0) + C0ρ
α + (t− t0)µ(ρ, s) + s ≥

v(t0, x0) + C0ρ
α + s = v(t, x)

∣∣∣
|x−x0|=ρ

+ (v(t0, x0)− v(t, x0) + s)+

(v(t, x0)− v(t, x))
∣∣∣
|x−x0|=ρ

+ C0ρ
α ≥ v(t, x)

∣∣∣
|x−x0|=ρ

.

Òàêèì îáðàçîì,

θ1(t, x) ≥ v(t, x) íà ïàðàáîëè÷åñêîé ãðàíèöå îáëàñòè Π. (2.26)

Ðàññìîòðèì ëèíåéíûé îïåðàòîð

L ≡ ∂

∂t
− (m− 1)v

∂2

∂x2
.

Î÷åâèäíî, L(θ1) = µ(ρ, s)− (m− 1)v2s/ρ2. Äëÿ θ̃ = θ1 − v, ïîëó÷àåì

L(θ̃) ≡ θ̃t − (m− 1)vθ̃xx = µ(ρ, s)− (m− 1)v
2s

ρ2
− v2x −G(t, x, v, vx). (2.27)

Ïðåäïîëîæèì, ÷òî â íåêîòîðîé òî÷êå (t̃0, x̃0) ∈ Π ôóíêöèÿ θ̃ äîñòèãàåò îòðèöàòåëüíîãî
ìèíèìóìà. Òîãäà â ýòîé òî÷êå ìû èìååì

θ̃x

∣∣∣
(t̃0,x̃0)

= θ1x − vx

∣∣∣
(t̃0,x̃0)

=
2s

ρ2
(x̃0 − x0)− vx(t̃0, x̃0) = 0, θ̃xx(t̃0, x̃0) ≥ 0, θ̃t(t̃0, x̃0) ≤ 0,

è, êàê ñëåäñòâèå ðàâåíñòâà (2.27), ïîëó÷àåì, ÷òî

θ̃t − (m− 1)vθ̃xx

∣∣∣
(t̃0,x̃0)

= µ(ρ, s)− (m− 1)v(t̃0, x̃0)
2s

ρ2
−

(
2s

ρ2
(x̃0 − x0)

)2

−G

(
t̃0, x̃0, v(t̃0, x̃0),

2s

ρ2
(x̃0 − x0)

)
≥

K
2s

ρp
+ κ0 − (m− 1)M

2s

ρ2
−

(
2s

ρ2
(x̃0 − x0)

)2

−G

(
t̃0, x̃0, v(t̃0, x̃0),

2s

ρ2
(x̃0 − x0)

)
. (2.28)

Çäåñü ìû èñïîëüçîâàëè òî, ÷òî v ≤ M è µ(ρ, s) = K2s/ρp + κ0. Èç (1.10) ñëåäóåò ÷òî∣∣∣∣G(t̃0, x̃0, v(t̃0, x̃0),
2s

ρ2
(x̃0 − x0))

∣∣∣∣ ≤ κ0

(
1 +

(
2s

ρ2
|x̃0 − x0|

)p)
. (2.29)

Èç (2.27), (2.29), ó÷èòûâàÿ, ÷òî |x̃0 − x0| ≤ ρ < l, s ≤ 2M , ïîëó÷àåì

L(θ̃)
∣∣∣
(t̃0,x̃0)

≥ K
2s

ρp
− (m− 1)M

2s

ρ2
−
(
2s

ρ

)2

− κ0

(
2s

ρ

)p

=
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2s

ρp
(
K − (m− 1)Mρp−2 − 2sρp−2 − κ0(2s)

p−1
)
≥

2s

ρp
(
K − (m− 1)Mlp−2 − 4Mlp−2 − κ0(4M)p−1

)
=

2s

ρp
(
K − (m+ 3)Mlp−2 − κ0(4M)p−1

)
> 0, (2.30)

