CNBNPCKWE 2JIEKTPOHHBIE
S@MR MATEMATUHECKWNE N3BECTUA

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru
ISSN 1813-3304

Tom 24, Ne | emp. 1-13 (2025) VK 519.17
https://doi.org/10.33048 /semi.2023.20.777 MSC 05C35

OIITUMAJIBHBIE LINPKVYJIAHTHBIE I'PA®BI C
IMPAMOVYTOJIBHBIM KOHTYPOM VKJIAIKU HA
IIJIOCKOCTHA

D.A. MOHAXOBA

IIpedecmassero

Abstract: In the literature, five families of optimal circulant graphs
of degree four with a rectangular L-shape of tessellation of graphs

on the plane Z2? are known. The rectangular (mesh-connected)

pattern of tessellation of the graph of intermodular connections

allows an efficient arrangement of chips in networks on a chip —

with a minimum number of intersections of connections and their

minimum length, independent of the number of nodes, and also an

optimal algorithm for finding the shortest paths in terms of the

number of operations. In this paper, a new method for obtaining

families of circulants with given scalability and optimality properties
is found. Six series of new infinite families of optimal circulant

graphs of degree four with a rectangular L-shape of laying graphs

on the plane and a minimum diameter are obtained. The domains

of existence of such series are considered. Analytical formulas for

specifying the parameters of laying families of graphs on the plane

are found, which can be used in organizing routing algorithms in

networks-on-chip.
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1 Bseaenue

C pazBuTHEM TEXHOJIOTHIECKOH Da3bl HAPSIJLY C IPUMEHEHUEM [UPKYJIITHT-
HbIX I'Pad0B B pazjuuHbX 0baacrsx undopmaruku [1, 2, 3, 4, 5| u reopern-
YeCKUX MCCTeIoBaHusIX [6, 7, 8] aKTya/bHBIM CTAHOBUTCS WX MCIOJIH30BAHUE
B KaduecTBe TOTOJOrMH ceTeil Ha kpucrawre (networks-on-chip) [9, 10, 11].
DTa TEHJEHIIHsT 00YCIOBIEHA WX JYUIIUMHA CTPYKTYPHBIMU TTOKA3ATEITMA
mpu GOMBITOM KOJHIECTBE Y3JI0B, TAKUMH, KaK JTHAMETD, CPETHee PacCTOs-
HUE W BBICOKAS MACIITaAGUPYEMOCTD, MO CPABHEHUIO CO CTAHTAPTHBIMEU TO-
HOJIOTHSMHU CeTell Ha Kpucrajie (permeéTkaMu, JTBYMEDHBIME TODAME, TH-
nepkybamn). dagnm omnpeneseHue MUPKYJISTHTHOrO Tpada CTENEHN YeThIpe.
ITycts N,1 < 51 < s9 < N/2 — nensie uncia. Heopuentuposantbrit rpad
C(Njs1,s92) ¢ muOkecTBOM Beprma Vo= {0,1,..., N — 1} u MHO)KecTBOM
péoep E = {(i,j) : i —j = +s,, (mod N),m = 1,2} maseiBaercs mup-
KYJISHTHBIM rpacdoM (IUPKYISHTHONW CeThI0) Pa3MEPHOCTH JBa, MHOXKECTBO
{s1, 82} — obpasytomumu rpada, N — nopsakom. LupKyaaaT cBsseH, ecan
(N, s1,s2) = 1. Ha puc. 1 uzobpazkén nupkyasataeiit rpad C'(10;1,4). dua-

Puc. 1. Hupkynaarasrit rpad C(10;1,4)

metp rpada d(N; s1, s2) = max; jey d(i, j), rae d(i, j) — IyMHa KpaT4aiimero
OyTH MEXKJY BEPITUHAMUY ¢ U j. MI3BeCTHA TOUHAST HUXKHsIsI TDAHUIIA TAMET-
pa IByMEPHBIX MUPKYISHTOB Jitoboro mopsinka N > 4 [1, 2, 12]:

D(N)=[(-14++v2N —-1)/2]. (1)
Cpennee paccrosiame rpada Dg,(N;si,s2) = (1/N(N — 1)) Zd(i,j). ITpu

PABHOM KOJIUYECTBE y3JIOB ¥ JIMHUN CBSI3U B CETSAX HAUIYUIIUMHU 0 PA3JIHY-
HBIM KpUTEPUAM (DYHKIIHOHUPOBAHUS SIBJISIIOTCST ONMUMAADHbIE TOTIOJOTHI
¢ MUHAMYMOM jauamMerpa (M/Hjin CpeHero pacCTOsTHUS) U, COOTBETCTBEHHO,
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€ MUHMMYMOM MaKCUMaJIbHO# (M/Wim cpejHeit) CITpyKTYDHOH 3a/epKKU B
CeTH U MaKCUMAJIbHOM CBSI3HOCTBIO [3].

