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CJIOZKHOCTB ITPOBJIEMbI COBMECTHOCTN
CUCTEM /TNMOPAHTOBBIX YPABHEHUVIN HA/JI
KOHEYHbBIMU JABYJIO0OJIbHBIMU I'PA®AMUU

®./1. KOoB3EB, H.T. KOTrABAEB

Abstract: We study finite systems of Diophantine equations over
finite bipartite graphs. In 2021, A.V. Il’'ev and V.P. II’ev proposed
a deterministic polynomial-time procedure for verifying the consis-
tency of such systems. We construct a counterexample to show that
their procedure works incorrectly and prove that the consistency
problem for such systems is in fact NP-complete.

Keywords: bipartite graph, system of equations, nondeterministic
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1 Bsegenune

Knaccuaeckas anrebpanteckas reOMeTprUs TPAIUITMOHHO 3aHUMAETCS U3y~
YEeHMEeM CHUCTEM yPABHEHWH HaJ| YMCIOBHIMU TOJAMEA M KOblamn. OmaHako,
B TIOCJIEIHUE TOJABI AKTWUBHO DPA3SBUBAETCA OGOOIMEHHBIN MTOAXOM, B PAMKAX
KOTOPOTO MCCAEAYIOTCS CHCTEMBI yPABHEHW HAJT TPOU3BOJBHBIMEI aarebpa-
maeckuMu crpykrypamu [3]. Bmecre ¢ stum ycusniics mHTEpEC K BOIPOCcaM
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Pa3peImMOCT 1 BbIYMCJAUTEIBbHON CJIO2KHOCTH AJITOPUTMOB IIOUCKA pelie-
HUIl TAKUX CUCTEM, OCODEHHO B Cilydae UPeJUKaTHbIX crpyKTyp. B [8] goka-
BaHO, UTO JjIs CUCTEM YPABHEHNIN HAJ] KOHEUHBIMU YACTUIHBIMU TTOPSTKAMHT
npobJieMa CYNIeCTBOBAHUS PEIIEHUsI, COCTOSIIEr0 U3 MOMAPHO PAa3JIUIHBIX
3JIeMEHTOB, siBisiercss NP-nostroit. B 7] mpencrasiien mommHOMIATBHBIN aJT-
COPUTM TIOCTPOEHUsT PATUKAIA ¥ KOOPAUHATHOTO YACTUIHOTO MOPSAKA JJIs
cUCTeM ypaBHEHNII HAaJ KOHEUYHBIMU YACTUYHBIMHU TIOPSIKAMU B s3biKe 6e3
koHCTaHT. B [4] ycranosiaena NP-nosHOTAa IpO6/IEMBI COBMECTHOCTH CHCTEM
ypaBHEHUI HaJ| KOHEUYHBIMM CTPYKTYpaMU B TAKUX KJIACCAX KaK IOJIHBIE
p-nosbhble Tpadbl (p > 3), MATPOU/IBI, PAHT KOTOPBIX HE TIPEBOCXOIUT K
(k > 2), k-omropomubie Marpousl (k > 2) u MaTpOU/Ibl pa3OMeHusT paHTa,
He npeBocxodmero k (k > 3).

Ocoboe BHUMAaHUE YJIEISETCS UCCIEJIOBAHUIO CUCTEM yDaBHEHMII HAJI KO-
sHeunbiMu rpadamvu. Tak, B [6] ObLIH TPEATOKEHBI ATTOPUTMBI TPOBEPKIH
COBMECTHOCTH, BEIYUCJIEHUS PAJIUKAJIA U HAX0KIEHUS KOOPJAUHATHOTO rpada
JUI CUCTeM YpaBHEHUN HaJ| IPOU3BOJIbHBIMYU KOHEYHbIMU I'padamu. B mnajb-
Heifem, B [5] GbuIN HafiEHB! OLEHKN TPYA0EMKOCTH aJIOPUTMOB TTPOBEPKU
COBMECTHOCTHU 1 HAXOXKJCHUA O6H_LeI‘O perennd CucTem ypaBHeHI/Iﬁ B pa3Jin4-
HBIX KJaccaxX KoHedHbIX rpados. B wacraocrn, B [5] 661710 BO-1IepBBIX J0Ka-
3aHO, 9TO MPOOIEMa, COBMECTHOCTH KOHEUHBIX CUCTEM JUO(PAHTOBBIX yPaBHE-
HUM HAJ KOHEYHBIMYA CUMMETPUIHBIMA UPpedIeKCUBHBIMEU rpadaMu aBJid-
ercs NP-mioyiHOl, a BO-BTOPBIX IPUBEIEH PE3YILTAT O TOM, UTO aHAJIOTHIHAS
npobemMa Jiad CHCTeM YPaBHEHWH HaJ KOHEYHBIMU JABYI0JIbLHBIMHU Tpadamu
ABJIACETCA ITOJIMHOMMAJIBHO pEL3pe].T_H/IMOI‘/'I7 T.€. JICZKHT B KJIacCCe P

Onrako, OBIIO0 BBISIBJIEHO, 9TO BTOPOil M3 YIOMSHYTHIX BBIIIE PE3YJIbTa-
TOB He BepeH, a uMeHHo, npoueaypa 1.1 [5] nposepku comecrTHOCTH cucTEM
ypaBHEHWH HAJ KOHEYHBIMU JBYA0IbHBIMEU rpadhamu padoTaeT HEKOPPEKT-
HO. lanHas 1poliejypa JesiaeT BbIBOJ, O COBMECTHOCTU CUCTEMbI, OlIMPAsICh
Ha, HEOOXOAMMBbIN, HO HE JOCTATOYHBIA MPU3HAK, YTO MOYKET IMPUBOIUTH K
JIOZKHBIM IIOJIOZKUTEJIBHBIM OTBETAM.

Taxum 006pa3oM, BOTIPOC O TOM, KAKOBA BCE-TAKU BBIYHUCTUTETbHAS CIOXK-
HOCTb TTPOOJIEMBI COBMECTHOCTH KOHETHBIX CUCTEM TUOMDAHTOBBIX YpaBHEHUIT
HaJ[ KOHEYHBIMI JIBYIOJIbHBIMI TpadaMiu, ocTaéTCs aKTyaJbHBIM. B HacTOs-
et craTbe Mbl CTPOUM KOHTPIIPUMED, MOKA3BIBAMIINY, UTO Tporeaypa 1.1
[5] paboTaerT HEKOPPEKTHO, U JTOKA3BIBAEM, UTO yKa3aHHAs Opobsema Ha ca-
MoM gene sipjsgercsa NP-mosrHoit.

Teneps nepeiiéM K bopMaTBLHOMN TOCTAHOBKE 33/1a4U1 U [IPEIBAPUTEIBHBIM
CBEJIEHUSIM, HEOOXOUMBIM JIJIst JTAJIbHENIIero W3JI02KEHUS.

B nannoii pabore MbI OyJeM paccMaTpUBaTh TOJTHKO KOHEUYHBIE CHMMET-
puunbie uppediekcuBable rpadbl. Takum obpazom, epagom MBI HA3BIBAEM
napy I' = (V, E), rne V — HemycToe KOHEUHOE MHOXKECTBO, 3JIEMEHTHI KOTO-
poro HasbIBaloT sepuiunamu, a F C V? — cuMmmerpuunoe upped ieKCHBHOe
OuHApHOE OTHOIIEHUE HA V| 3J/eMEeHThl KOTOPOI'o Ha3bIBaOT pébpamu. ['pad
ABJIAETCS 06YJoAbHbIM, €CJTA MHOXKECTBO €0 BEPIIUH MOXKHO pa3duTh Ha JIBa
HerepecekaoImmxcs nmogMuoxkecrsa Vi u Vo tak, uro E C (V) x Va)U (Vo x V7).
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Cueayst |3, 1. 2|, BBesEM OCHOBHBIE LOHSITHsI YHUBEPCAJIBbHON asrebpau-
YECKOM reoMeTpuM Hal IPOU3BOJIbLHBIM rPadoM.

[Tycts T' = (V, E) — cummerpuunsiii uppediiekcusnbiii rpacd, C C V —
HEKOTOPOE MHOXKECTBO ero BepinuH. Qupeennm curiarypy oo = (E, ¢).cc,
COCTOSITIYIO U3 TPEJIUKATHOTO CUMBOJIA F CMEXXHOCTH BEPUINH W KOHCTAHT-
HBIX CUMBOJIOB 13 MHOXKECTBA C', TPU 3TOM MBI CUATAEM, UTO KaKIBIH CHMBOJT
¢ € C Bcerma wHTEpIpeTHpyeTcs B rpade [N Kak 0 THONMEHHAs BEpIITHHA, C.

IIycre X = {z1,...,T} — KOHEIHOE MHOYKECTBO MepeMeHHbIX. MHOXKe-
CTBO TEPMOB CUTHATYDPHI 0¢ HaJl mepeMennbiMiu n3 X cosnagaer ¢ C'U X.
O6o3naunm depe3 Aty (X) MHOXKeCTBO BCex aTOMapHBIX hOPMYJI CUTHATY-
pBl O0¢ HAJ TepeMeHHbIMI 13 X .

Ypasrenuem cuenamypo, oo wed X OyneMm HazbBaThb J100YI0 HOpMYyILy
o(x1,...,x5) € Aty (X). Takum 06pazoM, ypaBHEHUAME CUIHATYDBI 0 HAJ,
X aasiiorcs opmysibl aByx Buios: t = t' wiu E(t,t'), tme t u t' — repmbl
CUTHATYPHI (.

Clucmemoti ypasnenuts cuenamyps, oc Had X O6yneMm Ha3bIBATH J000€ 1MoJI-
mu0KeCTBO S C Aty (X). Mruoscecmsom pewenuti cucmemv, ypasrerud S
nad [ Oymem Ha3bIBATH MHOYKECTBO

Vie(S) = {(v1,...,v) € V¥ |T = o(vy,...,v;) mna Beex ¢ € S}

Cucrema S cosmecmua nad I, eciin Vi (S) # &, unade oHa sIBJISIETCST HECOG-
mecmuol nad I'. Cucremnur ypaBreruii S1 n Sy Ha3BIBAOTC IK6UGAAEHITHbI-
mu wad T, ecom Vp(S1) = Vp(S2).

B nmammoit pabore mbl OymeM paccMaTpUBATh TOJBKO KOHEYHBIE CACTEMBI
Juodarmosvir ypaBHEHUI, TO eCTh yPaBHEHWH, B KOTOPHIX MHOYKECTBO KOH-
craaT C' coBuasaer ¢ MHOXKecTBOM V BepliuH rpada.

B § 2 macrosieii ctarhu TPUBEIEH IPUMED CUMMETPUIHOTO UPPedIEeKCHB-
HOTO JIBYZ0JIBHOTO rpada u COOTBETCTBYIOIIEH CHCTEMbBI YPABHEHUH, /IS KO-
Topbix npoueaypa 1.1 [5] paboraer nekoppekTHo. B § 3 onmucana nejerepmu-
HUPOBaHHAasA MOJIUHOMUAJIbHAA IPOUEAYPa JJid PACIIO3HABAHNA COBMECTHBIX
KOHCYHBIX CUCTEM ILHO(I)&HTOBBIX ypaBHeHI/IfI Ha/Jl KOHECYHbIMU ABYAOJIbHBIMA
rpacdavu. B §4 nocrpoeno noimaoMuaibaoe ceejernue NP-1o/iHo# npobiie-
MBI COBMECTHOCTH KOHEUHBIX CHCTeM AUOQAHTOBLIX YPaBHEHM HaJ KOHEU-
HBIMI CUMMETPUYHLIME HPPedIeKCUBHLIMU I'padaMi K pacCMaTpUBAEMOil
npobJieMe, OrpaHdyYeHHol IBYIOALHEIME IpadaMi, U TeM CaMBIM YCTAHOB-
nena NP-moJsmora mocaenneit.

2 Konarpopumep K pesyabraty A.B.nseBa u B.I1. UaseBa

Kak 6b110 0T™MEUEHO BO BBeJeHuH, B [5| Oblta npemmoxkena mporeaypa 1.1
POBEPKHU COBMECTHOCTH KOHEYHBIX CHCTEM YPaBHEHUN HaJ KOHEUHBIMU JIBY-
JMOJBHBIME TpadhaMy, TPU 3TOM YTBEPZKIAaJaCh €€ KOPPEKTHOCTb W ITOJTHHO-
MuanbHas BpeMenads cioxuaocts O(k*n(k +n)?), tae n — @meno sepumH B
rpacde, a k — 9ncjio nepeMeHHBIX B CUCTEME.
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Pacemorpum rpad I' u cucremy ypasHaennii S, n300parkEHHbIE HA PUCYHKE
HIUKE.

E(wl,xg), E(:L’l,cl),
E(x9,x3), E(x2,c2),
E(zs3,24), E(xs3,c3),
E(x4,21), E(z4,c4).

Herpynuno nposeputs, uro rpad I' sBiasercs JABYIOJIbHBIM, a CHUCTEMA
ypaBHeHU#t S He cOBMecTHA HaJl THM I'padoM, MOCKOIbKY G HEe COIAEPKUT
HUKJIOB IJIUHBL 4.

