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Ïðåäñòàâëåíî Ï.Ï. Ïåòðîâûì

Abstract: Let Ln(N ) be the class of all groups G in which the
normal closure of each n-generated subgroup of G belongs to N .
Let N be the quasivariety of nilpotent groups of class at most
3 without elements of orders 2 and 5 in which the quasi-identity
(∀x)(∀y)([x, y, x] = 1 → [x, y, y] = 1) is true.

In this paper we prove that any group G belonging to the
class L1(N ) is 3-Engel. In particular, the result is true for the
quasivariety generated by the free 2-generated nilpotent group of
class at most 3.
Keywords: group, nilpotent group, quasivariety, Levi class.

1 Ââåäåíèå

Ïóñòü N− êëàññ ãðóïï. Îáîçíà÷èì ÷åðåç Ln(N ) êëàññ âñåõ ãðóïï G,
â êîòîðûõ íîðìàëüíîå çàìûêàíèå ⟨x1, . . . , xn⟩G ëþáîé n-ïîðîæäåííîé
ïîäãðóïïû ⟨x1, . . . , xn⟩ ãðóïïû G ïðèíàäëåæèò N .
Îïåðàòîð Ln äëÿ êàæäîãî íàòóðàëüíîãî ÷èñëà n áûë ââåäåí â ðàáîòå

[1]. Áûëî ïîêàçàíî, ÷òî åñëè N− êâàçèìíîãîîáðàçèå ãðóïï, òî Ln(N )

Lodeishchikova, V.V., Ln-classes generated by the quasivariety of

nilpotent groups of class at most 3.
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òàêæå ÿâëÿåòñÿ êâàçèìíîãîîáðàçèåì ãðóïï. Ïðè ýòîì âîçíèêàåò öåïî÷êà

L1(N ) ⊇ L2(N ) ⊇ L3(N ) ⊇ . . . ⊇ N ,

â êîòîðîé
∞⋂
n=1

Ln(N ) = N .

Â ðàáîòå [2] íàéäåíû óñëîâèÿ íà N , ïðè âûïîëíåíèè êîòîðûõ ïîñëå-
äîâàòåëüíîñòü L1(N ), L2(N ), . . . ñîäåðæèò áåñêîíå÷íîå ìíîæåñòâî ðàç-
ëè÷íûõ êâàçèìíîãîîáðàçèé. Â [3] äîêàçàíî, ÷òî åñëè G � ãðóïïà áåç
ýëåìåíòîâ ïîðÿäêà 2 è íîðìàëüíîå çàìûêàíèå êàæäîé 2-ïîðîæäåííîé
ïîäãðóïïû ãðóïïû G ÿâëÿåòñÿ íèëüïîòåíòíîé ãðóïïîé ñòóïåíè íå áîëåå
3, òî G � íèëüïîòåíòíàÿ ãðóïïà ñòóïåíè íå âûøå 4. Òàêæå ïîêàçàíî, ÷òî
â ýòîì óòâåðæäåíèè îãðàíè÷åíèå íà ýëåìåíòû âòîðîãî ïîðÿäêà óáðàòü
íåëüçÿ.
Èçó÷åíèå êëàññîâ Ln(N ) íà÷àëîñü ñ èññëåäîâàíèÿ êëàññîâ

L(N ) = L1(N ), êîòîðûå íàçûâàþòñÿ êëàññàìè Ëåâè, ïîðîæäåííû-
ìè N . Â ðàáîòàõ [4]-[8] èññëåäîâàëèñü êëàññû Ëåâè, ïîðîæäåííûå
ïî÷òè àáåëåâûìè êâàçèìíîãîîáðàçèÿìè íèëüïîòåíòíûõ ãðóïï (ò. å.
íåàáåëåâûìè êâàçèìíîãîîáðàçèÿìè, âñå ñîáñòâåííûå ïîäêâàçèìíîãî-
îáðàçèÿ êîòîðûõ àáåëåâû). Êëàññû Ëåâè, ïîðîæäåííûå 2-ñòóïåííî
íèëüïîòåíòíûìè ãðóïïàìè èçó÷àëèñü òàêæå â [9]-[13].
Â [14] ïîêàçàíî, ÷òî êëàññ Ëåâè êâàçèìíîãîîáðàçèÿ ïðàâîóïîðÿäî÷è-

âàåìûõ ãðóïï ñòðîãî ñîäåðæèò ýòî êâàçèìíîãîîáðàçèå.
Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ Ln-êëàññîâ.
Âñþäó â ðàáîòå N � êâàçèìíîãîîáðàçèå íèëüïîòåíòíûõ ñòóïåíè 3