â ñèëó (2.25). ×òî íåâîçìîæíî â òî÷êå îòðèöàòåëüíîãî ìèíèìóìà.
Â ñëó÷àå, êîãäà p ∈ [0, 2] íàäî ïîëîæèòü

µ(ρ, s) = K
2s

ρ2
+ κ0, (2.31)

ãäå ïîñòîÿííàÿ K âûáðàíà òàê, ÷òî

K > (m+ 3)M + κ0(4M)p−1l2−p. (2.32)

Òîãäà íåðàâåíñòâî, àíàëîãè÷íîå (2.30), áóäåò èìåòü âèä

L(θ̃)
∣∣∣
(t̃0,x̃0)

≥ K
2s

ρ2
− (m− 1)M

2s

ρ2
−
(
2s

ρ

)2

− κ0

(
2s

ρ

)p

=

2s

ρ2
(
K − (m− 1)M − 2s− κ0(2s)

p−1ρ2−p
)
≥

2s

ρ2
(
K − (m− 1)M − 4M − κ0(4M)p−1l2−p

)
=

2s

ρ2
(
K − (m+ 3)M − κ0(4M)p−1l2−p

)
> 0, (2.33)

â ñèëó (2.32). Òàêèì îáðàçîì, ôóíêöèÿ θ̃ íå ìîæåò äîñòèãàòü îòðèöàòåëüíîãî ìèíèìóìà
â òî÷êå (t̃0, x̃0). Ïðèíèìàÿ âî âíèìàíèå (2.26), ìû çàêëþ÷àåì, ÷òî

θ1(t, x) ≥ v(t, x) â Π.

Àíàëîãè÷íî ïîëó÷àåì íåðàâåíñòâî

θ2(t, x) ≤ v(t, x) â Π.

Îòêóäà óæå ñðàçó âûòåêàåò, ÷òî

|v(t, x)− v(t0, x0)| ≤ C0ρ
α + (t− t0)µ(ρ, s) +

s

ρ2
(x− x0)

2,

è
|v(t, x0)− v(t0, x0)| ≤ C0ρ

α + τµ(ρ, s), τ = t− t0.

Ñëåäîâàòåëüíî
s = max

t∈[t0,t0+τ ]
|v(t, x0)− v(t0, x0)| ≤ C0ρ

α + τµ(ρ, s)

è ýòà îöåíêà èìååò ìåñòî äëÿ ëþáîãî ρ ∈ (0, d]. Ïðè p > 2 èìååì

C0ρ
α + τµ(ρ, s) = C0ρ

α + τ
(
2Ksρ−p + κ0

)
≤ K̃

[
ρα + τ

(
1 + sρ−p

)]
,
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ãäå K̃ = max{C0,M, 2K}. Òàêèì îáðàçîì, ìû ïîëó÷àåì ñëåäóþùåå íåðàâåíñòâî

s ≤ K̃
[
ρα + τ

(
1 + sρ−p

)]
. (2.34)

Ïóñòü τ ≤ dα+p (2M)−1. Î÷åâèäíî,

(τs)
1

α+p ≤ (τ2M)
1

α+p ≤ d

(íàïîìíèì, ÷òî s ≤ 2M). Ñëåäîâàòåëüíî, èç (2.34), äëÿ ρ∗ = (τs)
1

α+p ïîëó÷àåì

s ≤ K̃
[
ρα∗ + τ + τsρ−p

∗
]
= K̃

[
(τs)

α
α+p + τ + τs(τs)

−p
α+p

]
= K̃

[
τ + 2(τs)

α
α+p

]
. (2.35)

Ðàññìîòðèì äâà ñëó÷àÿ: τ ≤ (τs)
α

α+p è τ ≥ (τs)
α

α+p . Â ïåðâîì ñëó÷àå èç (2.35) ìû ïîëó÷àåì

s ≤ 3K̃(τs)
α

α+p ,

îòêóäà

s ≤
(
3K̃

)α+p
p

τ
α
p .