Onucanne nporenypsl 1.1 u TOYHBIE OIPEJEJIEHNsT UCIIOJIBb3YEMbIX B Heil
JAHHBIX MOKHO HaiiTw B [5]. OTMeTHM JTHINb, 9TO cOCTOAIIasd U3 maros (0—
4 nporeaypa 1.1 npeobpasyer UCXOJHYIO CUCTEMY S B IKBUBAJEHTHYIO €it
cucTeMy, U ecam S — TeKylad CHCTeMa ypaBHeHHI, TO Ha KaxKJoM Imare
ncnoaenna nporeaypsl 1.1 muoxkecrso W; cocrout uz Bepmmu v rpada I,
obnapatonmx coiicrBoM E(x;,v) € S, a MHOXKeCTBO Wf‘ COCTOUT M3 BCEX
BepmmH Tpada I', cMexxHBIX ¢ Kaxx 01 BeprmHOit u3 W.

Ecin nogars wa Bxom mporeayphl 1.1 mamm rpad I' u cucremy S, To
nocjae mara 0 cucrema ocramerca Oe3 mamenenmit m g Bcex 1 < ¢ < 4
6yyT ompeenenst Maoskectsa Wi = {¢;} u Wit = {v;, v}

HTaru 1-3 mpomenypsr 1.1 ucmosHg0TCA A0 TEX TOP, MOKA W3 TEKYIeit
cucTeMbl He OyayT yiaajeHnbl ypapHenust suga t = t'. Tlosromy marm 1-3
9TOW TMPOIEAYy Pl HE U3MEHAT MHOX)KecTBa Wi, Wf‘ u cucremy S.

Jamee ua mare 4 paccmarpuBaercsa rpad H, BeprimnaMu KOTOPOrO SBJIs-
FOTCH TIEPEMEHHBIE U3 TEKYIell CUuCTeMbl ypaBHeHwuil, a pébpa onpeneasarorcs
ypasuenuamu Buga F(x;,x;) € S. B mamem ciygae rpad H msomopden
rpacdy Cy. Ucnosrenne nHerpyKnmii mara 4 BHOBb HE IIPUBOJAUT K M3MEHE-
vusm B Wi, Wf‘ u S. Ilpu 310M KpUTEpUEM COBMECTHOCTH CUCTEMBI HA, IIArEe
4 gBageTcs OTCyTCTBUE IUKJIOB HEUETHON AMnHBI B Tpade H U oTCyTCTBHE
MYCTHIX MHOYKECTB WZ-J-.

Taxum obpazom, mporeaypa 1.1 3aBepimaer cBow paboTy € MOJIOKUTETb-
HBIM PE3YJIBTATOM O COBMECTHOCTU CUCTEMBI S, UTO MPOTUBOPEUUT UCXOTHO-
MY YTBEDPKJIEHUIO O HECOBMECTHOCTH .S.

3 Ilpunannexxkuocts Kaaccy NP

B [5] mocTpoena merepMuHMpOBaHHAS MPOIEIypa 1, KOTOpasi OCYIEeCTB-
JITET TPOBEPKY COBMECTHOCTH KOHEUYHBIX CUCTEM InOMaHTOBBIX ypaBHEHU
HaJI TPOU3BOJILHBIMU KOHEYHBIMU TpadaMu 3a 3KCIIOHEHIINaIbHOE BpeMsi. B
JaHHOM Taparpade Mbl TPUBEIEM MOJIUMUKAINIO JTAHHONW TPONEIyPhI JIJIst
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PaCIO3HABAHMWA COBMECTHBIX CHUCTEM YPABHEHWH HAJ[ KOHEYHBIMH JIBY/I0/Ib-
voivu rpadamvu. Momudukaims kocuércs Jjiuipb mara 4, B KOTOPOM TOJIHBIT
nepebop Bcex Koprexkeil hUKCUPOBAHHON MJIMHBI U3 JTOMYCTUMBIX 3JIeMEHTOB
rpacda 3aMeHEH Ha, HeIETEPMUHUPOBAHHOE YT IBIBAHNE OJTHOTO TAKOTO KOPTe-
Ka, KOTOpoe OYIIET OCYIIECTBISTHCA 3 MOJIHHOMIAIbHOE BpeMsi. QcTaabHbIe
IIard TPOIEIYPHI MOBTOPSIOT aHAJOTHYHBIE TIATH Mporeayps! 1 [5].

B kauecrBe MaTeMaTUIeCKOH MOJETN JJIS PEATU3AINNA TPOIEIYD Mbl HC-
[OJTb3yeM HEeJIETEPMUHUPOBAHHYIO MamuHy ThIOpHHTAa ¢ HECKOJBKUMHU pa-
6ounmu gearamu 1, § 10.1]. Mer Takzke 6y1eM TpUAepKUBATHCS OTPEIETIe-
auit kracca NP u nonstust NP-niostroit mpo6uiembr, npussaTeix B |1, § 10.2].
Marmuubl Teioputra 6ynyT MHTEPECOBAThH HAC HPEXKJE BCErO KaK yCTPOU-
CTBa JIs PACIO3HABAHUA sI3bIKOB. HamoMHUM, 9TO HejeTepMUHUDPOBAHHAS
varmna Teropunra T pacnosnaém cjI0BO w HaJl HEKOTOPBIM (PUKCHPOBAH-
HbIM aJ1aBUTOM, €CJIM XOTs Obl OJHA BETBbH BHIYUC/IEHUIT, 3aIlyIIEHHBIX HA
Marmse T’ ¢ BXOJHBIM CJIOBOM W, JOCTUTAET 3aKJIIOYATETHHOTO COCTOSHUS
Mammubl. Takum obpa3oM, HaAM HEOOXO/IMMO IIPEJACTABUTH WHTEPECYIOILYTO
HAC aJITOPUTMUYIECKYIO MPobeMy B Bue (POPMAJIHLHOTO SI3BIKA HAJT HEKOTO-
PBIM KOHEYHBIM aI(PABUTOM.

ITycts gaHbl TPOU3BOABHDBIN KOHEUHBI CHMMETPUIHBIH nppedIeKCUBHBIHT
rpad I' = (V, E), KoHeYHOE MHOXKECTBO IlepeMeHHbIX X U crcreMa ypaBHe-
Huit S curnarypol oy = (E,v),ey Hag X. Bygem cuurars, aro |V| = n,
| X| =k, V ={v1,...,0.}, X = {x1,...,21}. Banymepyem Bce TepMbl CHI-
HATYPBI Oy HAJ MEPEMEHHBIME u3 X CjaeayionmmM 0bpa3om:

1 =01,...,tn = Up, tn+1:$1,--.,tn+k:xk.

B mpomecce paborsl Hamm mporeaypsl OYIOyT MUCIOIB30BATL CJIEIYIOIIIE
AAaHHBIC, KOTOPbIE XPAHATCA Ha JIEHTAaX MaIIHMHBI Tb}OpI/IHI‘a B Buae CJIOBa
Hayt andasurom {0, 1, #, %, <, >}:

1-s1 sienra comepxut rpad I', mpeacrasaenubiii MaTpurieil CMEXKHOCTH Pa3-
Mepa N X N, 3allUCAHHOA B d4yeliKax JIeHTbl B BUJE CJIOBA

A= <I./4171 . Al,n# - #An,l - An,nb,

rae Aij €{0,1} n A;; =1 T = E(v;,vj) nna seex 1 < 4,5 < n.
2-51 jienTa XpaHnT ypasHenust Buga F(t;,t;), npejcraBienHbe MaTpuIieil
pasmepa (n+k) x (n+k), 3anncanHoii B gUeiiKax JEHTH B BUJE CIOBA

R = <]R171 ce Rl,n-f—k# ce #Rn+k,1 . 'R,,H_k;,n_;,_kb,

rae Ri; € {0,1} u R;; = 1 & E(t;,t;) € S ansa secex 1 < 4,5 < ntk.
ITockombky I' — cuMMeTpuvHBIil rpad, MOXKHO CIUTATH, UTO MATPHUIA R
TOKe CAMMeTpUYHA. B CHIy TaKoro Corjalnenus, Mbl He OyJeM pasandaThb
ypasuenus E(t;,t;) u E(t;,t;).

3-51 JIeHTa CONEPKUT ypaBHeHHs BuAa t; = 1; B BUIe MaTPHIBI pa3zMepa
(n+k) x (n+k), 3anucanHoil B g4efikax JEHTH B BHJIE CJIOBA

E=<a.Erniktt - H#Enrk1 - Entknik>,
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rae gi,j S {0,1} u 5@',;’ =1t = tj € S g Becex 1 < 1,] < n+k.
IlockobKy paBeHCTBO — CUMMETPUYHOE OTHOIIEHHUE, MOXKHO CUUTATH, UTO
Marpuiia £ TakXKe CUMMETpUYIHA. B CcOOTBETCTBUHU ¢ 3TUM, MBI He Oyaem
pa3nuyarh ypaBHeHUd t; = t; u t; = t;.

4-g jmenta Komupyer ceMmeiicrBo moamuOokects W; C V, rme 1 < i@ < k.
Kaxnoe maO)KecTBO W; cocTonT M3 Takux BepmmuH v; rpada I', mag xoro-
PBIX B TEKyIIell CHCTeMe ypaBHEHHi IIPUCYTCTBYeT ypasHemnne Buga F(z;, v;).
Mmuozxectsa W; npeicTaBjeHbl MOCTPOYHO MaTpuIiei pasMepa k X n, KoTopas
Oyzer 3amucaHa B siueifkax JIEHThI B BUJE CJIOBA

W = <1W1’1 L Wl,n# S #W]%l R kanD,

rne Wi; €{0,1} uW;j=1uv, e Wymmaseex 1 <i<kunl<j<n

O-4 JIeHTa KOJANPYET ceMefiCTBO MOIMHOKECTB I/VZ-L CV,rmel <<k
Kaxmoe muoxkecTBO Wij‘ coctouT u3 Beprua rpada I', cMexubIx ¢ Kax ol
BepmmHOi MHOXKecTBa W;. Ecoim W; = @, To mo ompegeneHuto mojaraem
I/Vil = V. MnuoxecTBa Wf- MIPEICTABIEHBI TIOCTPOYHO MATPUIEH paszMepa,
k X n, koTopast bymer 3anucana B g9€fikax JEHThI B BUJE CI0BA

W = oW W EWE L WE

FiLeWZ%jE{O,l}I/IWI%jZI@UjEmLﬂﬂﬂBcexlﬁiékﬂléjgn.
Hedbopmansno, Wit Mo:KHO HHTEpIPETHPOBATL KaK MHOMKECTBO JIOITYCTHMBIX
3HAYEHNH, KOTOpPhIE MOXKET IPHHUMATL IEPEMEHHAd T; B PAMKAX TEKYIIeil
CUCTEMBI yPaBHEHWA.

6-51 sterTa XpaHuT cemeiicTBO Kytaccos Y (t5), tae 1 < j < n+k, koTopeie
obpasyror pazdmenune muokecrsa V U X. B xoze ucmosHeHust mporeaypol
HEKOTOPBIEC KJIaCChI MOFyT CTaTh HyCTbIMI/I, IIPU 9TOM IJIEMEHTHI TAaKNX KJIaC-
COB TIepeHOCHTCH B ApyTHe Kiaccehl. Ecmn kmace Y (t5) He myct, To mpomesypa
Oy/1eT OTOXKAECTRBIATE BCE €r0 3JIEMEHTHI JAPYT C JAPYTOM, PHU 3TOM j Oyzer
HAMMEHbBIINM WHIEKCOM TepMoB u3 Y (t;). Knacce! mpencrasieHsl mocTpod-
HO marpureii pasmepa (n+k) X (n+k), koropas Gymer 3anucana B gaeifikax
JICHTBI B BUJEC CJI0Ba

V=<1 - VipntkF - #Vntk1 - Vntkn+k>,

rae Vi; €{0,1} u);j =1 t; € Y(t;) ana seex 1 < i,j < n+k.

JlenTsl 7—10 SBASFOTCST BCTIOMOTATEIBHBIMA.

Jast Hatmeit OCHOBHOM TIPOIEAYPhI, PACIIOZHAIOIIEH COBMECTHBIE CHCTEMBI
ypaBHeHI/Iﬁ HaJ KOHCYHbIMU ABYAOJIbHBIMW Fpa(i)aMI/I, BXOAHBLIMK JaHHbIMMA
Oyayr onucanubie Bhime caosa A, R, €. Takum obpazom, Hama 0CHOBHAS
MpoTIeypa, 3amlyIeHHas Ha Tpoiike BXogHBIX cioB A, R, £, bymer mepexo-
JINTH B 3aKTIOYUTETHLHOE COCTOSTHUE TOT/IA U TOJHKO TOTTa, Koraa ciaosa A, R,
£ COOTBETCTBYIOT COBMECTHOI crucTeMe ypaBHenuit. Hamomuum, uTo Hemerep-
MUHHpOBaHHasi Marmia Thiopunra T umeer gpemennijio caoocnocms f(1),
ecu Jiuist JTF0O0TO PACIIO3HABAEMOTO MAaIiuHON 1 BXOJHOTO CJI0BA W JJINHBI [
CyIIecTBYeT BeTBb BBIUMC/IEHUi Ha Maruie 1, BJ0JIb KOTOPOii CJI0BO W pac-
no3Haércst 3a He Gosee wem f(l) mraros. B Hamem cirydae pasMep BXOTHBIX
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JAHHBIX OIPEIEIseTCs KaK CyMMa MX JJINH W, COOTBETCTBEHHO, (DYHKIUIO
BPEMEHHO CJI02KHOCTU OCHOBHOM IIPOIEAyPbl Mbl Oy/ieM PaCcCMaTPUBATH KAk
dyukmmio or Harypaspaoro aprymenta | = |A| 4+ |R| + |£]. B wacrrocTH,
I =n%+2(n+ k)% + 3n+ 2k + 3.