OODBEKTOM HCCAeSOBAHMS B HACTOAIIEH paboTe SIBJIAIOTCS CeMEHCTBa OIl-
TUMAJTbHBIX TT0 JUAMETPY NUPKYISHTHBIX TpadOB CTEIEHU UeThIpe, KOTODPHIE
MOTYT OBITH NPEJCTABUMBI B BUJIE PEIIETUYATHIX CTPYKTYP — IIPSIMOYTOTBHBIX
L-xkonTypos [13, 14] mroTHo# ykIamkn rpados Ha miockocrn Z2. [locrpo-
€HUe TaKUX CTPYKTYD B KJacCe NUPKYISHTOB U UX MPUMEHEHNE B Ka9eCTBE
cereil CBSI3W UCCIETOBANCH B paborax [5, 15, 16, 17, 18, 19]. Takue crpykTy-
PBl HOIXOJAAT JIJId NPAKTUYECKOW pean3alluil B KauyeCcTBE TOIOJIOTHN ceTel
Ha Kpucrasie, 6jaronaps BO3MOXKHOCTH ONTHUMAJIBHOTO PAa3MENIeHUs] KOM-
[IOHEHTOB B KpucTajule u 3peKTUBHON OpraHu3anuu MapiipyTrusainuud. B
HacTodAIIel pabore B paszjesie 2 BBOJATCS OCHOBHBIE OIPEJIEEHUS U JTAETCs
0030p U3BECTHBIX PAbOT 110 TIOCTPOSHUIO CEMENCTB TaKUX CTPYKTYP. B pasze-
Jiax 3 u 4 IpUBOJIATCA PE3YJIbTATHI [IONCKA HOBBIX aHAJUTHYECKH 33/1aBAEMBIX
ceMeiiCTB ONTUMAJIbHBIX MUPKYJISHTOB CTEIEHU YeThIpPe C IPSIMOYIOJbHBIM
KOHTYPOM, OObEIMHEHHBIX B IIECTb PA3IUYHBIX CEpUil, U JOKA3BIBAETCI UX
KOPPEKTHOCTh. B pazzene 5 uccienyercss ¢BOUCTBO MacCIITabUPyeMOCTH 110
JAVaMeTPy HANAEHHBIX CEMENHCTB ONTUMAJILHBIX IPadOoB ¢ MPIAMOYTOJLHBIM
KOHTYDOM.

2 TeopeTrnuyeckue OCHOBBI MCCJIETOBAHMS

B [4, 12, 15] nosyueno aHajnTHUeCKOe ONMCAHUE CEMENCTBA JIBYMEPHBIX
OUPKYASTHTOB, ONTUMAJIBLHBIX TIO JUAMETPY U CPeJHEMY PACCTOAHUIO JIJIS JTIO-
6oro uncsia pepumH. Huzke naéres nx onucanue, npejicrapientoe B [15]:

Teopema 1. /Jlaa 4106020 yesozo N > 5 onmumansvrvil 08YyMepHbil wupry-
aanm nopadka N ecmo

C(N;s2—1,s2), 2de sy =1[+/N/2]. (2)

Hasee OymeM UCIONB30BATh TaKKe APYroe IpecTaBienne rpados cemeii-
ctBa (2), mosyuentoe B [12], ¢ obpa3yomumu, 3aJaHHBIME B BUje (DYHKITHi
oT numamerpa d > 1:

) [ C(N;d—1,d),mpu Ng_1 < N < 2d?,
C(N; 51, 82) = { C(N;d,d+ 1), mpu 2d*> < N < N. (3)

Baech Ny = 2d? + 2d + 1 — MaKCHMAIbHO BO3MOXKHOE (JIOCTHKUMOE) YuC-
JIO BEPIIKMH JIByMEPHOIo LupKy/sHTa juamerpa d [2]. B [15] rpadsr cemeii-
crBa (2) npeobpazoBaHbl B PEIIETYATHIE CTPYKTYDbI, [OJIyYUBIINE HA3BA-
ure Midimew cereil, yKaaaka KOTOPBIX Ha TJIOCKOCTH TPEACTABASET cobOit
L-xourypsr (L-shapes) [13, 14| ¢ pébpamu, COeIUHSIIONMMHI UX TDAHUIHBIE
BepIIUHBI. IIpuMepsl 3aaHus MUPKYIAHTHLIX IpadoB Ha MIOCKOCTH B BU-
ne L-KOHTYypoB ¢ mapaMerpamu a, b, p, ¢ u guciaoM Bepmmna N = ab — pq
nokaszanbl Ha puc. 2. Ha puc. 2b mpencrasjien L-KOHTYD JJIsi IUPKYJISH-
ta C(10;1,4), Ha puc. 2¢ — L-KOHTYp NOpsIMOYTOJTBHOTO BHIA st rpada
C(12;1,4) ca=4,b=3, p=0, ¢ = 1. Midimew ceTn paccMaTpuBaJnCh B
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Puc. 2. Ilapamerpsr L-KOHTYpPOB [ijig IUPKY/ISHTOB
C(N; s1,82): a), b) — obuiero Buzaa, ¢) — NpsiMOYTrOJIbHOTO BU-
Jla

TABaUIA 1. CemeiicTBa onTUMaJbHBIX IpadoB (2) ¢ mpsaMo-
YTOJBHBIM KOHTYPOM YKJIQJIKH Ha TLIOCKOCTH

Cewmeiictsa F;(d) | C(N;s1, s2) a b D q
F1(d) C2d®> —d;d—1,d) d 2d—1 0 d—1
F>(d) C(2d*d —1,d) d 2d 0 d—1
Fs(d) c@d*+d—1;d,d+1) d+1 2d—1 0 d
Fy(d) C(2d* 4+ d;d,d + 1) 2d+1 d d+1 0
F5(d) C(2d® +2d;d,d + 1) d+1 2d 0 d

KAYeCTBe TOTOJIOTUHU TTPU TPOEKTHPOBAHNN CYIEPKOMIBIOTEPOB ¢ MACCOBBIM
napaJuiesn3MoM u cereil Ha kpucrasuie. B[4, 15, 20] ayst HUX 1peIoxKeHbl
AJTOPUTMBI MAPIIPYTU3AIUKA HA OCHOBE aHAJIMTUYECKH BBIYHC/ISIEMbIX BeK-
TOPOB KpaTdaimmx myTed. s NMUPKYyJIAHTOB CTENEHN YEThIPE M3BECTHHI
AJITOPUTMBI MAPIIPYTU3AIUN IPYyrOro TUIA, TakxKe He Tpebyromme Tabamy
MapIIPYTH3ANAN ¥ UCTIOIB3YIONINE MTAPAMETPhI @, b, P, ¢ MJIOTHO YKJIAJIKK
rpados Ha mockocTr [21].

