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Abstract. We study a stochastic process with switchings between
two independent Levy processes while achieving regulatory barriers.
We �nd the Laplace�Stieltjes transform of the stationary distribution
of this process and its asymptotic representations for high regulatory
barrier.
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Ââåäåíèå

Ïóñòü ξi(t), t ≥ 0, i = 1, 2, � íåçàâèñèìûå îäíîðîäíûå ñëó÷àéíûå
ïðîöåññû ñ íåçàâèñèìûìè ïðèðàùåíèÿìè,

ξ1(0) = ξ2(0) = 0, m1 = Eξ1(1) > 0, m2 = Eξ2(1) < 0.

Òðàåêòîðèè ïðîöåññîâ ïðåäïîëàãàþòñÿ íåïðåðûâíûìè ñïðàâà.
Äëÿ ïðîèçâîëüíîãî b > 0 îïðåäåëèì ñëó÷àéíûå âåëè÷èíû

τ1 = inf{t ≥ 0 : ξ1(t) ≥ b}, τ2 = inf{t ≥ 0 : ξ2(t) ≤ −b}.

Lotov, V.I., Khodjibayev, V.R. Stationary distribution of the stochastic

process with switchings .
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Ïîñòðîèì ñëó÷àéíûé ïðîöåññ X(t) ñëåäóþùèì îáðàçîì: X(0) = 0,
X(t) ñîâïàäàåò ñ ξ1(t) äî òåõ ïîð, ïîêà âïåðâûå íå áóäåò äîñòèãíóò óðî-
âåíü b â ìîìåíò âðåìåíè τ1, è ïîëàãàåì X(τ1) = b. Ïðè t > τ1 â êà÷åñòâå
ïðèðàùåíèé ïðîöåññà èñïîëüçóþòñÿ ïðèðàùåíèÿ ïðîöåññà ξ2(t) äî òåõ
ïîð, ïîêà âïåðâûå ïîñëå τ1 íå áóäåò äîñòèãíóò íóëåâîé óðîâåíü â ìî-
ìåíò âðåìåíè θ1 := τ1 + τ2, è ïîëàãàåì X(θ1) = 0. Çàòåì ïðèðàùåíèÿ
ïðîöåññà X(t) âíîâü ïåðåêëþ÷àþòñÿ íà íåçàâèñèìûå êîïèè ïðèðàùåíè-
èé ïðîöåññà ξ1(t) äî òåõ ïîð, ïîêà â íåêîòîðûé ìîìåíò âðåìåíè θ1 + τ3
íå áóäåò äîñòèãíóò óðîâåíü b, ïîëàãàåì X(θ1 + τ3) = b. Ïîñëå ÷åãî âíîâü
ïðîèñõîäèò ïåðåêëþ÷åíèå íà íåçàâèñèìóþ êîïèþ ïðîöåññà ξ2(t) äî òåõ
ïîð, ïîêà â íåêîòîðûé ìîìåíò âðåìåíè θ2 := θ1 +τ3 +τ4 íå áóäåò äîñòèã-
íóò íóëåâîé óðîâåíü, è çäåñü òàêæå ïîëàãàåì X(θ2) = 0. Äàëüíåéøèå
ïåðåêëþ÷åíèÿ íà íåçàâèñèìûå êîïèè ïðîöåññîâ ξ1(t) è ξ2(t) ïðîèñõîäÿò
ïî òîé æå ñõåìå, ò. å. ïðè k = 0, 1, 2, . . .

X(t) =

{
min{ξ1(t− θk), b}, θk < t ≤ θk + τ2k+1,

max{b+ ξ2(t− θk − τ2k+1), 0}, θk + τ2k+1 < t ≤ θk+1,

ãäå θ0 = 0, θk+1 := θk+τ2k+1+τ2k+2, ñëó÷àéíûå âåëè÷èíû τ2k+1 ðàñïðåäå-
ëåíû îäèíàêîâî ñ τ1, ñëó÷àéíûå âåëè÷èíû τ2k+2 ðàñïðåäåëåíû îäèíàêîâî
ñ τ2, è âñå îíè íåçàâèñèìû.
Çäåñü X(t) ÿâëÿåòñÿ ðåãåíåðèðóþùèì ñëó÷àéíûì ïðîöåññîì ñ íåïðå-

ðûâíûì âðåìåíåì. Ïîñëåäîâàòåëüíûå ìîìåíòû θ1, θ2, . . . äîñòèæåíèé
íóëåâîãî óðîâíÿ ïðîöåññîì X(t) ÿâëÿþòñÿ ìîìåíòàìè ðåãåíåðàöèè, ò.ê.
â íàøåì ñëó÷àå ñ âåðîÿòíîñòüþ åäèíèöà ïðîöåññ X(t) ïîïàäàåò â íóëü
ïðè t = θk, k = 1, 2, . . .. Âðåìåíà ìåæäó ìîìåíòàìè ðåãåíåðàöèè ÿâëÿþò-
ñÿ íåçàâèñèìûìè è îäèíàêîâî ðàñïðåäåëåííûìè c θ1 ñëó÷àéíûìè âåëè-
÷èíàìè. Âåðîÿòíîñòíûå õàðàêòåðèñòèêè òðàåêòîðèè ñëó÷àéíîãî ïðîöåñ-
ñà X(t) ìåæäó ìîìåíòàìè ðåãåíåðàöèè ÿâëÿþòñÿ îäèíàêîâûìè. Â ñèëó
òîãî, ÷òî E θ1 = E τ1 + E τ2 < ∞, ñóùåñòâóåò ñòàöèîíàðíîå ðàñïðåäå-
ëåíèå äëÿ ðàññìàòðèâàåìîãî ðåãåíåðèðóþùåãî ïðîöåññà (ñì. [1, theorem
21.5.1]).
Íàïîìíèì, ÷òî ñëó÷àéíûå ïðîöåññû, ó êîòîðûõ ðàñïðåäåëåíèå ïðè-