Onucanne nporenayp 6y/eM u3/1araTh Ha €CTECTBEHHOM sSI3BIKE, T.e. 6e3 1o-
JPOBHOTO W3JI0KEHNS IPOTPaMM Ha st3bike MaruH Twiopusnra. MHoraa vamm
OpoTeAyPHI OYIAYT OCTAaHABIUBATLCS U BBIIABATH COOOIIEHNE O HECOBMECTHO-
CTU CHCTEMBI — B 9TOM CJIyYae Mbl CUMTAEM, 9TO OCTAHOBKA ITPOU30IILIA B
COCTOSTHUH, OTJUYHOM OT 3aKJIIOUUTENbHOTO. OObeKThl, yKa3aHHBIE B OIU-
CAHUAX HAINUX [POIENyp, OYIAYT UCIOJb30BAThCH KaK JMHAMUYECKHUE TIepe-
MEHHbIE, T.€. JaHHbIE 0ObEKTHI MOT'YT [IEPEOTIPENESTHCA B X0/I€ UCIIOTHEHU S
[OPOTIEYPhI, HO MPU STOM JJIsd HUX UCIOJB3YIOTCH Te K€ UMEHA, KOTODHIE
OBLIN U JI0 TIEPEOITPEeJIETICHNS.

Onumiem cuagasia jgerepMmuaupoBanuyto nporeaypy INIT ana nanimasnu-
3aIlii ONWCAHHLIX BBIME maHubiX. llporenypa INIT sksuBajgentra mary 0
uporeaypsl 1 u3 [5].

IIpouenypa INIT.

BxoaHabiMu JaHHBEIMEU TPOLIEIYPhI SIBJSIIOTCS ABYX0ILHbINH rpad [' u cucre-
Ma, ypaBHeruit S. BBIXOTHBIMEU JaHHBIMU SIBJISIIOTCST MHOXKecTBa, Wi, WZ-J‘ u
KJ1acChl 9KBuBasieHTHOCTH Y (1;). PaBoTa mporesnypbl COCTOUT U3 CIIELYIOIINX
TPEX IIYHKTOB:

(1) O6xomuMm ypaBHEHUST CUCTEMBI S W IS KAXKJOTO yDABHEHWS BUIA
E(x;,v;) ycranapmmsaem W; j = 1. Jlns ocTagbHBIX sHeek MaTpursl YV 3Ha-
UeHUe MPUPABHUBAEM K HYJIIO.

(2) s nocrpoennst maTpuisl W obxomum muoxecrsa Wi, Ecmu Wy #

&, BBIYUC/IIEM D/TEMEHTHI Wf-j o dopmyste
1
Wi = [[{Ami | 1 <m < n, Wi =1}

Ecan xe W; = @, momaraem Wf‘ = V. Ecan okaswBaeTcs, 9T0 XOTs OBl O/THA,
CTpOKa MaTpuribl W COMEpKHAT TOIBKO HYJIH, TO IPOIEAYPa OCTANABINBA-
eTCd U BLIIaéT COODIIEeHre O HECOBMECTHOCTH CUCTEMDI.

(3) Hast xaxgoro Tepma t; ycranasimsaem Y (t;) = {t;}.

Jlerko Bupers, uTo nocjae ucnogHenns nporeaypsl INIT cucrema S 3k-
suBasienTHa cucreme S U {t = t' | 3;eVUX (¢, € Y (¢;))}. KoppekrHocTs
paboTsl nporenypsl oueBuaHa. OneHuM BpeMs €€ paboTh.

Ipeagnoxxenne 1. Bpemsa pabomvr npouedypv. INIT cocmasasem O(I2).

Aoxasameavcmeo. Ilyukr (1) oinosnnsiercs 3a spems O(1). B uyukre (2)
IS KaXKI0ro pUKCUMPOBAHHOIO 4 € {1,...k} HaxOXKeHUE BCEX JEMEHTOB
muoxkectsa Wi tpebyer spems O(1), ciieoBaTeibHo, CyMMapHO TyHKT (2)
mcronasierca 3a spems O(12). Bpems menonmennst mynkTa (3) cocTapiser
O(1). Takum obpaszom, Bpems paborel mponeaypsl INIT cocrapager O(12).

O
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OnuiemM CaeayoIyn JeTepMuaupoBanuyio mporeaypy ELIM, koropas
npeobpasyer CUCTeMy ypaBHEHUI S, ycrpaHsisi U3 He€ YpaBHEHUsI ¢ PABEH-
CTBaMU, HO MIPU 3TOM COXPAaHdAst MHOXKECTBO pemenuii cucreMbl S U {t = ¢ |
It,eVUX(t,t’ € Y(t;))}. Hpouemypa ELIM sxsusanenTHa maram 1-3 mpo-
neaypsl 1 u3 [5].

IIpoueanypa ELIM.

BxogubivMu maHHBIME TIPOIIEY PBI ABISIOTCS ABYI0IbHBIN rpad [, cucrema
ypaBHeHU S, a Takyxke MHOXKecTBa Wi, Wil W KJACCHI SKBUBAJEHTHOCTH
Y (;), yZOBIETBOPAIOIIE CJEAYIOMINM yCIOBUAM:

(a) Muoxecrsa Y (t;) obpasytor pazbuenne muoxecrsa V U X

(6) Ecmu Y (2;) # @, to Wy = {v; € V | E(x;,v;5) € S};

() BEerm Y (2;) # @ u W; # @, 10 Wit = {v, € V | Vo, eW;((vp, v;)€E)};

(t) BEcrm Y (2;) # @ u W; = @, to W = V.

BrixoaHbIME JAHHBIME ABJISIIOTCS OOHOBJIEHHBIE CHCTEMa YDPaBHEHUI S,
maoxkecta Wi, Wi u xmaccer Y (t;). PaboTa Tporeyphl 3aKkmiodaeTcs B
WCIIOJIHeHUH TIMKINIEeCKON CTPYKTYPBI, COCTOAIIeH w3 maros 1-3, npu 3ToM

MIPOBEPKA, YCJOBHUS BBIXOJ1a W3 ITUKIA OCYIECTBIIETCS B KOHIIE Tara 3.

HTar 1. Ycrpanenue paBeHCTB U 00beMHEHUE KJIACCOB.

[locsrenoBarenbuo mpocMaTpuBaeM B cucTeMe S Bce ypaBHEHHs, COJED-
JKalllie paseHcTBa. [l KaxKkJoro Takoro ypasHeHHd t; = t; o0beauHAeM
KJ1aCcChl SKBUBAJEHTHOCTH, COJEPrKalllde TepMBl t; U tj;, caeaylomuM obpa-
som. Ilycrs t; € Y (t)), t; € Y(ty), m = min{p,q} u s = max{p, ¢}. Torna
nosaraem Y (t,) = Y(t,) UY(ty) u Y(ts) = @. llocne sroro ypasuenue
t; = t; yoangercd U3 CUCTEMBI.

ITTar 2. IIporepka Ha HECOBMECTHOCTb 1 3aMeHa TIepEeMeHHbIX.

TMocrenoBaTelbHO paccMaTPUBAEM BCE HEIYCThIe Kaacchl Y (1) u s Kask-
JIOr0 M3 HUX UCHOJIHSAEM ciejytome yHKkThl (1)—(6):

(1) Ecam B Y (t) comepskaTcs qBe pasindHble KOHCTAHTBI V; U Uj, TO IPO-
e/lypa OCTaHABJIMBACTCH U BbIJIAET COODIIEHUE O HECOBMECTHOCTU CUCTEMBI.

(2) Ecom B Y (t) comepzkuTcsi TOJABKO OJ[HA KOHCTAHTA U B XOTsi Obl OJHA
nepeMeHHast, IpH 9ToM BemosHseTcs yeaosre (Wi | z; € Y ()} N{v;} =
&, TO TIPOTELypa OCTAHABIMBAECTCS U BBIIAET COOOIIEHNE O HECOBMECTHOCTH
CHCTEMBI.

(3) Ecmn Y (¢) me comepsxut xoucrant w3 V u ({Wit | z; € Y (1)} = @, o
[POIIE/Iypa TaKKe OCTAHABIMBACTCS U BBIIAET COOOIIEHNE O HECOBMECTHOCTH
CHCTEMBI.

(4) Eciu B Y (t) conmep:kuTcst TOJIBKO OHA KOHCTAHTA Uj U XOTA OLI OZIHA
nepementnast, u upu arom (({W;- | z; € Y(t)}) N {v;} = {v;}, To Bo Beex
ypaBHEHHAX U3 S Kaxylo IepeMeHHyto x; € Y (t) 3aMeHsdeM Ha vj.

(5) Ectm Y (t) me comepwxut KomcranT u3 V, wo mpu stom ({Wit | x; €
Y (t)} = {v;} naa mekoroporo v, TO BO BCeX ypaBHEHHAX U3 S KaxkKIylo
nepemenuyio x; € Y (t) \ {t} 3amemnsem na v; u nobasiaseM B S ypaBHeHHe
t= Uj.
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(6) Ecan Y (t) ne couepxkur koncrant uz V u npu srom |({Wi- | z; €
Y(t)}‘ > 1, TO BO BCeX ypaBHEHNSIX U3 S KazK/Iyi0 epemenuyio z; € Y (t)\{t}
3aMeHsieM Ha t.

IITar 3. O6paboTka ypaBHEeHUI U BBIXOJ U3 MUKJIA.

CHauasia 1mocsieloBaTeIbHO IPOCMATPUBAEM B CHCTeMe S BCe ypaBHEHMUsI
Buga F(ty,t,) u BeIIOMHSEM [Uid KasKI0ro u3 Hux myHKTH (1)-(2), 3arem
nepexoauM K myHkTam (3)—(4).

(1) Ecm ypasrenne umeer sug E(z;, z;) nmm E(v;,vj), tae (vi,v) ¢ E,
TO LPOIE/lyPa OCTAHABINBAELTCH U BBIAAET COODIIEHIE O HECOBMECTHOCTH CH-
CTEMBI.

(2) Eciu ypasrenne umeer supn E(z;,v;) u upu stom vj ¢ W (to ecrs
ypasuenune E(z;,v;) noaydeno na mare 2), MHO)KecrBa Wi n Wit nepeornpe-
JICJISTFOTCSL CJIEJLYFOILMM 00pa30M:

Wi:WiU{vj]’? Wil:WiJ_ﬁ{vj}J_v

rie {v;}+ — mmoxecrso BepimH rpada T, cmexkubIx ¢ vj. Ecm mocme me-
peorpeie/IeHns 0Ka3aioch, aro Wit = &, 1o nporeypa ocTaHaBIHBACTCS 1
BBLTABT coobrenne o HecopMecTHOCTH cucTeMbl. Eemn e Wi = {v,} ana
HEKOTOPOTO Uy, TO J100aBJIAEM B CUCTEMY S YPaBHEHUE T; = Up.

(3) st kaxKk/10it IepeMeHHoit x; Takoii, uro Y (x;) = &, HaxoauM TepM t,
A715 KoToporo x; € Y (t). Ecm t — a0 KomcTanTa v, MoTaraem Wi = {v;}.
Ecam xe t — 3T0 mepeMeHHada Z,,, TO yCTAHABIAUBAEM I/VZ-L = Wik

(4) IlpoBepsiem, COAEPKUT Jiu cucTeMa S YPAaBHEHHUS ¢ paBeHCTBOM. Eciu
B S ocTasoch X0Td OBl OJIHO ypaBHEHHE ¢ PABEHCTBOM, ITPOIIETypPa BO3BPA-
maerca wa trar 1. Ecim pasercts B S 6osbIlie HeT, MPOIeaypa 3aBeprinaeT
paboTy, BO3Bpallas OOHOBJEHHYIO CHCTEMY ypaBHeHwit S, MHoxkectBa W,
Wit u krnaceer Y (t;). Ecim npur sToM B cicreme S He 0CTaioch ypaBHEHMit
C PaBEHCTBOM M HET ypaBHeHui Buja E(x;, xj), TO TIPOTIEZypa TTEPEXOINT B
BAKJIFOUUTEILHOE COCTOSTHIE W BBIIAET COODIMEHNE «CHCTEMa COBMECTHAS.

IMokazkem, uTo ycaoBuaM (a)—(T) yIOBIETBOPSIOT He TOJIBKO BXOJHBIE JTAH-
uole potieyphl ELIM, 7O 1 e€ TekyImue fanHble B HAYaIe KaXK 10 UTepamm
COCTOMIIEr0 U3 MAros 1-3 nuKJIa.

Jlemma 1. Ha waze 3 npouedypw. ELIM 6 momenm nposepru Yycaosus u3
nynwkma (4) 0as MeKywus 0GHHHIET, UCTLOALIYEMBLIT NPOUECIYPOT, CNPased-
60l YKA3AHHDIE 6 €€ ONUCAGHUL YCaosud (a)—(2).

