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Abstract: It is shown that the length of an incidence algebra is
bounded above by a value depending on a partition of the poset.
A series of examples is constructed when this upper bound is
achieved. As a consequence, an inequality is proved that connects
three invariants of an arbitrary finite poset: its height, width, and
the length of its incidence algebra.
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1 Introduction

The length is a numerical invariant of finite-dimensional algebras [14, 23,
24]. In a sense, it evaluates complexity of the multiplication operation in
the algebra. There are interesting applications of the length function to the
theory of matrix computation [1, 20]. Given a concrete algebra, usually it is
difficult to calculate its length since all generating subsets must be estimated.
For example, the length of the algebra M, (F) of all n x n matrices over
a field F is still unknown, see [8, 9, 15, 26, 27, 29| for some key results
on this problem. Nevertheless, the collection of algebras with the known
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length estimations is constantly growing and includes various matrix alge-
bras [19, 22|, group algebras |3, 10|, non-associative algebras [4, 5, 6, 7].

This paper considers the task of length computation for incidence alge-
bras. This is the important family of algebras closely connected to partially
ordered sets, see the classical book [28|. Two finite posets are isomorphic iff
their incidence algebras over a field are isomorphic. It would be interesting
to connect the length of an incidence algebra with the properties of its un-
derlying poset. It follows from the known results on the length of triangle
matrix algebras [19] that for “large enough” fields the length of an incidence
algebra always equals n — 1, where n is the cardinality of the poset, or the
size of matrices. However, for “small” fields, the task of length computation
is more difficult. In this case, the linear upper bound and the logarithmic
lower bound are known [19].

The main result of the paper is Theorem 1 which provides a new upper
bound for the length of incidence algebras. Moreover, a series of examples is
constructed which ensures sharpness of the bound in rather general settings.
Corollary 1 connects the length with two well-known invariants of the poset:
the width and the height.

For natural n, we set n = {1,...,n} and consider a partial order < on n.
Denote by D,,(F) the algebra of all diagonal n x n matrices over a field F.
We will deal with the incidence algebra A = A, (=X,F) C M, (F), see Sub-
section 2.4. The length function £ will be introduced in Subsection 2.2. It is
necessary to note that the length of D, (F) was calculated precisely in [18,
Theorem 5.4

n—1if |F| > n;

1
(¢ - Dllogyn] + g%~ 1if F| =g <n, )

where [-] is the floor function and {-} is the fractional part.

Given two posets (X1, <1), (X2, <2), then a function f : X1 — Xs is called
strictly order-preserving if for any a <1 b, we have f(a) <2 f(b). We are
ready now to state the main result of the paper.

Theorem 1. Let A = A, (=,F) be an incidence algebra over a field F and
a partial order < onmn = {1,...,n}. We fiz any natural number m < n and
assume that the set m = {1,...,m} is equipped with the standard order <.
(1) Given any strictly order-preserving surjective function ¥ : n — m,
then the length of the incidence algebra can be bounded as

U(A) < Dy, (F)) + ...+ £(Dy,, (F)) +m —1,

where each x; equals cardinality of the preimage ¥~1(i).

(2) Moreover, for any x},...,z), € N satisfying x| + ...+ x}, = n, there
exist such partial order <" on n and such strictly order-preserving
surjective function ¥’ : m — m that z; = |9'71(i)| and

U(An(=',F)) = €Dy (F)) + ... + £(Dyy (F)) +m — 1.
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Note that for at least one m, the indicated function ¥ does exist, see
Proposition 1 below. Example 1 demonstrates how the bound from the
theorem can be calculated for a concrete incidence algebra.

Corollary 1. Let A = A, (X,F) be an incidence algebra over a field F and
a partial order < onn = {1,...,n}. Let h and w denote the height and the
width of (n, <X), respectively. Then

U(A) < (((Dy(F)) +1) - h—1.

Moreover, for any h',w’ € N there exists such n’ € N and such partial order
<" onn’ that the height and the width of (n', X") equal h' and w’, respectively,
and U( Ay (=/,F)) = (U(Dy (F)) +1) - — 1.

The paper is organised as follows. In Section 2, the main definitions and
necessary known results are given. In Section 3, we prove Item 1 of The-
orem 1. Sections 4, 5, 6 are primarily devoted to the proof of Item 2 of
Theorem 1. We utilise complete multipartite posets (see Definition 3). In
Section 4, an auxiliary notion of suitable pairs is introduced. Sufficient con-
ditions for a pair of numbers to be suitable are established in Proposition 3.
In Section 5, we obtain a lower bound for the length of an incidence algebra
over a complete multipartite poset in Proposition 4 when some restrictions
are imposed. In Section 6, we complete the proof of Theorem 1 and also
prove Corollary 1.

2 Preliminaries

2.1. Posets. We denote by N the set of natural numbers and Ny = NU{0}.
Also, < is the standard total order on integers.

Let (X, =) be a finite poset. The maximum cardinality of chains (anti-
chains) is called height (respectively, width) of the poset. Say that z € X
covers x € X and denote it by x <: z if x < z and there is no such y € X
that z < y < z.

Definition 1. For m € N, we introduce an m-partite, or multipartite, par-
tially ordered set as a triple (X, <,%) with a strictly order-preserving sur-
jective function ¥ : X — m, where m is equipped with the standard order
<.

Multipartite posets were studied by [2].