B [15] ps ontumvanbabix rpados cemeiictea (2) Haiigenbl DyHKIMU OT
N, aHaIUTHYECKY 3aJIA0IIHE TTAPAMETPbI WX TTPEICTABIEHIIT Ha TIIIOCKOCTH B
Bujie L-KOHTYDPOB. DTO MO3BOJUIO HANTH JjId KaXKJOr0 JUaMeTpa OMUCaAHUsI
[9TH BO3MOXKHBIX CEMEHCTB MUPKYIAHTOB (2) ¢ L-KOHTYpOM TIPAMOYTO/Ib-
voro Buja, rame N = ab. [lnanmapuoe npescrasienne rpadoB cemeiicTBa B
BUJIE TIPSIMOYTOJIbHBIX KOHTYPOB 1103B0JIsieT 9(DMEKTUBHO 0ToOpaxKars rpad
pelleHnsi MHOIMX MapaIeIbHbIX 33089 B BBIYUCJIUTEIBHYI CUCTEMY U, KaK
HoKa3aHo B [18], nMeer MUHUMAIBHOE YUCIIO [IEPECEKATOIMUXCS JIMHUI CBA3M
U OTPAHUYEHHYIO JUTHHY MAKCHUMAJBHON M3 HUX, HE 3ABUCAIILYIO OT pasMepa
CETHU, UTO ABJIAETCS MPEUMYIIECTBOM MPH MPOEKTUPOBAHWY CeTedl Ha KpH-
crate. B tabia. 1 maHel ommcaHns BCeX MSTH M3BECTHBIX cemeiictB Fi(d),
F5(d), F3(d), Fa(d), F5(d) onTuMaJbHBIX IMPKY/ISHTHBIX Ipad0B B BUIE
dbyuknmit o AnamMerpa d W HaiiJeHHBIE TapaMeTphl a, b, p, ¢ UX YKJIaJIKU
Ha TIockocTr. Hymepanust ceMeficTB COOTBETCTBYET TOPSIIKY BO3PACTAHIS
saagennit N. ['padbl cemelicTB CymecTByIOT TpH Beex quaMeTrpax d > 1.
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B [18] ayia rpacdos cemeiicrs Fj(d), i € 1,5, paspaboran MeTo ux TpaHc-
dopManmu B AByMEPHBIE PEIIETKH, IIPU KOTOPOM JIJIMHA CaMOl JJIMHHON u3
MIEPECEKAIOIINXCS CBsI3eil He PAacTET ¢ pa3sMepoM CeTH, a YBeJIMIMBAETCS Ha
HeGostbIyIo KoucTanTy (< 5). Takum 006pa3om, Tpu MPEIBAPUTETHHO TIPO-
BeIEHHOM HECTOKHON TpaHncdopMal rpada MeRMOAYIbHBIX COeTUHEHUT
OyIyT OTCyTCTBOBATH JJIMHHBIE MPOBOJA B CETU HA KPUCTAJIE C OOJIBIINM
IUCTOM MOJyJIelt. AHATOTHYHBIN ¢Tocob TpaHCchOPMAITUH MOXKET OBIThH MPH-
MEHEH K TpadaM JPYIIX BO3ZMOKHBIX CeMeHCTB ¢ TPSIMOYTOILHBIM KOHTYPOM
yKJIaJKW Ha ockocTH [16]. M3Bectro Takxke [15, 17| cemeiicTBO GM3KNX K
ONITUMAJBHBIM TTUPKYISHTHBIX TpadoB ¢ L-KOHTYpOM KBaJIPATHOTO BHJA U
ancaoM epmma N = 2% § > 2. Jlnamerp rpados cemeiictsa d = 3v/N /4.
Hanuoe cemeiicTBo Halio nmpuMeHeHue B [5] B KauecTBe 6a30BOI CTPYKTY-
PBI KJIETOYHBIX HEHPOHHBIX CeTeil IpU MOJEJUPOBAHUYN PEITEeHUs 3aa4 st
CTIOXKHBIX (DUBHIECKUX MTPOTIECCOB.

B macrosmeit pabore perena 3a7a9a CyMECTBOBAHNS W MOCTPOEHUST HO-
BBIX CeMelCTB ONTUMAIBHBIX MUPKYISTHTHBIX TPAdOB CTENEHH JeThIPEe C MHU-
HAMYMOM JTHAMeTPa W MPSMOYTOJBLHBIM KOHTYPOM YKJIAJKW Ha TLIOCKOCTH,
1 TpefCTaBICH TPOTECC KOHCTPYUPOBAHNS OECKOHEUHBIX CEpHil TAKUX Ce-
MmeticTs rpado. Haiijienbl anasurudeckre (popMyJIbl [JIsl [TAPAMETPOB YKJIa/I-
KU CeMelcTB TpadoB Ha MIOCKOCTH, KOTOPBIE MOTYT TIPHUMEHATHCS IPH Op-
TAHW3AINY AJITOPUTMOB MAPIIPyTHU3ANUU. PacCMOTPEHBI CBONCTBA, MaCIIITA~
OupyeMoCcTn HalAEHHBIX IpadOB.