Jlokasamenvemeo. CrupaseyinBoCTh yCa0Bus (2) OUEBUJIHO CIEYET U3 Olpe-
JeneHuii Ha mare 1.

Hoxkaxkem cripaseiuBocTh yeopust (6). Ilepe 3amyckom mporeayphbl TaH-
HOE YCJOBHUE BBITTOJHSETCS B CHJIY CBONCTB BXOJHBIX HaHHBIX. JlomycTum,
nepen HadasoM mrara 1 yemosue Bepro. Torma mocye mrara 1 oHO TOXKe ocTa-
HETCS CIIPABEJINBBIM, TOCKOIBKY ITar 1 He m3aMmendeT MHOKecTBa Buga Wi u
ypasuenus suna F(t;, t;). lllar 2 Toxe ne usmensier MHoKecTBa Buna W, Ho
JIEJTAET 3aMEHBI IePEMEHHBIX B ypaBHeHusaxX B myHKTax (4)—(6). [lycts mocte
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mara 3 ji/Ist IepeMeHHol x; cupaseauso Y (z;) # @ u nycrs v € Wi, Ecim
yenosue vj € W; ObL10 BepHO elie 1iepej] Hada/aoM Mara 3, TO, I10CKOJIb-
Ky mar 2 #He m3MmensgerT W;, 3akiaiodaeM, UTO mocjae Imrara 1 mMeeT MecTo
E(x;,v;) € S. Cnenoaresnsno, Tak Kak mocie mara 1 Y (x;) # @ u v; € Wi,
ypasHenne E(x;,v;) He T0MKHO N3MEHUTHCH HA, ITarax 2 u 3, T.e. MOCJe IIa-
ra 3 OHO IO-TIpesKHeMy OyZmeT JexKarTb B cucreMe. Ecam smeMeHT v; momast
B W, HemocpeJICTBeHHO Ha Imare 3, TO Mo MOCTPOEHUIO B MyHKTE (2) mara 3
3aKJII09aeM, 9TO HOCIe mara 3 Bepuo E(z;,v;) € S. CupaBeyIHBOCTb BKJIIO-
genust {v; | E(x;,v;) € S} € W; nocte mara 3 BeITeKaeT HEOCPEICTBEHHO
U3 IMyHKTa (2) 9TOTO0 mMara.

Hoxaxkem cripaBenuBocTs yesopus (B). [lepen 3amyckom mporeyphl TaH-
HOE YCJTOBHE BBITTOHSIETCS B CUJTY CBOHWCTB BXOJHBIX JaHHBIXK. Jlomycrum, me-
perx HagasoM mrara 1 yemosue cripaseuBo. Torma mocite mocae oBaTenbHo-
r0 UCIOJHEeHUsT TaroB 1 u 2 OHO TOYKe OCTAHETCS CIIPABEJINBBIM, TTOCKOIhb-
Ky 3TH Maru He m3Menser mMuoxectsa W; mw W, llar 3 B cayudae, xorma
Y(z;) # @ u W; # &, MoxkeT W3MEHUTh MHOXKecTBa W; 1 Wf TOJIBKO
B TyHKTE (2), 03TOMY Oy/IeM JTOKa3bIBaTh TpeOYeMoe CBOWCTBO WHIYKIIH-
et 110 umc/y Tepeonpesesenuit maoxecrs W; u Wit B nynkre (2) Ha mra-
re 3. TIycrs W; uw W+ — 910 MuOMKecTBA 110 HepeonpegeﬂeHHH JLIST KOTO-

K
pHIX Tpebyemoe CBOWCTBO y¥Ke nokazano, a W; m W — 3TO MHOXKECTBA
=1
nocsie nepeonpenenenns B nynkre (2). Torma W; = W; U {v;} u W;
Wi n{v,eV | (vj,v,)EE}. Herpymro, HCMOMb3ys WHIYKITHOHHOE TIPEJITIONO-
7L —_ .
xewne, moHATh, 910 W;  C {v €V | Vu,eW;((vy, vp)€E)}. C apyroit cropo-
HbI, ecn (vg, V) EE n (vg, vp) EE amst Becex v, €W, TO 10 HEAYKINH Vg € Wf‘
L —1
u, 3Ha4uT, v; € W N{v,€V | (vj,vp)€E}, T ectb vy € W .

Hoxaxkem crpasenmuocts yeaosus (r). I[lycrs mocse mara 3 BBIDOJTHS-
erca Y(x;) # @ u W; = @. CnenosarensHo, yrBepkaeHns Y (z;) # &
u W; = @ 6bumi crpaBeJJIuBbl BCEr/la, HAUYMHAsl C 3allyCKa MPOIeIyphl.
CaenoBarenbHO, B CuIy cBoiicTBa (6), B cucreme He ObLIO YpaBHEHWUil BHU-
na E(x;,v;) Ha BCex Imarax, HadnHAas C 3aIlyCKa IPOIEIyPhbl. 3HAUUT, B CHILY
CBOICTB BXOJHBIX JIAHHBIX 1 [TOCTPOCHUI B ITyHKTE (2) Ha mare 3, 0T MOMEH-
Ta 3aIlyCKa U JI0 PacCMaTPUBAEMOT0 MOMEHTa OBbLIO CIIPABE/IMBO PABEHCTBO

wi=v. O

JlokazkeMm, 9T0 MHOKECTBO pemenuii cucrembr SU{t =t | I,eVUX (t,t' €
Y (t;))} aBasierca unsapuanTom nporeaypst ELIM.

Jlemma 2. Ilycmo npouedypa ELIM 6vina 3anyuwena 1a 6To0Hbx cucmeme
ypasnenull Sy u kaaccaxr sxsusasenmmnocmu Yo(t;). Toeda 6 060G momenm
PabomvL NPOUEIYPDL OAA MEKYULUT CUCMeEMB, S U KAACCOE IKBUBAACHMHOCTU
Y (t;) cucmema ypasnenud SU{t = t' | I,eVUX (t,t' € Y (t;))} sxeusasenm-
na cucmeme So U {t =t' | I,eVUX (t,t' € Yo(t:))}-

ZHoxazamesavcmeo. IlokazkeMm, 9TO 3TO CBOHCTBO COXpaHSETCS Ha KaXKJIOM
mrare ajropuTMma.
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Jlst mara 1 310 09€BUIHO: TIPU KAXKAOM YJIA/ICHUN PABEHCTBA U3 CUCTEMBbI
S COOTBETCTBYIOIIME KJIACCHI SKBUBAJIECHTHOCTU OOBLEMHSIOTCS U, 3HAUUT,
nHMOPMAIIHST O PABEHCTBE STUX TEPMOB COXPAHSIETCSI.

Bo Bpems BeimosHeHHs mara 2 B myHKTax (1)-(3), a Takxke mara 3 B
nyskTax (1), (3)—(4) cucreMa n KIacChl SKBUBAJIEHTHOCTH HE M3MEHSIOTCAL.

B nynkrax (4) u (6) mara 2, B cuity Haleil HyMeparui TepMOB, TOCJIe TPO-
BEPKHU COOTBETCTBYIOIINX yCJI0BHiA yist Y (t) BO BCeX yPABHEHUSIX IPOUCXOTAT
3aMeHa KaxkJoii mepementoii x; € Y (t) \ {¢} Ha Tepm t. Bamernm, UTO B pac-
CMATPUBAEMBIX ITYHKTAX TEKYIIAs CHCTEMA HE MOXKET COJEPKaTh yPABHEHNUS
BUJIA T = tp,. [l09TOMY KazKjast TaKash 3aMEHA PEAJU3yeTcs MyTEM yiase-
uust u3 S ypasHenus suga E(x;,t,,) u nobasmenns B S ypasuenus E(t,t,,).
Tak Kak B MPOIECCE BBIIOJHEHUS Mara 2 KJIacchl SKBHBAJCHTHOCTH HE H3Me-
HstroTCst, MHOKecTBO {t =t' | 3t;€VUX (t,t' € Y (t;))} comepxur ypaBHeHue
x; = t KaK JI0, TaK ¥ HOCJe yKa3aHHOI 3aMeHbl. OTCIOfa CJeyeT, 9To NpH
Ja060M O3HAYMBAHUM MEpeMeHHbIX mojacucreMbl {E(xi,ty,)} U {x; = t} u
{E(t,t;)} U{x; =t} MOryT BBIHOJHATHCA TOJBKO OJHOBPEMEHHO.

B nyskre (5) mara 2 tepm t sIBJISIETCST IEPEMEHHO, BBITTOIHSIETCST YCII0-
pre ({W: | 2; € Y(t)} = {v;} u Bo Beex ypaBHeHHsIX TPOUCXOUT 3aMeHa
KaxK70i mepemennoit x; € Y (t) \ {t} ma v, upu sToM B cucremy mob6aBiIs-
€TCd ypaBHEHNE t= Uj. B 9TOM MYHKTE CHUCTEMa TOXKE HE MOXKET COJCPZKaATh
ypaBHEHUSA BUJA T = ty. 1[09TOMY Kark10e W3 yKa3aHHBIX TPeodpa3oBaHmit
peanu3yercst IyTéM yiasnenus ns S ypasuenus suga FE(z;,t,,) n nobasie-
Hnst ypasHernii E(vj,ty,) n t = vj. MOXKHO canTaTh, 9TO O3HAYNBAHUS BCEX
repeMeHHbIX M3 Y (1) paBHBI APYT JAPYTrY, B MPOTHBHOM CJIy4ae MHOMKECTBO
ypasHenuit {z; = xp | x5,2, € Y (t)} Oyner HeBBITOTHUMBIM KaK JI0, TaK #
nocsie ucnonaenns nyHkTa (5). Ecnmm o3maunts BCe nepemennsie x; € Y (1)
3HaderneM vj, To mogcucrembl {E(x;,ty,)} u {E(vj,ty)} U {t = v;} Moryr
BBITIOJIHATHCA TOJIBKO OJHOBPEMEHHO. ILOHyCTI/IM, B Ka49eCTBC 3HAYCHUA BCCX
nepemenHbIx n3 Y (t) BeIOpaHa KOHCTAHTa s # vj. B cuay aemmsr 1, u3
yerosnsa (Wi | 2 € Y(t)} = {v;} caenyer, uro maitmyrcs nepemennas
x; € Y(t) u KOHCTaHTa V), TAKHe, YTO B CHCTEME COLEPKUTCH yDABHEHUE
E(z,vp), HO 1IPK 9TOM BEPIINHA Vs HE CME2KHA BEPIINHE Up B UCXOLHOM I'Da-
de. Torpa pu o3HAYMBAHUYU TIEPEMEHHDBIX { U X; 3HAYEHUEM Vs YPABHEHUE
E(xi,vp) e OyeT BBIIOJHATHCA, TAK Ke, KAK U ypaBHeHHe ¢ = vj.

B mynkTe (2) mara 3 crcreMa MOXKET W3MEHUTHCSI TOJBKO TIPU YCJIOBUU
Wit = {v,,}, npu sTOoM B cucremy nobasisercs ypasHeHue x; = vp,. Toria
[pU O3HAYMBAHWA MEPEMEHHON Z; 3HAYEHUEM Uy, YTBEPXKIEHUE JIEMMbI 09e-
BUJIHO. B IIPOTHBHOM cJIydae, ecjin BLIOpATh B KaueCcTBe 3HAYCHNsT KOHCTAHTY
Vs # Um, TO B cuny gemmer 1 3 yerosus Wi = {v,,} cremyer, uto maii-
NETCsT KOHCTAHTa Uy TaKasl, 9TO B CHCTEMe COIEPKUTCS ypasHenue E(x;, vg),
HO IIPH 9TOM BEpIINHA Vs HE CMeXKHa BepIInHe v, B ucxonHoM rpade. Torma
ypasHaenue E(z;, vy) CONEPKUTCS B CHCTEME KaK 10, TaK ¥ [OCTIe HCIIOTHEH ST
PacCMaTPUBAEMOr0 TIYHKTA, U IIPH 3TOM OHO OyJIeT JIOXKHBIM, €CJIH O3HAYUTH
HEPEMEHHYTO T 3HATEHUEM V. O
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Jlemma 3. Ecau npouedypa ELIM eosspausaem coobwenue 0 COBMECTMHO-
CMAU UAU HECOBMECTNHOCTIY CUCTNEMDBL, O 0HO ABAAEMCA KOPPEKMHBIM.

Joxasamensvcmeo. Ycranasianpaemasi B myHKTe (1) rmara 2 HECOBMECTHOCTB
cucremel 8" = SU{t =t' | I,eVUX(t,t' € Y(t;))} crenyer uz monananust
Vj ¥ Uj B OAMH KJIACC SKBUBAJEHTHOCTH. DTO IMPUBOAUT K IOSBJIEHHIO B S’
YPaBHEHHUS v; = Vj, UITO IPOTUBOPEYNT YCJOBUIO IMONAPHOTO PA3INIUs BCEX
KOHCTAHT.

B nyskrax (2) u (3) mara 2 HeCOBMECTHOCTB cHCTeMBI S’ cyteryer u3 To-
ro, 9urTo HU OofHA BepiuHa rpada [’ He MoxkeT OBITH 3HAYEHWEM HU OJIHOIT
nepemeHHOR x; € Y (1).