Remark 1 ([2]). Let X; denote the preimage 9~ 1(i) for i € m. It follows
directly from the above definition that

(a) X =X U...UX,,

(b) X; is a nonempty antichain for each i,

(c) ;NX; = for any i # j,

(d) for any x <y, there exist 1 < i < j < m such that x € X;, y € &j.
Conversely, any family of subsets {X;}", which satisfies (a)-(d) uniquely
determines a strictly order-preserving surjective function ¥ by ¥(X;) = i.
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A slight modification of Mirsky’s theorem [17] shows for which m € N a
poset can be made m-partite.

Proposition 1. Consider a finite poset (X, =) of the height h and the lin-
early ordered set (m,<). Then there exists a strictly order-preserving sur-
jective function ¥ : X — m if and only if h < m < |X|.

Proof. The case m > |X| is impossible since 9 is surjective. If m < h,
apply the fact that the intersection of a chain and an antichain contains at
most one point. For h < m < |X|, we construct the family {X;}/”, using
induction on m. When m = h, one may define each X; to be the set of
minimums of X'\ (X1 U...UXj_1). Assume that the required family {X;}7",
was constructed for some m satisfying h < m < |X|. Since m < |X|, there
exists such k that |Xj| > 2. Then X} can be replaced by a union of two
disjoint nonempty sets X = YV U Z and we obtain a family with m + 1
members. ]

Definition 2. An m-partite poset (X, =<,9) is called graded |25, Sec. 13.1]
if for any pair z <: y, we have ¥(y) — ¥(z) = 1. In this case, the map ¥ is
called the rank function, the preimage X; = 9~1(4) is the i-th level, and the
cardinality W; = | ;| is the i-th Whitney number (of the second kind).

Definition 3. An m-partite poset is called complete m-partite [30], or a
cobweb poset [13], in the case when z <: y if and only if ¥(y) — J(x) = 1.

Incidence algebras over such posets were investigated in [12].

Remark 2. Note that if (X, <,9) is complete m-partite, the partial order <
and its covering relation <: can be expressed in terms of direct products of
levels:

m—1
<. = U X X Xiq1, < = U X; X Xj. (2)
i=1 1<i<j<m

In particular, the height of (X, <) coincides with m. Moreover, the tuple of
Witney numbers (Wi, ..., Wy,) uniquely determines the poset (X, =) up to
an isomorphism.

2.2. The length function. We will denote by F an arbitrary field and by
F, a finite field of cardinality ¢. If V' is a linear space over F and M C V,
then we denote by (M) the linear span of M.

Let A be an associative finite-dimensional algebra with identity 14 over
a field F. If M, N are two nonempty subsets of A, then put M - N =
{mn|meé& M,n & N}. For asubset S ={Ay,..., A4} C A, let S¥ = {14}
and S¥ =S -.... S with k € N. Thus, S* = {A;, -...- A;, | A;, € S} is the

—— J

set of all pogstillgizs products of k£ elements from S, repetitions are allowed.
Next we put L£1(S) = (U S%). Since £x(S) C Liy1(S), we have an
increasing chain of inclusions. Introduce £(S) = U2 Lk (S). Then (L£(S)) =
L(S), L(S)-L(S)=L(S),and 14 € L(S). So L(S) is a unital subalgebra of
A and, even more, it is the minimum subalgebra containing the set SU{14}.
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Definition 4. We will call £(S) the algebra generated by the set S.
Since dim A < oo, the following quantity is well-defined.

Definition 5. The length ¢(S) of a set S is the minimal such ¢ € Ny that
£4(8) = Lo (S).

We note that if £ is the length of S, then

Ley2(5) = (L1(5) - Le41(5)) = (L1(S) - Le(S)) = L1 (5).

Hence, arguing by induction we obtain that £,(S) = Ly44(S) for all £ € Ny.
So Ly(S) = U2 o Li(S) = L(S).

Now consider the special case where the set .S generates the entire algebra,
that is, £(S) = A. Then we have

(La) = £o(S) S L£1(S) C ... € Le-1(S) S Lo(S) = A

Since all inclusions are strict, we deduce that the sequence of dimensions
of the spaces L(S) is strictly increasing. From this, it follows that £(.S) <
dim A — 1 and so we may give the following definition.

Definition 6. The length ¢(A) of an algebra A is the maximal length of all
generating subsets.

2.3. Matrix algebras. For a,b € N, let M,+,(F) be the linear space of
all rectangular a x b matrices over a field F. Given a matrix B € M,y(F),
its 7, j-entry is (B);j, or b;;. We denote by M, (F) the algebra of all n x n
matrices over F and by T,,(F), D, (F) its subalgebras of upper-triangular
and diagonal matrices, respectively. The diagonal matrix with the elements
dy,...,d, € F on the diagonal is denoted by diag(dy,...,d,). The matrix
unit is denoted by EZ(]n) € M, (F), or simply E;;. Also, I, or I, is the
identity matrix in M, (F). For two matrices A € M, «p(F), B € Myxc(F), we
introduce the matrix (A|B) € M,y (54 (F) obtained by joining of A and B.

Given P € Myxp(F), Q € M.xq(F), introduce the notations for their direct
sum P @ ) and Kronecker product P ® Q.

Let a1, ..., a, be some elements of F, then the Vandermonde matriz is
1 a; o ... ot
1 az a3 ... ot
1 ap, a2 ... ot
Lemma 1. If the Vandermonde matriz V = V(aq,...,ay) is nonsingular,

then the n-th row of the inverse matriz V= contains no zero.