ãðóïï áåç ýëåìåíòîâ ïîðÿäêîâ 2 è 5, â êîòîðûõ èñòèííî êâàçèòîæäåñòâî

(∀x)(∀y)([x, y, x] = 1 → [x, y, y] = 1). (1)

Â íàñòîÿùåé ðàáîòå äîêàçàíî, ÷òî ëþáàÿ ãðóïïà G, ïðèíàäëåæàùàÿ
êëàññó L1(N ), ÿâëÿåòñÿ 3-ýíãåëåâîé. Â ÷àñòíîñòè, ðåçóëüòàò ñïðàâåäëèâ
äëÿ êâàçèìíîãîîáðàçèÿ qF2(N3).

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â ðàáîòå èñïîëüçóþòñÿ îáîçíà÷åíèÿ:
[x, y] = x−1y−1xy;
⟨x1, x2, . . .⟩ − ãðóïïà, ïîðîæäåííàÿ ýëåìåíòàìè x1, x2, . . .;
⟨x⟩ − öèêëè÷åñêàÿ ãðóïïà, ïîðîæäåííàÿ ýëåìåíòîì x;
⟨x1, . . . , xn⟩G = ⟨xg1, . . . , x

g
n | g ∈ G⟩ − íîðìàëüíîå çàìûêàíèå ïîäãðóïïû

⟨x1, . . . , xn⟩ â G;
qM − êâàçèìíîãîîáðàçèå, ïîðîæäåííîå ìíîæåñòâîì ãðóïï M;
åñëè M = {G}, òî âìåñòî qM áóäåì ïèñàòü qG;
Fn(M) − ñâîáîäíàÿ ãðóïïà ðàíãà n â êâàçèìíîãîîáðàçèè M;
Nc − ìíîãîîáðàçèå íèëüïîòåíòíûõ ãðóïï ñòóïåíè íå âûøå c.
Ñòàíäàðòíûì îáðàçîì îïðåäåëÿåì âåñ w(a) êîììóòàòîðà, ñ÷èòàÿ, ÷òî

1) w(x) = 1, åñëè x − ïðåäìåòíàÿ ïåðåìåííàÿ,
2) w(a) = w(u) + w(v), åñëè a = [u, v].
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Äàäèì îïðåäåëåíèå áàçèñíûõ êîììóòàòîðîâ îò ïåðåìåííûõ x1, . . . , xr
[15]:

1) ci = xi, i = 1, . . . , r − áàçèñíûå êîììóòàòîðû âåñà 1, w(xi) = 1.
2) Ïóñòü áàçèñíûå êîììóòàòîðû âåñîâ, ìåíüøèõ n óæå îïðåäåëåíû.

Òîãäà áàçèñíûìè êîììóòàòîðàìè âåñà n ÿâëÿþòñÿ êîììóòàòîðû
ck = [ci, cj ], ãäå
a) ci è cj − áàçèñíûå êîììóòàòîðû è w(ci) + w(cj) = n;
b) ci > cj , à åñëè ci = [cs, ct], òî cj ≤ ct.

3) Êîììóòàòîðû âåñà n ñëåäóþò çà êîììóòàòîðàìè âåñîâ, ìåíüøèõ
n, è ìåæäó ñîáîé îíè óïîðÿäî÷åíû ïðîèçâîëüíûì îáðàçîì. Áà-
çèñíûå êîììóòàòîðû ñ÷èòàåì ïðîíóìåðîâàííûìè òàê, ÷òî îíè
óïîðÿäî÷åíû ïî èíäåêñàì.

Ñîãëàñíî [15], åñëè F − ñâîáîäíàÿ ãðóïïà ñ ïîðîæäàþùèìè x1, . . . , xr,
òî áàçèñíûå êîììóòàòîðû âåñà k îáðàçóþò ñâîáîäíûé áàçèñ ñâîáîäíîé
àáåëåâîé ãðóïïû Fk/Fk+1, ãäå F = F1, Fk = [Fk−1, F ] è

F = F1 ⊃ F2 ⊃ . . . ⊃ Fr = 1.