Âî âòîðîì ñëó÷àå èç τ ≥ (τs)
α

α+p ñëåäóåò, ÷òî

s ≤ τ
p
α ≤ τ

α
p

ïðè 0 < τ < 1, òàê êàê p
α
> α

p
.

Ïðåäïîëîæèì òåïåðü, ÷òî τ ≥ dα+p (2M)−1. Òîãäà

|v(t0 + τ, x0)− v(t0, x0)| ≤ 2M =
2M

τ
α
p

τ
α
p ≤ (2M)

α+p
p d−

α+p
p

ατ
α
p .

Ëåãêî âèäåòü, ÷òî â ñëó÷àå p ∈ [0, 2] è âûáîðå ôóíêöèè µ(ρ, s) èç (2.31), ïîêàçàòåëü Ãåëü-
äåðà ïî ïåðåìåííîé t áóäåò ðàâåí α

2
.

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî èìååò ìåñòî îöåíêà (2.24) ñ ïîñòîÿííîé C1

C1 = max
{
1, (2M)

α+p
p d−αα+p

p ,
(
3K̃

α+p
p

)}
.

□

� 3 Äîêàçàòåëüñòâî òåîðåìû 1.

Âîçâðàùàÿñü ê ïðåæíèì îáîçíà÷åíèÿì v = vµ, ðàññìîòðèì çàäà÷ó (2.1)�(2.3). Çàìåòèì,
÷òî ïðè âûïîëíåíèè óñëîâèÿ G(t, x, vµ, 0) = 0, äëÿ ëþáîãî êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è
(2.1)�(2.3) èìååò ìåñòî îöåíêà vµ ≥ µ, ÷òî ïîçâîëÿåò ïðèìåíèòü ðåçóëüòàòû, ïîëó÷åííûå
â [12], î ñóùåñòâîâàíèè êëàññè÷åñêîãî ðåøåíèÿ óêàçàííîé çàäà÷è ïðè âûïîëíåíèè óñëî-

âèé (1.7)�(1.9) â ïðåäïîëîæåíèè, ÷òî ôóíêöèÿ G(t, x, v, q) ∈ C
ν
2
;ν

t;x,v,q((0, T ) × (−l, l) × R2) ñ
íåêîòîðûì ïîêàçàòåëåì ν ∈ (0, 1) (ñì. òåîðåìó 1 â [12]).

Êàê èçâåñòíî [5], ãëàäêàÿ ôóíêöèÿ ÿâëÿåòñÿ âÿçêèì ðåøåíèåì óðàâíåíèÿ òîãäà è òîëü-
êî òîãäà, êîãäà îíà óäîâëåòâîðÿåò åìó â êëàññè÷åñêîì ñìûñëå. Òàêèì îáðàçîì, êëàññè÷å-
ñêîå ðåøåíèå vµ çàäà÷è (2.1)�(2.3) ÿâëÿåòñÿ òàêæå è âÿçêèì ðåøåíèåì òîé æå ñàìîé çàäà-
÷è. Ñôîðìóëèðóåì ñëåäóþùóþ ëåììó îá àïïðîêñèìàöèè [5, 8], èìåþùóþ ìåñòî â òåîðèè
âÿçêèõ ðåøåíèé, ïðèìåíèòåëüíî ê íàøåìó ñëó÷àþ.
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Ëåììà îá àïïðîêñèìàöèè. Ðàññìîòðèì çàäà÷ó (1.3)�(1.5). Ïðåäïîëîæèì, ÷òî ñó-
ùåñòâóåò ñåìåéñòâî âÿçêèõ ðàâíîìåðíî îãðàíè÷åííûõ è ðàâíîñòåïåííî íåïðåðûâíûõ, íà
ëþáîì êîìïàêòíîì ïîäìíîæåñòâå îáëàñòè ΩT , ðåøåíèé vµ çàäà÷è (2.1)�(2.3), ïðè÷åì
âûïîëíåíî óñëîâèå (2.5). Òîãäà ñóùåñòâóåò íåïðåðûâíîå â ΩT âÿçêîå ðåøåíèå v çàäà÷è
(1.3)�(1.5) òàêîå, ÷òî

v = lim
µ→0

vµ.