Proof. 1t is known that det V' # 0 if and only if o; # o for all i # j. Then
the formula for inverse matrix implies that
_ ; 1
(V 1)m‘ = (_1)z+n . m - det V(al, e O 1,04 1y - ,Oén> 7& 0
foralli=1,...,n. O
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Definition 7. We introduce the map col : D,(F) — Myx1(F) given by
col(diag(dy, . ..,d,)) = (di,...,d,)". In addition, consider another map F
from D, (F) x ... x D,(F) to M, (F) given by

Vv
n times

F(D1,...,Dy) = (col(Dy)|col(D2)| ... |col(Dy,)).

Lemma 2. For natural numbers mq,...,ms, denote their product by n =
my ... -mg. Consider an arbitrary subset of matrices {Pl(]), . .,P,Sfj)} C

D, (Fy) for each j =1,...,s. We introduce the family

(PP @...@P® |ij=1,....,mj, j=1,...s} C Du(Fy),  (3)

which can be equipped with the lexicographical order with respect to multi-
indices (i1,...,is). Using only one index i = 1,...,n we can enumerate
all elements of the family from the least to the greatest one according to the
lezicographical order. Denote the i-th matriz by D;. Then
F(Dy,...,D)=F@PY,... . PMe. o FPY, . .. P

syt ma

Proof. We proceed by induction on s. The base s = 1 is obvious. Assume

that the lemma holds for s — 1. Denote n' = mis = mq...mg_1. Let
Dj,..., D], be lexicographically ordered matrices that were constructed for

the sets {PZ(JJ)}ZLJ_l, j=1,...,s—1. Then F(Dy,...,D,) equals

F(Di@PY,... . Di@Py),. ... D, @PY ... D, Py =
F(D,,...,Di) @ F(P®,... . PY).
It remains to apply the induction assumption to F(Dj,...,D.,). O

2.4. Matrix incidence algebras. Next, we turn to incidence algebras.
We will deal only with the finite-dimensional case and so an incidence algebra
may be naturally considered as a subalgebra of M, (F).

Definition 8. Let n € N, consider a partial order < on the set n =
{1,...,n}. Then we define an incidence algebra over a field F as

An(=F) = ({Eij | i 2 j}) © Mn(F).

Two simple examples of incidence algebras are F* = D, (F) = A, (=,F)
and T,,(F) = A, (<, F). Since a partial order relation is always reflexive, each
incidence algebra contains D,,(F) as a subalgebra. At the same time, any
incidence algebra can be embedded in 7,,(FF), see |28, Proposition 1.2.7].

The Jacobson radical |28, Theorem 4.2.5] of an incidence algebra A equals

JA) ={AecA|(A)i=0, icn).

The length of D,,(F) is given by Equation (1). It is known that ¢(T,(F)) =
n — 1, see [19, Theorem 4.1].



A BOUND FOR THE LENGTH OF INCIDENCE ALGEBRAS 35

Theorem 2 (|19, Lemma 4.2, Corollary 4.6]). Consider an incidence algebra
A = A, (=,F). If the field F is infinite, then {(A) =n—1. IfF =F, is a
finite field of cardinality q, then

(D, (Fy)) < l(A) <n-—1.
In particular, we again have ((A) =n —1 for ¢ > n.

3 The upper bound for the lengths of incidence algebras

The main result of this section is a proof of Item 1 of the main theorem.
Then we compare our new estimation with the known bound n — 1 from
Theorem 2 and provide an example of how the estimation can be calculated
for a concrete algebra.

Proof of Item 1 of Theorem 1. Consider the family of sets {;}7, from
Remark 1. So z; = |&;| for i € m. For convenience, set zy = 0.

Let X; = {ki1,... ki }. By Items (a)—(c) of Remark 1, it is possible to
define a permutation o : n — n by o(ki ;) = j + > i_p = Let X/ denote the
image o(X;), that is, X/ = NN [ Y pa +1, Y0 @ .

Then we introduce a new partial order <’ on n given by 7 <’ j if and only
if 071(i) < 071(4). Note that the map ¥ = 9oo~! is surjective and strictly
order-preserving with respect to (n,=<’) and (m, <). Thus, (n, <’,®) is an
m-partite poset. Moreover,

I7Hi) = o (07H(0) = o(X:) = A
This means that the family {X/}" satisfies Items (a)-(d) of Remark 1 with
respect to <'.

Consider the incidence algebra A" = A, (=<', F). Since the posets (n, <)
and (n, <’) are isomorphic, the algebras A and A" are isomorphic as well.
Hence, ((A) = ((A).

We will show that the algebra A’ can be viewed as block upper-triangular

D, (F) * *
p 0 DL ... *
0 0 ... Do ()

Let (o, 8) € n x n, a # . Consider two cases:

[Case 1.] Assume that «, § € X/ for some i € m. Since A7 is an antichain,
we have o 2’ 3 and so (A),3 = 0 for each A € A'.

[Case 2.] Now let a € &, B € &j and i > j. According to Item (d) of
Remark 1 we again have a &' 8. Therefore, (A),p = 0 for every A € A'.

Thus, A’ is indeed a block upper-triangular algebra. So it remains to
apply [21, Corollary 3. O

Once we have obtained a new estimation, it is necessary to compare it
with the known bound n — 1 form Theorem 2.
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Proposition 2. Consider the upper bound ¢(x1, ..., xm) = €(Dyy (F))+.. .+
U(D,, (F)) +m —1 from Item 1 of Theorem 1.

(1) Let F = Fy and z, > q for at least one k € m. Then we have
d(z1,...,Tm) <n—1.

(2) LetF =F, and xy, < q for each k € m. Then ¢(z1,...,2,m) =n—1.