Hecosmectnocrs cucrembr S’ B nynkre (1) mara 3 caegyer u3 mpoTuBoOpe-
qus ¢ yeaoBusMu Ha rpad [N, a B myHkTe (2) TOTO XKe mara — u3 HeBO3MOXK-
HOCTH TIPUCBOUTH IIOJIXOJIAIIEE 3HAUYEHUE TIePEMEHHON ;.

Ecsu B mynkTe (4) mara 3 mporeaypa mepexojnuT B 3aKII0IUTETbHOE CO-
CTOsTHWE W COODINAeT O COBMECTHOCTH CHCTEMBI, TO B TEKYIIEH cucreme OT-
CyTCTBYIOT PaBEHCTBA U ypaBHeHus Buja F(x;,;), a Bce MHOKeCTBA Wit we
nyctel. Crie1oBaTEILHO, BHIOOD 3HAUEHWS KAXKIOH U3 TepeMeHHBIX T; Orpa-
HUYEH JIUIIb MHOXKECTBOM WL-J‘ ¥ HEe 3aBUCHT OT BRIOOPA SHAUEHUIT [JIsT TIepe-
MEHHBIX, NpHUHaIeKamux ApyruM kaaccam Y (t). Takum obpasom, B Kade-
CTBe PeIIeHnst MOXKHO BHIOPATH j1060it Habop (u1, . .., uk) € Wik x -+ x Wik,
yroBeTBOpsomuii yeaosuio ViVjVp(x;, x; € Y (ty) — u; = u; ). O

Ipeagoxxenne 2. Bpemsa pabomvr npouedypv. ELIM cocmasasem O(I4).

Aoxasamenvcmso. Ha mare 1 qa xazkgoro pasencra t; = tj, rae 1 <4,7 <
n + k, obbeanuenne KaaccoB skBuBazenTHOCTH Y (¢;) m Y (t;) Tpebyer Bpe-
menu O(1), caenosaresbHo, 0bIiee BpeMs UCIIOJHEHUs Mara 1 OneHnBaeTcs
kax O(12).

Ha mare 2 mysxr (1) Bemonasercs 3a spemst O(1). B mynkrax (2) u (3) ma-
ra 2 ayist pukcupoBanHOTO Kaacca Y (¢;) mpoBepKa COOTBETCTBYIOIIETO YC/I0-
Bug BBmMoHsAeTCa 32 Bpems O(11°). TlockombKy KOMMHYecTBO TAaKIX TPOBEPOK
cocrasmnsier O(n+k) = O(1%9), obrree Bpems paboTH JAHHBIX TTYHKTOB OTie-
ruBaercs kak O(12). B mynkrax (4)-(6) mara 2 g kaxoro kmacca Y (t;),
TIOMUMO TIPOBEPKU aHAJIOTUHYHOT'O TI0 CJI02KHOCTHU YCJIOBUA, BBITIOJIHACTCA 3a-
MEHA [IEPEMEHHBIX U 100ABJIEHUE PABEHCTB, KOTOPBIE MOYKHO PEAJN30BaTh 38
spems O(12). 1o npusomur x Bepxueii onenxe O(I3) s JAHHBIX TYHKTOB.
Takum obpasom, 00IIasd BBIYUCAUTENbHAS CJI0KHOCTb Iara 2 COCTABJISET
O(13).

Ha mare 3 mynkr (1) Bemosastercs 3a spems O(1). B nysxre (2) mara 3
JUIST KaxKI0TO U3 ypasHenuit Buna F(z;,vj) mepeonpesnenenne muoxects W;
u Wi ocymectensercs 3a spemst O(1). TIoCKOTBKY KOJMYECTBO TAKHX ypaB-
Henuit #e nmpesocxoaut O(1), obiee BpeMst pabOTHI TyHKTa (2) ONEHUBACTCS
kax O(1?). [lynxr (3) mara 3 MoxkHO0 BRMOAHATE 32 Bpemsa O(12). [Iposepka
Ha HaJIM9ne paBeHCTB B myHKTe (4) mara 2 seimossstercst 3a Bpems O(1).
TaxuM 06pa3oM, CyMMapHOe BpeMs HCIIOHeHHs mara 3 cocrasisger O(12).
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Wrak, BpeMst BBIIOJHEHNS OJHOM MTEPAIUU [UKJIA, COCTOSIINEH U3 IIaron
1-3, cocrasisier O(1%) + O(13) + O(1?) = O(1?). Jannag nrepanus MoxKeT
OBITH TIOBTOPEHA B CJIyYae HAJINYHA PABEHCTBA B MOJIYYIeHHO cucTeme S u
BCErJa NPUBOIUT K HEBO3MOMKHOCTH IIOJYUEHHs TOrO PABEHCTBAa B KOHIIE
crepytommx nrepannii. [[ockoabKy 001Iee KOMUIeCTBO PABEHCTB HE MPEBOC-
xomut O(1), B XyameMm ciaydae urepainusi MoxKeT ObIThH moTopera (1) pas.
Taxnum 06pa3oM, CyMMapHOe BPEMS NCIIOJHEHUS BCEH MPONeyphl COCTABIA-

er O(I%). O

Hamee onwmiemM HAIMy OCHOBHYIO TPOIEAYPY TPOBEPKH COBMECTHOCTH KO-
HEUHBIX CUCTEM IHOMAHTOBBIX YPABHEHWI HAJ KOHEUYHBIMU JIBYIOJBHBIMHI
rpacdavu. Ona o0benuHsieT puBeaéaabie panee mporeaypsl INIT u ELIM,
a TaKKe BKJUYAeT JOMOJHUTE/IbHBIN HeJIeTepMUHUPOBAHHBIN IIar, OTBeYa-
FOITIH HETOCPEICTBEHHO 33 MPOBEPKY COBMECTHOCTH.

ITporrenypa CONSIST.

BxoaubiMu faHHBIMEY IPOIEY PBI SIBJISIOTCS ABY10abHBI Tpad [ u cucre-
Ma ypasuenuii S. Pesysbrarom e€ paboThl sIBASETCST BBHIBOJ O COBMECTHOCTH
I HECOBMECTHOCTH 3aIaHHON cucTeMbl ypaBueHuii. Pabora mporenypsl 3a-
KJII049aeTCd B UCIIOJTHEHUHN CJICIYIOINX TpéX IIOCJIEeJ0OBATEJIBHBIX 3TAIIOB.

Oran 1. Mauimajgm3anmsi.

Ha sTom 3Tame BoimomHsaeTca 3amyck nponenypsl INIT wa BXomHbIX maH-
HBIX, B PE3yJIbTaTe 9ero GopMUpYyOTCcd MHOXKeCTBa W, I/ViL ¥ KJIACCHI SKBU-
sasienTHOCTH Y (¢;). Ecom mponeaypa INIT obnapykuBaer HECOBMECTHOCTD,
OHA, BBIBOJIUT COOTBETCTBYIOIIEE COODITIEHIE, KOTOPOE TIEPEHOCUTCS HA OCHOB-

HYIO HPOIIEYDY.

Dran 2. YIIPOIIEHNE CUCTEMBbI.

Jlerko BUAETDH, UTO BRIXOAHBIE AanHble mporenypsl INIT yrnosmerBopsioT
yenousim (a)—(T), TpeabaBAsSeMbIM K BXOJHBIM JaHHBIM nponeaypsr ELIM.
TTosromy magee 3amyckaercsa mpotuenypa ELIM wa manabix, MOJyIeHHBIX HA
npembiayiieM sramne. B pesyabrare paboThl mporieaypbl OOHOB/IAIOTCS CHCTE-
va S, muoxectsa Wy, Wit u xnacew sksusasentHoctn Y (t;). Eciu mpo-
nenypa ELIM coobmiaer 0 cCOBMECTHOCTH WM HECOBMECTHOCTH CHCTEMBI, 9TO
TaKyKe [IEPEHOCUTCH Ha OCHOBHYIO IPOIIE/IyPY, M OHA 3aBepIiaeT CBo paboTy
C COOTBETCTBYIOIIAM COOOITIEHUEM.

Dtan 3. IIposepka coBMecTHOCTH.

Ha sTom srane ucnonwssyerca rpad H = (Vx, Fx), tae Vx — MHOXKeCTBO
[IEPEMEHHBIX, BXO/SAIINX B 3aMMCHh XOTS Obl OJHOTO yPAaBHEHWs] B TEKYIIEH
cucreme S, a MHOXKeCTBO pébep Fx onpemessieTcs CaeayommuM 00pa3somM

Ex = {(xi, zj), (xj,x;) | ypasrenune E(x;,x;) BXoAUT B cucteMy S'}.

(1) IIpeacraBum rpacd H B BHJEe MATPUIBI CMEKHOCTH pasmepa k X k,
3alMCAHHON TTOCTPOYIHO HA 7-i1 JIEHTE B BUJIE CJIOBaA

H = <1/H171 ce Hl,k# ce #Hk,l .. ./Hk’kD,
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rae Hij € {*,0,1} mua Beex 1 < 4,5 < k u cumBos H; j onpeensercs Tak

*, ecmn x; ¢ Vx wmm x5 ¢ Vx,
Hij =11, ecmuzy,z; € Vx u E(z,z;) €5,
0, ecmun zj,z; € Vx u E(x,x5) ¢ S.

Taxoe npejicraBienne 1mo3BoIUT obpabaThiBaTh rpad, UrHOpUpYS Heuc-
[0JTb3yeMble BePINUHBL. 1Ipu BBITIOJIHEHUN CTaHIAPTHBIX AJITOPUTMOB, TAKUX
KaK MOUCK B IMUPUHY 2], CTPOKY U 3JIEMEHTBI, COIEPKAIIIE CHMBOJ *, OYIyT
[OPOIYCKATHCs, YTO UCKJIIOUAET UX BJUSHUE HA MIPOIECC BBIYUCJIEHNUN, HO TTPU
9TOM TI03BOJIET B OyJIYIEM BOCCTAHOBUTH HOMEPA MEPEMEHHBIX Xj.

(2) Ilpumennm k rpady H crapmaprTHbIil TOUCK B mupuny [2, §22.2]. B
[poriecce MOUCKa B mmpuHy rpad H pazdbuBaercsi Ha KOMIIOHEHBI CBA3HOCTH
Hy,Hy, ..., Hy, v B KaXX10i1 13 KOMIIOHEHT ITONCK HAYMHAETCA C IIPOU3BOIb-
HOIl cTapTOBO BepmwHL. Ha 8-i enTe M3HAYANBHO A1 KaXKJI0M BEPITIMHE
rpada H zammchIiBaeTCs CHMBOJI *, 0DO3HATAIONINI, ITO BEPIIWHA €IIE He
Onuta nocemtena. Odepent st obpaboTkm BepinH rpada H XpaHuTcs Ha
9-it JIeHTe B BUIE TIOCTIEIOBATEIHLHOCT WX HOMEPOB. B mporiecce obxoma aiist
KayKJIOW BEPIIAHBI L;, TOMEIAEMOIT B 0Uepeh, Ha 8-if JIEHTEe MBI COXPaHIEM
9ETHOCTH AJWHBI ITyTH OT CTApPTOBOM BEPITWHBI 70 T;, a UMEHHO: 3aNNCHIBa-
eM Ha JeHTe cuMBOJI (), eC/TU J/IMHA TyTH YETHAS, U 3aMUCHIBAEM CUMBOJ 1,
ecau fyivHa yTH HeuérHas. Takmm obpasom, momaydaem paszbuenme Vy Ha
B HEMyCTBIX MOAMHOKECTBA Vj 1 V], KOTOpBIE COMEPKAT BEPIITHHBI, HAXO0-
JSIIAEeCST COOTBECTBEHHO HA YETHOM W HEYETHOM PACCTOSIHUH OT CTApPTOBOi
BEPIINHLI B CBO€I KOMIIOHEHTE CBA3HOCTU.

(3) Janee mposepsiem, saBasterca jwm rpad H ABymI0JBbHBIM OTHOCHTEIBHO
pazbuenusa Vx = Vo U V. Iig sroro ybexmaemMcda B TOM, UYTO B KayKI0M U3
noxmuoxkects Vo u Vi orcyrcrsyior pédpa, TO ecTb Ajis J00bX T, T; € Vo
u r00bIX T4, 25 € Vi cupasegiamno ycnosue (x5, xj) ¢ Ex. Ecan takoe pebpo
obunapyrkuBaercg, To rpad H He gaBjsgercd JABYIO/bHBIM, [OITOMY IIPOLiE-
JIypa OCTaHABJIUBAETCS U BBITAET COOOIEHNE O HECOBMECTHOCTH CUCTEMBI. B
OPOTUBHOM CJIyYae MEePEXOUM K BBITOJTHEHUIO CJIEIYIONIErO MyHKTA.