3 ITouck MHOKecTBa ONTHUMAJIbLHBIX IUPKYJIAHTOB CTEII€HU
qeTbipe C IPAMOYT'OJBbHBIM KOHTYPOM

B [15] nokazano, aro cpean Midimew cereit, ”MEOIINX OJHOBPEMEHHO MU-
HAMAJBHBI THaMeTp M MHHUMAJILHO BO3MOKHOE CpPeIHee PacCTOSHUE, HeT
JIPYTUX CeMelCTB C MCKOMBIM CBOMCTBOM, KpoMe Hafijenubix B Tabjr. 1. Ilo-
sromy ocsiabum obst3aTesibHOE TPebOBaHNE MUHUMYMa CPEIHETO PACCTOSHUS
B UCKOMOM rpade 1 6yIeM HCKaTh HyKHBIE CeMeHCTBa CPEIN TMUPKYIAHTOB C
MHUHAMAJILHO BO3MOXKHBIM JTHAMETPOM, COBIAIAIONUM ¢ TOTHON HUKHEH rpa-
auredt (1). st 97oro mepedncmM MHOKECTBO 3HAUCHIH THUC/Ta BEPIITHH TPa-
dos N = 2d% + f(d), apnsiommxca pacIIIpeRreM CTPYKTYD C HPAMOYTO/Th-
HBIM KOHTYPOM 3 Tabs. 1 m mpomsBesieHneM JBYX COMHOXKUTENEH (31ech
f(d) — nckombIil TMHERHBIH TOTMHOM):

N = (d+k)(2d + j) = ab,k > 0,j >0, (4)

rae d = D(N) — mmamerp omruManabHOro rpada. Ilpm srom obsacts us-
MEHeHHs [apaMeTpoB k u j mpu Jobbix d > 1 orpaHudena CJIeayOMIM
HEOOXOMMMBIM YCJIOBUEM OMTHMAJILHOCTH IpahoB:

2d*> — 2d 4+ 1 < N(d) < 2d*> 4+ 2d + 1. (5)

OHOBpEMEHHOE BBIMIOTHEHNE 00enx Jacreil (5) 03HAUAET CYIIeCTBOBAHUE Ta-
KOro uncia dy, (MUHHMaJbHOTO nuamerpa), mpu kotopom dyukiws N(d)
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npu JjitoboMm d > dp, MOXKET OBbITh YMCJIOM BEPIIUH ONTHUMAJBHOIO [UPKY-
JIAHTA C NPAMOYIOJIbHBIM KOHTYPOM YKJ/IaJAKW Ha I1JIOCKOCTH. PaCCMOTpI/IM
YeThIPe BO3MOXKHBIE KOMOMHAIINY 3HAKOB B (4):

(a) N = (d+ k)(2d + j) = 2d* + (2k + j)d + kj. [Iposepka ycaosus (5)
—2<2k+j <2 gaérsmauenug k =0, j =0,1,2uk =17 =0 upn
d > 1. CooTBeTCTBEHHO, MMeeM TpU MHOKecTBa 3Hadennit N = 2d? C Fy(d),
N =2d?> +d C Fy(d) u N = 2d*> + 2d C Fx(d).

(b) N = (d—k)(2d+j) = 2d*>+ (j —2k)d—kj. U3 ycnosus —1 < j—2k < 2
cnenyer 2k —1 < 57 <2k + 2. llpu k = 0 umeem coBnajienusi ¢ N U3 ciaydas
(a). llpu k& > 0 moayamM cIeyrolne YeThipe HOBBIX MHOKECTBA 3HAYEHU

N:

N =2d* +2d — 2k* — 2k € Sy
N=2d>+d—2k*— k€ Sy
N =2d%-2k* € Ss
N=2d—d—2k*+keS,.

(¢) N = (d+k)(2d — j) = 2d* + (2k — j)d — kj. Ilposepka ycmosus
—2 < 2k—j <2mnpu k =0 gaér 3uavenns j = 0,1. CooTBeTCTBEHHO, NMEEM
nBa MHOKecTBa s3Hadennit N = 2d? C Fy(d), N = 2d*> —d C Fy(d).

ITpu k& > 0 umeem 2k—2 < j < 2k+1. CooTBETCTBEHHO, TTOIyTaEM YETHIPE
MHOXKecTBa 3Hadenunit N (cpean Hux S 1 S5 — HOBbIE MHOXKECTRA):

N = 2d° + 2d — 2k* + 2k € Sg
N =2d*+d—2k*+k € S5
N =2d* -2k* € S;

N =2d°—d—2k*— k € S,.

(d) N = (d — k)(2d — j) = 2d*> — (2k + j)d + kj. Amanormanas mposepka
BBINIOJIHeHUs (5) He JaéT HOBBIX 3HadeHnit N.

Ocraérca naiitu (B ciydae ux CyImmeCTBOBAHUS ) COOTBETCTBYIONTHIE 3HAYE-
HUg OOPa3YIOMUX Jjisi HANJEHHBIX 3HAYEHUIT YUCIa BEPITUH ONTUMATBHBIX
rpacos. B pesysbrare 6biiu nosydenst mectsb cepuit Si(d, k), ¢ € 1,6, 3na-
genuii N (d, k), koropbie pu (hbUKCUPOBAHHBIX k COOTBETCTBYIOT CeMeiicTBaM
ONTUMAJIbHBIX IUPKYJISTHTOB C TIPSIMOYTOJIbHBIM KOHTYPOM. B Tabji. 2 nmpuse-
JIEHBbI OTIMCAHNS HaliIeHHBbIX cepuil cemericTs rpados S;(d, k) Bmecre ¢ 06pa-
BYIOIIMMU S1, So U ApaMeTpamu a, b, p, ¢ IPsIMOYTOJIbHBIX KOHTYDPOB yKJIaJi-
KM Ha [JIOCKOCTH, KOTOPBIM OHHM COOTBETCTBYIOT (316Ch p1 = d+k+1). Hywme-
paIs Cepuii CeMeRCTB COOTBETCTBYET TOPSAIKY BO3PACTAHUS IHUCIA BEPIITNH
BXOJSMUX B HUX rpadon. [asg HalieHHbIX cepuii B Tabja. 3 maHbl ob1acTu
U3MeHeHUsl TUaMeTpoB d rpadOB COOTBETCTBYIOMINX CEMEHCTB, MOy YeHHbIE
u3 ycnosust (5) m ycaoBus cest3HocTn rpados (B cepuax S1(d, k), Se(d, k),
rae s1 # 1, mpu HebinotHernn yeaosus (N, s1, s2) = 1 rpadbl OKa3bIBAIOTCS
HecBsi3HBIME). OTMeTHM, ITO onmcanus cemeiicts B cepusix S1(d, 1), Se(d, 1)
HOPOXKIAI0T HOBBIE ONTHUMAJIbHBIE MPadbl ¢ IPAMOYTOJIBHBIM KOHTYPOM, HE