(3) Let T be infinite. Then ¢(x1,...,2m) =n—1=1~»_A).

Proof. Let us prove Item 1. Choose such index ky € m that z,, > ¢q. The
minimal polynomial of each matrix from Dy, (F) has degree strictly less
than zy,. From this, we deduce that £(Dg, (F)) < zy, — 1 according to [18,

Lemma 5.3]. Theorem 2 implies the inequality ¢(Dy, (F)) < z; —1 for any k.
Also, > " | x, = n by virtue of Item (a) of Remark 1. Thus,

m m
ZE(DIZ.(IF))—I—m—l<Z(:ﬁi—l)+m—1:n—m+m—1:n—1.
i=1 i=1

To prove Items 2,3 we note that ¢(Dy, (F)) = x3 — 1 for each k € m by
Equation (1). Hence, the above inequality turns to equality. The fact that
¢(A) =n — 1 for an infinite field was taken from Theorem 2. O

However, often there is more than one way to introduce the function
on a poset. Item 1 of Theorem 1 may provide several distinct estimations
depending on the choice of ¥.

Example 1. Consider the partial order < on 10 = {1,2,...,10} which
Hasse diagram is depicted in Figure 1. This poset can be considered as 5-
partite at least in two different ways. The first partition is given by

Xy ={1}, X2 ={9,7,2,6}, A3 ={3,8}, Xy ={10,4}, X5 = {5}

and we set 79})(, =1 (see Remark 1). The second partition can be introduced
as follows:

X = {1}, & ={6,2}, X, =1{9,7,3}, X, =1{10,8,4}, X! = {5}

with V'| ., = i. Let the ground field be Ty = {0,1}. We look at the incidence
algebra A = A10(=2,F2). Item 1 of Theorem 1 provides two upper bounds:

(A) <04+2+1+14+0+5—-1=8 ford,
((A)<0+14+1+14+04+5-1=7 ford"
Note that both estimations are better than the bound n — 1 =9 from Theo-

rem 2. So this example also illustrates how Item 1 of Proposition 2 can be
applied.
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10

FiG. 1. Hasse diagram of a 5-partite poset.

4 Suitable pairs

Before continuing the proof of the main theorem, it is necessary to intro-
duce the auxiliary technical concept of a suitable pair of numbers. The main
result of the section is Proposition 3, which gives sufficient conditions for the
pair of natural numbers to be suitable.

Definition 9. Let ¢ € N be a power of a prime and n € N. A pair (n,q)
is called suitable if there exist such subset S = {Dy,..., Dy} C Dy(F,) and
such monomials fi,..., f, € Fylz1,...,2n] of m commuting variables that:

1. S generates Dy, (Fy);

2. £(8) = U(Da(F,));

3. the set of matrices {fi(D1,...,Dn) | i : deg f; < k} constitutes a
basis of L(S) for each k =0,...,£4(S);

4. fi1 =1 and deg f,, = £(95);

5. {fi(D1,...,Dp)} is a basis of D, (F);

6. the matrix G = F(fi(D1,...,Dp), ..., fu(D1,...,Dy,)) is invertible
and the last row of G™! contains no zero (see Definition 7).

In fact, for any commutative algebra and any of its generating subsets of
the maximal length, it is possible to construct a family of polynomials such
that Conditions 1-5 are satisfied [11, Lemma 2.1]. However, Condition 6
appears to be specific to the algebra of diagonal matrices. The author does
not know whether there are pairs of unsuitable numbers. Finding such ex-
amples could potentially require describing subsets of the diagonal matrix
algebra that have the maximal length. To the author’s knowledge, this is an
open question as well. Nevertheless, examples of suitable pairs of numbers
will be obtained.

Lemma 3. If q is a power of a prime number and n < q, then the pair (n,q)
1s suitable.

Proof. Since n < g, there exists at least n distinct elements of the field F,
say, aq,...,ap. Then we set D = diag(aq,...,a,). So the degree of the
minimal polynomial of the matrix D equals n. Hence, {D} generates the
algebra D, (F,) and (({D}) =n — 1 = {(D,(F,)), see Equation (1). So the
set S = {D} and monomials {f;(z) = x'~1}7_, satisfy all Conditions 1,2, 4,5
of Definition 9. Note that Condition 3 follows directly from the definition
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of the space L(S). Also, Condition 6 can be obtained from Lemma 1 since
F(fi(D),...,fa(D)) =V(ag,...,an). O

Using the Kronecker product of matrices, one can extend the series of
examples from the previous lemma.

Proposition 3. Let g be a power of a prime number. Assume that a natural
number n can be represented as n = kq" with r € Ng and k € {1,...,q—1}.
Then the pair (n,q) is suitable.

Proof. If r = 0, then the statement follows from Lemma 3. Henceforth, we
shall assume that » > 0. There are two cases.

[Case 1.] Let k > 2. We will use a construction from [18]. Denote all ele-
ments of the field F, by o, ..., aq. Consider D = diag(a, ..., o) € Dy(Fy)
and also P = diag(ai,..., o) € Di(F,). Next, we introduce the following
Kronecker products of matrices:

Dj = I(;@(jfl) ® D ®I{;®(T*j) I, j=1,...,r
— T®r
Dy = I @ P,
Denote S = {D1,...,Dry1}. Then for any iy,...,4i, € {0,...,q — 1},

and i,41 € {0,...,k — 1}, we consider the monomial z7' ... xjfjll The set
of all such monomials can be lexicographically ordered. So using only one
index i = 1,...,n we can enumerate all the monomials from the least to the
greatest one. Denote the i-th monomial by f;. We will show that the set of
matrices S and monomials {f;}}*; fulfil all Conditions 1-6 of Definition 9.