Äëÿ òîãî, ÷òîáû ïðèìåíèòü ëåììó îá àïïðîêñèìàöèè, äîñòàòî÷íî ïîëó÷èòü ðàâíîìåð-
íûå ïî µ îöåíêè Ãåëüäåðà. Èç ëåìì 2.1 è 2.2 ìû ïîëó÷àåì ðàâíîìåðíóþ ïî µ îöåíêó
Ãåëüäåðà ïî ïåðåìåííîé x:

|vµ(t, x)− vµ(t, y)| ≤ C0|x− y|α ïðè t ∈ [0, T ], x, y ∈ [−l, l]. (3.1)

Èç ëåììû 3.1 ñëåäóåò ðàâíîìåðíàÿ ïî µ îöåíêà Ãåëüäåðà ïî ïåðåìåííîé t

|vµ(t1, x)− vµ(t2, x)| ≤ C1|t1 − t2|γ, γ =
α

max{2, p}
, x ∈ (−l, l), t1, t2 ∈ (0, T ). (3.2)

Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü vµ êëàññè÷åñêèõ ðåøåíèé çàäà÷è (2.1)�(2.3) ïðèíàä-
ëåæèò ïðîñòðàíñòâó Cγ,α

t,x (ΩT ), ïðè÷åì ïîñòîÿííûå Ãåëüäåðà êàê ïî âðåìåíè òàê è ïî
ïðîñòðàíñòâåííîé ïåðåìåííîé íå çàâèñÿò îò µ. Èç (3.1), (3.2), ïåðåõîäÿ ê ïîäïîñëåäî-
âàòåëüíîñòè (îñòàâëÿÿ òå æå îáîçíà÷åíèÿ), óæå ëåãêî âûòåêàåò ðàâíîìåðíàÿ ñõîäèìîñòü
vµ ⇒ v ∈ Cγ,α

t,x ïðè µ → 0. Çàìåòèì, ÷òî èç ïðåäñòàâëåíèÿ êðàåâûõ è íà÷àëüíûõ óñëî-
âèé â (2.2), (2.3) ëåãêî ñëåäóåò èõ ðàâíîìåðíàÿ ñõîäèìîñòü ïðè µ → 0 ê íà÷àëüíî êðà-
åâûì óñëîâèÿì (1.4), (1.5). Òåïåðü óæå, èñïîëüçóÿ ëåììó îá àïïðîêñèìàöèè, ïîëó÷àåì,
÷òî v = limµ→0 vµ åñòü âÿçêîå ðåøåíèå çàäà÷è (1.3)�(1.5). Èç ïîëó÷åííûõ âûøå îöåíîê
âûòåêàåò, ÷òî v ∈ Cγ,α

t,x (ΩT ). □
Çàìå÷àíèå. ×òî êàñàåòñÿ âîïðîñîâ åäèíñòâåííîñòè, îòìåòèì ðàáîòû [3], [4] â ñëó÷àå

G = 0, â êîòîðûõ áûëî äàíî íîâîå îïðåäåëåíèå âÿçêîãî ðåøåíèÿ, ïîçâîëèâøåãî ïðåîäîëåòü
ïðîáëåìó îòñóòñòâèÿ ìîíîòîííîñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.3) ïî ïåðåìåííîé v.
Êàê èçâåñòíî, â òåîðèè âÿçêèõ ðåøåíèé ìîíîòîííîñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïî
ðåøåíèþ ÿâëÿåòñÿ êëþ÷åâûì óñëîâèåì, ïîçâîëÿþùèì äîêàçàòü òåîðåìó ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ìåòîäîì Èøèè�Ïåððîíà [7].

(Ôèíàíñèðîâàíèå ðàáîòû. Àð.Ñ. Òåðñåíîâûì ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàð-
ñòâåííîãî çàäàíèÿ Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ (ïðîåêò FWNF-
2022-0008).
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