OIITUMAJIBHBIE IIUPKYJ/IAHTHBIE T"'PADBI 7

TAapuuA 2. Cepun S;(d, k) HOBBIX ceMefiCTB ONTHMAIBHBIX
IIUPKY/ISHTOB C IPSIMOYTOJIBHBIM KOHTYPOM

Si | Cewmeiicra rpados C(N; s1, s2) a b P q

S, | Cd® - d 2k + k;d —k,d+k+1) 2d+2k—1 d—k p1 0

Sy | C(2d* —d — 2k* — k; 1,2d + 2k) d+k 2d—2k—1 0 d-k
S3 C(2d2—2k2,1,d2 d—k —k) d+k 2d — 2k 0 d—k-1
Sy | C(2d* +d — 2k — k; 1,2d — 2k) d—k 2d+2k+1 0 d+k+1
Ss | C(2d* +d — 2k* + k; 1, 2d + 2k) d+k 2d—2k+1 0 d—k+1
Se | C(2d* +2d — 2k* — 2k;d — k,d+k+1) d+k+1  2d—2k 0 d—k

TabmuuA 3. O6sactu uameHenust guamerpos s cepuii S;(d, k)

Cepun S;(d, k) | Buauenust d,, | Juamerpsr: d > d,, ob1acts k
S1(d, k) 267 —k+2 [ k>1,d#Qt+Dk+tt>1
Sa(d, k) 2%+ k+2 E>1

Ss(d, k) k242 k>0, k=d (mod 2)

Sa(d, k) [2ELes2] >

Ss(d, k) [M1 E>1

Se(d, k) [’“2+’f+11 E>1,d# (2t + 1Dk +t,t>1

nzomopdupie orucanusm (2) u (3). Host cepmit S;(d, k), i € 2,5, naiigensr
OIIMCAHUS CEMENCTB rpadoB ¢ eTMHUIHON 00pa3yIoIeil, CyIecTBYIOIMIX IPH
J00BIX auamMerpax d > d,,

Boobuie rosopst, rpadsr cepuit Sy(d, k) n S5(d, k) MoxHO 0ObeANHUTE B
ommy cepmio obmero suga N = 2d? +d — m(m + 1)/2, Ho ¢ pasHBIME Tapa-
MeTpaMu u 00PasyoMUMKU B 3aBUCUMOCTH OT 96THOCTH (HEYETHOCTH) M1, TO
JKe caMoe MOXKHO CKasarTh u 00 obbenunennn cepuit S1(d, k) u Sa(d, k).

CﬂeﬂyeT OTMETUTH, 9TO KazKIdasd Cepud COACPZKUT HEOTDaHUYIeHHOEe KOJIN-
YeCTBO MMOPOXKIAAECMBIX ceMeliCTB OITHUMaJbHBIX Fpa(bOB C IIPpAMOYTOJBHBIM
KOHTYPOM, HO TIPU 3TOM HAYAJBHBIN IHaAMETP, ¢ KOTOPOTO HAaUYWHAETCH HO-
BO€ CeMEICTBO, KaXK bl pa3 yBennauBaeTcs. Busyanbao rpadybl BCeX HOBBIX
cepuii PacnooxkKeHbl Ha JuHusx 3Hadenuii N (d), napajenbHbIX JTHHUSM,
obpaszosannbiM cemeiicteamu Fi(d), Fa(d), Fy(d), F5(d), Fs(d), n cupuny-
ThIX BJIEBO. I_IpI/ILIéM7 €CJIN Ha KaKJIO0M AvnaMeTpe CynieCTBYET TOJIBKO IIdTh
cemelict u3 1abs. 1, To umncao rpadoB HOBBIX cepuit m3 Taba. 2 pacTér ¢
pocrom mmamerpa. B rabu. 4 nokazan dhparment (g1 quamerpos d < 14)
HOPSIAKOB I'PAdOB € NPAMOYTOJIbHBIM KOHTYPOM YKIJIKKU HA 110cKOCTH. [1o-
pAIKU TpadOB HOBBIX CEpUil BHIIEIEHLI KUPHBIM TIPU(TOM, CeMefcTB u3
tabs. 1 — KypcuBom. Ha HEKOTOPBIX Mopsijikax rpadbl HOBBIX Cepuil mepece-
KaroTcs ¢ rpacdamu cemeiicts Fj(d), HO Ipu 5TOM 3HAYEHUs 0OPA3YIOMIAX Y
HUX pasHble. Bee Takue cydyan COBIAJEHU MOpsAIKOB rpadoB OTMEYEHB! B
Tabs1. 4 IO TIEPKUBAHUEM.

B paszgene 3 mokasbiBaeTcs KOPPEKTHOCTH ONUCAHWI HOBBIX CEPHHl Ce-
MeHCTB.
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Tabauna 4. Iopsanku rpados cemMeiicTB ONTUMATBHBIX 1THD-
KYJASHTOB C TPAMOYTOJILHBIM KOHTYPOM

d | opsaxu rpadoB cemeicTs

21689 10, 12

3 | 14, 15, 16, 18, 20, 21, 24

4 | 26, 28, 30, 32, 33, 35, 36, 40

5 | 42, 44, 45, 48, 49, 50, 52, 54, 55, 56, 60

6 | 63, 64, 65, 66, 68, 72, 75, 77, 78, 80, 84

7 | 88, 90, 91, 95, 96, 98, 99, 102, 104, 105, 112

8 | 114, 115, 117, 119, 120, 121, 126, 128, 130, 132, 133, 135, 136, 140, 1/4

9 | 147, 150, 152, 153, 156, 160, 161, 162, 165, 168, 170, 171, 176, 180

10 | 182, 184, 187, 189, 190, 192, 195, 200, 204, 207, 209, 210, 220

11 | 224, 225, 228, 230, 231, 232, 238, 240, 2/2, 243, 247, 250, 252, 253,
260, 264