(4) Iockoaeky rpad H nsynonbubiii, pazbuenne Vy = Vp U V) mosso-
JIIeT BBIJEJIUTb MHOXKECTBO Vj Kak JoMuHUpyoree. [leiicTBUTE/IBHO, B BU-
Jly TOCTpOEeHUS KaxKjas BepinHa n3 V) cmexna B rpade H xors Obl ¢
onHO# BepiuHON u3 Vp, a BCe W30JIUPOBAHHBIE BEPIUHBI W3HAYAJIBHO TIO-
najyT B MHOXKecTBO Vy. be3 orpanuuenusi oOIMIHOCTH MOXKHO CUUTATH, YTO
Vo = {z1,22,...,2p}. Bynem nasviBars nepementsie usz Vp c60600nbmu, a
ocTajibHBIE — 3a6ucumbimu. Jlasee aaropuTm JONKeH HeleTEPMUHUPOBAH-
HO yragaTh 3HAYeHHsl CBOOOMHBIX IIEPEMEHHBIX, BbIOpaB HAaOOp BHIA U =
(ut,...,up) € I/VlL X e X Wpl. Habop u 6yner npejcrapien na 10-it jgente
B BUJIE CJIOBA

A= <A1,1 ce Al,n# c. #APJ C Ap7nl>,

roe A;; € {0,1} u A;; = 1 6yzner 0603HaYATL, YTO MBI IIPUCBAUBAEM IIe-
peMeHHOIT x; 3HadeHue v;. s BeiGopa HaGOpa U MpOIeLypa IPOXOAUT IO
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ciaoBy W Ha 5-it JlenTe 1 /sl KaxK10ii mepeMeHHol x; € V) HejeTepMuHu-
POBaHHO BbIOMPAET POBHO OJHO €€ 3HaYeHue v;j € WZ-L. JLitst 3TOrO0 B COOTBET-
crByromeM ¢parmente A;q...A;, Ha 10-it JeHTe ycTaHABIMBAETCA POBHO
OfTHa eJIMHUTIA, YKA3hIBAOIIas Ha BEIOpaHHOE 3HaUeHNe v;. TakuM o6paszoM,
MarmnHa THIOpUHTa TIOPOXKIAET OJHY W3 HECKOJBKUX BETBEH BHLITHCJIECHUH,
KayKJasi BETBL COOTBETCTBYET POBHO onHOMY Habopy w. lamee mpomemypa
MEPEXOTUT K CACAYIONIEMY IIary, riae HeoOXOIuMO BHITIOJHUTEL MPOBEPKY Ha
COBMECTHOCTH BBIODAHHBIX 3HATCHHUI.

(5) Jlia1 BHIGpAHHOTO B TIPEIBIAYIIEM yHKTe Habopa U € Wit X - - - x VVpL
COCTABJIAETCA CHCTEMa, YPaBHEHUH

Su=SU{z1 =u1,...,zp =up}.

Bamernm, 4TO B CHLy JeMMbl | cucrema Sy u Tekyime MHOXKecTBa, Wi, Wf‘,
Y (t;) ynoBaerBopsitor TpebOBAHUSM, TIPEIbSIBJISIEMBIM K BXOJHBIM JJAHHBIM
nporeaypsl ELIM. Tlosromy ganee mnsa rpacda I') cucremsr Sz, MHOMXKECTB
W;, Wit u xnaccos sxsusaentrOCTH Y (t;) 3amyckaercs mponeypa ELIM,
OrmernM, 9TO mOCje TaKoro 3amycka mnpotenypbl KELIM B pesyabrupyrorreii
cucTeMe He ocTaHercst ypasHenuit Buga E(z;,x;), 910 TapanTupyer ambo

COODIIeHe 0 COBMECTHOCTH, JTUOO COODITEHNE 0 HECOBMECTHOCTH CHCTEMBI
SzU{t=1t"|HeVUX(t,t' € Y(t;))}.

Ecan jig pacemarpusaemoro Habopa u Ber308 nporeaypsl ELIM BeimacT co-
obienue o copmectHocTH cucreMbl Sy U {t =t' | /teVUX (¢, € Y(t;))}, o
HAIIla OCHOBHAsI IIPOIIE/IyPa OCTAHABJIUBAETCS, TIEPEXOIUT B 3aKIIOUUTETLHOE
COCTOSIHUE U BBIJIAET COODIIEHHE «CHUCTEMA COBMECTHAa». Kciu ke 10 100HbIit
BbI30B mporeaypbl ELIM BeIgacT coobimeHne 0 HECOBMECTHOCTH CHCTEMBI
SzU{t =t | HeVUX(t,t' € Y(¢))}, To HamA OCHOBHASI IIPOIELYPA IIPO-
CTO 3aBepITaeT CBOIO paboTy B0/ JAHHON BETBU BLIYUCIECHUH B HEKOTOPOM
HE3AKJIIOYUTETHLHOM COCTOSAHWH. B 9acTHOCTH, 9TO 03HAYAET, YTO €CJIH JJIst
KazK 1010 Habopa T € Wit x -+ x Wy~ cucrema Sz U {t = t' | IteVUX (t,t' €
Y (t;))} oxazanack HecOBMeCTHOIl, TO HECOBMECTHOI Oyner M MCXOjuHas CH-
crema S.

Jlemma 4. Ilpouedypa CONSIST xoppexmno nposepaem cucmemy ypasre-
HUl HG COBMECTNHOCTID.

Hoxaszameavemeo. Fcmu nporenypa CONSIST Briasna coobinenne 0 HECOB-
MECTHOCTHU CHUCTEMBbI BO BPpEMA NWHUINAJIN3 AN JaHHBIX, TO 9TO MOXKET IIPDO-
HM30UTH TOJBKO IIPU YCJIOBUU WiJ- = @ ans mekoroporo 1 <4 < k. B makom
caydae, OUEBUIHO, CUCTEMa TeiCTBUTENBHO He SBJSIEeTCsT COBMECTHOM.

KoppekTHOCTE cOOOITIEHUET 0 COBMECTHOCTH WU HECOMECTHOCTH Ha, ITaIe 2
CIIeTyeT M3 JEeMMBI 3.

Ecin nporeaypa Bo3BpaiiaeT cooOIIEHHE 0 HECOBMECTHOCTH CUCTEMBI BO
BpeMsl HCTIOJTHEHUs TTyHKTa, (3) sTama 3, 970 o3Havdaet, 9ro rpad H orazascs
HE JIBYJIOJbHBIM, TO €cTb B H cymecTByer nuk/ neuérHoit anunasl. Toraa ams

coBMecTHOCTH TekyIueit cucrembl S' = SU{t =t' | I,eVUX (t,t' € Y(t;))}
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JOJIZKEH CYIIECTBOBATH HAOOD 3HAYEHWI IMEPEMEHHBIX T;, KOTOPBIA y/IOBJIe-
TBOPSAET yPABHEHUAM, COCTABJILAIONIMM 9TOT HeYETHBIN 1K/, B cuiy cBoiicTs
nponeaypsl INIT u nemmbr 2, cncrema S’ SKBHBaJICHTHA MCXOAHON CHCTEME
S. CrenoBarenbHO, B Hell TaK:Ke TOJXKEH OLITH UK/ HEIETHON JJIMHBI, YTO
MPOTUBOPEYUT YCJIOBUIO O ABYIOIbHOCTU Tpada I

Bo Bpemst ucniosiHenust myHKTa (5) 9rana 3 cBOOOIHBIM MEPEMEHHBIM TIPHU-
CBaMBAETCs ONPEIETEHHBIN HADOp 3HAUEHUI, TAKUX UTO T; € Wf. [Tockomn-
Ky nmajpHeimmit Bb13oB ELIM rapaHTHpPOBaHHO TIPUBOJINUT K OKOHYAHHUIO Pa-
6OTHI TTPOIETYPHI ¢ COODITEHNEM O COBMECTHOCTH WM HECOBMECTHOCTH, KO-
PEKTHOCTL (PUHAJILHOTO peIleHus caeayer u3 jeMMbl 3. Takum obpasom, ec-
Jin i Kakoro-ubo wabopa 3HaveHuii CBOOOMHBIX TEPEMEHHBIX MIPOIEIYPa
ELIM BbiacT coobIiiieHue «CHCTEMa COBMECTHAY, TO CYIECTBYET TAKOE O3HA-
YUBAaHUE TIEPEMEHHBIX, [IPU KOTOPOM BCe yDaBHEHWS TEKYIIEll CUCTEMBI BbI-
nostHstoTes. Torma 1o JieMMe 2 3T0 O3HAYUBAHUE TTPUBOJIUT K BBITOJTHEHWTO
yPaBHEHUH MCXOMIHOM CUCTEeMBI, UTO TIOJATBEDKIaeT €€ COBMECTHOCTD.

B nporushnom ciay4ae, ecsin nporneaypa ELIM Beiiaér coobiienne o HECOB-
MECTHOCTHU /[IJIsi BCEX BO3MOXKHBIX HAOOpPOB 3HaUEHU CBOOOJHBIX ITIEpEMEH-
HBIX, TO CUCTEMA HE UMEeT TAKOI'0 O3HAYMBAHUS [IEPEMEHHBIX, [IPU KOTOPOM
BCe ypaBHeHUs BbIOJHsAOTCH. CJieIoBATEIbHO, UCXO/IHAA CUCTEMA HECOB-
MeCTHA. ([

Ipeanosxenue 3. Bpemsa pabomu npouedypv, CONSIST cocmasasem O(1%).

oxazameavcmeo. CoTIacHO TMPEIOKEHUIO 1, BHITIOIHEHNE MTEPBOTO ITATIA
sanmvaer spema O(12). B cumy mpeiosKenus 2, BTOPOil 3TAIl BLITIOTHICTCS
za Bpema O(I4).

SanonHeHne MATPUTIBI CMeKHOCTH Tpada H u 8-# JeHThI TPOBOIATCS 34
spemst O(1). BareMm BBITOTHSIETCST MOANMUKAIMPOBAHHBIN TIOUCK B IIIUPHUHY,
CTIOXKHOCTh pabOTHI KOTOPOTO Ha MalmniHe THIOpUHTA MOYKHO ONMEHWTH KakK
O(1?), mocsie wero mposepgercs ABYIOILHOCTH Ipada, 9TO TaK YKe MOMKHO
BBITOAHATE 32 Bpema O(1?). Takum 06pa3oM, BpeMs BHIIOJTHEHHS ITyHKTOB
(1)—(3) ma srane 3 yxmagsmaercs B O(12).

Iocrpoenne ciosa A B mynxTe (4) BKiouaer B cebs 06xos ciaosa W,
nosromy saunmaer Bpemsa O(1). [locrpoenne cucremsr S, B mynkre (5) mpo-
m3BouTcst 3a BpeMst O(1). g BpIOpanHOit KOHGUTYPATINHT 3aIyCKAETC s TTPO-
ueypa ELIM, Bpemst paboTel KOTOPOIi, KaK yKe ObLIO TIOKA3aHO, COCTABISET
O(I*). 3HaumT, COBOKYTIHOE BpeMsl HCTIOTHeHNs TyHKTOB (4) 1 (5) Ha sTame 3
coctasser O(I4).

Taxum obpazom, obiree Bpems pabotsl mporeaypsl CONSIST Taxke ore-
muBaerca Kak O(14). O

4 JoxkazaresibctBo NP-1mmostHOTBHI TpobJieMbl

Yro6w! ycranoBuTh NP-11o1HOTY Mpo6/IeMBI COBMECTHOCTH KOHEYHBIX CH-
creM Au0(AHTOBBIX YPAaBHEHUN HaJ KOHEYHBIMU JIBYIOJBHBIMU Tpadamu,
BOCIIOJIB3YEMCH T€M, 9TO MpobjieMa COBMECTHOCTH AHAJOTUYIHON TTPOOIEMBI
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JJ1sT IPOUBBOJIBHBIX CUMMETPUYIHBIX uppedieKCuBHBIX IPpadoB apJisercs NP-
LOJIHOf [5], 1 1ocrpouM €€ HoJIMHOMUAJIBHOE CBeJleHne K Haledl npobieme.

J1s 3TOTO ONUIEeM JETEPMUHUPOBAHHYIO TOJHHOMHUATBLHYIO TIPOIEIYPY,
KOTOpasi OCYITIECTBJIsIeT TpebyeMoe CBeIeHNeE.

ITponeaypa TRANSFORM.

BxogabpiMu JaHHBIME TPOTEYyPHI SABASOTCA ciaoBa A, R u £, pacmoio-
KeHHpIMU Ha 1-#, 2-it m 3-it ylenTax Mamumubl ThIOpUHTA COOTBETCTBEHHO.
Boixomnbivu nanasivu aeasitorca caosa A’ R’ u £ sanuceiBaembre mporie-
aypoit ma 4-#, 5-it m 6-i1 JenTax coorBercTBeHHO. POpPMAT TpPEACTABIEHUS
BXOJIHBIX W BBIXOJAHBIX JAHHBIX U WX WHTEPIPETAINS ONUCAHBI paree B § 3.

BamernmM, 9TO BXOJHBIE JAHHBIE MOTYT WMETh TPOM3BOJLHBIN BUI. [lo-
9TOMY TPOIEaypa CHAYAIA MPOBEPaeT KOPPEKTHOCTh BXOAa. B ciayuae 00-
HapyKeHUs OMMUOKNA BO BXOAHBIX JTAHHBIX MPOIEIyPa HE BBHIMTOIHIET IPEe0d-
pa3oBanme, a TPEpPhIBaeT CBOIO pabory n GopMUpPYyeT HA BHIXOIHBIX JIEHTAX
KOPPEKTHO 33TaHHYI0, HO 3aBEIOMO HECOBMECTHYIO cucremy. [ sToro ona
BAMUCHIBAET IPad, COCTOAIUHI 13 OHON BEPIINHEI V], & TAKYKE CHCTEMY yPaB-
HEHUi, COMePIKAILY0 eMHCTBeRHOe ypasHenue F(v1,v1). Ecin xe Bxogabie
JIaHHBIE 33J]aHBI KOPPEeKTHO, TO cjioBa A, R u £ meficTBUTEILHO KOIUPYIOT
nexkoTopblit rpad I' u cucremy S. B stom ciaydae Beixognbie gannabe A, R’
u £ GyayT KopupoBaTh HEKOTOPbIH JAByn0abHbli rpad IV u HoByrO cucremy
S’ Takue, 4TO COBMECTHOCTH cucrembl S Haj rpadom [N Gyer sKBUBaIeHTHA
cosmecrnocru S’ mag IV,

IITar 1. ITpoBepka KOPPEKTHOCTU BXOOHBIX TAHHDBIX.

