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Abstract: It is shown that the length of an incidence algebra is
bounded above by a value depending on a partition of the poset.
A series of examples is constructed when this upper bound is
achieved. As a consequence, an inequality is proved that connects
three invariants of an arbitrary finite poset: its height, width, and
the length of its incidence algebra.
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1 Introduction

The length is a numerical invariant of finite-dimensional algebras [9, 17,
18]. In a sense, it evaluates complexity of the multiplication operation in
the algebra. There are interesting applications of the length function to
the theory of matrix computation [1, 15]. Given a concrete algebra, usually
it is difficult to calculate its length since all generating subsets must be
estimated. For example, the length of the algebra M, (F) of all n x n matrices
over a field IF is still unknown, see [5, 10, 20] for some key results on this
problem. Nevertheless, the collection of algebras with the known length
estimations is constantly growing and includes various matrix algebras [14],
group algebras [3|, non-associative algebras [4].
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This paper considers the task of length computation for incidence algebras.
This is the important family of algebras closely connected to partially ordered
sets, see the classical book [21|. Two finite posets are isomorphic iff their
incidence algebras over a field are isomorphic. It would be interesting to
connect the length of an incidence algebra with the properties of its underlying
poset. It follows from the known results on the length of triangle matrix
algebras [14] that for “large enough” fields the length of an incidence algebra
always equals n — 1, where n is the cardinality of the poset, or the size
of matrices. However, for “small” fields, the task of length computation is
more difficult. In this case, the linear upper bound and the logarithmic lower
bound are known [14].

The main result of the paper is Theorem 1 which provides a new upper
bound for the length of incidence algebras. Moreover, a series of examples is
constructed which ensures sharpness of the bound in rather general settings.
Corollary 1 connects the length with two well-known invariants of the poset:
the width and the height.

For natural n, we set n = {1,...,n} and consider a partial order =<
on n. Denote by D, (F) the algebra of all diagonal n x n matrices over a
field F. We will deal with the incidence algebra A = A, (X,F) C M, (F), see
Subsection 2.4. The length function ¢ will be introduced in Subsection 2.2.
It is necessary to note that the length of D, (F) was calculated precisely in
[13, Theorem 5.4]:

{(Dy(F)) = {

n—1if [F| > n;

1
(= Dllog, nl + [d™= ™ —1if [F =g <n,

where [-] is the floor function and {-} is the fractional part.

Given two posets (X1, <1), (X2, X2), then a function f: X} — Xs is called
strictly order-preserving if for any a <1 b, we have f(a) <2 f(b). We are
ready now to state the main result of the paper.

Theorem 1. Let A = A, (X,F) be an incidence algebra over a field F and
a partial order X onn = {1,...,n}. We fix any natural number m < n and
assume that the set m = {1,...,m} is equipped with the standard order <.
(1) Given any strictly order-preserving surjective function 9 : n — m,
then the length of the incidence algebra can be bounded as

l(A) <UDy, (F)) + ... + €(Dy,, (F)) +m — 1,
where each x; equals cardinality of the preimage 91 (3).

(2) Moreover, for any «},. ..z}, € N satisfying 2} + ...+ ], = n, there
exist such partial order <" on n and such strictly order-preserving
surjective function ¥ : n — m that o} = |9'71(3)| and

U(Ap (=, F)) = €(Dyy (F)) + ... + £(Dyy, (F)) +m — 1.
Note that for at least one m, the indicated function ¥ does exist, see

Proposition 1 below. Example 1 demonstrates how the bound from the
theorem can be calculated for a concrete incidence algebra.
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Corollary 1. Let A = A, (=X,F) be an incidence algebra over a field F and
a partial order X onm = {1,...,n}. Let h and w denote the height and the
width of (n, X), respectively. Then

U(A) < (((Dy(F)) +1) - h— 1.

Moreover, for any h',w' € N there exists such n’ € N and such partial order
<" on 1’ that the height and the width of (n', X") equal b’ and w', respectively,
and {(Ay (2, F)) = (D (F))+1)- b — 1.

The paper is organised as follows. In Section 2, the main definitions
and necessary known results are given. In Section 3, we prove Item 1 of
Theorem 1. Sections 4, 5, 6 are primarily devoted to the proof of Item 2
of Theorem 1. We utilise complete multipartite posets (see Definition 3).
In Section 4, an auxiliary notion of suitable pairs is introduced. Using this
notion we obtain a lower bound for the length of an incidence algebra over
a complete multipartite poset in Proposition 9 when some restrictions are
imposed. In Section 5, sufficient conditions for a pair of numbers to be
suitable are established in Proposition 4. In Section 6, we complete the proof
of Theorem 1 and also prove Corollary 1.

2 Preliminaries

2.1. Posets. We denote by N the set of natural numbers and Ny = NU{0}.
Also, < is the standard total order on integers.

Let (X, =) be a finite poset. The maximum cardinality of chains (anti-
chains) is called height (respectively, width) of the poset. Say that z € X
covers x € X and denote it by x <: z if z < z and there is no such y € X
that r < y < 2.

Definition 1. For m € N, we introduce an m-partite, or multipartite, poset
as a triple (X, <, ¢) with a strictly order-preserving surjective function 9 : X — m,
where m is equipped with the standard order <.

Multipartite posets were studied by [2].