12 | 266, 272, 273, 275, 276, 279, 280, 285, 288, 290, 294, 297, 299, 300,
308, 312

13 | 315, 319, 320, 322, 323, 325, 330, 336, 338, 340, 341, 345, 348, 350, 351,
352, 304

14 | 368, 370, 372, 375, 377, 378, 380, 384, 385, 391, 392, 396, 400, 403, /05,
406, 408, 416, 420

4 Jloka3aTeJIbCTBO ONTUMAJBHOCTH I'padoB HallAeHHBIX
cepuii cemMelcTB

Hokazkem, uro Bce rpadbl cepuii S;(d, k) u3 Tabii. 2 ABAAIOTCS ONTHMAT-
wbivu. Jlns okazaresancrea HaMm norpebyercs monsaTue [j-HopMbr [22].

PaccmorpuM Z2 — IBYMEPHYIO IEJIOUNCACHHYIO PEméTKy. Jadukcupyem
Touky orcuéra (x,y) = (0,0) € Z%. Jina touex (w,y) € Z? onpememmm
dyrkmIO 0TOOpaKkenus (IMIOMEYMBAHNSA), TTOPOKJAEHHYIO YKIAJKON MUPKY-
nsmrHOro rpacda C(N; s1,s2) Ha TI0CKOCTH Z2:

l(xz,y) =xs1 +ysy (mod N) € Zy.

TMos 11-HOpMOIt TOUKN perméTku (X, y) HOHUMAETCsI

1z y)|| = |2 + [yl
BBeném wmmHOXKECTBO BCex Hyse#l Ha, TJIOCKOCTH, MOPOXKIEHHBIX OMUCAHUEM
C(N;s1,82): X = {(z,y) € Z?|l(z,y) = 0 € Zx}. Ha mmoxecte X (my-
Jieit) BBIOMPAEM JIBA JIMHEHHO HE3aBUCHMBIX BeKTOpa a® w b*, mis KOTophIx
BBITOJIHACTCA yCJIOBHTE

max{||a®], [|67]]} < min{[la” + %], [|a* = 0"} (6)

Takue BEKTOPBI HA3BIBAIOTCH 0a30BbIMK BekTOpamu MHOKecTBa X (packed
basis [22]). B [22] nokazana ciemyrormast

Jlemma 1. Ilycmov a*, b* — 6asosvie sexmopvt muoocecmea nyaset X, no-
pooicdénnozo onucanuem C(N;s1,82), u nycmo [a*,b*] — napasaesoepamm
¢ duaeonasaamu di u dg, 2de ||di|| = min{|la* + b*|, ||a* — b*||}, ||d2|| =
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max{|[a* + b*||, ||a* — b*||}. Toeda duamemp epaga C(N;s1,S2) pasen
Lldall/2) =1, ecau ||di]| = [|da|| > max{[la”[|, [[b™[}
width([a™, b*]) = u ||a*||, ||b¥|| - newémmnuwie,
LIld1ll/2], 6 OCTNANBHUL CAYUAAL.

(7)

JList moKa3aTeIbCTRBA ONMTUMAILHOCTH TPadOB HANIEHHBIX cepuil TpedyeT-
Cs1 JUTs KasK/10# cepnun HaiTh 6a30Bble BEKTOPHI COOTBETCTBYIOIIErO MHOXKE-
crBa X, yjoBaerBopgaomue ycaosuto (6), onpenenmuts auamerp rpados mo
dopmyne (7) w cpasauts ero ¢ (1).

Teopema 2. Juamemp d mobozo yupryasnmmnozo zpaga C(N;si,s2) €
Si(d, k), ede i = 2,5,6 u snauenua d, k onpedeaenwt ¢ maba. 3, paser D(N).

Jlokasamenavemeo. na cepuit So(d, k), Ss(d, k), Se(d, k) cymecrBytor 06-
e 6a30Bble BEKTOPbl COOTBETCTBYIOIIUX MHOKECTB X :
a* = (a—p,b—q), b* =(0,b).

Hoxkaxem Teopemy aysi rpados cepun So(d, k). Tlogcranoskoii 3uavuennii
napaMerpoB a, b, p, ¢ u3 tabji. 2 nojydnm

a*=(d+kd—k—-1), b*=(0,2d — 2k — 1),

a*+b"=(d+k,3d—-3k—2), a" —b"=(d+k,—(d—k)), vne d > k.

CirenoBaTesibHO,
lla*|| = 2d — 1, ||b*]| = 2d — 2k — 1,
la* +b%|| = 4d — 2k — 2, [ja™ — b*|| = 2d.

YunreiBag coorHomenune Mexay d w ok w3 tabn. 3 ana cepum So(d, k),

[OJLY 9UM
2d — 1 < min{4d — 2k — 2, 2d}.

Taxuwm o6paszom, yeaosue (6) Bormosineno. Ilpumennm k rpadam cepun Sa(d, k)

dbopmyiy (7):
d(N;s1,82) = [[|da]|/2] = [2d/2] = d.
B pesyabrare mumamerpsi rpados Bcex cemeiicts cepun So(d, k) papabl d.
TMockosbky 1ipu Beex jomycrumbix d u k ycaosue (5) BBITOJHEHO JJIs BCEX
rpados cepun, o d = D(N), u rpadnr cepun Sa(d, k) onrnmanbHbI.
s rpados cepun S3(d, k) umeem
a* = (d+k,d—k), b* =(0,2d — 2k + 1),
a*+b"=(d+k3d—-3k+1), a* =b"=(d+ k,—(d—k+1)).

CrenoBaTesbHO,

lla*|| = 2d, ||b*]| = 2d — 2k + 1,

lla* +b*|| =4d — 2k + 1, |[a® —b*|| = 2d + 1.