[Iporenypa mocienosareanbHo mposepser, uro ciaosa A, R u £ neiictsu-
TeJIBLHO 33a10T OyJIeBbl KBaAPATHLIE MATPHIIEl. B 9acTHOCTH, KaxKgas MaT-
PHUIIa J0JKHA, OBITH 3alCaHa B BUAE CTPOKH, COIEPIKAIIe m OJI0OKOB I THHBI
™M, PA3IEJIEHHBIX CAMBOJIAMY F# U 3aKJIIOYEHHBIX MEXKIy CHMBOJAMN < U [>,
rae m = n ajas ciaosa A um = n+k nia caos R u €. Suadenns n u k MOKHO
BBIUHCJINATE, HCXOs U3 JJIMH [IepBBIX 6JI0KoB MaTpull A u R, TaK KaK OHH OJI-
HO3HAYHO 33/1af0T pa3MepHOCTL 3amadu. [lpomensypa Ttak:ke mpoBepser, UTO
Kayk I BJIOK cOmep uT TOaRKO cuMBOJIBI 0 m 1, obIimee KoMwecTBO HJI0KOB
¥ CUMBOJIOB-PA3JEIUTENEH COOTBETCTBYET TpebyeMoMmy (hopMary, a TaKk>Ke
9TO BCE TPU MATPUILI CHMMETPUYHBI, TPUYEM MaTpuiia A uMeer HyJIeByio
JMArOHAID.

Ecau xota 061 01HO U3 yCIOBUIT HAPYITEHO, BLITTOJTHEHNE TPOIEAYPHI TIpe-
PBIBaCTCA, U Ha BBIXOAHBIX JICHTAX 3allMCHIBACTCA HECOBMECTHad CHCTEeMa C
OHO TmeTiéii, Kak ObLIO OMHMCaHO paHee. B caydae YCIETHOTO 3aBEPITEHUS
MPOBEPKHU MPOIEYPA TEPEXOIUT K CAEMVIONEMY IIary.

IITar 2. IIpeob6pa3oBanue rpada.

B cuty ycrmenHoro 3asepiienus IpoBepKHu Ha mmare 1, cioso A Koaupyer
HEKOTOPBI cuMMeTpudHbIil uppedtercusrblii tpad I' = (V) E).

st mro6oit HeynopsnouenHoit mapel € = {u, v} Bepmud u,v € V Taknx,
aro (u,v) € E BBeméM HOBYIO BEPINUHY W., U 3aMeHuM pebpo (u,v) € E
ucxofHOro rpada Ha mapy HOBBIX pébep (u, we) u (we, v).
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JIomoHUTeIbHO BBOAATCS JIBe UHOUKAMOPHbIe BeplluHbl: BepumHa Iy,
CMexKHasl CO BceMu BepinmHamu u3 V', v BepmuHa [p, cMexkHas CO BCeMU
BEPIIMHAMEA BHUJA We. VIHINKATOPHBIC BEPIIMHBI OYAYT MCIIOJL30BATLCA B
KaueCTBe KOHCTAHT B HOBOI CHCTeMe yPAaBHEHMI U TO3BOJIAT ABHO PA3IMIATh
HCXOJHbIE B HO0ABIEHHBIE BEPIINHBI IPA MTPOBEPKE COBMECTHOCTH.

Taxkum o6pasom, mpoteaypa onpezensier rpad IV = (V' E’) co craenyio-
IIMMJ MHOKECTBAMH BEpIIUH U pebép:

V' =V U{we | e = {u,v} u (u,v) € E}yU{ly,Ig},

E' = {(u, we), (e, u), (v, we), (we, v) | e = {u,v} n (u,v) € E}U
U{{u, Iv), (Iv,u) | u € V}U{{we, Ig), (Ig,w.) | e = {u,v} u (u,v) € E}.

Kazxmoe pebpo rpada [ coequnser TOMBKO BEPIMMHBLI U3 IBYX HEIEPECEKa-
forrxcst MHOKeCTB V U {Ip} n {we | e={u,v}u (u,v)eE} U {ly}, nosromy
I aBngercsa IByIOJIBHDBIM.

Omnnmem cnoco6 kopmposanms rpada [V ma menrax Mammubl Thropunra.
IIycTs Kak m panee BepmmHBI NCX0AHOTO rpada I' mMeroT hbuKkcupoBaHHyTO
aymepanuio V = {v1, ..., v, }. lIponeaypa nocienosare/ibHO IPOCMATPUBAET
cnoBo A ma 1-if JleHTe M I KaXK 10 mapbl MHIEKCOB 1<i<j<n mpoBepsier
waimane pebpa (v;,v;) € E. Ecim A; j = 1, To mms mapet e = {v;, v} na 7-i
JIEHTE CO3/1a6TCsA KOAMPYIOIAsi 3Ty Mapy BCIOMOTATEIHHAS 3alUCh B BUJIE
coBa

B =biby...by,

rae by = 1, ecom s € {i,j}, u bs = 0 B uporusnom cayuae. [ocme obxoma
BCell marpunbl cmexxkaocTu A nponeaypa popMupyer CucoK, XpaHAruics
Ha 7-it JIeHTe B BAJE CJIOBA

AB'#B%4 ... #B">,

rae 7 = |E|/2 — xomuecrBo pebép B rpade I' 6e3 yuéra ux opueHranuu.

O603HaunM Yepe3 we, JO0OABIEHHYIO BEPIIUHY, KOTOPas COOTBETCTBYET ped-

py ucxoaHoro rpada, THGHOPMAIIHI 0 KOTOPOM 3aKOJUPOBaHA B 3amucu BY.
BadukcupyeM CIeIyIONy0 HyMepaluio BepmnH Hooro rpada IV:

/ /
V] = U1, ..., Uy = Up,
/ _ / _
Vpg1 = Weps - - > Up gy = We,.s
/ _ ! —
Untr+1 =lv, Untr+2 = Ip.

Tlocre sToro Ha 4-it JeHTE MOCTPOUHO 3AMUCHIBACTCA MATPUTIA, CMEXKHOCTH
A" pasmepa (n +1r 4+ 2) x (n + r + 2). Daementsr A’ dbopmupyiorca mo
CJIEJIYIOTIMM TIPABUJIAM:

(1) Jdna xaxmpoit 3anucu B® na 7-# jilenre, cOOTBETCTBYOIEH 11ape €5 =
{vi,v;} emexnbix Bepmmn ncxoanoro rpada I, mosaraem

/ / / /
'An+s,i = Ai,n+s = Andtsj — Aj,n+s =L
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(2) st unpuxaroproit Bepumast Iy = v), . 1 ays Kaxgoro 1 < i <n
noJiaraem

I o _
An+r+1,i - 'Ai,n—‘rr—i-l =1

(3) dnst mnnukaropHoii Bepmuubl Ip = v), ..o B Kaxjgoro 1 < s < 7
HoJlaraeM

/ _ / _
An+’r+2,n+s - n—+s,n+r+2 — 1.

(4) Ocrampmpie smevenThl A} ; TPHPABHEBAIOTCS HYJTIO.
9.

IITar 3. IlocTpoenne HOBOII cUCTEMBbI ypPaBHEHMI.

B cuny ycmerrroro 3aBepriierus npoBepku Ha mare 1, cnoBa R u £ Ko-
JAPYIOT HEKOTOPYIO CHCTeMY ypaBHeHHUil S CHTHATYDPBI 0y HAJl HEKOTOPHIM
MHOXKECTBOM TiepeMeHHbix X = {x1,..., 2%}

s kaxk0i Heymopsimouenuoit napsl ¢ = {t,t'} TepMoB U3 MHOKeCTBA
V U X rakux, uto B cucteme S npucyrcrByior ypasuenusa F(t, t') u E(t't),
BBEJEM HOBYIO TIEPEMEHHYIO Y, U 3aMEHUM YKa3aHHbIE ypPaBHEHUA HA CJIETy-
FOIIIUE YeThIpe:

E(t,ye), E(ye,t'), E(t', ye), E(ye, t).

Takast 3aMeHa 0GeCIIEYHBAECT COIVIACOBAHHOCTL CHCTeMBI S’ €O CTPYKTYpOit
npeodbpazoBaHHOTO Tpada.

Hamee mia Becex 1 < s < k u A1 KazKI08 HOBOM IIEPEMEHHON Y. T0OaBUM
B CUCTEMY ypaBHEHUSA

E(xSa IV)yE(ym IE)

OTH ypaBHEHUs CBI3BIBAIOT TEPEMEHHBIE ¢ WHIMKATOPHBIMY BeprinHamu Iy
u I, 9T0 TIO3BOJISIET SIBHO 33/1aTh WX POJIb B CHCTEME.

VpaBHeHUS C PABEHCTBAMHU OCTAIOTCd 0e3 m3menenuit. Takum obpaszowm,
UTOTOBAsi CUCTEMa, YPABHEHUN UMEET BH/I:

S = {E(t, yc)a E(yca t), E(t',yc), E(ycat,)a E(waE)a E(IEa yc) ‘ C:{t>t/}
u E(t,t') € S}U{E(xs, Iv), E(Iy,z5) | 1 < s < k}U {t=t' | t=t' € S}.

Onnumrem coco® KoaupoBaHns CUCTEMBI S’ Ha JeHTaxX MaImuHbl THIOpUH-
ra. Kak u pamee TepMbl u3 V U X HMeOT ClEIYIONLYIO HYMepPaIuo: t; = v;
utpy; = x; aagseex 1 <@ <nul<j <k [ponerypa nocienosaress-
HO IIPOCMATPHBaeT CJOBO R Ha 2-il JeHTe u [Jisg KaKI0# Maphl MHIEKCOB
1<i<j<n+k mposepsier, comepxurcs an ypasnerne E(t;,t;) B cucreme S.
Ecim R;; = 1, 1o gast maper ¢ = {t;,t;} wa 8-if yerTe CO3maETCH KOIUPYIO-
n1ad STy Hapy BCIIOMOTr'aTeJIbHBIA 3allCh B BUJC CJIOBa

B =biby...busr,

rae by = 1, ecnu s € {i,j} u bs = 0 B mporuBHOM ciiydae. [lo 3aBepuiennu
06x0/1a ¢JIoBa R mpoleaypa HOJAYYUT CHUCOK, XPaHAMUACT Ha 8-if jeHTe B
BUJIE CJI0BA

QBY#B?%3 .. . #B™>,
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rae 1m — KOJIMYeCTBO BBe,Z[éHHbIX HOBbIX IICPEMECHHBIX BHUAA Y. O603Ha‘lI/IM
4EPE3 Yo, HOBYIO LIEPDEMEHHYIO, KOTOPAs COOTBETCTBYET ypPaBHEHUIO, HHAOD-
Mallis 0 KOTOPOM 3aKOJUpPOBaHa B 3amucu BP.

BadukcupyeM CIeAYIONYI0 HyMEpPAIMIo BCeX TEPMOB N3 MHOXKecTBa V' U

XU{ycu-"aycm}:

r_ / o
tl =V 7tn+r+2 = Unir42
/ _ / _
bigra3 = Ty bygpy e = T,
/ _ / _
Unpra k43 = Yers - s bygerpkpmy2 = Yo

Hastee nporneypa moctpodso dbopmupyer Ha 5-ii senre Marpuiy R pas-
mepa (n+7r+k+m+2) x (n+r+k+m-+2). Dnements R’ ompeiessioTcst
[0 CJIEZYIOMINM ITPABAIAM:

(1) Jdos xazkmoit samucu B® ma 8-it ienTe, COOTBETCTBYIOMEN HOBOIT epe-
MeHHO Y., n ypasuenmio E(t;,t;) B ucxonnoit cucreme S, monaraem

I
RZ@_vaZ_RZ:q_RQ»Z_l’

rae tl, = ye., t; =t; u th =t;.
(2) Hdnst ka0t MCXOTHOM TepeMenHoit s, 1 < s < k, mosraraem

Il
Rp’a - Ra’p - 1’

e t, = x5 u t, = Iy.
(3) Hnst kazK 101t HOBOM MEpeMeHHO# Y., , 1 < s < m, mojaraem

/ !/
Rz,ﬂ - Rﬁ,z — ].,

rie t, = y., u t,,B =Ig.

(4) Ocraspupie saemMenThl R; ; TPUPABHABAIOTCS HYJTIO.

