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Abstract: A finitely generated group Gn that acts on a tree T
such that all edge stabilizers are infinite cyclic groups and all
vertex stabilizers are free Abelian groups of rank n will be called
a generalized Baumslag–Solitar group of type (n,1) (GBS(n, 1)
group). In this paper we find a criterion for such groups to have a
non-trivial center and prove that if n > 3 and two such groups
with non-trivial center are isomorphic, then the corresponding
GBS(1, 1) groups must also be isomorphic.

Keywords: generalized Baumslag–Solitar group, isomorphism problem,
group with non-trivial center.

1 Introduction

By the Bass-Serre theorem, every GBS(n, 1) group Gn can be represented
as π1(A) – the fundamental group of graph of groups A [1] all of whose edge
groups are infinite cyclic, and all of whose vertex groups are free Abelian
groups of rank n. TheGBS(1, 1) group is called generalized Baumslag–Solitar
group (GBS group).

The isomorphism problem for such groups can be posed as follows: to
determine algorithmically when two given graph of groups define isomorphic
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groups. The isomorphism problem for GBS(n, 1) groups even for n = 1 has
been solved only in some special cases and remains a difficult open problem.
A survey of results on this problem can be found, for example, in [2].

The fundamental group π1(A) of graph of groups can be defined by generating
set and defining relations (see, for example, [1] or [3]). If v is a vertex of A,
then we denote generators of the corresponding vertex group by v1, v2, . . . , vn.
Each edge e of graph A connecting vertices u and v defines elements ue and
ve – generators of images of embeddings of the corresponding edge group
into endpoint vertex groups of edge e. Let A denote the graph obtained from
A by identifying e and e. The maximal subtree R of the graph A defines a
representation of the group π1(A)〈 v1, . . . , vn, v ∈ V (A), ve = ue, e ∈ E(R),

te, e ∈ E(A) \ E(R) vivj = vjvi, 1 6 i 6= j 6 n, v ∈ V (A),
t−1e vete = ue, e ∈ E(A) \ E(R)

〉
.

An element of the group Gn ∼= π1(A) is called elliptic if it stabilizes a
vertex of the tree T , otherwise it is called hyperbolic. Elements vk11 · v

k2
2 ·

. . . · vknn , k1, k2, . . . , kn ∈ Z, v ∈ V (A) are elliptic. Elements te, e ∈ E(A) \
E(R) are hyperbolic. Each elliptic element of the group Gn is conjugate to
a suitable vertex group.

Let t be a hyperbolic generator of the group Gn. If there exists an non-
trivial elliptic element g and non-zero integers k, l such that t−1gkt = gl,
then we define ∆(t) = k

l . It is not difficult to show that such a definition
is correct. We prove a criterion for GBS(n, 1) groups to have a non-trivial
center.

Lemma 1. GBS(n, 1) group has a non-trivial center if and only if all edge
groups intersect non-trivially and ∆(t) = 1 for every hyperbolic generator t.

Remark 1. If the GBS(n, 1) group Gn has a non-trivial center, then one
can choose vertex generators v1, v2, . . . , vn for every vertex v so that the edge
subgroups are generated by powers of v1, v ∈ V (A). In this case, the subgroup
G of the group Gn generated by v1, v ∈ V (A) and hyperbolic generators is
a GBS group and the centers of G and Gn coincide. We will call such a
subgroup G of the group Gn the corresponding GBS group.

Main result is a necessary condition for the isomorphism of GBS(n, 1)
groups with non-trivial center.

Theorem 1. Let Gn and Hn be two GBS(n, 1) groups with non-trivial center
and n > 3. If Gn and Hn are isomorphic, then their corresponding GBS
groups G and H are also isomorphic.

It is known [4] that the isomorphism problem is algorithmically decidable
for GBS groups with non-trivial center.
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2 Auxiliary statements

Proof. Let us prove Lemma 1. For n = 1 lemma is true [5, prop. 2.5]. Let
n > 2. If 1 6= z ∈ Z(Gn) and Gn acts on the tree T , then for every vertex
v ∈ V (T ) and for every a ∈ StabGn(v) we have

a(zv) = z(av) = zv.

Therefore, StabGn(v) ⊆ StabGn(zv). Thus, if we choose in the stabilizer of
a vertex v an element a that stabilizes only this vertex v, then we get that
zv = v. Note that the existence of such an element follows from the fact that
the intersection of the vertex stabilizers is either trivial or cyclic, and the
edge stabilizers are isomorphic to Zn, n > 2. This shows that z stabilizes all
vertices of T and hence lies in every vertex group. Therefore, all vertex groups
intersect non-trivially and edge groups intersect non-trivially, the center lies
in this intersection.

Let t be a hyperbolic generator. Since every non-trivial element z of the
center lies in the intersection of edge groups, then t−1zt = z. Therefore
∆(t) = 1.