Íàïîìíèì, ÷òî ãðóïïà íàçûâàåòñÿ n-ýíãåëåâîé, åñëè

[x, y, . . . , y︸ ︷︷ ︸
n

] = 1

äëÿ âñåõ x, y ∈ G.
Íàì ïîíàäîáÿòñÿ ñëåäóþùèå õîðîøî èçâåñòíûå òîæäåñòâà, èñòèííûå

â ëþáîé ãðóïïå:

(∀x)(∀y)(∀z)([xy, z] = [x, z][x, z, y][y, z]),

(∀x)(∀y)(∀z)([x, yz] = [x, z][x, y][x, y, z]),

(∀x)(∀y)(∀z)([x, y−1, z]y[y, z−1, x]z[z, x−1, y]x = 1) (òîæäåñòâî Âèòòà).

Áóäåì ãîâîðèòü, ÷òî êîììóòóòîðû â ïðîèçâîëüíîé ãðóïïå G îáëàäàþò
ñâîéñòâîì ëèíåéíîñòè, åñëè äëÿ ëþáûõ ýëåìåíòîâ x, y, z ∈ G âûïîëíÿ-
þòñÿ ðàâåíñòâà

[xy, z] = [x, z][y, z], [x, yz] = [x, y][x, z].

Ïðè íàïèñàíèè òîæäåñòâ è êâàçèòîæäåñòâ êâàíòîðû âñåîáùíîñòè èíî-
ãäà áóäóò îïóñêàòüñÿ.

3 Îñíîâíûå ðåçóëüòàòû

Ïðåäëîæåíèå 1. Ëþáàÿ ãðóïïà G, ïðèíàäëåæàùàÿ êëàññó L(N ), ÿâ-
ëÿåòñÿ 4-ýíãåëåâîé.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíûé ýëåìåíò x ∈ G è

⟨x⟩G = ⟨xy | y ∈ G⟩ = ⟨x, [x, y] | y ∈ G⟩.
Ïî îïðåäåëåíèþ êëàññà Ëåâè ⟨x⟩G ∈ N . Ýëåìåíòû x, [y, x] ∈ ⟨x⟩G è ïî-
ñêîëüêó ⟨x⟩G ∈ N3, òî â ãðóïïå G äëÿ ïðîèçâîëüíûõ ýëåìåíòîâ x, y áóäåò
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âåðíî ðàâåíñòâî [y, x, x, x, x] = 1. Òàêèì îáðàçîì, ãðóïïà G ÿâëÿåòñÿ 4-
ýíãåëåâîé. □

Ëåììà 1. Ëþáàÿ 2-ïîðîæäåííàÿ ãðóïïà G, ïðèíàäëåæàùàÿ êëàññó
L(N ), ÿâëÿåòñÿ íèëüïîòåíòíîé ñòóïåíè íå âûøå 5.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíóþ 2-ïîðîæäåííóþ ãðóïïó
G ∈ L(N ), G = ⟨x1, x2⟩. Çàìåòèì, ÷òî ïî ïðåäëîæåíèþ 1 ãðóïïà G ÿâëÿ-
åòñÿ 4-ýíãåëåâîé. ßñíî, ÷òî G = ⟨x1⟩G · ⟨x2⟩G. Íîðìàëüíûå çàìûêàíèÿ
⟨x1⟩G, ⟨x2⟩G ÿâëÿþòñÿ íèëüïîòåíòíûìè ñòóïåíè íå âûøå 3. Ïî òåîðåìå
Ôèòòèíãà [16] ãðóïïà G íèëüïîòåíòíà ñòóïåíè íå âûøå 6. Òàêèì îáðà-
çîì, â ãðóïïå G âñå êîììóòàòîðû âåñà 7 ðàâíû 1.
Äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî ïîêàçàòü, ÷òî çíà÷åíèÿ âñåõ

áàçèñíûõ êîììóòàòîðîâ âåñà 6 îò ïåðåìåííûõ x1, x2 â ãðóïïå G ðàâíû
1. Ââåäåì îáîçíà÷åíèÿ äëÿ áàçèñíûõ êîììóòàòîðîâ âåñà 6 îò ïåðåìåííûõ
x1, x2:

b61 = [x2, x1, x2, [x2, x1, x1]], b62 = [x2, x1, x1, x1, [x2, x1]],
b63 = [x2, x1, x1, x2, [x2, x1]], b64 = [x2, x1, x2, x2, [x2, x1]],
b65 = [x2, x1, x1, x1, x1, x1], b66 = [x2, x1, x1, x1, x1, x2],
b67 = [x2, x1, x1, x1, x2, x2], b68 = [x2, x1, x1, x2, x2, x2],
b69 = [x2, x1, x2, x2, x2, x2].
Ââèäó 4-ýíãåëåâîñòè ãðóïïû G ïîëó÷èì, ÷òî

b65 = b66 = b69 = 1.