1) Note that D, (F,) = Dy(Fy)®" ® Dy (F,). The sets {D}, {P} generate
Dy(F,) and Dg(F,), respectively. Therefore, Condition 1 follows from [18,
Lemma 5.1].

2) The relation n = kq", Equation (1), and [18, Lemma 5.1| imply that

U(S) = r-£(Dg(Fy)) +L(Dk(Fy)) = (q—1)logg n] +[q"8« ™1 = (D, (F,)).

3) Note that the set Oy = {fi(D1,...,Dyr11) | i : deg f; <k} coincides
with all possible products of not greater than k& matrices from the set .5,
such that the degree of each matrix in a product is 77less than the degree
of the minimal polynomial. Hence, (©f) = L(S) dy definition of space
L. Let us show that the set © is linearly independent. In fact, the sets
{I, = D°,D,D? ...,D9'} and {I, = P° P, P2, ..., P} are bases of
the algebras D,(F,) and Dy(F,), respectively. Then by the properties of
tensor product, we obtain that the matrices D" ® ... ® D' @ P¥+! with
i1y...,0p €{0,...,g— 1} and i,41 € {0,...,k — 1} constitute a basis of the
algebra D, (F,) = Dy(Fy)®" @ Di(F,). From this, ©y, is linearly independent
as a subset of a linearly independent set.

4) We have f; = 29...2%,; = 1 and also deg f, = deg(297" ... x?ileﬂ) =
r(qg — 1) + k = £(S) as in the proof of Condition 2.

5) Condition 5 is a partial case of Condition 3 when k = £(5).
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6) First we notice that the matrix G is nonsingular according to Condi-
tion 5. Next, applying Lemma 2 we can deduce that

G=F(I,,D,..., DY @ F(I,,P,...,P"1) =
=V(ar,...,0n)*" @V(an,...,ap)
Then
G = (V(ar,- ., an) ) @ V(an,...,a5) .
Lemma 1 ensures that both matrices V(ar,...,a,)" ", V(ag,..., o)~ ! con-
tains no zeros in the last row. Therefore, the matrix G~! have no zeroes in

the last row as well.
[Case 2.] Let k = 1. Then all arguments are literally the same with the

only difference that now S = {L;@(FI) ®D® L;@(T*i) 7_, and monomials are
zy . ..xb for dy,..., i € {0,...,¢ — 1}. O

5 The case of complete multipartite posets

We proceed to prove the second item of Theorem 1. The main result of
the section is Proposition 4, which provides the lower bound for the length
under some restriction.

Proposition 4. Consider the incidence algebra

Dy, (Fq) | Mw,sow, (Bg) | - .. | My, ), (Fg)
0 Dos(F,) |- | My, ov, (F
A= : .2( Q) 2><' h( Q) c Mn(Fq)
@] [0 ... Dyy, (Fy)
over the field Fy with n,h > 2. Assume that Wa,q), ..., Wh_1,q) are

suttable pairs. Then ((A) > ~, where y =h — 1+ Z?:l (Dyy,(Fy)).

For convenience of the reader, a short plan of the proof is given.

[Step 1.] Construct a generating subset S C A.

[Step 2.] Construct an auxiliary subset ® C J(A)NLy_1(S). Prove that the
linear span (®) coincides with J(A) N L,—1(S).

[Step 3.] Construct another subset T C J(A)NLy—1(S). Prove that & C ().
Hence, (Y) = J(A) N L,-1(8S) according to Step 2.

[Step 4.] Prove that some elements of T are zero.

[Step 5.] Show that |YT \ {O,}| < dim(J(A)). Then by Step 3, we obtain
that dim(J(A) N £y-1(S)) < dim(J(A)). Thus J(A) € L,-1(S) and so
L,-1(S) # A. From this, £(A) > ¢(S) > ~.

Following our plan we need to begin with the set S.

Construction 1. For each j = 2,...,h — 1, introduce the set of matrices
S; = {D%J),...,Dgg} C Dy, (Fq) and monomials {fl(]),...,f)(/{,z_} of mj
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commuting variables as in Definition 9. Also, consider

Gi=F((DY,.... DD, (DY, DY) € My, (). (4)
In addition, for j € {1,h}, we define S; = {ng),...,D%g.} C Dy, (Fy)
and monomials {flm, ceey 1%3} of m; commuting variables which satisfy at
least Conditions 1 — 5 of Definition 9. This is possible according to [11,
Lemma 2.1].

Foreach j =1,...,h—1, we define a matriz A; j 1 of the size Wj x Wji1q
as follows. Let all entries of Ay 2 equal 1. For convenience, we will refer to

t
each column of Ay 2 as (z%l), e ,z&,)l) = (1,...,1)%. Neat, for2 <j<h-—1

we make all columns of A; 1 the same and equal the last row of the matrix
Gj_l. In other words,

j 0
(Ajj+1)ia (Aj54+1) 1,11 2” .
: == : =1 | =G (:) (5)
(Aj5+1)w; 1 (Aji+1)w;, W, 1 %3 1
Hence, we have
(7 . AD)Gi=(0 .. 0 1), j=2. k-1 (6)

It is important to emphasize that any entry of each matriz Aj ;i1 does not
equal zero by Item 6 of Definition 9, that is

Zg)#(h j:].,;h_17 a:l,,WJ (7>

For each j = 1,...,h — 1, we define Ej,jH € A to be such block matriz
that all blocks are zero except for the (j,j + 1)-block which equals Ajjiq.
Similarly, for all j =1,...,h and i; =0,...,m;, let lA?z(JJ) € A be such block

matriz that all blocks are zero except for (j,j)-block, which is equal to Dg) if

ij # 0 and the identity matriz Iy, if ij = 0. Let §j = {ﬁ(j), ﬁgj), .. ,ﬁ%g},
7 =1,..., h. Eventually, we introduce

S={A19, Asz, ..., Ay 1,}USIUSU...US) C A (8)
This is the end of our construction.
In fact, the constructed set generates our algebra.
Lemma 4. The set S generates the algebra A.