Nmeem

2d < min{4d — 2k + 1,2d + 1}.
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Takum 06paszom, ycaosue (6) Boinosneno. [pumenenue (7) x rpadam cepuu
S5(d, k) naér:
d(N;s1,s2) = [[|da][/2] = [(2d +1)/2] = d.
AHayoruuHO, IPUMEHUB YKA3aHHBIA METOJ JOKa3aTeabCTBa K rpadam ce-

pun Sg(d, k), noayunm Tpebyemblii pe3yIbTar. O

Teopema 3. Juamemp d mobozo yupryasnwmmnozo epaga C(N;sy,s2) €
Si(d, k), 2de i = 1,3,4 u snavenus d, k onpedeaenni 6 maba. 3, pasen D(N).

Jlokasameavemeo. Hna cepun S1(d, k) 6a3osbie BekTopsl X paBHbBI
a=(a—p,b)=(d+k—-2,d—k), b* =(—(2p —a),2b) = (—3,2d — 2k).
Hnsa cepun Ss(d, k)
a*=(a,—q)=(d+k,—(d—k—1)), b* =(0,b) = (0,2d — 2k).
Hnga cepun Sy(d, k)
a*=(a,b—q)=(d—k,d+k), b* = (2a,—(2¢ — b)) = (2d — 2k, —1).
Hoxaxxem Teopemy mis rpados cepun S1(d, k). Umeem
@b = { Ed 1+ ?éd_ 5?;)3; §H3IZ)_H;LI k>,
a—b"=(d+k+1,—(d—k)), tne d > k.
CirenoBaTesibHO,
lla*|| = 2d — 2, ||b*|| = 2d — 2k + 3,
PR e
la* —b*|| = 2d + 1.
U3 coornomenns mexay d u k u3 tabs. 3 caexyer (6):
9d — 9 { m%n{Bd—Q,Qd-i— 1} mpu k =1,
min{4d — 2k —5,2d + 1} upu k > 1.
IIpumenunm k rpadam cepun Si(d, k) dopmymy (7):
d(N;s1,2) = [[lda][/2] = [(2d +1)/2] = d.

B pesynbrare mmamerpsl rpados Beex cemeiicts cepun S1(d, k) paBHbI d.
ITockoabKy Tpu Beex MOMycTUMBIX d U k ycnosue (5) BBIMOJHEHO JJTsT BCEX
rpados cepun, To d = D(N), u rpadser cepun Si(d, k) onrumanbasl. Joka-
3aTebCTBa /1 rpados cepuit S3(d, k) u Sa(d, k) aHamoruaas. O

Crenyer oTMeTuTb, UTO Tpu (PUKCUPOBAHHOM k AumamMeTpsl TpadoB ce-
MeiicTB, mpuHaexRamux S3(d, k), uMeroT 4érHble 3HaUeHWs! mpu k 9éT-
HOM ¥ HEYETHBIE — B MPOTHBHOM CjIydae. Takum obpasoMm, B OTIWYHAE OT
cemeiicta u3 [23] ¢ N = 2d? — 2, cymecTBytomero mpn auamerpax d =
A2+ A—2 e A > 2, B JaHHON paboTe HAMJIEHO HOBOE CEMEHCTBO OIITH-
MasbHBIX rpados cepun S3(d, 1), cymecTBytoree pu Tex ke N u J1060M
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veuéraoMm d > 1. JIonogHUTE/bHO OTMETHM, 9TO rpadbl CeMeNCcTBa ¢ Onu-
cannem C(2d? — 2;d,d + 1) u meuérupix amamerpax d > 1 Takxke mmeor
OPSMOYTOJIBHBIH KOHTYDP YKJIAIKU HA TJI0CKOCTH ¢ TapamMerpamu a = d + 1,
b=2d—-2,p=0,q=d.

5 L-macmirabupyeMocTh cemeiictB rpadoB HaliieHHBIX
cepuii ¢ IPAMOYTOJBHBIM KOHTYPOM

I'pader Bcex HalijieHHBIX B JaHHOi pabore cepuii cemeiicTB obJiajga0T
€111 OJTHUM CBOMCTBOM, [IOJIE3HBIM C TOYKHU 3PEHUS PeaTU3AIUU AJTOPUTMOB
MaPIPYTU3AINH B CETAX Ha KPUCTaJIe — L-MacmTabupyeMocThio CeMeliCTR
rpados [24]. TaHHOe CBOWCTBO COCTOWT B TOM, YTO TIPH YKJIAJKE HA IJIOC-
KOCTH Z2 djleHbl ceMeiicTBa 06pa3yIoT TOC/IeI0BATeILHOCTh L-KOHTYpoB (a)
C mapaMeTrpamu a, b, p, ¢, OMMCHIBAEMBIMYU JTUHENHBIMU (PYHKITUAMU OT TUA-
merpa d rpados, u (b) Bce mapamerpsr N, s1, 2, a, b, p, ¢ rpadoB cemeiicrsa,
kak QyHKIuu o1 d, yJ0BIeTBOPSIIOT cucreMe cpasHenuit [13, 14|, onpemessi-
FOIIel PACIIONIOXKEHNE HYJIel TpK yKJIa ke rpadoB HA TLIOCKOCTH:

asy —qsa =0 (mod N), (8)
—ps1 +bs2 =0 (mod N).

Teomerpuuecku 9T0 03HATAET, ITO JJIUHBI COOTBETCTBYIOIMINX CTOPOH L-KOHTYDPOB
YKJIQJIKA rpaOB ceMeiicTBa YBEJUUUBAIOTCS JIUHEHHO 1TPKU POCTE JAraMeTpa
rpada. OHa n3 HUX TPU STOM MOKET COXPAHATH CBOO JyinHy (Kak B HAIIEM
cayuae p = 0 win g = 0). Coorsercrsenno, cioxuocrs O(log N) [14] perue-
Hug 1PoOJIeMbI OLIPEIEICHNS TTAPAMETPOB L-KOHTYPOB /i1 L-MacirrabupyemMmbix
cemeiicts cokparmaercs 10 O(1).