Ïîñêîëüêó ýëåìåíòû [x2, x1], x1 ∈ ⟨x1⟩G è ⟨x1⟩G ∈ N3, òî b62 = 1. Àíà-
ëîãè÷íî èç [x2, x1, x1], [x2, x1], x2 ∈ ⟨x2⟩G è ⟨x2⟩G ∈ N3 ñëåäóåò, ÷òî
b64 = b68 = 1.
Òàê êàê G íèëüïîòåíòíà ñòóïåíè 6, òî â íåé áóäåò âåðíî ðàâåíñòâî:

[x2, x1, x1, x1, x2, [x2, x1, x1, x1]] = 1.

Èç èñòèííîñòè â N êâàçèòîæäåñòâà (1) ïîëó÷èì, ÷òî

[x2, x1, x1, x1, x2, x2] = 1.

Ñëåäîâàòåëüíî, b67 = 1.
Èç íèëüïîòåíòíîñòè ãðóïïû G ñëåäóåò ðàâåíñòâî

[x2, x1, x1 · x2, x1 · x2, [x2, x1, x1 · x2]] = 1.

Çàìåòèì, ÷òî ýëåìåíòû [x2, x1, x1 · x2], x1 · x2 ∈ ⟨x1 · x2⟩G è ïî îïðåäå-
ëåíèþ êëàññà Ëåâè ⟨x1 · x2⟩G ∈ N . Ïîñêîëüêó â N èñòèííî êâàçèòîæäå-
ñòâî (1) ïîëó÷èì ðàâåíñòâî

[x2, x1, x1 · x2, x1 · x2, x1 · x2] = 1

â ãðóïïå G. Çíà÷èò,

d1 = [x2, x1, x1 · x2, x1 · x2, x1 · x2, x1] = 1

è

d2 = [x2, x1, x1 · x2, x1 · x2, x1 · x2, x2] = 1.
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Ââèäó ëèíåéíîñòè êîììóòàòîðîâ âåñà 6 â 6-ñòóïåííî íèëüïîòåíòíîé
ãðóïïå, ïîëó÷èì, ÷òî

d1 = d11 · d12 · d13 · d14 · d15 · d16 · d17 · d18,
ãäå

d11 = [x2, x1, x1, x1, x1, x1], d12 = [x2, x1, x2, x1, x1, x1],
d13 = [x2, x1, x1, x2, x1, x1], d14 = [x2, x1, x2, x2, x1, x1],
d15 = [x2, x1, x1, x1, x2, x1], d16 = [x2, x1, x2, x1, x2, x1],
d17 = [x2, x1, x1, x2, x2, x1], d18 = [x2, x1, x2, x2, x2, x1].

è

d2 = d21 · d22 · d23 · d24 · d25 · d26 · d27 · d28,
ãäå

d21 = [x2, x1, x1, x1, x1, x2], d22 = [x2, x1, x2, x1, x1, x2],
d23 = [x2, x1, x1, x2, x1, x2], d24 = [x2, x1, x2, x2, x1, x2],
d25 = [x2, x1, x1, x1, x2, x2], d26 = [x2, x1, x2, x1, x2, x2],
d27 = [x2, x1, x1, x2, x2, x2], d28 = [x2, x1, x2, x2, x2, x2].
Èç 4-ýíãåëåâîñòè ãðóïïû G ñëåäóåò, ÷òî d11 = d21 = d28 = 1. Çàìåòèì,

÷òî ýëåìåíòû [x2, x1, x1], [x2, x1, x2] ïðèíàäëåæàò íîðìàëüíûì çàìûêà-
íèÿì ⟨x1⟩G, ⟨x2⟩G.
Ââèäó íèëüïîòåíòíîñòè ãðóïïû G ñëåäóþùèå êîììóòàòîðû âåñà 7 áó-

äóò ðàâíû 1:
[x2, x1, x2, x1, [x2, x1, x2]] = 1, [x2, x1, x1, x2, [x2, x1, x1]] = 1,
[x2, x1, x2, x2, [x2, x1, x2]] = 1.

Ïî îïðåäåëåíèþ êëàññà Ëåâè ⟨x2⟩G, ⟨x2⟩G ∈ N è èç èñòèííîñòè â N
êâàçèòîæäåñòâà (1) ñëåäóþò ðàâåíñòâà

[x2, x1, x1, x2, x2] = 1, [x2, x1, x2, x1, x1] = 1,
[x2, x1, x2, x2, x2] = 1.