Proof. The set S; generates the algebra Dyy, (F,;). The structure of matrices
ﬁéj ) e §j implies that the set U;'L:1 §j generates Dy, (Fy)®...®Dw, (Fy) =
D, (F,). Hence, the set U?:l §j satisfies Item 1 of [16, Theorem| applied to
the algebra D, (F,). Since U?Zl §j C S, the set S satisfies Item 1 of [16,
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Theorem| applied to A. Equations (2), (7) ensure that the set {AHH hol
fulfils Item 2 of [16, Theorem| applied to .A. Thus, S generates A. D

Next, we will estimate the length of S. For this, the space J(A)NL,—1(S5)
will be examined. The following construction introduces a special subset
O CJA)NLy—1(5).

Construction 2. For each j =1,...,h and k € N, we define

=8 ... 8, ={DY ... .DY | t1,... .ty € {1,...,my}},
——
k times
where numbers t; are allowed to repeat. Also, let 3’\? = {I,}. Then we

set S<k = U St After that, for all s = 1,...,h — 1,41 =1,...,h — s,

=07
and k:z, ., kirs € No, we introduce the set @ ; 1, which consists of all

iresKits

possible products (H;J:*l a(j)gj’jﬂ) . C+9)  where each CU) ¢ S,\]gk] I

remains to define

h—1 h—s its
= U UU @i ,Z+S!s+2k <q—1, ke €No},  (9)
s=1 =1

where ~y is from Proposition /.
We need to check some basic properties of the set ®.
Lemma 5. We have ® C J(A) N L,—1(S) and () = J(A) N L,—1(S).

Proof. According to Construction 2 we obtain the inclusion ®g; %, . k., C
J(A) N Loikiy. kiy, (S). Hence, Equation (9) implies that ® C J(A) N
L,-1(S). The equality () = J(A)NL,—1(S) follows from these observations:

1) a matrix H € £,_1(S) has zero diagonal iff H is a linear combination
of such productb from the set SS7~! that include at least one matrix A] 415

2) AZZ+1 AJJ+1 On lfl‘i‘l;éj,

3) if j # i, then Dz(j)Ai,H-l =0y foralli; =0...,mj;

4) if j #44 1, then ;{Z,H‘lﬁz(j) = O, for all ij =0... , M. O

Our next goal is to construct another subset T C A, which is “smaller”
than ® in some sense as we will see later.

Construction 3. We will use the monomials fl(j), ey W from Construc-
tion 1. Foralls=1,....,h—1,9i=1,...,h—s, and also dj =1,...,W;
with j =1,...,1+ s, we consider the matrix
its—1 00
U NG 1
Bsidi,.divs = H £ (DY, DY) - Ajja

fdz-i-s ( lH-s) o 7D(ers)) (10)

i+s Mits
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Then we can define T by

h—1 h—s 1+s )
T=J UUBoiar i, | s+ deg fi <=1, 1<d; Wi}, (11)

s=1 i=1 j=i
where 7y s from Proposition /.
It turns out that the linear span of T is equal to J(A) N L,—1(S).

Lemma 6. The inclusion T C J(A) N Ly—1(S) holds. Moreover, ® C (T)
and so (Y) = J(A) N Ly-1(S).

Proof. According to Equation (10) we have

Byidi,diss € JAA)NL 70+t fézi?(s)-

Hence, Y C J(A) N Ly—1(S) by Equation (11).

Let us show that ® C (Y). Consider an arbitrary matrix X from .
Construction 2 implies that X belongs to some set ®, ;. . k., and so we
can write

X = H COA; 1 | - OO+, (12)

Whereé(j)ngkj,SE{1,...,h—1},ie{l,...,h—s} and

s+ki+...+kips <v—1 (13)

Since each C¥) € §j§kj, we can write CU) = ﬁg) S ﬁg) for some possibly
J

repeating indices t1,...,ts; € {1,...,m;} and s; < k;. If s; = 0, we have

CU) = I,,, but according to block structure of matrices and Equation (12)
we temporarily assume that s; = 1 (later it will return to zero value) and

CW = ﬁ(()j), where
f)(()j) =O0w, @... 00w, , B 1w, ©O0w,,; ... S Ow,. (14)

By definition of DZ(JJ ) (see Construction 1) we have
CY) = 0w, @...® O, , & DY -...-Dt(fj?@Oij & ...® 0w,
Note that Dg) Cae Dg ) is a product of length s; < k; and each matrix
J
Dg ) belongs to the generating set S; of the algebra Dyy, (F,;). Hence, we
have Dg) Cee Dg) € Ly,;(S;j). However, Construction 1 and Item 3 of
J

Definition 9 ensure that the set

LDV, DE) [ dy s deg 1) < hy)
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is a basis of the space L, (S;). Then we can consider the decomposition on
this basis