ðàùåíèé ìåíÿåòñÿ ïî ìåðå äîñòèæåíèÿ îïðåäåëåííûõ ãðàíèö, íàçûâàþò
îñöèëëèðóþùèìè. Èçó÷åíèþ ðàçíîãî ðîäà òàêèõ ïðîöåññîâ ïîñâÿùåí
ðÿä ðàáîò, áèáëèîãðàôè÷åñêèå ñâåäåíèÿ îá ýòîì ìîæíî íàéòè â [2], [3].
Äàííóþ çàìåòêó ñëåäóåò ðàññìàòðèâàòü êàê ïðîäîëæåíèå ðàáîòû [2],

â êîòîðîé íàéäåíû â ÿâíîì âèäå äâîéíîå ïðåîáðàçîâàíèå Ëàïëàñà � Ñòè-
ëòüåñà ðàñïðåäåëåíèÿ ïðîöåññà X(t) (ïî âðåìåíè è ïî ïðîñòðàíñòâó çíà-
÷åíèé), è ïðåîáðàçîâàíèå Ëàïëàñà � Ñòèëòüåñà åãî ñòàöèîíàðíîãî ðàñ-
ïðåäåëåíèÿ, îáñóæäåíû ñëîæíîñòè âû÷èñëåíèÿ ïîëó÷åííûõ ÿâíûõ âû-
ðàæåíèé, ïðîäåìîíñòðèðîâàíû ñïîñîáû èõ âû÷èñëåíèÿ â íåêîòîðûõ ïðî-
ñòûõ ñèòóàöèÿõ è ïðîâåäåí àñèìïòîòè÷åñêèé àíàëèç ïîëó÷åííûõ âûðà-
æåíèé ïðè b→∞. Îñíîâíûì ðåçóëüòàòîì [2] ÿâëÿåòñÿ àñèìïòîòè÷åñêîå
ïðåäñòàâëåíèå äëÿ ïðåîáðàçîâàíèÿ Ëàïëàñà � Ñòèëòüåñà ñòàöèîíàðíîãî
ðàñïðåäåëåíèÿ ïðîöåññà X(t) ïðè óñëîâèè, ÷òî ïðîöåññû ξi(t), i = 1, 2,
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óäîâëåòâîðÿþò óñëîâèÿì êðàìåðñêîãî òèïà è b → ∞. Ýòîò ðåçóëüòàò
ñîäåðæèò ñòåïåííûå ðÿäû, êîýôôèöèåíòû êîòîðûõ âåñüìà ñëîæíûì îá-
ðàçîì âûðàæàþòñÿ ÷åðåç êîìïîíåíòû òàê íàçûâàåìûõ áåçãðàíè÷íî äå-
ëèìûõ ôàêòîðèçàöèé ôóíêöèé u/(u − ψi(λ)), ãäå ψi(λ) � ëîãàðèôìû
ïðåîáðàçîâàíèé Ëàïëàñà � Ñòèëòüåñà ðàñïðåäåëåíèé ñëó÷àéíûõ âåëè-
÷èí ξi(1), i = 1, 2, (ñì. íèæå).
Õîðîøî èçâåñòíî, ÷òî ïðåîáðàçîâàíèÿ Ëàïëàñà � Ñòèëòüåñà òåõ èëè

èíûõ ãðàíè÷íûõ ôóíêöèîíàëîâ äëÿ ñëó÷àéíûõ áëóæäàíèé è òàêæå äëÿ
ñëó÷àéíûõ ïðîöåññîâ ñ íåïðåðûâíûì âðåìåíåì (ïðîöåññîâ Ëåâè) ìîãóò
áûòü âûðàæåíû ÷åðåç êîìïîíåíòû ôàêòîðèçàöèè, è ýòî ñîîòâåòñòâóåò
ñóòè âåùåé. Ïðîùå âñåãî ýòî ìîæíî íàáëþäàòü íà ïðèìåðå ñëó÷àéíûõ
áëóæäàíèé, ïîñêîëüêó äëÿ íèõ äâèæåíèå òðàåêòîðèè ê ïðÿìîëèíåéíîé
ãðàíèöå îñóùåñòâëÿåòñÿ ëåñòíè÷íûìè ñêà÷êàìè ÷åðåç ïðîìåæóòêè âðå-
ìåíè ìåæäó ëåñòíè÷íûìè ìîìåíòàìè. Ñîîòâåòñòâåííî äâîéíûå ïðåîáðà-
çîâàíèÿ ðàñïðåäåëåíèé èçó÷àåìûõ ãðàíè÷íûõ ôóíêöèîíàëîâ íåèçáåæíî
âûðàæàþòñÿ ÷åðåç äâîéíûå ïðåîáðàçîâàíèÿ ðàñïðåäåëåíèé ëåñòíè÷íûõ
âåëè÷èí, êîòîðûå ñ òî÷íîñòüþ äî ëèíåéíûõ ïðåîáðàçîâàíèé ñîâïàäàþò
ñ êîìïîíåíòàìè ôàêòîðèçàöèè.
Â òî æå âðåìÿ ÿâíûå ôîðìóëû äëÿ êîìïîíåíò ôàêòîðèçàöèè äîñòóï-