Çíà÷èò, d12 = d17 = d18 = d22 = d27 = 1.
Òàêæå çàìåòèì, ÷òî ýëåìåíòû [x2, x1, x1, x2], [x2, x1, x2, x2],

[x2, x1, x1, x1], [x2, x1, x2, x1] ïðèíàäëåæàò íîðìàëüíûì çàìûêàíè-
ÿì ⟨x1⟩G, ⟨x2⟩G è â ãðóïïå G ââèäó íèëüïîòåíòíîñòè áóäóò âåðíû
ðàâåíñòâà:

[x2, x1, x1, x2, x1, [x2, x1, x1, x2]] = 1, [x2, x1, x2, x2, x1, [x2, x1, x2, x2]] = 1,

[x2, x1, x1, x1, x2, [x2, x1, x1, x1]] = 1, [x2, x1, x2, x1, x2, [x2, x1, x2, x1]] = 1.

Èç èñòèííîñòè â íîðìàëüíûõ çàìûêàíèÿõ ⟨x1⟩G, ⟨x2⟩G êâàçèòîæäå-
ñòâà (1) ïîëó÷èì, ÷òî

d13 = [x2, x1, x1, x2, x1, x1] = 1, d14 = [x2, x1, x2, x2, x1, x1] = 1,

d25 = [x2, x1, x1, x1, x2, x2] = 1, d26 = [x2, x1, x2, x1, x2, x2] = 1.

Ïðèìåíÿÿ òîæäåñòâî Âèòòà è èñïîëüçóÿ íèëüïîòåíòíîñòü ãðóïïû G,
ïîëó÷èì, ÷òî
d15 = [x2, x1, x1, x1, x2, x1] =
= [x2, x1, [x2, x1, x1, x1]]

−1 · [x1, [x2, x1, x1, x1], x2]−1 =
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= [x2, x1, x1, x1, [x2, x1]] · [x2, x1, x1, x1, x1, x2] = b62 · b66 = 1.

Èç 4-ýíãåëåâîñòè ãðóïïû G ñëåäóåò, ÷òî [x1, x2, x2, x2, x2, x1] = 1.
Òîãäà, ïðèìåíÿÿ òîæäåñòâî Âèòòà, ïîëó÷èì ðàâåíñòâà:
d24 = [x2, x1, x2, x2, x1, x2] =
= [x1, x2, [x2, x1, x2, x2]]

−1 · [x2, [x2, x1, x2, x2], x1]−1 =
= [x2, x1, [x2, x1, x2, x2]] · [x2, x1, x2, x2, x2, x1] =
= [x2, x1, x2, x2, [x2, x1]]

−1 · [x1, x2, x2, x2, x2, x1]−1 = b−1
64 = 1.

Èñïîëüçóÿ òîæäåñòâî Âèòòà è íèëüïîòåíòíîñòü ãðóïïû G, ïîëó÷èì
ðàâåíñòâî:
d16 = [x2, x1, x2, x1, x2, x1] =
= [x2, x1, [x2, x1, x2, x1]]

−1 · [x1, [x2, x1, x2, x1], x2]−1 =
= [x2, x1, x2, x1, [x2, x1]] · [x2, x1, x2, x1, x1, x2] =
= [x2, x1, [x2, x1], [x2, x1]]

−1 · [x1, [x2, x1], x2, [x2, x1]]−1·
·[x2, x1, x2, x1, x1, x2] = [x2, x1, x1, x2, [x2, x1]] · [x2, x1, x2, x1, x1, x2] =
= b63 · [x2, x1, x2, x1, x1, x2].

Ðàíåå áûëî äîêàçàíî, ÷òî [x2, x1, x2, x1, x1] = 1, çíà÷èò,
[x2, x1, x2, x1, x1, x2] = 1 è d16 = b63.
Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì, ÷òî

d23 = [x2, x1, x1, x2, x1, x2] =
= [x2, x1, [x2, x1, x1], x2]

−1 · [x1, [x2, x1, x1], x2, x2]−1 =
= [x2, x1, x1, x2, [x2, x1]] · [x2, [x2, x1], [x2, x1, x1]] · [x2, x1, x1, x1, x2, x2] =
= b63 · [x2, x1, x2, [x2, x1, x1]]−1 · b67 =
= b63 · b−1

61 .