Let us prove the converse. Let 1 6= z lie in the intersection of all edge
groups, then z commutes with all vertex elements. Moreover, t−1zt = z for
all hyperbolic generators due to the fact that ∆(t) = 1 and z lies in the
corresponding edge groups. Hence, z lies in the center of G. �

Integer powers of generators v1, v ∈ V (A) of the group Gn mentioned
in Remark 1 will be called elements of I type. Non-trivial elements from
〈v2, . . . , vn〉, v ∈ V (A) will be called elements of II type. Finally, non-zero
integer powers of hyperbolic generators will be called elements of III type.
The sets of such elements will be denoted by IA, IIA and IIIA respectively.

Next we will study GBS(n, 1) groups with non-trivial center. Remark 1
allows us to represent the graph of groups A using a labeled graph A = (A, λ),
where A is a graph and λ : E(A) → Z \ {0} are labels on edges. If v is the
origin of an edge e, then ve = v

λ(e)
1 . We will write that the edge e is a (λ, µ)-

edge, understanding that the labels on the geometric edge {e, e} are equal
to λ and µ.

Figure 1 shows slide – a transformation of a labeled graph. Slide does not
change the fundamental group of a labeled graph.
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Fig. 1. Slide e/f .
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Remark 2. If a GBS(n, 1) group Gn has a non-trivial center and is represented
by a labeled graph A, then using slides one can obtain a labeled graph Â such
that Gn ∼= π1(A) ∼= π1(Â) and the label 1 on an edge occurs in Â only in the
following cases:

1. near an isolated vertex,
2. on a (1,1)-edge, one of whose vertices is isolated,
3. on a (1,1)-loop.

The set of isolated vertices with labels 1 of the labeled graph Â will be
denoted by Vout(Â), and the rest by Vinn(Â).

Remark 3. Given a generator v1 of I type. It is impossible to extract a root
from v1 in the group π1(Â) if and only if v ∈ Vinn(Â) or v is an isolated
endpoint of (1,1)-edge.

Proof. Suppose that v1 does not have a root and v ∈ Vout(Â) is an isolated
endpoint of (1, k)-edge, k 6= 1. Then there exists a vertex u ∈ Vinn(Â) such
that v1 = uk1, contradiction.

The converse. Let v ∈ Vinn(Â) or v be an isolated endpoint of (1,1)-edge
and there exist g ∈ G and k 6= 1 such that gk = v1. Then g is an elliptic
element and since a power of II type element cannot become an I type
element, g is conjugate to a I type element.

Then there exists h ∈ G,α ∈ Z\{0} and u ∈ V (Â) such that g = h−1uα1h.
Therefore, v1 = h−1ukα1 h. If u = v, then αk = 1. This contradicts the choice
of k.

Therefore u 6= v and v1 lies in some edge subgroup with h−1ukα1 h. Since
v ∈ Vinn(Â), v1 can only lie in the edge subgroup of an (1, 1)-edge with one
isolated vertex or (1, 1)-loop. In particular, this means that |αk| = 1. �

3 Main results

Lemma 2. Let Gn and Hn be two GBS(n, 1) groups with non-trivial center,
represented by labeled graphs Â and B̂, respectively. If n > 3 and ϕ : Gn → Hn

is an isomorphism, then the images of I type elements are conjugate to I type
elements of Hn. The isomorphism induces a bijection of the sets Vinn(Â) and
Vinn(B̂).

Proof. Under isomorphism, the center 〈zG〉 of Gn is mapped to the center
〈zH〉 of Hn. Without loss of generality, we can assume that ϕ : zG 7→ zH .
Denote by

SQ(zG) = {g ∈ Gn | ∃k ∈ N : gk = zG},
we similarly define SQ(zH). Then the restriction of ϕ to SQ(zG) is a bijection
of SQ(zG) and SQ(zH).

Since the power of a hyperbolic element is a hyperbolic element, we obtain
that SQ(zG) and SQ(zH) consist of elliptic elements. Furthermore, every I
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type generator v1 of G lies in SQ(zG) and every g in SQ(zG) is conjugate to
the power of a suitable v1.

Note that it is impossible to extract a root from v1, v ∈ Vinn(Â) in Gn by
Remark 3, and the isomorphism respects this property. Let CESQ(zG) be the
set of such classes of conjugate elements from SQ(zG), that it is impossible
to extract a root from any representative. The group isomorphism induces
a bijection on conjugacy classes. Therefore, ϕ induces a bijection of the sets
CESQ(zG) and CESQ(zH).

Finally we see that there is a bijection of the set Vinn(Â) and CESQ(zG).
For this, we establish a mapping

ζ : Vinn(Â)→ CESQ(zG)

by the rule
ζ : v 7→ vG1 .