Remark 1 ([2]). Let X; denote the preimage V=1(i) for i € m. It follows
directly from the above definition that
(a) X =X U...UXy,
(b) X; is a nonempty antichain for each i,
(¢c) XN X; =D for any i # j,
(d) for any x <y, there exist 1 <1i < j < m such that x € X;, y € X}.
Conversely, any family of subsets {X;}", which satisfies (a)-(d) uniquely
determines a strictly order-preserving surjective function ¥ by 9(X;) = i.

A slight modification of Mirsky’s theorem [12] shows for which m € N a
poset can be made m-partite.

Proposition 1. Consider a finite poset (X,=) of the height h and the
linearly ordered set (m, <). Then there exists a strictly order-preserving sur-
jective function ¥ : X — m if and only if h < m < |X]|.
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Proof. The case m > |X| is impossible since ¥ is surjective. If m < h, apply
the fact that the intersection of a chain and an antichain contains at most
one point. For h < m < |X|, we construct the family {X;}/" using induction
on m. When m = h, one may define each & to be the set of minimums of
X\ (X1U...UX;_1). Assume that the required family {X;}!” ; was constructed
for some m satisfying h < m < |X|. Since m < |X|, there exists such k that
|X%| > 2. Then X} can be replaced by a union of two disjoint nonempty sets
X = Y U Z and we obtain a family with m + 1 members. O

Definition 2. An m-partite poset (X, <, ) is called graded [19, Sec. 13.1]
if for any pair x <: y, we have ¥(y) — ¥(x) = 1. In this case, the map ¥ is
called the rank function, the preimage X; = 9~1(4) is the i-th level, and the
cardinality W; = |X;| is the i-th Whitney number (of the second kind).

Definition 3. An m-partite poset is called complete m-partite [22], or a
cobweb poset [8], in the case when x <: y if and only if J(y) — J(x) = 1.

Incidence algebras over such posets were investigated in [7].

Remark 2. Note that if (X, =,0) is complete m-partite, the partial order <
and its covering relation <: can be expressed in terms of direct products of
levels:

m—1
<: = U X; X Xi+1, < = U X; X Xj. (2)
i=1 1<i<j<m

In particular, the height of (X, =X) coincides with m. Moreover, the tuple of
Witney numbers (Wi, ..., Wy,) uniquely determines the poset (X, =) up to
an 1somorphism.

2.2. The length function. We will denote by [F an arbitrary field and by
F, a finite field of cardinality ¢. If V' is a linear space over F and M C V,
then we denote by (M) the linear span of M.

Let A be an associative finite-dimensional algebra with identity 14 over
a field F. If M, N are two nonempty subsets of A, then put M - N =
{mn|mé€& M,n & N}. For asubset S ={A1,...,4,} C A, let S° = {14}
and S¥ = §-.... S with k € N.In other words, S¥ = {A4;, -... - A; | A;. € S}

— J
is the set :ftallespossible products of k elements from S, repetitions are
allowed.

Next we put Lx(S) = (UE_,S%). Since L(S) C Li41(S), we have an
increasing chain of inclusions. Introduce £(S) = U2 (Li(S). Then (L(S)) =
L(S), L(S)-L(S)=L(S),and 14 € L(S). So L(S) is a unital subalgebra of
A and, even more, it is the minimal subalgebra containing the set SU{1.4}.

Definition 4. We will call £(S) the algebra generated by the set S.
Since dim A < oo, the following quantity is well-defined.

Definition 5. The length ¢(S) of a set S is the minimal such ¢ € Ny that
Lo(S) = Lo+1(5).
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We note that if £ is the length of S, then
Lo2(8) = (L1(S) - Le41(5)) = (L1(5) - Le(5)) = Le41(9).

Hence, arguing by induction we obtain that L£;(S) = Ly1«(S) for all k& € Ny.
So L4(S) = URZ Lr(S) = L(S).

Now consider the special case where the set S generates the entire algebra,
that is, £(S) = A. Then we have

(La) = Lo(5) € L1(S) © ... € Li-1(5) S Lo(5) = A.

Since all inclusions are strict, we deduce that the sequence of dimensions
of the spaces L(S) is strictly increasing. From this, it follows that ¢(5) <
dim A — 1 and so we may give the following definition.

Definition 6. The length ¢(A) of an algebra A is the maximal length of all
generating subsets.

2.3. Matrix algebras. For a,b € N, let M,;(F) be the linear space of all
rectangular a x b matrices over a field F. Given a matrix B € My, (F), its
i, j-entry is (B);j, or b;j;. We denote by M, (F) the algebra of all nxn matrices
over F and by T,,(F), D, (F) its subalgebras of upper-triangular and diagonal
matrices, respectively. The diagonal matrix with the elements dy,...,d, € F
on the diagonal is denoted by diag(dy,...,d,). The matrix unit is denoted

by EZ(Jn) € M,(F), or simply E;;. Also, I, or I, is the identity matrix in
M, (F). For two matrices A € Myxp(F), B € Myx.(F), we introduce the
matrix (A[B) € Mgy (p+c)(F) obtained by joining of A and B.

Given P € M,p(F), Q € M.y 4(F), introduce the notations for their direct
sum P @ @ and Kronecker product P ® Q.

Let ayq,...,ay, be some elements of F, then the Vandermonde matriz is
1 g o ... ot
1 az o ... ot
V(ag,...,on)=| . . _ . . € M, (F).
1 a, o2 an~t
Lemma 1. If the Vandermonde matrizx V = V(au,...,ay) is nonsingular,

then the n-th row of the inverse matriz V="' contains no zero.