íû äàëåêî íå âñåãäà êàê äëÿ ñëó÷àéíûõ áëóæäàíèé, òàê è äëÿ ïðîöåññîâ
Ëåâè. Ïî ýòîé ïðè÷èíå ðàáîòàòü ñ êîìïîíåíòàìè ôàêòîðèçàöèè ÷ðåç-
âû÷àéíî òðóäíî, è òàêæå òðóäíî áûâàåò ðàñïîçíàòü ôèçè÷åñêèé ñìûñë
ïîëó÷àåìûõ âåëè÷èí.
Â òåîðåìàõ 2 è 3 íàñòîÿùåé ðàáîòû óñòàíîâëåíû íîâûå ïðåäñòàâëåíèÿ

äëÿ ïðåîáðàçîâàíèÿ Ëàïëàñà � Ñòèëòüåñà ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ
ïðîöåññà X(t), â òîì ÷èñëå àñèìïòîòè÷åñêèå ïðè b → ∞ ñ ýêñïîíåíöè-
àëüíîé îöåíêîé îñòàòêà. Ýòè ïðåäñòàâëåíèÿ âûðàæàþòñÿ ÷åðåç âåñüìà
ïîíÿòíûå õàðàêòåðèñòèêè òðàåêòîðèé, à èìåííî, ÷åðåç ðàñïðåäåëåíèÿ
ýêñòðåìàëüíûõ çíà÷åíèé ïðîöåññîâ ξi(t) è ÷åðåç ðàñïðåäåëåíèÿ ïåðâûõ
ïåðåñêîêîâ òðàåêòîðèé ýòèõ ïðîöåññîâ ÷åðåç áàðüåðû, â òîì ÷èñëå áåñêî-
íå÷íî óäàëåííûå. Ïî ñðàâíåíèþ ñ ðåçóëüòàòàìè [2] ïîëó÷åííûå ôîðìóëû
áîëåå íàãëÿäíû è íåñîìíåííî ïðåäñòàâëÿþò îïðåäåëåííîå óäîáñòâî äëÿ
êîìïüþòåðíîãî ìîäåëèðîâàíèÿ õàðàêòåðèñòèê ñòàöèîíàðíîãî ðàñïðåäå-
ëåíèÿ.

Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü

ψi(λ) = lnEeλξi(1), i = 1, 2, Reλ = 0.

Ôóíêöèè ri(u, λ) := u(u − ψi(λ))−1 ïðåäñòàâëÿþò ñîáîé ïðåîáðàçîâàíèÿ
Ëàïëàñà � Ñòèëòüåñà áåçãðàíè÷íî äåëèìûõ ðàñïðåäåëåíèé:

u

u− ψi(λ)
= u

∞∫
0

e−ut

∞∫
−∞

eλxdxP(ξi(t) < x)dt, Reλ = 0, u > 0.
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Èçâåñòíî [4], ÷òî ýòè ôóíêöèè ïðè Reλ = 0, u > 0, äîïóñêàþò áåçãðà-
íè÷íî äåëèìóþ ôàêòîðèçàöèþ ri(u, λ) = ri+(u, λ)ri−(u, λ), ãäå ri+(u, λ)
ïðè Reλ ≤ 0 ÿâëÿåòñÿ ïðåîáðàçîâàíèåì Ëàïëàñà � Ñòèëòüåñà áåçãðà-
íè÷íî äåëèìîãî ðàñïðåäåëåíèÿ, íîñèòåëü êîòîðîãî ñîäåðæèòñÿ íà íåîò-
ðèöàòåëüíîé ïîëóîñè, à ri−(u, λ) åñòü ïðåîáðàçîâàíèå Ëàïëàñà � Ñòèë-
òüåñà ïðè Reλ ≥ 0 áåçãðàíè÷íî äåëèìîãî ðàñïðåäåëåíèÿ, íîñèòåëü êî-
òîðîãî ñîäåðæèòñÿ íà íåïîëîæèòåëüíîé ïîëóîñè. Ôóíêöèè ri+(u, λ) è
ri−(u, λ) óñëîâíî íàçûâàþòñÿ ñîîòâåòñòâåííî ïîëîæèòåëüíîé è îòðèöà-
òåëüíîé êîìïîíåíòàìè ôàêòîðèçàöèè.
Ïîíÿòèå áåçãðàíè÷íî äåëèìîé ôàêòîðèçàöèè ââåäåíî Á.À. Ðîãîçèíûì