Teopema 4. Cepuu S;(d, k), 2de i € 1,6 u snauenus d, k onpedeaenvs 6
maba. 8, cocmoam ud L-macumabupyemus cemeticmne YUPKYAAHMHOIT 2D0-

dos.

Jlokasamenavemeo. Bomonnenune ycnosus (a) mna seex cepuit Si(d, k) cae-
ayer u3 Tabsa. 2. IIposepum Boinosrerne (b) ¢ mOMONBIO HENOCPEACTBEHHO
1OJICTAHOBKHU B (8).

Hns cepun Si(d, k) cpapuennst (8) umeror mecto npu Jt00bix d n k:

(2d+2k—1)(d—k)=N=0 (mod N),
—(d+Ek+1)(d—k)+(d—Fk)(d+Ek+1)=0=0 (mod N).
Host cepun So(d, k) cpaprenns (8) umeror mecto npu Jitobbix d u k:
d+k—(d—k)(2d+2k)=—-N=0 (mod N),
(2d — 2k —1)(2d +2k) =2N =0 (mod N).

Hns rpados cemeiicts cepun S3(d, k) cpahenus (8) BBINOJHAIOTCS MpH
J100b1X d U k OAMHAKOBOI YETHOCTH:

{ d+k—(d—k—-1)(d*>—d—k>—k)=2EHEN =0 (mod N),
(2d —2k)(d®* —d—k*—k)=(d—k—1)N=0 (mod N).
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Hns cepun Sy(d, k) cpapuennst (8) umeror mecto npu t00bix d u k:

{ d—k—(d+k+1)(2d—2k)=—-N=0 (mod N),
(2d+2k+1)(2d —2k) =2N =0 (mod N).

Jlna ocranpHbIX cepumit cnpaBeqmuBoCTh (8) mpu JH0OBIX monycTuMbIX d 1 K
POBEPSIETCH AHAJTOTHIHBIM 06pa30M. ([

Tax Kak Bce HalijIeHHBIE CEPUU TTUPKYATHTOB COCTOAT U3 L-MacimTabupyeMbix
ceMeiicTB ¢ MacIITabUPyeMBIMU 110 JHAMETPY HapaMeTpaMu YKJIAJ K rpachos
HA TIJIOCKOCTH, TO JId TakuxX rpadoB pu JHOObIX OOJIBINX JHAMETPaX Ia-
paMeTphl a, b, p, ¢ PacCCUYUTBHIBAIOTCA 1O HPOCTBIM (POpMYJaM M, COOTBET-
CTBEHHO, MOXKHO MHCIIOJIb30BaTh 3(M@eKTUBHbII OecTabJnIHbIi CI0KHOCTH
O(1) anropur™m Mmapupytu3anuu u3 |24|, oCHOBAHHBII HA WX MPUMEHEHUN
Opu pacuérax Kpardaimnx myTeil B rpadax.

6 3akJjroueHne

B nacrosieit pabore HaiijieHbl HOBBIE ITUPKYJIAHTHBIE TOMOJOTUU CTerle-
HU YeThIpE, NPEJICTABUMBIE B BUJIE TPAMOYTOJIBHBIX PENIETYATHIX CTPYKTYD,
AHAJOTUYHBIE PENTETKAM U JIByMEPHBIM TOPAaM, CTAH/IAPTHO UCIOIB3YEMBIM B
CeTdX Ha KPUCTAJLJIE, HO C JIYUIIUMU CTPYKTYPHBIMU U KOMMYHUKATUBHBIMHI
cBoiicTBaMu it MaciITabHbIX ceTeil HAa Kpucrajie. Periena 3ajiaqda cyiie-
CTBOBAHUS U MPEJJIOKEH METOJI MOCTPOEHUS] HOBBIX CEMENCTB OMTUMATbHBIX
IUPKYJISHTHBIX I'padOB CTEIEHN YeThIPe C MUHUMYMOM JIMAMETPA U MPSIMO-
YIOJIbHBIM KOHTYDPOM YKJJIKU Ha IutockocTu. llpejsicraBien mporecc KOH-
cTpyupoBaHus OECKOHEYHBIX cepuii Takux ceMmeiicTs rpados. Ilokazano, uro
MOIITHOCTb MHOXKECTBA HaliIeHHBIX I'PadOB YBEIUINBAECTCA C POCTOM JIAAMET-
pa rpados. Haiimensr hopmysibl Aj1s1 mapamMeTpoB yKaa K rpadoB Ha TLIOC-
KOCTHU, KOTOPBIE MOTYT MPUMEHSTHCA TPU OPTAHUBAINN AJTOPUTMOB MAPIII-
pyru3anuu. JIokazaHHbIE CBOMCTBA MACIITAONPYEMOCTH HANIEHHBIX TPAdOB
¥ OTPAHWYEHHOW [JIMHBI COEJUHEHUN TPU POCTE UUCIA BEPITUH AKTYa Ib-
HBI TIPW TPOEKTUPOBAHNK MACIITAOHBIX ceTeit Ha kpuctasure. JlanpHeiiniee
WCC/TEIOBAHNE TTPEIOKEHHBIX MUPKYAIHTHBIX CTPYKTYP MPEIIOAraeT ux
arrpobanmio B KAUeCTBE TOMOIOTHH CeTell Ha KPUCTAJLIE W PeATUIAIINIO A0~
PUTMOB MapIIPYTU3AINAN JI/Id HUX.

Aprop BeIpaxaer baarogapaocTs K.T.H. Monaxosy O. I'. u ga.17.5. Pomano-
By A. FO. 3a mose3mnre obcyxKmenns JaHHOM PabOTHI.
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