Proof. 1t is known that detV # 0 if and only if a; # «; for all 7 # j.

. . . . — ; 1
Then the formula for inverse matrix implies that (V1) = (=1)"" - 11+ -

detV(al,...,ai_l,ai+1,...,an) %OfOI‘ all ¢ = 1,...,n.

Definition 7. We introduce the map col : Dy, (F) — M,x1(F) given by
col(diag(dy, . ..,dy,)) = (d1,...,d,)". In addition, consider another map F
from D,,(F) x ... x D, (F) to M,(F) given by

n times

F(D1,...,Dy) = (col(Dy)|col(D2)| ... |col(Dy)).
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Lemma 2. For natural numbers my, ..., ms, denote their product by n =
mi-...-mg. Consider an arbitrary subset of matrices {Pl(J), ey P,sfj)} C

D (Fy) for each j =1,...,s. We introduce the family

(PP o...@PY |ij=1,...;mj, j=1,...8} C Du(F,),  (3)

which can be equipped with the lexicographical order with respect to multi-
indices (i1,...,1s). Using only one index i = 1,...,n we can enumerate all
elements of the family from the least to the greatest one according to the
lexicographical order. Denote the i-th matriz by D;. Then
F(Dy,....D)=F@PY,... . PMe. o FPY, . . P

y L ma

Proof. We proceed by induction on s. The base s = 1 is obvious. Assume that

the lemma holds for s — 1. Denote n’ = 7o =mi...ms_1. Let Di,...,D],

be lexicographically ordered matrices that were constructed for the sets
{P}j)}mf' j=1,...,5s—1. Then F(Ds,...,Dy) equals

Zj:17

/

...... Dy @PY. ... D, PY)=
F(D},...,Dly) @ F(P),..., PY).

ms

F(D,®PY, . .. D, P

s

It remains to apply the induction assumption to F(D1,...,D!,). O

2.4. Matrix incidence algebras. Next, we turn to incidence algebras.
We will deal only with the finite-dimensional case and so an incidence algebra
may be naturally considered as a subalgebra of M, (F).

Definition 8. Let n € N, consider a partial order < on the set n =
{1,...,n}. Then we define an incidence algebra over a field F as

An(2F) = ({Eij | 2 5}) © My (F).

Two simple examples of incidence algebras are F" = D, (F) = A, (=,F)
and T,,(F) = A, (<, F). Since a partial order relation is always reflexive, each
incidence algebra contains D, (F) as a subalgebra. At the same time, any
incidence algebra can be embedded in 7,,(FF), see [21, Proposition 1.2.7].

The Jacobson radical |21, Theorem 4.2.5] of an incidence algebra A equals

JA) ={AeA|(A)i=0, icn).

The length of D,,(F) is given by Equation (1). It is known that ¢(T,,(F)) =
n — 1, see [14, Theorem 4.1].

Theorem 2 ([14, Lemma 4.2, Corollary 4.6]). Consider an incidence algebra
A = A, (X,F). If the field F is infinite, then {(A) =n—1. IfF = F, is a
finite field of cardinality q, then

UDn(F,)) < €(A) <n— 1.

In particular, we again have {(A) =n —1 for ¢ > n.
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3 The upper bound for the lengths of incidence algebras

The main result of this section is a proof of Item 1 of the main theorem.
Then we compare our new estimation with the known bound n — 1 from
Theorem 2 and provide an example of how the estimation can be calculated
for a concrete algebra.

Proof of Item 1 of Theorem 1. Consider the family of sets {X;}"; from
Remark 1. So x; = |&;| for ¢ € m. For convenience, set zg = 0.

Let X; = {ki1,...,kig }. By Items (a)—(c) of Remark 1, it is possible to
define a permutation o : nm — n by o(k; ;) = j + Zi;é z¢. Let X! denote the
image o(X;), that is, X = NN [ Y pa +1, Y0 @ .

Then we introduce a new partial order <’ on n given by 7 <’ j if and only
if 0=1(i) = 071(4). Note that the map ' = 9 oo ~! is surjective and strictly
order-preserving with respect to (n,<’) and (m, <). Thus, (n,<',¢') is an
m-partite poset. Moreover,

Vi) = o(071(D) = o(X) = A,

This means that the family {X/}", satisfies Items (a)-(d) of Remark 1 with
respect to <.

Consider the incidence algebra A’ = A, (=/,F). Since the posets (n, <)
and (n, <’) are isomorphic, the algebras A and A’ are isomorphic as well.
Hence, ¢(A) = ((A).

We will show that the algebra A’ can be viewed as block upper-triangular

D, (F) * *
e 0 | Do ]|...| =
0 0 Do ()

Let (o, f) € n x n, a # . Consider two cases:

[Case 1.] Assume that «, § € X/ for some ¢ € m. Since X/ is an antichain,
we have o 2’ 3 and so (A),3 = 0 for each A € A

[Case 2.] Now let a € ], 8 € &j and i > j. According to Item (d) of
Remark 1 we again have a 2" 3. Therefore, (A),s = 0 for every A € A'.

Thus, A’ is indeed a block upper-triangular algebra. So it remains to apply
[16, Corollary 3. O

Once we have obtained a new estimation, it is necessary to compare it
with the known bound n — 1 form Theorem 2.