Hakoner, npoueaypa nocrpouno dbopMupyer Ha 6-if gerre marpuiy &
pasmepa (n+7r+k+m+2) x (n+r+k+m+2). Tak kak ypapHeHus c
PaBEHCTBAMHU OCTAIOTCS HEM3MEHHBIMU, HEOOXOAUMO JIUITE A alTHPOBATE UX
K HOBOH Pa3MepHOCTH W OOHOBUTH MHAEKCH TepMoB. Jlia sToro mpoiemypa
OpocMaTpuBaeT caoBo £ Ha 3-# JIeHTe W JJid KaiKJ0ro ypaBHeHHs t; = t;
obHoBageT Ha 6-it nente marpuiy &', n06aBigd 3TO ypaBHeHHe B HOBYIO
CHCTEMY CJIEAYIOMIIM 00pPa30oM:

’ ol
gpvq_g%p_l’

riue t;) =t u t; =t;.
Ha sToMm mpormeaypa 3aBepiraer ¢Boio paboTy.

IMepeiiném Kk mokazaTesbcTBy cBoicTs mpotenypsl TRANSFORM.

IHpobaemy L cosmecmmuocmu KOHEUHBLT cucmem ouoPanmosut ypasrerul
HAd NPOUIBOALHBMU KOHEUHBLMYU 2PaPamu MBI (DOPMATHHO TPEICTABITEM
KaK MHOXKeCTBO Bcex Tpoek (A, R, E) caos B andasure {0, 1, <, >, #}, koau-
PYIOIIHX COBMECTHBIE CCTEMBI B COOTBETCTBUH C IPUBEJEHHBIM B § 3 ompete-
JIeHneM. AHAJIOTHYHO onpenengerca npobaema L' cosmecmmocmu xoneunois
cucmem QuoPanmosuT YpasHeHull Had KOHEUHbIMU 08YIONbHBIMUY 2Padami.
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Jlemma 5. Ilycmov npouedypa TRANSFORM 6wina 3anywena Ha mpotixe
sxodnmx croe A, R, £ u nocae ocmanosku 6b10aia MPotiKy GoLoONbT CA06
A, R, E. Toeda (A, R,E) € L, ecau u moavko ecau (A", R, E') € L.

Jlokasameavemeo. Ecim tpoiika (A, R, E) HE ya0BIETBOPIET YCIOBUAM KOP-
pekTHOCTH, TpoBepsiembiM Ha mare 1, To oueBuguo (A, R,E) ¢ L u mo no-
crpoenuto (A, R, E") ¢ L'. Tlosromy manee GymeM CYUTATH, 9TO TPOKe
(A, R,E) coorsercrytor rpad I' = (V, E) u cucrema S ypasHenuii cur-
HATYDBI O HAJ MHOXKECTBOM nepementubix X = {x1,...,2%}. Torma no no-
crpoenuto Ha marax 2 u 3 rpoiike (A, R',E’) coorBeTCTBYIOT ABYI0ABHbIH
rpad IV = (V' E') u cucrema S’ ypaBuenuii curHaTypsl oy HAJ MHOXKE-
crBom nepemennbix X' = X U{y. | ¢ ={t,t'} uw E(t,t') € S}.

IIycts (A, R,E) € L, me. cucrema S coBmectHa Haj rpadgom I'. Cie-
JIOBATeJbHO, CYIIEeCTBYeT o3HaumBanme 7y : X — V mnepemeHnblx m3 X,
Opyu KOTOPOM BCe ypaBHeHnms m3 S ucrmusabl B 1. Onpemennm mpomosmke-
aue v : X' — V' osmaumpammsa v 10 O3HaUMBAHMS NepeMeHHBIX 3 X' B
rpade I''. PaccMoTpuM IIpOM3BOJILHBIE TEPMBI ¢ U ¢/, CBA3AHHBIE yPABHEHAEM
E(t,t") € S. Ilo mocrpoenuto HeynopsijodeHuoil mape ¢ = {t,t'} coorser-
CTByeT HOBas NepeMeHHas Y., a ypasuenue E(t,t) npeobpasyercs (6e3 yae-
Ta CHMMETPUYHBIX ypaBHenuii) B asa ypasuenus E(t,y.) u E(y.,t') B HOBOM
cucreme S’. Ilycrs w = t[y] u v = t'[y] — 3Havenus HaHHBIX TEPMOB B T'pa-
de I’ npu o3naumpanuu . IIoCKOIBKY cECTEMa COBMECTHA, BEPIIUHLI U 1 U
coenunenbl B rpade I' pedbpom (u,v) € E. CregoBaresbHo, /I HEYTIOPST0-
gennoil napel e = {u, v} B HoBoMm rpade I Haiinérca BepumHa we, KOTOPas
cvexkna u n v yxe B rpade IV, B srom caywae moaokmnm v (ye) = we.

Torga, ecim nonpoxuth v (x;) = v(x;) ang seex 1 < @ < k, 10 06a HO-
BoIX ypasuenus E(t,y.) n E(y.,t') 6yxyr neruaast B IV npn o3maunsannm
~'. HerpyaHo BUIETH, 9TO IPU ONpeIeEHHOM TaKuM 06pa3oM O3HAYNBAHUK
v ypasnenws suna E(x;, Iyv) ang seex 1 < @ < k u E(ye, [g) nnsa Beex HO-
BBIX [IEPEMEHHBIX Y. TOKe OymyT meruanel B 1. Ypasuenws suga t = ¢’ u3
HCXO/HOM crcTeMbl S, mepeHecénnble B S’ 6e3 u3aMenennii, Tak:ke, O4eBU,IHO,
ocTarorcst ncTuHHbIMU. Takum o0paszom, cucrema S’ coBmecTHa Ha| rpadoM
I, u snauurt, (A, R',E") € L.

IMycrs teneps (A, R',E) € L', 1.e. cucrema S’ copmectna naz rpadom I7.
Cunenosarenno, cymecrsyer osnaunsanue v : X' — V/ nepemennbix uz X/,
npu KoropoMm Bce ypasHenud u3 S’ ucrunnbl B IV, PaccMoTpuM mpousBoJib-
noe ypasuernue E(t,t') € S, KoTOpoMy COOTBETCTBYIOT HOBAst IEPEMEHHAA Y,
BBEJIEHHAS [1/Tsl HeYIOPsIoueHHol napbl ¢ = {t,t'} Tepmos uz V U X. Ilycrs
u=tH1],v="=¢H]nw=yl[y] — suauenus repmos t, ' u y. B rpacde
IV npu osmaumpammu . ITockoabky B cucreme S’ COmep:KUTCS ypaBHEHUE
E(z;, Iy) nna moboit nepementoit x; € X, a v/ obsg3anno geficTBoBaTh Ha
MHOZKeCTBE V' TOXKIECTBEHHO, 3aKIH09aeM, 9To u,v € V. IlocKolbKy B cn-
creme S’ ectn ypasuenne E(y., [p), 3aK/I09aeM, 4T0 W = W, sl HEKOTOPOH
HeyIOpSAI0YEHHO maphl e cMexkHbIX B rpade ' pepmun. Oanako, B cucre-
me S’ takxke npucyrcrByor ypasueaus E(t,y.), E(y,t'). Caenosarensuo,
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[MOCKOJIbKY BEPIIUHA We COOTBECTBYET €IUHCTBEHHON HEYIOPSIOYEHHOM I1a-
pe Bepmun u3 V| 3akatouaem, 94ro € = {u, v} u BEPIIMHBI U U U CMEXKHBI B
ncxomaom rpade I

Orciona crexyer, aro ' (X) C V u ecau onpeesuTs O3HAYUBANUE 7y =
Y'1X : X — V, 10 Bce ypasuenus suna E(t,t') € S 6yayr ucrunnel B8 T
npu o3HaumBanuy v. Tak Kak ypaBHenns suga t = t' mepenocarca uz S B S’
6€3 M3MEHeHMit, TaKoe O3HAYMBAHKME TaKzKe 00eCIeYnBaeT NCTUHHOCTH BCEX
ypaBHeHuii ¢ papencrsoMm. Takum o6pazom, cucrema S copMmecTHa Hag I, T.e.

(A,R,E) € L. O

IMpeanoxkenne 4. Bpemsa pabomu npoyedypvt TRANSFORM cocmasasem
o(13).

Jloxazameavcmeo. Ha mare 1 mporenypa mpoBepsieT KOPPEKTHOCTH BXOJI-
HBIX JaHHBIX. [IpoBepka JaWHBI C70B W (HopMaTa 3aMUCH OCYIIECTBIIETCS
3a Bpemst O(1). TIpoBepKy Ha CUMMETPUIHOCTE 1 NPPEedhIEKCHBHOCTH MOKHO
ocymecTsuTh 3a Bpemst O([2).

Ha mare 2 mpormemgypa cHagaga CTPOWT COUCOK TAP WHIEKCOB § < j Ta-
KIX, 9TO BEPIIHHE! U; ¥ Vj CMexKHBI B rpade I'. Obmee uncio Takux map He
npessimaer n(n — 1)/2, aro onennsaercs xkaxk O(1). damua oguoil 3amucu
B? pasua n, nosromy obImaga IIWHA CI0BA, KOAUPYIOMIETO CIUCOK TIap WH-
nexcos, onennpaerca kak O(I19). CooTBeTcTBeHHO, BpeMs ero mocTpoeHns
toxke cocrasiaser O(I19).

Hanee na miare 2 aaropurm crpout marpuiy cmexxnoctu A’ pasmepa
(n+7r+2)x(n+r+2), rme r = |E|/2. TIockoJbKy 7 OrPaHUYEHO CBEPXY
sesimannoit O(1), obmee uncno cuMBosIOB B 3anucu ciaosa A’ me nmpesocxogur
O(1?). Boruauciienue oQHOr0 CHMBOJIA A;J B XyJUIIeM ciy4ae Tpebyercs Bpe-
ma O(l). TTosromy 3anomaenne maTputsl A MOKHO OCYIIECTBUTDH 33 BpeMsT
O(13).

Ha mrare 3 hopmupyercsa crimcok map WHIEKCOB ¢ < j TAKUX, 9TO TEPMBI t;
u t; cBsizaHbl ypaBHenueM F(t;,t;) B cucreme S. [TocKOIBKY KONTHIECTBO Tep-
MOB paBHO n+ k, obiee uncao rakux nap He npesbinaer (n+k)(n+k—1)/2.
Jlnuna ommoit 3anmucu B® ma 9TOM 1mare paBHa N + k, MOTOMY IJINHA BCE-
ro crmcka cocrapiasger O(I119) cumposos. CoOTBETCTBEHHO, €r0 MOCTPOCHHE
MOYKHO OCyTiecTBUTh 3a Bpems O(I10).

Barem Ha wmare 3 Hpoleypa CTPOUT JBe Marpuibl cmexxknocru R u &'
pasmepa (n+71+k+m+2) X (n+r+k+m+2), rue m — Koau4ecTBo 1ap
TepMOB, CBSI3AHHBIX YpaBHEHUEM CMeXHOCTH B cucteme S. Obe BETUINHBI T
u m onenuBarorca kak O(l), mosToMy pasMep TAHHBIX MATPHIL COCTABJISIET
O(ZQ) CHMBOJIOB. BhIumciienne ogHOTO 97eMeHTa I 00EeMX MAaTPHIl MOXKET
norpeboBarh B xyameM caydae spemsa O(1). Ilosromy obimee BpeMst OCTpO-
ernst Mmatpun, R’ u £ MoxeT 6BITH BhmomHEHO 32 Bpems O(13).

Taxum obpazom, Bee 3Tamsl paborol mporeaypbl TRANSFORM souimostws-
I0TCA 32 CyMMapHOe BpeMs, orpaHmdenHoe caepxy BemmamHoit O(13). O
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Takum obpazom, mporeaypa TRANSFORM soinosisiercs 3a moJaMHOMUA-
AJIBHOE BPEMsi. DTO MO3BOJAET HaM COPMYJIUPOBATD U JIOKA3ATH CJIEIYIO-
U OCHOBHOI pe3ynabTaT CTaThU.

Teopema 1. I[Ipobaema cosmecmmocmu KOHEUHBIT Cucmem JuoParmosvs
ypasrenuti Had KoneunvMmu deydosvHruimu epadamu aeasemcs NP-noanod.

Hoxazameavcmeo. U3 seMMbl 4 U1 TpeIOKEHN 3 CIETyeT, ITO TPUBEIEH-
Hasg paHee HenerepMmuaupoBaHHas nporeaypa CONSIST pacroznaér cos-
MECTHBIE CHCTEMBI 3a TOJUHOMUAJIBHOE BpeMsi. CJie/10BaTeIbHO, PACCMATPHU-
BaeMasi HaMH Ipob/eMa IpuHaIIe:KuT Kaaccy NP.

NP-tpyaHocTh 3a3/1a4i YCTAHABINBAETCS C TIOMOIIBI) MOJUHOMUATHHOTO
cBejieHusi TTPOOJIEMBI COBMECTHOCTH CHCTEM YDaBHEHMU HaJ| IPOU3BOJILHBI-
Mu rpadamMu, KOTopas, Kak moka3ano B |5, aeiasercs NP-mosHoit, K Harmeit
npobsieme. B cuiny semmbl 5 ¥ npejioxkenus 4 Tpebyemoe MOTMHOMUAAb-
HOE CBEJIEHHE OCYIIECTBJISIETCS C MOMOIIBIO TTOCTPOEHHON HAMU IIPOIIE Y PhI
TRANSFORM.

Takum obpazom, paccmaTpuBaeMas npobdiemMa MPUHALIEKUT Kiaaccy NP,
sasgerca NP-rpymauoit u, ciegosarensuo, NP-nomHoit. ([
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