DD = 3 AP g 0P D)
dje{l,...W;}:
deg fflj)ékj

for some coefﬁments )\( 7 from the ground field F,. Recall that f1 =1, so

fl(] ( 1 , ... ,D,(,Z}) = IWJ.. Returning to n x n matrices we obtain
GO =BP B = S G PBY,... DD+ AVDE,
dje{2,...,W;}:
deg f(3)<k

where we used Equation (14). Next, we substitute the above expression for
C) into Equation (12):

1+s—1
T S a0 00 b 000 | A
j=i dje{2,...,W;}
deg f§§)<k1
its i+s its its i+s) (i+s
) AGED L FEED(BEH BT 4 AG B

digps€{2, Wit}

deg i) <hiss
Then we expand brackets taking into account the relations ﬁ(()j )A\jﬁ‘_i_l =
A\j7j+1ﬁéj+1) = A\MH, which follow from block structure of thg matrices.
These relations also ensure that we can replace the matrix D(()J ) with the

identity matrix I, = fl(j ) (Z/j%] ), - ,ﬁﬁ%g) everywhere in the above formula.
So if we previously replaced s; = 0 with s; = 1, we can now return it to
sj = 0. After that, we obtain

i+s—1
X= > paa. | ] 09, . DE)A; 4
(di,.‘.,di_‘_s)GA j=t
(i+s) , JN(i+s N(i+s
LD, D)

for scalars pug;,... 4, , from the ground field Fy, some of which may equal zero.
The set A consists of such tuples (d, ..., di;+s) that 1 < d; <W; and

(i+s)

deg f1)+...+deg fiT) <hit ..+ ks (15)

By Equation (10), the above expression for X can be rewritten as
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X = E : Hdy,....di 1 s .stivdi7~~’di+s‘
(diyesdits)EA

Combining this relation with Equations (11), (13), (15) we obtain X € (Y).
Since X is an arbitrary matrix from ®, we deduce ® C (Y). It remains to
apply Lemma 5 in order to deduce that

(T) = J(A) N L,-1(S).

This completes the proof of the lemma. O
Our next step is to show that some elements of the set Y equal zero.

Lemma 7. In terms of Construction 1, we have

A £ (DY, DOYA i1 = Ony j=2, h =1, dj £ W

m;
Proof. The statement is equivalent to

A (DY, DOYA 1 = 0wy powyy G =2, h=1, dj # W,

mj

By Equation (5), these relations can be rewritten in terms of rows of the
matrix A;_; ; and columns of the matrix A; ;11 as follows

21
(z((xj_l) z&j_l) z&j_l)) -féj)(Dy),...,D%z)- : =0
@)
Wi
foralla=1,...,Wj_1, j=2,...,h—1, d;j # W;. Equation (7) allows to
divide both sides by z&] -l

1
(4) () () - _
)
Since all f(gj ) (ng ), e ,D%;) are diagonal matrices, these equations can be
rewritten in terms of the map F (see Definition 7)
(2 . ) RO =(0 ... 0), (16)

R(J) = f(fl(J)(D§])7 - 1D7(7qL3>7 : 'af)%z-—l(Dg)v' . '7Dg;)?OWjXWj)

These relations are immediate consequences of Equations (4), (6) if all ele-
ments of the last column of G; were replaced by zeroes. (]

The previous lemma implies an estimation for the cardinality |Y|.

Lemma 8. We have |T\ {O,}| < dim J(A).
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Proof. Consider Equations (10), (11). Lemma 7 implies that for any s > 2,
the matrix By ; 4;,....d;,, = O whend; # W; forsomej € {i +1,...,i+s— 1}.
It follows that any matrix from Y\ {O} has type Bs;a, Wiy, . Wiss_1,diss fOT
1 < s < h—1. Moreover, Equation (11) and Item 4 of Definition 9 ensures

that Br—1,1,w,W,...w, € Y since

h—l—i—degfl(,\l,z —i—...—i—degf‘(/\l;”i =
h -1 +€(DW1<IFQ)) + ... +€(th(Fq)) =7 > Y — 1.
Next, we define the set of tuples
A= |J {didjig) |di=1,.... Wi, dj =1,...,W;}
1<i<j<h

and the map v : A\ {(Wi,Wh,1,h)} — T, which sends the tuple (d;, d;, i, j)
to Bj*i,i,di,Wi+1’,,.7Wj717dj, Then

TAA{On} < Tmy| < [AN{W1, Wh, L A)| < |A] =
STOWr W= > dim My, (Fy) = dim J(A)

1<i<j<h 1<i<j<h

since J(A) C A is a subspace of matrices with the zero diagonal. O
We are ready now to complete the proof of Proposition 4.

Proof of Proposition 4. Consider the subset S C A from Construction 1.
Then Lemma 4 ensures that S generates the algebra A. We will examine
the subspace J(A) N £,-1(S) € A. According to Lemmas 6, 8, there exists
such subset T C J(A) N Ly_1(S) that its linear span coincides with J(.A) N
L,-1(S) and [T\ {O,}| < dim J(A). It follows that dim(J(A)NL,—1(8S)) <
dim J(A). Hence, J(A) € £,-1(S) and so £,_1(S) # A in particular. Then
by definition of the length of an algebra, we obtain ¢(A) > £(S) > ~. This
completes the proof of the proposition O

6 Completion of proof of the main theorem

In this section, we prove Item 2 of Theorem 1 and also Corollary 1. First
we need to combine the results from two previous sections.