Proposition 2. Consider the upper bound ¢(x1,...,Tm) = (Dy, (F))+...+
U(D,, (F))+m —1 from Item 1 of Theorem 1.
(1) Let F = F, and x > q for at least one k € m. Then we have
oz, ..., xm) <n—1.
(2) LetF =F, and x, < q for each k € m. Then ¢(x1,...,Tm) =n—1.
(3) Let I be infinite. Then ¢(x1,...,2m) =n—1=1»_A).
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5

10

Fia. 1. Hasse diagram of a 5-partite poset.

Proof. Let us prove Item 1. Choose such index kg € m that xy, > ¢q. The
minimal polynomial of each matrix from Dg, (F) has degree strictly less
than zy,. From this, we deduce that {(Dy, (F)) < zy, — 1 according to [13,
Lemma 5.3|. Theorem 2 implies the inequality ¢(D,, (F)) < x —1 for any k.
Also, % | @, = n by virtue of Item (a) of Remark 1. Thus,

m m

ZE(Dmi(F))—i—m—l <Z(wi—l)—&—m—l:n—m—i—m—l:n—l.
i=1 i=1

To prove Items 2,3 we note that ¢(D,, (F)) = 3 — 1 for each k € m by

Equation (1). Hence, the above inequality turns to equality. The fact that
¢(A) =n — 1 for an infinite field was taken from Theorem 2. O

However, often there is more than one way to introduce the function
on a poset. Item 1 of Theorem 1 may provide several distinct estimations
depending on the choice of 9.

Example 1. Consider the partial order = on 10 = {1,2,...,10} which
Hasse diagram is depicted in Figure 1. This poset can be considered as 5-
partite at least in two different ways. The first partition is given by

Xl = {1}ﬂ X2 = {97 77276}7 X3 = {378}7 ‘)(4 = {1074}7 X5 = {5}

and we set 19‘/\4 =1 (see Remark 1). The second partition can be introduced
as follows:

X{ = {1}a X2, = {672}’ Xé = {97 7, 3}7 Xéi = {107874}’ X5, = {5}

with ¥'| ., = i. Let the ground field be Fy = {0,1}. We look at the incidence
algebra A = A19(X,F2). Item 1 of Theorem 1 provides two upper bounds:

((A)<0+2+14+140+5—-1=8 ford,
((A)<0+14+1+1+0+5-1=7 for?d.

Note that both estimations are better than the bound n—1 =9 from Theorem 2.
So this example also illustrates how Item 1 of Proposition 2 can be applied.
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4 The case of complete multipartite posets

We proceed to prove the second item of Theorem 1. The main result of
the section is Proposition 3, which provides the lower bound for the length
under some restriction. We need to introduce a technical notion.

Definition 9. Let ¢ € N be a power of a prime and n € N. A pair (n,q) is
called suitable if there exist such subset S = {Di,..., Dy} C D,(F,) and
such monomials f1,..., fn € Fglx1,..., 2] of m commuting variables that:

1. S generates D,,(F,);

2. 1(S) = U(Dy(Fy));

3. the set of matrices {fi(D1,...,Dn) | i : deg f; < k} constitutes a
basis of L (S) for each k =0,...,4(S);

4. fi =1 and deg f,, = £(95);

5. {fi(D1,...,Dp)}" is a basis of D, (F);

6. the matrix G = F(fi(D1,...,Dm),..., fn(D1,...,Dy)) is invertible
and the last row of G~! contains no zero (see Definition 7).

Concrete examples of suitable pairs will be obtained in Section 5.

Proposition 3. Consider the incidence algebra

Dy, (Fg) | M, swy (Fg) | -+ | M, s, (Fg)
9] Dy, (F | My, (F
.A: : ( q) X.)( (Z) QMn(]Fq)
0 0 | D, (F,)

over the field F, with n,h > 2. Assume that Wha,q), ..., Wh_1,q) are
suttable pairs. Then ((A) > ~, where v =h — 1+ Z?:1 0(Dyy,(Fy)).

For convenience of the reader, a short plan of the proof is given.

|Step 1.] Construct a generating subset S C A.

[Step 2.] Construct an auxiliary subset ® C J(A) N Ly_1(S). Prove that the
linear span (®) coincides with J(A) N L,—1(S).

[Step 3.] Construct another subset Y C J(A)NLy_1(S). Prove that & C ().
Hence, (Y) = J(A) N L,-1(S) according to Step 2.

[Step 4.] Prove that some elements of T are zero.

[Step 5.] Show that [T\ {O,}| < dim(J(A)). Then by Step 3, we obtain
that dim(J(A) N £,-1(S)) < dim(J(A)). Thus J(A) € L£,-1(S) and so
L,-1(S) # A. From this, £(A) > £(S) > ~.

Following our plan we need to begin with the set S.