If v 6= u ∈ Vinn(Â), then the corresponding vertices of T lie in different orbits
of the action of G. Consequently, v1 and u1 cannot be conjugate. Hence, ζ
is an injection, and from Remark 3 it follows that ζ is a surjection. �

Lemma 3. Let Gn and Hn be two GBS(n, 1) groups with non-trivial center
and n > 3. If ϕ : Gn → Hn is an isomorphism, then the images of II type
elements of Gn are conjugate to II type elements of Hn and the images of III
type elements of Gn do not lie in the normal closure of the elliptic elements
of Hn.

Proof. Let g be a hyperbolic element of Gn with respect to its action on the
tree T . If h ∈ CGn(g) and −→g is the axis of g [3], then

g(h−→g ) = h(g−→g ) = h−→g ,
therefore h−→g ⊆ −→g . Applying the same arguments to h−1 ∈ CGn(g) yields
h−1−→g ⊆ −→g . Consequently, h−→g = −→g . This means that there exist integers k
and l such that the actions of hk and gl on −→g coincide. Therefore

hkg−l ∈ StabGn
−→g =

⋂
v∈V (−→g )

Stabgnv ⊆ 〈ge〉,

where ge is the generator of the stabilizer of some edge of the tree −→g .
Therefore hk = ah · gl for a suitable ah ∈ 〈ge〉. Since h ∈ CGn(g), so does ah.
It follows that hkm = amh · glm for every integer m.

Since ah ∈ 〈ge〉, there exists an integer power s such that ash ∈ 〈zGn〉.
Thus, we have shown that every element h in the centralizer g of a hyperbolic
element in the group Gn has the following property: there exists a power r
such that hr ∈ 〈g〉 × 〈zG〉 and the group 〈g〉 × 〈zG〉 is a free Abelian group
of rank 2.

If a is a II type element, then Zn ≤ CGn(a) and since n > 3, it is clear
that there is h in the centralizer of a such that no power of h lies in 〈a〉×〈zG〉.
This means that the image of a II type element cannot be hyperbolic and
cannot be conjugate to a I type element of Hn due to the injectivity of ϕ
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and Lemma 2. This means that the image of a II type element is conjugate
to a II type element. Consequently, the normal closure of elliptic elements
under isomorphism goes over to the normal closure of elliptic elements. �

Proof. Proof of Theorem 1. Let Gn and Hn be represented by labeled graphs
Â and B̂. Denote the normal closures of II type elements in groups Gn and
Hn by NA and NB, respectively. Then

G ∼= Gn/NA, H ∼= Hn/NB.

We define homomorphisms ψA and ψB from Gn to G and from Hn to H,
respectively, as canonical homomorphisms with kernels NA and NB. We
prove that the restriction of ψB ◦ φ to G is the desired isomorphism.

Injectivity. Let g ∈ G and φ(g) ∈ KerψB = NB. Then g = φ−1(φ(g)) ∈
NA by Lemma 3, but NA intersects G only at 1.

Surjectivity. Let w1 ∈ IB. Then for some g ∈ Gn and u1 ∈ IA we have
φ(ug1) = w1. Since u

g
1 and uψA(g)

1 are conjugate,

φ(u
ψA(g)
1 ) = ws1

for a suitable s ∈ Hn. Note that

ψA(ug1) = ψA(u
ψA(g)
1 ).

Therefore ug1 · (u
ψA(g)
1 )−1 ∈ NA = KerψA. Consequently,

φ(ug1 · (u
ψA(g)
1 )−1) = w1 · (ws1)−1 ∈ NB = KerψB.

Whence it follows that ψB(ws1) = ψB(w1) = w1. Hence, u
ψA(g)
1 ∈ G and

ψB(φ(u
ψA(g)
1 )) = ψB(ws1) = w1.

Therefore, 〈IB〉 is contained in the image of the restriction of ψB ◦ φ to G.
Similarly for IIIB. Let t ∈ IIIB. Then for some g ∈ 〈〈IA, IIA〉〉 and

1 6= r ∈ 〈IIIA〉 we have φ(rg) = t. Then

φ(rψA(g)) = φ(rg · g−1ψA(g)) = th

for suitable h ∈ 〈〈IB, IIB〉〉. Note that

ψA(rg) = ψA(rψA(g)).

Therefore, rg(rψA(g))−1 ∈ NA = KerψA. Consequently,

φ(rg(rψA(g))−1) = t(th)−1 ∈ NB = KerψB.

Whence it follows that ψB(th) = ψB(t) = t. Hence, rψA(g) ∈ G and

ψB(φ(rψA(g))) = ψB(th) = t.

Therefore, 〈IIIB〉 is contained in the image of the restriction of ψB ◦ φ to
G. �
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