â [4], ìíîãèå ñâîéñòâà åå êîìïîíåíò èçó÷åíû èì â [5], â òîì ÷èñëå àíà-
ëèòè÷íîñòü è ðàâíîìåðíàÿ îãðàíè÷åííîñòü â ðàññìàòðèâàåìûõ îáëàñòÿõ
çíà÷åíèé ïåðåìåííûõ u è λ. Ôóíêöèÿ ri+(u, λ) àíàëèòè÷íà ïðè Reλ < 0,
íåïðåðûâíà è íå îáðàùàåòñÿ â íóëü ïðè Reλ ≤ 0 çà èñêëþ÷åíèåì, áûòü
ìîæåò, áåñêîíå÷íî óäàëåííîé òî÷êè, à ôóíêöèÿ ri−(u, λ) îáëàäàåò àíà-
ëîãè÷íûìè ñâîéñòâàìè â ïðàâîé ïîëóïëîñêîñòè.
Áîëåå òîãî, â [4] óñòàíîâëåíî, ÷òî

ri+(u, λ) = u

∞∫
0

e−ut

∞∫
0

eλxdxP(ξ̄i(t) < x)dt

= exp
{
−

∞∫
0

(
eλx − 1

)
dx

∞∫
0

t−1P(ξi(t) > x)e−utdt

}
,

ri−(u, λ) = u

∞∫
0

e−ut

0∫
−∞

eλxdxP( ¯̄ξi(t) > x)dt

= exp
{ 0∫
−∞

(
eλx − 1

)
dx

∞∫
0

t−1P(ξi(t) < x)e−utdt

}
,

ãäå ξ̄i(t) = sup0≤s≤t ξi(s),
¯̄ξi(t) = inf0≤s≤t ξi(s) .

Åñëè îáîçíà÷èòü ÷åðåç L(A) ìíîæåñòâî ôóíêöèé g, èìåþùèõ âèä

g(λ) =
∫
A

eλxdG(x), ãäå

∫
A

|dG(x)| <∞,

è ãäå A � ïðîèçâîëüíîå áîðåëåâñêîå ìíîæåñòâî, òî íåòðóäíî çàìåòèòü,
÷òî ru+(λ) ∈ L([0,∞)), ru−(λ) ∈ L((−∞, 0]), è ru±(0) = 1.
Äëÿ âñÿêîé ôóíêöèè g ∈ L(R) è ïðîèçâîëüíîãî áîðåëåâñêîãî ìíîæå-

ñòâà A ⊂ R ïîëîæèì

[g(λ)]A =
∫
A

eλxdG(x),

è ïóñòü ϕi(u) = Ee−uτi , i = 1, 2.
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Ñëåäóþùèé ðåçóëüòàò óñòàíîâëåí â [2].

Òåîðåìà 1. ([2]) Äëÿ ïðåîáðàçîâàíèÿ Ëàïëàñà � Ñòèëòüåñà ðàñïðåäå-
ëåíèÿ ïðîöåññà X(t) ïðè u > 0, Reλ = 0 ñïðàâåäëèâî ñëåäóþùåå ïðåä-
ñòàâëåíèå:

Ψ(u, λ) :=

∞∫
0

e−utEeλX(t)dt =
1

1− ϕ1(u)ϕ2(u)
×

×
{
r1−(u, λ)u−1[r1+(u, λ)][0,b)+eλbϕ1(u)u−1r2+(u, λ)[r2−(u, λ)](−b,0]

}
. (1)

Íîâûå ïðåäñòàâëåíèÿ äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ

Îáîçíà÷èì

τ+(x) = inf{t : ξ(t) ≥ x}, τ−(y) = inf{t : ξ(t) ≤ y}, x > 0, y < 0,

χ+(x) = ξ(τ+(x))− x, χ−(y) = ξ(τ−(y))− y.

Òàêèì îáðàçîì, χ+(x) è χ−(y) ÿâëÿþòñÿ âåëè÷èíàìè ïåðåñêîêîâ ïðî-
öåññîâ ξ1 è ξ2 ñîîòâåòñòâåííî ÷åðåç ïîëîæèòåëüíûé è îòðèöàòåëüíûé
óðîâíè ïðè ïåðâîì äîñòèæåíèè ýòèõ óðîâíåé. Â íàøèõ óñëîâèÿõ ñóùå-
ñòâóþò òàêæå ïðåäåëüíûå ðàñïðåäåëåíèÿ ïåðåñêîêîâ ÷åðåç áåñêîíå÷íî
óäàëåííûå áàðüåðû ([6]):

P(χ+ < x) := lim
t→∞

P(χ+(t) < x), P(χ− < x) := lim
t→∞

P(χ−(t) < x).

Ïóñòü òàêæå

lim
t→∞

P(X(t) < x) = F (x), W (λ) =

∞∫
−∞

eλ x dF (x), Reλ = 0.

Äëÿ ïðåîáðàçîâàíèÿW (λ) ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ïðîöåññàX(t)
ñïðàâåäëèâî ñëåäóþùåå ÿâíîå âûðàæåíèå.