Construction 1. For each j = 2,...,h — 1, introduce the set of matrices
S; = {DEJ),...,D,(%)} C Dw;(Fy) and monomials {fl(]),,f%i} of m;

j
commuting variables as in Definition 9. Also, consider

Gy =F(FPDY,.... DY), AL (DY, .. DY) € My, (F,).  (4)

J
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In addition, for j € {1,h}, we define S; = {ng), . ,D,(,]lg} C Dy, (Fy) and
monomials {fl(J), e ,f,(,{,g} of m; commuting variables which satisfy at least
Conditions 1 —5 of Definition 9. This is possible according to [6, Lemma 2.1].
For each j =1,...,h—1, we define a matriz A; j11 of the size Wj x Wj41q
as follows. Let all entries of A1 equal 1. For convenience, we will refer to
t
each column of A2 as (z%l), o ’Zl(/%/)l) =(1,...,1)". Neat, for2<j<h-1
we make all columns of A; ;1 the same and equal the last row of the matriz
G;l. In other words,

j 0
(Aj4+1)11 (Ajj+1)1.W5 4 2” '
: — = : = [=emr il ®
(Ajj+1)w; 1 (Ajg+1)w; w10 %3 1
Hence, we have
(7 . A))Gi=(0 .01, j=2. k-1 ()

It is important to emphasize that any entry of each matriz A; ;11 does not
equal zero by Item 6 of Definition 9, that is

2D 20, j=1,...,h—1, a=1,... W, (7)

For each j =1,...,h — 1, we define A\j,]url € A to be such block matriz
that all blocks are zero except for the (j,j + 1)-block which equals Aj ;1.

Similarly, for all j =1,...,h and i; =0,...,m;, let ﬁl(j) € A be such block
matriz that all blocks are zero except for (4, j)-block, which is equal to Dg) if
ij # 0 and the identity matriz Ly, if i; = 0. Let §j = {lA?(()j), ﬁ@, e ,137(,]13},
3 =1,...,h. Eventually, we introduce

S={A1a, Ays, ..., Ay 14}USIUSU...US, C A (8)
This is the end of our construction.

In fact, the constructed set generates our algebra.

Lemma 3. The set S generates the algebra A.

Proof. The set S; generates the algebra Dyy, (F,). The structure of matrices
ﬁ(()j) e S; implies that the set U?:1 S; generates Dy, (Fy)@...® Dy, (Fy) =
D,,(F,). Hence, the set U?Zl §j satisfies Item 1 of [11, Theorem| applied to
the algebra D, (F,). Since U?:l §j C S, the set S satisfies Item 1 of [11,
Theorem| applied to A. Equations (2), (7) ensure that the set {A\j7j+1}?;%
fulfils Item 2 of |11, Theorem| applied to A. Thus, S generates A. O

Next, we will estimate the length of S. For this, the space J(A)NL,—1(S5)
will be examined. The following construction introduces a special subset
O C J(A)NLy—1(5).
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Construction 2. For each j =1,...,h and k € N, we define
SE=5;-.... 8 ={DY....DY | tr,... .ty € {1,...,m}},
k times
where numbers t; are allowed to repeat. Also, let §]0 = {I,}. Then we set
<k = UZ _o S After that, for all s =1,....h—1, i =1,...,h — s, and
kz,... kirs € Ng, we wntroduce the set (bs,l,ki,...,k¢+5 which consists of all
possible products (HHS Low )A] +1) - C+9) where each CU) € SZSIC] It

remains to define

h—1 h—s i+s
U UU®sikibirs | 5+D ku <=1, ku € No},  (9)
s=1 i=1 U=1%

where v s from Proposition 3.

We need to check some basic properties of the set ®.
Lemma 4. We have ® C J(A)NLy—1(S) and (®) = J(A) N L,—1(S).
Proof. According to Construction 2 we obtain the inclusion ®;r,  r... C
J(A) N Loyr+.. 4k, (S). Hence, Equation (9) implies that ® C J(A) N
L,-1(S). The equality (®) = J(A)NLy—1(S) follows from these observations:

1) a matrix H € £,_1(S) has zero diagonal iff H is a linear combination
of such products from the set SY"! =8....-S (v —1 times) that include at

least one matrix AHH,
2) AzH—l A]j-i-l Onlfl"’_l#]a
3) if j # ¢, then D( )AHH O, forall i; =0...,my;

4)if j #i+1, then AM_HDZ(J_) = Oy, for all ij = 0...,mj. O

Our next goal is to construct another subset T C A, which is “smaller”
than ® in some sense as we will see later.

Construction 3. We will use the monomials fl(j), ey W from Construc-
tion 1. Foralls=1,....,h—1,i=1,...,h— s, and also dj =1,...,W;
with j =1,...,1+ s, we consider the matriz
i+s—1
Bs,i,di,...,dH,S = H fd 1 D(J)) A] Jj+1

DI L D). (10)

i+s Mits

Then we can define T by

h—1 h—s i+s
T=J UUBsia. M+S\s+2degfd <y—1, 1<d; <W;}, (11)
s=1 i=1

where v s from Proposition 3.
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It turns out that the linear span of Y is equal to J(A) N L,_1(S).

Lemma 5. The inclusion Y C J(A) N Ly—1(S) holds. Moreover, & C (T)
and so (Y) = J(A) N L,—1(S).

Proof. According to Equation (10) we have

Bs,id EJ(.A)Q,C

sAiyeeey di+s s+deg ffil)Jreregf(hLS) (S)
%

dits
Hence, T C J(A) N Ly_1(S) by Equation (11).

Let us show that ® C (Y). Consider an arbitrary matrix X from .
Construction 2 implies that X belongs to some set ®,;x, . k., and so we
can write

i+s—1
X = H a(j)gj’j“ Ot (12)
Jj=i

Wherea(j)Egjgkj,SE{1,...,h—1},ie{l,...,h—s} and

s+ki+...+tkips <v-—1 (13)

Since each O € §j§kj, we can write CU) = ﬁgf) e ﬁg) for some possibly
J

repeating indices t1,...,ts; € {1,...,m;} and s; < k;. If s; = 0, we have

CU) = I,,, but according to block structure of matrices and Equation (12)
we temporarily assume that s; = 1 (later it will return to zero value) and

00 = ﬁ(()j), where
ﬁéj):Owl@..-GSOwj,l S Iy; © Ow;yy @ .. @ Ow,. (14)
By definition of Dg) (see Construction 1) we have
CO = Op, &...9 0w, , & D ... DY & 0w, &...® Ow,.