Èç òîãî, ÷òî d1 = 1 è d1 = d16 = b63 ñëåäóåò, ÷òî b63 = 1. Òîãäà èç ðà-
âåíñòâ d2 = 1, d2 = d23 = b63 · b−1

61 , b63 = 1 ïîëó÷èì, ÷òî b61 = 1.
Èòàê, çíà÷åíèÿ âñåõ áàçèñíûõ êîììóòàòîðîâ âåñà 6 îò ïåðåìåííûõ x1,

x2 â ãðóïïå G ðàâíû 1. Çíà÷èò, G � íèëüïîòåíòíàÿ ãðóïïà ñòóïåíè íå
âûøå 5. □

Ïðåäëîæåíèå 2. Â ëþáîé ãðóïïå G, ïðèíàäëåæàùåé êëàññó L(N ) èñ-
òèííû òîæäåñòâà

(∀a)(∀b)([a, b, b, a, a] = 1), (2)

(∀a)(∀b)([a, b, a, b, b] = 1), (3)

(∀a)(∀b)([a, b, b, b, a] = [a, b, b, a, b]−1). (4)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíûå ýëåìåíòû a, b ∈ G. Åñëè
H = ⟨a, b⟩, òî H ≤ G, H ∈ L(N ). Ïî ëåììå 1 H ÿâëÿåòñÿ íèëüïîòåíò-
íîé ñòóïåíè íå âûøå 5 è â íåé âåðíû ðàâåíñòâà

[a, b, b, a, [a, b, b]] = 1, [a, b, a, b, [a, b, a]] = 1.
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Ïî îïðåäåëåíèþ êëàññà Ëåâè ⟨a⟩H ∈ N . Ïîñêîëüêó [a, b, b], a ∈ ⟨a⟩H ,
òî ââèäó èñòèííîñòè â ⟨a⟩H êâàçèòîæäåñòâà (1) ïîëó÷èì ðàâåíñòâî

[a, b, b, a, a] = 1.

Ðàññìîòðèì ýëåìåíòû x = [ab, a, b], y = ab (x, y ∈ ⟨ab⟩H , ⟨ab⟩H ∈ N ).
Òîãäà èç íèëüïîòåíòíîñòè ãðóïïû G

[x, y, x] = [ab, a, b, ab, [ab, a, b]] = 1.

Ââèäó èñòèííîñòè â ⟨ab⟩H êâàçèòîæäåñòâà (1) ïîëó÷èì, ÷òî

[ab, a, b, ab, ab] = 1.

Èç ëèíåéíîñòè êîììóòàòîðîâ âåñà 5 â íèëüïîòåíòíîé ãðóïïå ñòóïåíè
5, 4-ýíãåëåâîñòè ãðóïïû G è ðàâåíñòâà [a, b, b, a, a] = 1 ñëåäóåò, ÷òî
1 = [b, a, b, a, a] · [b, a, b, a, b] · [b, a, b, b, a] · [b, a, b, b, b] =
= [a, b, b, a, a]−1 · [b, a, b, a, b] · [b, a, b, b, a] · [a, b, b, b, b]−1 =
= [b, a, b, a, b] · [b, a, b, b, a] = [a, b, b, a, b]−1 · [a, b, b, b, a]−1.
Çíà÷èò,

[a, b, b, b, a] = [a, b, b, a, b]−1.

Ïîëó÷åííûå ðàâåíñòâà âåðíû äëÿ ïðîèçâîëüíûõ ýëåìåíòîâ a, b ∈ G, çíà-
÷èò, â ãðóïïå G èñòèííû òîæäåñòâà (2), (3) è (4).

□

Ëåììà 2. Ëþáàÿ 2-ïîðîæäåííàÿ ãðóïïà G, ïðèíàäëåæàùàÿ êëàññó
L(N ), ÿâëÿåòñÿ íèëüïîòåíòíîé ñòóïåíè íå âûøå 4.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíóþ 2-ïîðîæäåííóþ ãðóïïó
G ∈ L(N ), G = ⟨x1, x2⟩. Çàìåòèì, ÷òî ïî ëåììå 1 ãðóïïà G ÿâëÿåòñÿ
íèëüïîòåíòíîé ñòóïåíè íå âûøå 5 è êîììóòàòîðû âåñà 5 áóäóò îáëàäàòü
ñâîéñòâîì ëèíåéíîñòè. Ïî ïðåäëîæåíèþ 1 ãðóïïà G áóäåò 4-ýíãåëåâîé,
à ïî ïðåäëîæåíèþ 2 â G áóäóò èñòèííû òîæäåñòâà (2), (3) è (4).
Äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî ïîêàçàòü, ÷òî çíà÷åíèÿ âñåõ