Òåîðåìà 2. Äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ïðîöåññà X(t) âûïîëíÿ-
åòñÿ òîæäåñòâî

W (λ) = −1
a

[
1− eλbE eλχ+(b)

ψ1(λ)
+
eλb −E eλχ−(−b)

ψ2(λ)

]
, (2)

a = E τ1 + E τ2 =
b+ Eχ+(b)

m1
+
b+ E |χ−(−b)|

|m2|
.

Äîêàçàòåëüñòâî. Â ñâÿçè ñ òåì, ÷òîW (λ) = limu→0 uΨ(u, λ), áóäåì àíà-
ëèçèðîâàòü ôîðìóëó (1).
Èçâåñòíî, ÷òî äëÿ ââåäåííûõ îäíîðîäíûõ ïðîöåññîâ ñ íåçàâèñèìûìè

ïðèðàùåíèÿìè ξi(t) ïðè u ≥ 0 âûïîëíÿåòñÿ

r−1
1+(u, λ)[r1+(u, λ)][b,∞) = E (eλξ1(τ1)−uτ1 ; τ1 <∞)
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= eλbE (eλχ+(b)−uτ1 ; τ1 <∞), Reλ ≤ 0,
(ñì., íàïð., [7]), è àíàëîãè÷íî

r−1
2−(u, λ)[r2−(u, λ)](−∞,−b] = E (eλξ2(τ2)−uτ2 ; τ2 <∞),

= e−λbE (eλχ−(−b)−uτ2 ; τ2 <∞), Reλ ≥ 0.
Êðîìå òîãî, íàì ïîíàäîáÿòñÿ ñëåäóþùèå î÷åâèäíûå ñîîòíîøåíèÿ:

lim
u→0

u

1−E e−u(τ1+τ2)
=

1
E(τ1 + τ2)

, lim
u→0

E−uτi = 1,

[r1+(u, λ)][0,b) = r1+(u, λ)− [r1+(u, λ)][b,∞)

[r2−(u, λ)](−b,0] = r2−(u, λ)− [r2−(u, λ)](−∞,−b], P(τi <∞) = 1, i = 1, 2,
è òîæäåñòâî Âàëüäà, èç êîòîðîãî ñëåäóåò

E ξ1(τ1) = b+ Eχ+(b) = E ξ1(1)E τ1,

E ξ2(τ2) = −b+ Eχ−(−b) = E ξ2(1)E τ2.

Ñ ïîìîùüþ ïðèâåäåííûõ ñîîòíîøåíèé óòâåðæäåíèå òåîðåìû 2 ëåãêî
âûâîäèòñÿ èç (1). �

Ñôîðìóëèðóåì î÷åâèäíîå ñëåäñòâèå èç òåîðåìû 2.

Ñëåäñòâèå 1. Åñëè ïðîöåññ ξ1(t) íåïðåðûâåí ñâåðõó, à ξ2(t) íåïðåðû-
âåí ñíèçó, ò. å. åñëè ξ1(t) íå èìååò ïîëîæèòåëüíûõ, à ξ2(t) íå èìååò
îòðèöàòåëüíûõ ñêà÷êîâ, òî

W (λ) =
1− eλb

a

[
1

ψ2(λ)
− 1
ψ1(λ)

]
, a =

b(m1 + |m2|)
m1|m2|

.

Äàëåå, íà îñíîâå òåîðåìû 2 óñòàíîâèì îòëè÷íîå îò [2] àñèìïòîòè÷åñêîå
ïðåäñòàâëåíèå ïðè b→∞ äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ W (λ). Äëÿ
ýòîãî ïîòðåáóþòñÿ äîïîëíèòåëüíûå óñëîâèÿ.
Áóäåì ïðåäïîëàãàòü òåïåðü, ÷òî äëÿ ôóíêöèé ψi(λ) = lnEeλξi(1) èìå-

þò ìåñòî ïðåäñòàâëåíèÿ

ψi(λ) = αiλ+
σ2

i λ
2

2
+

∞∫
−∞

(
eλx − 1− λx

)
dSi(x), i = 1, 2, (3)

â êîòîðûõ αi, σi � íåêîòîðûå âåùåñòâåííûå ÷èñëà,
∞∫

−∞

x2dSi(x) <∞, Si(−∞) = Si(∞) = 0,

è âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

Eeλξ1(1) <∞ ïðè 0 ≤ λ ≤ λ1, λ1 > 0, lim sup
|λ|→∞

0≤Reλ≤λ1

|E exp{λξ1(1)}|
E exp{Reλξ1(1)}

< 1;

(4)
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Eeλξ2(1) <∞ ïðè λ2 ≤ λ ≤ 0, λ2 < 0, lim sup
|λ|→∞

λ2≤Reλ≤0

|E exp{λξ2(1)}|
E exp{Reλξ2(1)}

< 1;

(5)

åñëè σ2
i = 0 òî

1∫
−1

|x|dSi(x) <∞ è αi −
∞∫

−∞

xdSi(x) 6= 0, i = 1, 2. (6)