Note that Dg) Cae Dg) is a product of length s; < k; and each matrix
J

Dg ) belongs to the generating set S; of the algebra Dy, (F;). Hence, we

have Dg) Dt(z) € Li,;(S;). However, Construction 1 and Item 3 of
J
Definition 9 ensure that the set

(DY, D) | dj: deg [ <k}

mj

is a basis of the space Ly, (S;). Then we can consider the decomposition on
this basis

DD = 3 AP D)
djE{lv'“?Wj}:
deg féi)gkj
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for some coefficients /\Eli ) from the ground field ;. Recall that fl(j ) = 1, so

fl(j)(ng), . ,D,(%g) = Iy, Returning to n X n matrices we obtain
GO =B DY = Y ADPBY,.., DD+ D,
dje{2,....W; }:

deg fé?g@

where we used Equation (14). Next, we substitute the above expression for
C) into Equation (12):

1+s—1
=T S a0, By 056 | 4,0
Jj=i dJ6{2,MWJ}
deg fy]')<kj

Nt St (D DR 4+ A D
dips€{2,... . Wits}:

deg %) <hiss

Then we expand brackets taking into account the relations ﬁ(()j )gj,jﬂ =

~

AjJHlA)(()j D _ A\j,j+1, which follow from block structure of thg matrices.
These relations also ensure that we can replace the matrix D(()] ) with the

identity matrix I, = fl(j) (ﬁg‘j), - ,135%3) everywhere in the above formula.
So if we previously replaced s; = 0 with s; = 1, we can now return it to

sj = 0. After that, we obtain

i+s—1
X = Z Hd;,....d; 1 H fc(lj)(Dy)v cee 7D%))Aj7j+1
(diyesdigs)EA Jj=ti
DI, D)
for scalars fug;,... 4,,, from the ground field F;, some of which may equal zero.
The set A consists of such tuples (d;, ..., d;ys) that 1 < dj <Wj; and
i+s)
i+s

deg féf)—&-...—i—deg fcg <ki+...+kits. (15)

By Equation (10), the above expression for X can be rewritten as

X = Z Hdi,odiss * Bsjisdy,digs-
(diyeondiys)EA
Combining this relation with Equations (11), (13), (15) we obtain X € (Y).
Since X is an arbitrary matrix from ®, we deduce ® C (Y). It remains to
apply Lemma 4 in order to deduce that

(T) = J(A) N Ly (S).
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This completes the proof of the lemma. U
Our next step is to show that some elements of the set T equal zero.
Lemma 6. In terms of Construction 1, we have
A £ (DY, DOYA i1 = Ony G =2, h =1, dj £ W
Proof. The statement is equivalent to
A (DY, DIYA a1 = 0wy powyy G =2, h=1, dj # W,

By Equation (5), these relations can be rewritten in terms of rows of the
matrix A;_1 ; and columns of the matrix A; ;11 as follows

A1
(z&j*l) 70 z&jfl))-fc(li)(ng),...,D,(qQ)- =0
9

foralla=1,....W,_1, j=2,...,h—1, dj # W;. Equation (7) allows to
divide both sides by 2§~V

21
@) () () : _
(0 0D | ] =0
)
Since all f(gj)(ng), e D%g) are diagonal matrices, these equations can be
rewritten in terms of the map F (see Definition 7)
(7 . ) RO =(0 ... 0), (16)

° mj m;

RO = F(f(DY,.... D)), ..., [ (DY, DY), O omy)
These relations are immediate consequences of Equations (4), (6) if all elements

of the last column of G; were replaced by zeroes. ]

The previous lemma implies an estimation for the cardinality |Y|.
Lemma 7. We have [T\ {O,}] < dim J(A).

Proof. Consider Equations (10), (11). Lemma 6 implies that for any s > 2,

the matrix B, ; ;... 4,., = O whend; # W; forsomej € {i +1,...,i+5s—1}.
It follows that any matrix from Y\ {O} has type Bg;d, Wiy, . Wiss_1,diss fOT

1 < s < h — 1. Moreover, Equation (11) and Item 4 of Definition 9 ensures

that Br—1,1,w,0,...w, € T since

h—1+degf1(/\1,z+...+degf%i:
B =1+ (D, (Fy)) + ...+ €Dy (F)) =7 > 7 — 1.
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Next, we define the set of tuples

A= U ((diydj,i,5) | di=1,... . Wi, dj =1,...,W;}
1<i<j<h

and the map v : A\ {(Wi, Wh,1,h)} = T, which sends the tuple (d;, d;, i, j)
to Bj—i,i,di,Wi.H,...,Wj_1,dj' Then

T\ A{OR} < Tmy| < [AN{W1, Wh, LA)| < |A] =
S Wi wi= > dim My, (Fg) = dim J(A)

1<i<j<h 1<i<j<h
since J(A) C A is a subspace of matrices with the zero diagonal. O

We are ready now to complete the proof of Proposition 3.