áàçèñíûõ êîììóòàòîðîâ âåñà 5 îò ïåðåìåííûõ x1, x2 â ãðóïïå G ðàâíû
1.
Ââåäåì îáîçíà÷åíèÿ äëÿ áàçèñíûõ êîììóòàòîðîâ âåñà 5 îò ïåðåìåííûõ

x1, x2:
b51 = [x2, x1, x1, [x2, x1]], b52 = [x2, x1, x2, [x2, x1]],
b53 = [x2, x1, x1, x1, x1], b54 = [x2, x1, x1, x1, x2].
b55 = [x2, x1, x1, x2, x2], b56 = [x2, x1, x2, x2, x2].
Ââèäó 4−ýíãåëåâîñòè ãðóïïû G b53 = b56 = 1. Èç òîæäåñòâà (2) ñëå-

äóåò, ÷òî b55 = 1.
Èñïîëüçóÿ òîæäåñòâà (3), (4) è òîæäåñòâî Âèòòà, ïîëó÷èì:

b54 = [x2, x1, x1, x1, x2] = [x2, x1, x1, x2, x1]
−1 =

= [x1, x2, [x2, x1], x1] · [x2, [x2, x1], x1, x1] =
= [x2, x1, [x2, x1], x1]

−1 · [x2, x1, x2, x1, x1]−1 = 1.
Èñïîëüçóÿ òîæäåñòâî (4) è òîæäåñòâî Âèòòà, ïîëó÷èì:

1 = b54 = [x2, x1, x1, x1, x2] = [x2, x1, x1, x2, x1]
−1 =

= [x2, x1, [x2, x1, x1]] · [x1, [x2, x1, x1], x2] =
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= [x2, x1, x1, [x2, x1]]
−1 · [x2, x1, x1, x1, x2]−1 =

= b−1
51 · b−1

54 = b−1
51 . Çíà÷èò, b51 = 1.

Ïðèìåíÿÿ òîæäåñòâà (2) è (4), ïîëó÷èì ðàâåíñòâà
[x2, x1, x2, x2, x1] = [x1, x2, x2, x2, x1]

−1 =
[x1, x2, x2, x1, x2] = [x2, x1, x2, x1, x2]

−1 =
= [x2, x1, [x2, x1], x2] · [x1, [x2, x1], x2, x2] = [x2, x1, x1, x2, x2]

−1 = b−1
55 = 1,

â ÷àñòíîñòè, [x2, x1, x2, x1, x2] = b55.
Ñ äðóãîé ñòîðîíû, èç òîæäåñòâà Âèòòà ñëåäóþò ðàâåíñòâà

[x2, x1, x2, x2, x1] = [x2, x1, [x2, x1, x2]]
−1 · [x1, [x2, x1, x2], x2]−1 =

= [x2, x1, x2, [x2, x1]] · [x2, x1, x2, x1, x2] = b52 · b55 = b52.
Òàêèì îáðàçîì, b52 = 1. Ñëåäîâàòåëüíî, çíà÷åíèÿ âñåõ áàçèñíûõ êîì-

ìóòàòîðîâ âåñà 5 îò ïåðåìåííûõ x1, x2 â ãðóïïå G ðàâíû 1 è ãðóïïà G
íèëüïîòåíòíà ñòóïåíè íå âûøå 4.

□

Òåîðåìà 1. Ëþáàÿ ãðóïïà G, ïðèíàäëåæàùàÿ êëàññó L(N ), ÿâëÿåòñÿ
3-ýíãåëåâîé.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíûå ýëåìåíòû a, b ∈ G. Òîãäà
åñëè H = ⟨a, b⟩, òî H ≤ G è H ∈ L(N ). Ïî ëåììå 2 ãðóïïà H íèëüïî-
òåíòíà ñòóïåíè íå âûøå 4. Çíà÷èò, [a, b, a, [a, b]] = 1.
Ðàññìîòðèì ýëåìåíòû x = a, y = [a, b] (x, y ∈ ⟨a⟩H , ⟨a⟩H ∈ N ). Èç èñ-

òèííîñòè êâàçèòîæäåñòâà (1) â ãðóïïå ⟨a⟩H ïîëó÷èì ,÷òî

[y, x, x] = [a, b, a, a] = 1.

Ââèäó ëèíåéíîñòè êîììóòàòîðîâ âåñà 4 â íèëüïîòåíòíîé ãðóïïå ñòóïå-
íè 4, èìååì [b, a, a, a] = 1. Ïîñêîëüêó ðàâåíñòâî âûïîëíÿåòñÿ äëÿ ëþáûõ
ýëåìåíòîâ a, b ∈ G, òî ãðóïïà G ÿâëÿåòñÿ 3-ýíãåëåâîé.