Îòìåòèì, ÷òî äëÿ âûïîëíåíèÿ ïðåäñòàâëåíèé (3) äîñòàòî÷íî ïðåäïî-
ëîæèòü êîíå÷íîñòüEξ2i (1). Äîñòàòî÷íûìè óñëîâèÿìè, îáåñïå÷èâàþùèìè
âûïîëíåíèå óñëîâèé (4), (5), áóäóò, â ÷àñòíîñòè, íåðàâåíñòâà σ2

i > 0 èëè
íàëè÷èå àáñîëþòíî íåïðåðûâíûõ êîìïîíåíò ó Si(x), i = 1, 2.
Äëÿ u, áëèçêèõ ê íóëþ, u ≥ 0, óñëîâèå (4) ((5)) îáåñïå÷èâàåò íàëè-

÷èå åäèíñòâåííîãî íåîòðèöàòåëüíîãî (íåïîëîæèòåëüíîãî) ðåøåíèÿ λ1(u)
(λ2(u)) óðàâíåíèÿ u−ψ1(λ) = 0 (u−ψ2(λ) = 0). Çäåñü ñ íåîáõîäèìîñòüþ
r−1
1+(u, λ1(u)) = 0 (r−1

2−(u, λ2(u)) = 0) è èìåþò ìåñòî ñîîòíîøåíèÿ

λ1(u) =
u

m1
+ o(u), λ2(u) =

u

m2
+ o(u), u→∞. (7)

Óñëîâèÿ (4)�(6) ïîòðåáîâàëèñü äëÿ ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ ðå-
çóëüòàòîâ â [2], íèæå îíè òàêæå áóäóò èñïîëüçîâàòüñÿ.

Òåîðåìà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (4)�(6). Òîãäà ïðè íåêîòîðîì
ε > 0 èìååò ìåñòî àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå ïðè b→∞

W (λ) =
1
ā

[
eλbψ1(λ)E eλ

¯̄ξ1 −m1λ

m1λψ1(λ)
+
ψ2(λ)E eλξ̄2 −m2λe

λb

m2λψ2(λ)

]
+O(e−εb)

=
1
ā

[
eλbE eλχ+ − 1

ψ1(λ)
+

E eλχ− − eλb

ψ2(λ)

]
+O(e−εb), Reλ = 0.

Çäåñü

¯̄ξ1 = inf
t≥0

ξ1(t), ξ̄2 = sup
t≥0

ξ2(t), ā =
b+ Eχ+

m1
+
b+ E |χ−|
|m2|

=

=
2m1b+ ψ′′1(0) + 2m1E ξ̄1

2m2
1

+
2|m2|b+ ψ′′2(0) + 2|m2|E ¯̄ξ2

2m2
2

.

Äîêàçàòåëüñòâî. Êàê ñëåäóåò èç (2), äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû

íåîáõîäèìî èññëåäîâàòü àñèìïòîòèêó ïðè b → ∞ âåëè÷èí E eλχ±(b) è
Eχ±(b). Âíà÷àëå èñïîëüçóåì ñëåäóþùåå ñîîòíîøåíèå (ñì. òàêæå äîêà-
çàòåëüñòâî òåîðåìû 2):

E eλχ+(b) = e−λb lim
u→0

r−1
1+(u, λ)[r1+(u, λ)][b,∞)

= e−λb lim
u→0

u−1(u− ψ1(λ))r1−(u, λ)[r1+(u, λ)][b,∞), (8)

Â [4] óñòàíîâëåíî, ÷òî ïðè m1 = E ξ1(1) > 0 èìååò ìåñòî

lim
u→0

r1−(u, λ) = E eλ
¯̄ξ1 . (9)
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Äëÿ àñèìïòîòè÷åñêîãî àíàëèçà âûðàæåíèÿ [r1+(u, λ)][b,∞) â (8) ïðèâåäåì
óòî÷íåííûé âàðèàíò ëåììû 1 èç [2]. Îáîçíà÷èì, êàê è â [2],

vu(λ) =
(λ− λ1(u))r1+(u, λ)

λ1(u)
è çàìåòèì, ÷òî

vu(λ1(u)) =
1

λ1(u)(r−1
1+)′(u, λ1(u))

,

ãäå îáîçíà÷åíî

(r−1
1+)′(u, λ1(u)) =

∂r−1
1+(u, λ)
∂λ

∣∣∣∣
λ=λ1(u)

.

Ôóíêöèè v±u (λ) ÿâëÿþòñÿ àíàëèòè÷åñêèìè â îáëàñòè Reλ ≤ δ, îíè ðàâ-
íîìåðíî îãðàíè÷åíû ïî ïåðåìåííûì u è λ è

v−1
u (λ) ∈ L([0,∞)),

λ1(u)vu(λ)
λ− λ1(u)

∈ L([0,∞)).

Çàìåòèì òàêæå, ÷òî

[r1+(u, λ)][b,∞) =
[
λ1(u)vu(λ)
λ− λ1(u)

][b,∞)

=
[
λ1(u)vu(λ1(u))
λ− λ1(u)

][b,∞)

+λ1(u)
[
vu(λ)− vu(λ1(u))

λ− λ1(u)

][b,∞)

.