Proof of Proposition 3. Consider the subset S C A from Construction 1.
Then Lemma 3 ensures that S generates the algebra A. We will examine
the subspace J(A) N Ly—1(S) C A. According to Lemmas 5, 7, there exists
such subset T C J(A) N Ly_1(S) that its linear span coincides with J(.A) N
Ly-1(S) and [T\ {O0,}| < dim J(A). It follows that dim(J(A)NL,—1(8)) <
dim J(A). Hence, J(A) € £4-1(S) and so £,-1(S) # A in particular. Then
by definition of the length of an algebra, we obtain ¢(A) > ¢(S) > ~. This
completes the proof of the proposition O

5 Suitable pairs of numbers

Section 5 is devoted to suitable pairs of numbers (see Definition 9). The
main result of the section is Proposition 4, which gives sufficient conditions
for the pair of natural numbers to be suitable.

Lemma 8. If q is a power of a prime number and n < q, then the pair (n,q)
s suitable.

Proof. Since n < ¢, there exists at least n distinct elements of the field I,
say, aq,...,0p. Then we set D = diag(ay,...,ay). So the degree of the
minimal polynomial of the matrix D equals n. Hence, {D} generates the
algebra D,,(F,) and £({D}) = n —1 = {(Dy(F,)), see Equation (1). So the
set S = {D} and monomials { f;(z) = 2"}~ satisfy all Conditions 1,2,4, 5
of Definition 9. Note that Condition 3 follows directly from the definition of
the space Lx(S). Also, Condition 6 can be obtained from Lemma 1 since

F(fi(D),..., fn(D)) =V(aq,...,ap). O

Now we can prove a sufficient condition for the pair of numbers to be
suitable.

Proposition 4. Let g be a power of a prime number. Assume that a natural
number n can be represented as n = kq" withr € Ng and k € {1,...,q—1}.
Then the pair (n,q) is suitable.
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Proof. If r = 0, then the statement follows from Lemma 8. Henceforth, we
shall assume that » > 0. There are two cases.

[Case 1.] Let k > 2. We will use a construction from [13]. Denote all elements
of the field Fy by a1, ..., a4 Consider D = diag(aq,...,qq) € Dy(F,) and
also P = diag(ai,...,o) € Di(F,). Next, we introduce the following
Kronecker products of matrices:

D=1V VDI Ve, j=1,..r
Dyy1 =157 ® P.

Denote S = {Di,...,D,41}. Then for any ij,...,i, € {0,...,q — 1},
and i, € {0,...,k — 1}, we consider the monomial z?' . ..x, . The set
of all such monomials can be lexicographically ordered. So using only one
index i = 1,...,n we can enumerate all the monomials from the least to the
greatest one. Denote the i-th monomial by f;. We will show that the set of
matrices S and monomials {f;}7" ; fulfil all Conditions 1-6 of Definition 9.

1) Note that Dy, (Fy) = Dy(Fy)®" @ Dy(F,). The sets {D}, {P} generate
Dy(F,) and Dy(F,), respectively. Therefore, Condition 1 follows from |13,
Lemma 5.1].

2) The relation n = kq", Equation (1), and [13, Lemma 5.1| imply that

U(S) = r-£(Dy(Fy)) +L(Dy(Fy)) = (4 1)[logg n] +[g!*%™] =1 = ¢(Dy(Fy)).

3) Note that the set O = {fi(D1,...,D,y1) | i : deg fi; <k} coincides
with all possible products of not greater than k& matrices from the set S.
Hence, (©k) = Li(S) dy definition of space Lj. Let us show that the set
Oy is linearly independent. In fact, the sets {I, = DY, D, D?, ..., D971} and
{I, = P°, P,P% ..., Pk"1} are bases of the algebras D,(F,) and Dy(F,),
respectively. Then by the properties of tensor product, we obtain that the
matrices D" ® ... ® D" ® P+ with 41,...,4, € {0,...,¢— 1} and i,,1 €
{0,...,k—1} constitute a basis of the algebra D,,(F,) = Dy(F,)®" @ Dy (F,).
From this, O is linearly independent as a subset of a linearly independent
set.

4) We have f = 29...2%,; = 1 and also deg f, = deg(a " ...af 2k, ) =
r(¢g — 1) 4+ k = £(S) as in the proof of Condition 2.

5) Condition 5 is a partial case of Condition 3 when k = £(S5).

6) First we notice that the matrix G is nonsingular according to Condition 5.
Next, applying Lemma 2 we can deduce that

G=F,D,..., D" @ F(I,P,...,PF1) =
=V(ag,...,an)®" @ Vi(ay,...,a)

Then
G l=(V(ag,...,an) ¥ @ V(a,...,ap) "L
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Lemma 1 ensures that both matrices V(aq,...,a,)" 1, V(ag,...,a;)"! con-
tains no zeros in the last row. Therefore, the matrix G~! have no zero in the
last row as well.

[Case 2.] Let k = 1. Then all arguments are literally the same with the
only difference that now S = {L(?(Z_l) ®D® L?(T_Z)}f:l and monomials are
ol fordy, ... i, €{0,...,q— 1} O

6 Completion of proof of the main theorem

In this section, we prove Item 2 of Theorem 1 and also Corollary 1. First
we need to combine the results from two previous sections.