□

Ñëåäñòâèå 1. Ëþáàÿ ãðóïïà G, ïðèíàäëåæàùàÿ êëàññó L(N ), ÿâëÿåò-
ñÿ íèëüïîòåíòíîé ñòóïåíè íå âûøå 4.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíóþ ãðóïïó G, ïðèíàäëåæà-
ùóþ êëàññó L(N ). Ïî òåîðåìå 1 ãðóïïà G ÿâëÿåòñÿ 3-ýíãåëåâîé. Â êâà-
çèìíîãîîáðàçèè N ñîäåðæàòñÿ ãðóïïû áåç ýëåìåíòîâ ïîðÿäêîâ 2 è 5,
ïîýòîìó â ãðóïïå G ýëåìåíòû óêàçàííûõ ïîðÿäêîâ áóäóò îòñóòñòâîâàòü.
Â ðàáîòå [17] äîêàçàíî, ÷òî 3-ýíãåëåâà ãðóïïà áåç ýëåìåíòîâ ïîðÿäêîâ 2
è 5 ÿâëÿåòñÿ íèëüïîòåíòíîé ñòóïåíè íå âûøå 4. Ñëåäñòâèå äîêàçàíî. □

Ñëåäñòâèå 2. Ëþáàÿ ãðóïïà G, ïðèíàäëåæàùàÿ êëàññó L2(N ), ÿâëÿ-
åòñÿ íèëüïîòåíòíîé ñòóïåíè íå âûøå 4.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî äëÿ êëàññà N ñïðàâåäëèâà öåïî÷êà
âêëþ÷åíèé:

L2(N ) ⊆ L1(N ).

Èç ñëåäñòâèÿ 1 ñëåäóåò, ÷òî L1(N ) = L(N ) ⊆ N4, çíà÷èò, L2(N ) ⊆ N4.
Äàííûé ðåçóëüòàò ìîæíî òàêæå ïîëó÷èòü, èñïîëüçóÿ òåîðåìó 2 èç [3].

□
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Ñëåäñòâèå 3. Äëÿ êâàçèìíîãîîáðàçèÿ qF2(N3) ñïðàâåäëèâû âêëþ÷åíèÿ
L(qF2(N3)) ⊆ N4, L2(qF2(N3)) ⊆ N4.

Äîêàçàòåëüñòâî. Èç [19] ñëåäóåò, ÷òî êâàçèòîæäåñòâî (1) èñòèííî â
ãðóïïå F2(N3). Ïîñêîëüêó â êâàçèìíîãîîáðàçèè qF2(N3) îòñóòñòâóþò
ãðóïïû, ñîäåðæàùèå ýëåìåíòû ïîðÿäêîâ 2 è 5 (ãðóïïû áåç êðó÷åíèÿ),
òî êâàçèìíîãîîáðàçèå óäîâëåòâîðÿåò óñëîâèÿì ñëåäñòâèÿ 1 è ñëåäñòâèÿ
2. Çíà÷èò, L(qF2(N3)) ⊆ N4 è L2(qF2(N3)) ⊆ N4. □

Ïðåäëîæåíèå 3. Ëþáàÿ ãðóïïà G, ïðèíàäëåæàùàÿ êëàññó L3(N ), ÿâ-
ëÿåòñÿ íèëüïîòåíòíîé ñòóïåíè íå âûøå 3.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíóþ ãðóïïó G, ïðèíàäëåæà-
ùóþ êëàññó L3(N ). Ïî îïðåäåëåíèþ L3-êëàññà äëÿ ïðîèçâîëü-
íûõ x, y, z ∈ G íîðìàëüíîå çàìûêàíèå ⟨x, y, z⟩G ∈ N . Òàêèì îáðàçîì,
⟨x, y, z⟩G ÿâëÿåòñÿ íèëüïîòåíòíîé ñòóïåíè 3 ãðóïïîé.
Õîðîøî èçâåñòíî, ÷òî åñëè âñÿêàÿ 3-ïîðîæäåííàÿ ïîäãðóïïà íåêîòî-

ðîé ãðóïïû íèëüïîòåíòíà ñòóïåíè íå âûøå 3, òî è ñàìà ãðóïïà íèëüïî-
òåíòíà ñòóïåíè íå âûøå 3 [18]. Ñëåäîâàòåëüíî, G ÿâëÿåòñÿ íèëüïîòåíò-
íîé ñòóïåíè íå âûøå 3 è N = L3(N ). □

Â ÷àñòíîñòè, ñïðàâåäëèâî âêëþ÷åíèå L3(qF2(N3)) ⊆ N3.
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