Ïðèìåíÿÿ ê ïîñëåäíåìó ñëàãàåìîìó òåîðåìó 2 èç [8, Appendix 2], ïîëó-
÷èì

λ1(u)
[
vu(λ)− vu(λ1(u))

λ− λ1(u)

][b,∞)

= λ1(u)

∞∫
0

eλxh(u, x)dx,

ãäå âûïîëíÿåòñÿ |h(u, x)| ≤ Ce−εx ðàâíîìåðíî ïî u ≤ δ, x ≥ b, çäåñü C
� ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Ïîñêîëüêó[
λ1(u)vu(λ1(u))
λ− λ1(u)

][b,∞)

=
λ1(u)vu(λ1(u))eλb

(λ− λ1(u))eλ1(u)b
=

e(λ−λ1(u)b)

(λ− λ1(u))(r−1
1+)′(u, λ1(u))

,

ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (4)�(6). Òîãäà ïðè íåêîòîðûõ
ε > 0, δ > 0, 0 < u ≤ δ, è Reλ = 0 èìååò ìåñòî ïðåäñòàâëåíèå

[r1+(u, λ)][b,∞) =
e(λ−λ1(u))b

(λ− λ1(u))(r−1
1+)′(u, λ1(u))

+λ1(u)

∞∫
b

eλxh(u, x)dx, (10)

ãäå ïðè ëþáîì x ≥ 0 ðàâíîìåðíî ïî u, 0 < u ≤ δ,
∞∫

b+x

|h(u, y)|dy = O(e−ε(b+x)), b→∞. (11)
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Â [9] óñòàíîâëåíî, ÷òî äëÿ ïðîèçâîëüíîãî îäíîðîäíîãî ïðîöåññà ξ1(t)
ñ íåçàâèñèìûìè ïðèðàùåíèÿìè ïðè Re ν < 0, Reλ ≤ 0 è u > 0 âûïîëíÿ-
åòñÿ

∞∫
0

eνxE
(
eλχ+(x)−uτ+(x); τ+(x) <∞

)
dx =

1
λ− ν

[
1− r1+(u, ν)

r1+(u, λ)

]
. (12)

Èç (12) ïðè ν = −1 èìååì (â íàøåì ñëó÷àå P(τ+(x) <∞) = 1)

− r1+(u,−1)
r1+(u, λ)

= (1 + λ)

∞∫
0

e−xE
(
eλχ+(x)−uτ+(x)

)
dx− 1. (13)

Îòìåòèì, ÷òî â ñèëó óñëîâèÿ (4) ôóíêöèÿ r−1
1+(u, λ) àíàëèòè÷íà â òî÷êå

λ1(u) (ñì. [2]). Äèôôåðåíöèðóåì ïî ïåðåìåííîé λ îáå ÷àñòè ðàâåíñòâà
(13):

−
(
r1+(u,−1)
r1+(u, λ)

)′
λ

= −r1+(u,−1)(r−1
1+)′(u, λ)

=

∞∫
0

e−xE eλχ+(x)−uτ+(x)dx+(1+λ)

∞∫
0

e−xEχ+(x)eλχ+(x)−uτ+(x)dx. (14)

Ïîëîæèì λ = λ1(u) â (14) è óñòðåìèì u ê íóëþ. Â ðåçóëüòàòå áóäåì
èìåòü

− lim
u→0

r1+(u,−1)(r−1
1+)′(u, λ1(u)) = 1 +

∞∫
0

e−xEχ+(x)dx. (15)

Ïðè m1 = E ξ1(1) > 0 èç [6, òåîðåìà 3] (ñì. ôîðìóëû (2.1), (2.2) è äîêà-
çàòåëüñòâî òåîðåìû 3 â [6]) ñëåäóåò, ÷òî

(1 + λ)

∞∫
0

e−xEeλχ+(x)dx− 1 = c1ψ1(λ)E eλ
¯̄ξ1 , (16)

c1 = lim
u→0

r1+(u,−1)
u

=

∞∫
0

e−x E τ+(x)dx.

Ïðîäèôôåðåíöèðóåì îáå ÷àñòè (16) è ïîëîæèì λ = 0, â ðåçóëüòàòå
ïîëó÷èì

1 +

∞∫
0

e−xEχ+(x)dx = c1m1.

Ñðàâíèâàÿ ýòîò ðåçóëüòàò ñ (15), îáíàðóæèâàåì, ÷òî

− lim
u→0

r1+(u,−1)(r−1
1+)′(u, λ1(u)) = c1m1. (17)
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Â [6, òåîðåìà 4] òàêæå äîêàçàíî, ÷òî äëÿ ðàñïðåäåëåíèÿ ñëó÷àéíîé âå-
ëè÷èíû χ+ ïåðâîãî ïåðåñêîêà ÷åðåç áåñêîíå÷íî óäàë¼ííûé áàðüåð èìååò
ìåñòî ðàâåíñòâî

E eλχ+ =
ψ1(λ)
m1λ

E eλ
¯̄ξ1 . (18)

Âîçâðàùàåìñÿ ê ôîðìóëå (8). Èìååì â ñèëó (7), (9)�(11), (17) ïðè
Reλ = 0 äëÿ íåêîòîðîãî ε > 0

lim
u→0

r−1
1+(u, λ)[r1+(u, λ)][b,∞) = lim

u→0

u− ψ1(λ)
u

r1−(u, λ)×

×
[

e(λ−λ1(u))b

(λ− λ1(u))(r−1
1+)′(u, λ1(u))

+ λ1(u)

∞∫
b

eλxh(u, x)dx
]