Theorem 3. Let (n, X,19) be a complete h-partite poset, n,h > 2. Consider
the incidence algebra A = A, (X,F,) over a finite field F,. Assume that the
Witney numbers Wa, W3, ..., Wh_1 can be represented as W; = k;q"7 for
somer; € Ng, kj € {1,...,q—1}. Then

U(A) = (Dw, (Fy)) + ...+ (Dw, (Fy)) + h — 1.

Proof. The proof of of Item 1 of Theorem 1 implies that there exists another
partial order <" on n such that (n, <) = (n,<’) and A’ = A,(<X',F,) has
the block-triangular form as in Proposition 4.
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Denote v = (D, (Fy)) +...+4(Dw, (Fq)) +h —1. All the pairs (W, q),
(Ws,4q), ..., Wh_1,q) are suitable by Proposition 3. So ¢(A’) > « by virtue
of Proposition 4. Therefore, ¢(A’) = v according to Item 1 of Theorem 1. It
remains to note that ¢(A) = ¢(A’) because A = A'. O

The previous theorem provides necessary examples, which show sharpness
of the upper bound from Theorem 1.

Proof of Item 2 of Theorem 1. If the field F is infinite, Equation (1) im-
plies that ¢(Dg,(F)) = z; — 1 and so the statement follows from Theorem 2.
Assume further that F = F,.
z
— JR— / JR— p—
For each i = 1,...,m, define r; = [log, ;] and k; = [q[log: P } =
[¢1°8a%i}]. Then there exist such numbers r9; € {0,...,¢" — 1} that each
x, can be represented as @} = k; - ¢" 4+ ;. We introduce the quantities

m m
Wi=ki-¢", N=> Wi, M=n-N=) r,
i=1 i=1
Then for the set N = {1,..., N}, consider a complete m-partite poset
(N, %,5) with the sequence of the Whitney numbers (Wi,...,W,,). De-
note by B = .AN(E, [F,) the corresponding incidence algebra.

If M =0, that is, rg; = 0 for all 7, then we have W; = z; and N = n.
Then it suffices to set <’ = <, ¢/ = ¥ and the statement of Item 2 follows
from Theorem 3.

Henceforth, we shall assume that M # 0, i.e. rg; # 0 for at least one i.
Then we put <’ = <U{(4,5) | = N+1,...,N+M}. So the corresponding
incidence algebra A, (=<',F,) = B & Dy (F;). We need to introduce the

function ¥’ : n — m as required in Item 2. Let ro;,,...,70,, be precisely
all nonzero numbers from the family {ro;}/"; and 1 < i3 < ... <ig < m.
Then for each u = 1,...,d we introduce the set ), as follows
u—1 u
yl = {N—l—l, A 7N+T0,i1}a yu = {N+ZTO,ij+17 R ,N—I—Zﬁx&.}, u > 2.
j=1 J=1

Thus, we obtain the partition n = NUY; U...U Y, with |Y,| = 19,4, and
we can define
, ¥(t) if teN,
V()= | . :
Ty if te),.
The function 1’ is strictly order-preserving and surjective since 9 is so.
According to Item 2 it is necessary to check that ¥'~1(i) = 2/ for i € n.
Indeed, if i belongs to {i1,...,i4}, say i = iy, we have [¢'~1(3)| = [9~1(3)| +
|Vu| = Wi+ 10 = kj-¢"" +10; = x}. If i does not belong to {i1,..., 4},
then [¢'~1(i)| = [971(i)| = Wi = k; - ¢" = 2, because 19,; = 0.
Let us calculate the length of A" = A, (=<',F;). Then [21, Theorem 2| and
Theorem 3 ensure that ((A") > ((B) = ((Dw, (Fy)) + ... + £(Dw,, (Fy)) +
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m — 1. However, by Equation (1),
((Dw, (Fy)) = (g — 1)[log, Wi] + [q15 V] =1 = (¢ = 1)ri + ki — 1 =
= (¢ — 1)[log, @] + [¢!°%"}] — 1 = &(Dy (Fy)).

Thus, we obtain that £(A") > (D, (Fg)) + ... + (D (Fg)) + h — 1. The
inverse inequality follows from Item 1 of Theorem 1. ]

Proof of Corollary 1. Apply Item 1 of Theorem 1. According to Pro-
position 1 it is possible to introduce at least one mapping 9 for m = h.
Since each preimage ¥~1(7) is an antichain, we have z; = [971(i)| < w.
Then monotonicity of the function ¢(x) = (D, (F)) (see [18, Theorem 3.2|)
implies that ¢(D,,(F)) < ¢(D(F)). Consequently,

U(A) < 6Dy, (F)) + ...+ €(Dy, (F)) + h — 1 < (U(Dyy(F)) +1) - h — 1.

Let us prove the second part of the corollary. We define r = [1ogq w],
k= [w] = [q{long}], w=kq",s00<w-—w < q —1. Consider
qlogq ]
the complete h-partite poset (n, =<', ¢') with the Witney numbers W) = w,
Wy =Wz = ... = Wy_1 = W, = w. Note that the width of (n’, X’)
coincides with .H%axh W, = w. Moreover, the corresponding incidence al-
J=1..,

gebra A = A, (=X,F) satisfies conditions of Theorem 3. Therefore ¢(A) =
U(Dy(F)) + (b — 1)€(Dg(F)) + h — 1. However, r = [log, w] = [log, w] and

also k = [1“}} - [“ﬂ] It follows that £(Dy(F)) = £(Dg(F)) by
ozl | = | Jios 7
Equation (1). Hence, we obtain ¢(A) = ({(Dw(F)) + 1) - h — 1 completing
the proof. O
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