Theorem 3. Let (n, <,9) be a complete h-partite poset, n,h > 2. Consider
the incidence algebra A = A, (=X,F,) over a finite field F,. Assume that the
Witney numbers Wa, W3, ..., Wh_1 can be represented as W; = k;q"7 for
some r; € No, kj € {1,...,q—1}. Then

f(A) = E(le (Fq)) + ...+ E(th(Fq)) +h—1.

Proof. The proof of of Item 1 of Theorem 1 implies that there exists another
partial order <" on n such that (n, <) = (n,<’) and A’ = A,(=',F,) has
the block-triangular form as in Proposition 3.

Denote v = (D, (Fy)) + ...+ €(Dw, (Fy)) + h — 1. All the pairs W, q),
(Ws,q), ..., Wh_1,q) are suitable by Proposition 4. So £(A’) > ~ by virtue
of Proposition 3. Therefore, ¢(A") = v according to ITtem 1 of Theorem 1. It
remains to note that ¢(A) = ¢(A’) because A = A’ O

The previous theorem provides necessary examples, which show sharpness
of the upper bound from Theorem 1.

Proof of Item 2 of Theorem 1. If the field F is infinite, Equation (1)
implies that (D, (F)) = x;—1 and so the statement follows from Theorem 2.
Assume further that F = F,.

: ;
For each i = 1,...,m, define r; = [log,zj] and k; = [q[logzwﬂ} N

[¢1°84%i}]. Then there exist such numbers rq; € {0,...,¢"* — 1} that each z/
can be represented as x; = k; - ¢" + ro;. We introduce the quantities

m m
Wi == k‘l 'qri, N = ZWZ’ M=n—-—N= ZT’UJ‘.

i=1 i=1
Then for the set N = {1,..., N}, consider a complete m-partite poset
(N, <, ) with the sequence of the Whitney numbers (W1, ..., Wy,). Denote
by B = An(=,TF,) the corresponding incidence algebra.

If M = 0, that is, ro; = 0 for all 7, then we have W; = z; and N = n.

Then it suffices to set <’ = <, ¥ = 9 and the statement of Item 2 follows
from Theorem 3.
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Henceforth, we shall assume that M # 0, i.e. rg; # 0 for at least one 3.
Then we put < = 2U{(4,j) | j = N+1,..., N+ M}. So the corresponding
incidence algebra A, (=X',F;) = B & Dy(F,;). We need to introduce the

function ¥ : n — m as required in Item 2. Let 7o, ..., 70,4, be precisely all
nonzero numbers from the family {ro;}, and 1 <i; < ... < ig < m. Then
for each u = 1,...,d we introduce the set ), as follows
u—1 u
Vi={N+1,...,N+rogs }, Yu={N+D ros+1,...,N+> ros}, u>2.
j=1 J=1

Thus, we obtain the partition n = NUY; U...U Y, with |Y,| = ro,4, and
we can define
, d(t) if teN,
o= [ 10
Ty if te),.
The function 9’ is strictly order-preserving and surjective since 1 is so.
According to Item 2 it is necessary to check that ¥'~1(i) = 2/ for i € n.
Indeed, if i belongs to {i1,...,i4}, say i = iy, we have [¢'~1(3)| = [9~1(i)| +
\Vul = Wi +10; = kj-q" +ro; = ). If i does not belong to {i1,...,i4},
then [¢'~1(i)| = [971(i)| = Wi = k; - ¢" = 2, because 19,; = 0.
Let us calculate the length of A" = A, (=, F,). Then [16, Theorem 2| and
Theorem 3 ensure that £(A") > ((B) = ¢(Dw, (Fy)) + ... + £(Dw,, (Fy)) +
m — 1. However, by Equation (1),

U(Dw;(Fy)) = (q — Dlogy W] + [q"% ™ = 1= (g = Dry + ki = 1 =
= (¢ — 1)[log, @] + [¢!°% ™)) — 1 = &(Dy (Fy)).
Thus, we obtain that ((A") > (D, (Fg)) + ... + €(Dy; (Fg)) + h — 1. The

inverse inequality follows from Item 1 of Theorem 1. O

Proof of Corollary 1. Apply Item 1 of Theorem 1. According to Propo-
sition 1 it is possible to introduce at least one mapping 9 for m = h. Since
each preimage ¥~!(i) is an antichain, we have x; = |[97'(i)] < w. Then
monotonicity of the function ¢(x) = £(D,(F)) (see [13, Theorem 3.2|) implies
that ¢(Dg,(IF)) < (D (F)). Consequently,

UA) <UDy (F))+ ...+ 4Dy, (F) +h =1 < (U(Dy(F))+1)-h—1.

Let us prove the second part of the corollary. We define r = [log, w],
w ~ ~ .
k=|——| = [q{long}], w=kq", 500 < w-—w < ¢ — 1. Consider
gl1ogq !
the complete h-partite poset (n, =’,9") with the Witney numbers W; = w,
Wy =Ws =...=W,_1 =W, = w. Note that the width of (n’, <’) coincides
with max W; = w. Moreover, the corresponding incidence algebra A =
J=L5

A, (X, F) satisfies conditions of Theorem 3. Therefore ¢(A) = £(D,(F)) +
(h — 1){(Dg(F)) + h — 1. However, r = [log, w] = [log, w] and also k =
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U = | =Y 1t follows that £( Dy (F)) = £(Dg(F)) by Equation (1).
qlosa vl 1084 @l

Hence, we obtain ¢(A) = ({(Dy(F)) 4+ 1) - h — 1 completing the proof. O
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