= −ψ1(λ)eλb

λ
E eλ

¯̄ξ1 lim
u→0

[
r1+(u,−1)

u

(r1+)−1(u,−1)
(r−1

1+)′(u, λ1(u))
+
λ1(u)
u

∞∫
b

eλxh(u, x)dx
]

=
ψ1(λ)eλb

m1λ
E eλ

¯̄ξ1
(
1 +O(e−εb)

)
, b→∞. (19)

Â èòîãå èç (8) è (19) ïîëó÷àåì

E eλχ+(b) =
ψ1(λ)
m1λ

E eλ
¯̄ξ1

(
1 +O(e−εb)

)
, b→∞. (20)

Äàëåå, ñ ïîìîùüþ (8), (19) è (20) íåòðóäíî ïðîâåðèòü, ÷òî

Eχ+(b) = Eχ+

(
1 +O(e−εb)

)
. (21)

Ïðîäèôôåðåíöèðóåì îáå ÷àñòè (18) è óñòðåìèì λ ê íóëþ. Ïðèìåíèâ
ïðàâèëî Ëîïèòàëÿ, ïîëó÷àåì â ðåçóëüòàòå

Eχ+ =
ψ′′1(0)
2m1

+ E ¯̄ξ1. (22)

Ïðîâåäåì òåïåðü ñèììåòðè÷íûå ðàññóæäåíèÿ îòíîñèòåëüíî ξ2(t), äëÿ
÷åãî ðàññìîòðèì ñëó÷àéíûé ïðîöåññ ξ3(t) = −ξ2(t) è âñå õàðàêòåðèñòèêè,
îòíîñÿùèåñÿ ýòîìó ïðîöåññó, ñíàáäèì èíäåêñîì 3, íàïðèìåð,

τ3 = inf{t ≥ 0 : ξ3(t) ≥ b}, χ3(b) = ξ3(τ3)− b.

ßñíî, ÷òî ψ3(λ) = ψ2(−λ), m3 = |m2|, è ñ âåðîÿòíîñòüþ åäèíèöà

¯̄ξ3 := inf
t≥0

ξ3(t) = − sup
t≥0

ξ2(t) := −ξ̄2, χ3(b) = |χ−(−b)|,

è èç (20) âûâîäèì

E eλχ3(b) =
ψ3(λ)
m3λ

E eλ
¯̄ξ3

(
1 +O(e−εb)

)
.

Ñëåäîâàòåëüíî,

E eλχ−(−b) = E e−λχ3(b) =
ψ3(−λ)
−m3λ

E e−λ ¯̄ξ3
(
1 +O(e−εb)

)
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=
ψ2(λ)
m2λ

E eλξ̄2
(
1 +O(e−εb)

)
. (23)

Àíàëîãè÷íî óñòàíàâëèâàåòñÿ, ÷òî

Eχ−(−b) = Eχ−
(
1 +O(e−εb)

)
, E |χ−| =

ψ′′2(0)
2|m2|

+ E ξ̄2. (24)

Èç ñîîòíîøåíèé (2), (8), (19)�(24) ñëåäóåò äîêàçàòåëüñòâî òåîðåìû 3. �

Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3, ïðîöåññ ξ1(t) íåïðå-
ðûâåí ñíèçó, à ξ2(t) íåïðåðûâåí ñâåðõó. Òîãäà ïðè íåêîòîðîì ε > 0 èìå-
åò ìåñòî àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå ïðè b→∞

W (λ) =
1
a

{[
eλb

m1λ(1 + pλ)
− 1
ψ1(λ)

]
+

[
1

m2λ(1− qλ)
− eλb

ψ2(λ)

]}
+O(e−εb),

ãäå

p =

∞∫
0

P(τ−1 (−u) <∞)du, τ−1 (−u) = inf{t > 0 : ξ1(t) ≤ −u},

q =

∞∫
0

P(τ+
2 (u) <∞)du, τ+

2 (u) = inf{t > 0 : ξ2(t) ≥ u}.

Äîêàçàòåëüñòâî. Â ðàññìàòðèâàåìîì ñëó÷àå ïðåîáðàçîâàíèå Ëàïëàñà
� Ñòèëòüåñà ñëó÷àéíîé âåëè÷èíû χ+ âûðàæàåòñÿ â ÿâíîì âèäå ÷åðåç
õàðàêòåðèñòèêè ïðîöåññà ξ1(t), à èìåííî, â [6] óñòàíîâëåíî, ÷òî åñëè ïðî-
öåññ ξ1(t) íå èìååò îòðèöàòåëüíûõ ñêà÷êîâ (íåïðåðûâåí ñíèçó), òî

E eλχ+ =
ψ1(λ)

m1λ(1 + pλ)
.

Àíàëîãè÷íî óñòàíàâëèâàåòñÿ, ÷òî åñëè ïðîöåññ íå èìååò ïîëîæèòåëüíûõ
ñêà÷êîâ, òî

E eλχ− =
ψ2(λ)

m2λ(1− qλ)
.

Ïîäñòàíîâêà ýòèõ ïðåäñòàâëåíèé äëÿ E eλχ± â óòâåðæäåíèå òåîðåìû 3
çàâåðøàåò äîêàçàòåëüñòâî ñëåäñòâèÿ. �
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